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ABSTRACT

Wildfires continue to pose a long-standing threat in our society. In this thesis, I de-
rive and solve a fluid dynamics model to study a specific type of wildfire, namely, a
two-dimensional flow around a rising plume above a concentrated heat source mod-
eling a fire line. This flow assumes a narrow plume of hot gas rising and entraining
the surrounding air. The surrounding air is assumed to have constant density and
is irrotational far from the fire line. The flow outside the plume is described by a
Biot-Savart integral with jump conditions across the position of the plume. The
plume model describes the unsteady evolution of the mass, momentum, energy, and
vorticity inside the plume, with sources derived to model mixing in the style of
Morton et al. [55].

The fire in the above plume model is taken to be a stationary point source
fire with properties calculated from the fire model. The effects of fire dynamics are
modeled using a control volume derivation to write equations for total density, fuel
density, oxygen density, and energy. This fire model allows the fire to propagate,
where the plume and fire models are coupled through the point source fire and
ambient air flow, allowing for a feedback mechanism between the two models. The
derivation and implementation of the fire model are extended to investigate the
situations of slope driven fires. The results show that the models presented in
this thesis are capable of capturing the complex dynamics present in a wildfire.
Specifically, the models address the complex interaction of the fire and fire plume

with the surrounding air, fuel layer, and topography.
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CHAPTER 1

Introduction

1.1 Introduction

Fire is a phenomenon that has likely mesmerized people since it was discovered
thousands of years ago. Fire has also influenced, or been used in such inventions
as the light bulb, steam power, and several other household items most of us take
for granted. Unfortunately, many people also discover the true power of fires when
they burn out of control. Houses, buildings, and even historic cities (The Great
Chicago Fire [60, 62]) have been reduced to a pile of ashes in a fraction of the time
it took to build them. Unfortunately, the advance of technology is a double-edged
sword; buildings have been made safer and the safety of all people involved on a fire
scene remains the top priority, but technology has also changed the fuel that is most
commonly involved in fires. What were once rooms full of wood and organic matter
are now rooms full of plastics and man-made products. These “new” materials carry
several times the energy density that the “old” materials possessed [7, 33, 35] and in
turn, make the fires faster, stronger, and more deadly [24, 36, 41]. Firefighters have
had to adopt new techniques for fighting the fires [33, 68, as well as new technology
to keep themselves, and the tools they use, safe [12, 16, 22, 27, 37]. While it appears
that these advances are specific to commercial and residential use, the technology
that has been developed for these fires can be used for fighting wildfires as well.

Most people are familiar with the common natural disasters (hurricanes, tor-
nadoes, mudslides, earthquakes, etc.), but few people really consider fire as a natural
disaster. Most wildfires are a natural disaster that many people overlook, or do not
think about until one “hits home;” however, if you ask anyone who lives in a high
risk area, they certainly know what the risks are. These extremely powerful forces of
nature have the ability to devastate large areas with huge amounts of heat, smoke,
and flame. The high risk of these fires breaking out over the years has prompted the
media to become heavily involved in publicizing the issues and hardships associated

with these disasters. One such example is the television personality Smokey the



Bear and his “Only You can Prevent Wildfires” campaign. Aside from cartoons ad-
vising children to be more cautious, national news media have been covering stories
of large wildfires that impact broad areas and a huge number of people. Ascribing
a cause to these massive blazes is difficult since many variables contribute to fires.
Most of the time, drought conditions contribute in some way. These dry conditions
await an ignition event, which could be a careless act involving a spark or fire, a
stray lightning strike, or arson.

Once these fires start, no matter the cause, if they are not contained right
away, they become extremely difficult to control once they spread. Unfortunately,
wildfires have the amazing ability to spread at rapid speeds and jump the gaps of
roads, rivers, and firefighting efforts. From the view of firefighters, many variables
influence the propagation of the fire and these variables are out of their control.
These variables are often factors that aid in the spread of the fire and sometimes
halt all firefighting efforts. One important factor is the weather, whether it be heat,
wind, rain, or drought. Weather can change within seconds, which means the fire
can change directions and behavior just as quickly. Indeed, these factors can be
something as simple as the topography of the land. Inclines coupled with wind in
the correct direction can greatly increase the speed at which the fire moves and the
size of the area affected [17, 20, 39, 43, 48].

Fire only exists in the presence of the fire tetrahedron: fuel, oxygen, heat, and
chemical chain reaction. Without one piece of the tetrahedron, the fire will be ex-
tinguished; firefighters use this fact when formulating a plan of attack to extinguish
the fire. Solid fuel is converted to gas fuel using large amounts of heat through
the chemical process pyrolysis [30, 42]. Wildfires transfer this heat energy through
conduction, convection, radiation, and the transport of embers.

Wildfires cannot, and should not be completely prevented; in fact, certain
types of fires are instrumental in renewal of plant life. Small controlled wildfires are
often used to clear underbrush, reducing the size of the fuel layer, and promote the
growth of new plants, especially in national parks. The chemical processes involved
in fire release carbon dioxide and ash, which are nutrients that help plants grow

[3]. In addition to plant growth, wildfires can also be used to control the advance



of insects and plant disease. Wildfires do have helpful uses, but once the fires get
out of control, these benefits are far outweighed by the devastating damage. Many
times, these fires have gotten out of hand, resulting in the burning of large areas of
land. In essence, stopping all fires, large or small, could be adding fuel to the fire,
literally. Suppressing fires allows underbrush to build up in areas, increasing the
fuel bed for future fires. After such buildups, fires can grow in size and cost, and
become more dangerous.

When all factors involved in a wildfire are considered, fighting these fires
sounds hopeless. When a blaze burns out of control, the effects are long reach-
ing. Not only are woods and animal habitats in peril, but homes and lives of people
living in the area are also affected. The fires cause unimaginable amounts of damage,
not only monetary, but emotional, societal, and environmental as well. This would
include the natural resources that are lost in fires, and cultural resources (historical
buildings, etc.) as well. An example of decisions that may impact such resources
would be deciding to divert a fire away from a structure. This decision could end
up costing natural and cultural resources worth more than the structure itself, just
like stopping a fire today will result in higher fuel loads and a larger fire tomorrow.
In addition to damage, the cost of maintaining equipment and personnel and the
actual effort to suppress the wildfire costs several billion dollars annually [32, 71, 75].
This cost is born by taxpayers, not only in high risk areas, but all over the country.

Wildfires are an issue not only in the United States, but around the world;
several of the articles used here as references highlight global studies. Fires have
been known to occur on all continents except for Antarctica, so accurate insight into
the inner workings of wildfires could benefit people around the world. Specifically
here in the United States, impacts of wildfires can be seen in both direct and indirect
economic costs.

Every fire has its own personality, drastically affecting the amount of money
associated with each event. It needs to be noted that the costs discussed in the
financial responsibility reports (reviewed in the following paragraphs) [5, 18, 71] do
not include the cost of devastation and damage in the areas affected, not to mention

the emotional toll, loss of business to the area, and loss of natural resources. If these



types of damages were able to have an associated dollar amount, the overall figures
discussed in these cost reviews would be much higher than reported.

Most costs reviewed and reported here are federal costs. In today’s bureau-
cratic world, jurisdiction is a large issue, especially when it comes time to split the
costs to each participating level of government. The cost analysis presented here
outlines the federal spending for the large fires in which federal resources were part
of the suppression effort. As mandated by Congress, an independent panel is re-
quired to review the costs and decisions leading to the costs for all wildfires with
federal suppression cost exceeding ten million dollars to determine if the US Forest
Service made the most cost effective decisions during the incident. Two of the costs
analysis papers reviewed here are reports from this independent panel review from
2008 and 2009 [5, 18], and the last is a full USDA Forest Service report for 2010
[71].

In 2008, twenty-two fires were reviewed [18]; as mandated, each individual fire
cost over ten million dollars in federal suppression costs. Not surprisingly, most
fires were located on the west coast or in the central portion of the United States.
The federal suppression costs of these twenty-two fires was six hundred eighty-three
million dollars, which topped the five hundred forty-eight million dollars used to
suppress the fires reviewed in 2007. Although, the number of acres burned and
number of fires was less in 2008 when compared to 2007. In 2008, one fire alone
cost over one hundred twenty million dollars and burned for almost 100 days. The
cost of suppression in 2008 was the largest federal cost total since the reviews were
mandated by Congress in 2004. The large fires reviewed account for twenty percent
of the acres burned but thirty-eight percent of the cost, enforcing the fact that the
largest fire is not necessarily the most expensive. Even more proof of this is the fact
that the largest fire in 2008 occurred in Texas and cost less than ten million dollars
in suppression costs. In 2008 there were seventy-eight thousand fires reported, and
these fires burned a total of 5.3 million acres. In the short term trends between
2007 and 2008, the amount of fires and the total acres burned is decreasing, but
the number of fires with federal suppression costs exceeding ten million dollars is

increasing.



In 2009, six large fires were reviewed in the report [5]. The total suppression
costs of all fires was about one hundred ninety million dollars. The cost, acreage
burned and duration widely varied depending on the different factors discussed
below. As with previous trends in 2008, many large fires occurred on the west
coast of the United States, resulting in much of the data being collected from this
geographical area. In 2010, there were almost seven thousand wildfires reported to
the USDA Forest Service (in total, not just those costing over ten million dollars in
suppression costs) [71], which burned about three hundred twenty thousand acres
and cost nine hundred million dollars in suppression costs. There were more acres
burned in 2010, but the number of fires reported was fewer as compared to 2009.

To get an idea of the amount of money available for use towards suppression
costs, in 2010 the US forest service was funded by the Departments of Interior,
Environment and the Related Agencies Appropriations Act which provided over $2.1
billion in funding. There was also a reserve fund provided by the appropriations bill
for $413 million. This money is used for the challenges of budgeting fire suppression
and to allow the quick response during fire seasons. All together the US Forest
Service had $2.5 billion at their disposal during 2010 [71].

There are two different types of costs associated with a cost analysis of a given
fire considered in the large fire cost analysis papers reviewed here [5]. Direct costs
for example, are the costs accrued by transporting personnel, aircraft, and equip-
ment to fight the fire. Indirect costs for example, would be the costs accrued by
transporting personnel, supplies, catering, camp crew, etc. which support the fire-
fighting operation. This includes the cost of all living necessities for the sometimes
large number of people involved in the operation, and the incident command itself.
On average for large fires, the percentage of direct costs is about sixty-eight percent,
and the percentage of indirect costs is thirty-two percent [5]. The costs listed above
for yearly totals include both indirect and direct costs.

When considering individual fires, the cost is highly dependent on the person-
ality of the fire, the weather, the strategy employed by the incident commander, the
terrain, the type of fuel, the resources available to fight the fire, jurisdiction issues,

private property obstacles, public pressure, etc. Firefighter safety is the top priority



when on a fire scene. Unfortunately, this necessary priority carries a heavy cost
burden. Decisions need to be made differently when considering the people who risk
their lives to put the fire out. For example, it may be deemed unsafe for firefighting
efforts to continue due to any of the factors listed above. A possible outcome of the
suspension of such efforts could result in the growth of the fire, and in the long run,
a higher cost to regain the lost progress.

Making firefighter safety the highest priority on a fire ground has had a large
impact on line of duty deaths. In 2010 wildfire firefighter fatalities has decreased
from the numbers in 2009. The largest cause of fatalities continues to be aviation
accidents, accounting for twenty of the thirty-two fatalities in a five year period. The
second largest cause of fatalities was burnovers (when firefighters or fire vehicles are
caught in an advancing fire line), which accounted for twenty-two percent of the
total number of fatalities. These two causes combined accounted for over eighty-five
percent of all fatalities in 2010 [71].

Steep slopes and fuel type largely influence how quickly the fire spreads. In
addition to this, thick fuel beds make it extremely difficult to find all hot spots. The
fire could burn within the fuel layer, virtually undetected over large areas, surfacing
in what seems like random areas. This burn pattern is extremely difficult to track
and suppress. Access to the fire line also impacts the actions taken for fighting the
fire. Different equipment needs to be used if ground apparatus cannot be used, and
costs rise steeply when aerial rigs are used. Fires which have a large amount of
smoke visible for large distances are known to cost more, and catch the public’s eye
nationally. With such large fires, media participation only helps to apply pressure
from the community on the incident command to take actions to suppress the fire,
even if it isn’t the action needed. Members of the community are not supportive
when a fire burns for a long time, creating smoke and altering everyday life. Aside
from pressure from the community, political pressures also have a large influence in
actions taken by the incident command.

The public’s perception is that fighting a fire from the air seems like the most
logical method to stop the advancement of a roaring blaze, but contrary to this, it

may not be. The cost of aircraft in firefighting efforts drives up the overall cost of the



fire more rapidly than any other piece of equipment. Of the fires reviewed in 2008,
fourteen percent of the total cost of suppression was attributed to aviation resources,
although the percentage depends greatly on the role aviation took in suppressing
the fire [18]. Additionally, the effectiveness per cost of the equipment is disputed by
people in charge of the operations, even during today’s fires. There have been cases
where incident commanders have ordered the use of aircraft to fight the fire solely
on demand from the public, even though it was known there would be no positive
effect from the operation [5]. This was done because the aircraft is widely assumed
to be the most effective means of fighting wildfires, and keeping the public outlook
positive was most important at the time. An example of this political pressure has
taken place in the Los Angeles Basin. Due to the large number of people in the
area, and several media outlets, the fires drew significant public attention. This
attention places pressure on the people in charge, and causes them to make fiscally
irresponsible decisions, including the use of aerially delivered flame retardant when
it is known that there will be little to no effect [5]. In other areas this has occurred
to the point that aerial operations were conducted just so that it could be filmed
and shown on television to keep public outlook favorable, even though the people
in charge knew little, if any, of the material dropped would reach the ground [18].
This is not always the case, and in some fires, the use of aircraft has been pivotal
in some suppression efforts.

Despite the high risk of fire, residents continue to build homes in the wildland-
urban interface (WUI). This greatly impacts the decisions that need to be made
during fire incidents. There are many more factors that need to be considered when
dealing with fires in the WUI, and delegation of resources becomes more and more
complicated. The presence of buildings in the area of a fire commits people and
apparatus to protect these buildings, taking away from forming a fire line; this
is called structure protection [5, 18, 71]. In areas that are prone to many fires,
taking away resources from stopping the fire to protecting houses may allow the
fire to spread, and eventually burn longer and in a larger area. In the long-term,
the overall cost of suppressing the fire would increase. This might explain why

suppression costs in California are much higher than other locations around the



country. In California, the fires occur in areas that are more urban, thus making
the fire far more complex. There are more buildings that need to be accounted
for, and worried about. Coupling this complex behavior with high fuel loads, the
situation and costs can get out of control very quickly.

Residential and commercial firefighting often lend hands to wildfire techniques.
One example of this is the use of infrared cameras, both handheld [27] and mounted
to aircraft [5]. This helps find fire spots within fuel layers not easily seen from the
ground and without the thermal camera. In one instance aircraft mounted infrared
cameras were used to aid firefighters on the ground in navigating through thick
smoke [5]. It allowed a clear view of the fire front, and even provided visibility to
the aircraft, allowing firefighting efforts to continue.

Over the past two decades, there has been a dramatic increase in extreme
behavior of the wildfires, the risk to firefighters, loss of property and homes, and
cost. This type of trend calls for a more strategic response to address the rising
challenges to fighting the fires. A strategy for fighting fires depends greatly on
the landscape, local topography, and other factors listed above. Attempting to
devise a global strategy is difficult, because each area has its own climate, fuel
characteristics, and weather patterns. A localized strategy should also be able to
engage the community, work with its members, and make the overall area more
resistant to future fires [71]. This community involvement may include on site
twenty-four hour information centers to ease public pressure, or even public service
announcements like Smokey the Bear.

The Smokey the Bear campaign has been around for many years. In 2009,
the campaign received more than fifty-four million dollars, and in just the first half
of 2010, it received over twenty-one million dollars [71]. This shows the support
and positive results the public service announcement has obtained over the past
years. Overall, an adaptive strategy should consider the individual pieces of the
fire management, especially the response and bureaucratic policy, minimizing the
political red tape allowing for an efficient response and suppression.

Considering all aspects of fires, factors influencing their behavior, and trends

in the past years, it is no surprise that large fires have been getting more complex



and dangerous. Although, with careful planning and training, the people in charge
can make fiscally responsible decisions, helping to reduce the cost of suppressing the
fires.

Kaval [32] surveyed people in high risk areas as to how they perceived a threat
of wildfires burning their property. Surprisingly, most participants accurately iden-
tified the threat. Another question in the study explored the option of paying addi-
tional money to help reduce the risk of wildfires in their area. The results show that
residents were willing to pay some amount to help prevent the wildfires. Kaval pro-
poses one way to reduce the risk of wildfires is to thin fuels by removing underbrush
and small vegetation creating an area called a defensive zone [48]. By understanding
more about how wildfires work, through modeling, other methods can be developed
to reduce the risk. This understanding could spur better preventative measures and
predictive models.

Modeling wildfires can benefit many different people, from the residents in the
area, to the firefighters who risk their lives trying to get the fires under control.
Predictive models can be used to create early warning systems to give residents in
high risk areas the chance to evacuate when a wildfire does occur. In addition to
early warning systems, predictive models can be used to assist in firefighting efforts.
The aid of predictive models can give firefighters the opportunity to modify their
techniques to become more efficient and even allow them to develop new methods.
It is apparent that fighting normal fires is dangerous, so any insight into making
firefighting efforts more efficient will likely save lives. To understand the complex
mechanisms that cause the fire plume to rise and entrain ambient air, models need
to account for the fire plume itself and its interaction with the surrounding area.

In this thesis, I present and analyze a model of wildfires that is based on
breaking the problem down into core components; these parts consist of a fire, the
fire plume, and the surrounding atmosphere. The hope is that this simplified model
requires less computational cost while still allowing for an accurate understanding
of the interactions between the plume, the fire, and the ambient air. The model will
include ideas and equations used to describe a flag flapping in the wind [1], creating

a novel model that allows for a plume to react more accurately to external forces.
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This approach will be discussed more in Section 1.4. Applications of this model
will be used to analyze the interactions between the atmosphere, propagation of fire

through different media, and fires effected by topography.

1.2 Previous Works—Plume and Plume Propagation

Several agencies have made significant efforts in modeling wildfires, includ-
ing the National Institute of Standards and Technology (NIST), the Department of
Agriculture Forestry Service (USDA), and the Department of Energy (DOE). The
following sections will review several categories of papers which take different ap-
proaches to modeling fire, whether it is wildfires or not. These categories include
systems obtained by the reduction of the Navier-Stokes equations, fully physical

solution methods, some using Lagrangian particles, and reactive plume models.

1.2.1 Techniques Involving Reduction of the Navier-Stokes Equations

The Navier-Stokes equations are an extremely versatile set of equations that
can describe the motion of any fluid flow given the right conditions. In essence,
all models reviewed here were derived from the Navier-Stokes equations, or equiva-
lently, conservation laws. Several assumptions can be made depending on the type
of flow being studied. Rehm and Baum [63] make an assumption about the rate at
which heat is added to the system of a thermally driven plume, while Morton et al.
[55] assume a very specific form of velocity and buoyancy force. In contrast, Riahi
[64] uses multiple axisymmetric plumes in the numerical domain. These assump-
tions, while very different and applied in different types of systems, help to reduce
the difficult non-linear Navier-Stokes equations down to a more manageable set of
equations that can be easily solved numerically. Several more papers are reviewed
in [28], where the core equations are derived from the conservation laws.

Morton et al. [55] use the Navier-Stokes equations to explore the interactions
of heated bodies with ambient air. The particular interest involves the fluid velocity
and temperature in close proximity to heat sources. Unlike previous works, Morton
et al. discuss the effects of a thermally buoyant plume rising though a thermally

stratified atmosphere. Verified by experiments, Morton et al. make the assumption
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that the rate of entrainment at the boundary of the plume is proportional to the
vertical velocity at any given height of the plume. Additionally, the authors make an
assumption that the velocity and buoyancy force, at any given height, have a top-hat
profile. The authors call the type of flow studied in the paper “maintained sources,”
a category under which a fire falls. One large difference in the formulation of the
problem is that they consider a three-dimensional, axisymmetric plume, whereas
here, consideration involves a two-dimensional line fire. Equations concerning the
conservation of momentum, volume, and energy are derived and solved for uniform
fluid under the top-hat profile assumption. In stratified fluid, the plume entrains
cool ambient air, causing it to ultimately stall. As the plume stalls, it spreads out
horizontally creating the familiar shape of a plume. Morton et al. list entrainment
parameters from experiments which will be useful in creating the entrainment model
for this work.

Whereas Morton et al. described heated bodies, Rehm and Baum [63] describe
a system of equations which describe the motion of a thermally driven plume. The
process used is to write the Navier Stokes equations with a heat source term, which
represents the fire. Then, the system of equations is non-dimensionalized and a small
parameter 0, whose magnitude represents heating rate of the system, is introduced.
Here, 0 < 1 represents a rapid addition of heat to the system, which is characteristic
in laser applications, and 0 > 1 corresponds to slow heat addition to the system,
which is characteristic in controlled fires. Obviously, the interest here is on 6 > 1.
The dependent variables are expanded in powers of § such that there is a balance
between pressure terms and convective terms. Rehm and Baum consider room fires,
and the equations are tailored toward this result. In the scenario described therein,
the pressure in the room builds until a window breaks or a flashover occurs. One
notes that the derivation valid for room fires is not realistic for wildfire, however the
method of perturbation expansions will be adopted for this work.

Riahi [64] takes an approach that uses multiple plumes in the numerical do-
main. Each plume is assumed to be subject to the same conditions and form. The
plumes are assumed to be axisymmetric, circular plumes that rise from a heated

horizontal surface. Raihi uses equations derived from the Navier-Stokes equations
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in cylindrical coordinates, where convection is time averaged. The equations are
non-dimensionalized and scaled according to asymptotic limits to assure fundamen-
tal balances are maintained. Raihi assumes the Rayleigh number is large, allowing
for an asymptotic expansion of the dependent variables. A two-dimensional assump-
tion is made so that a stream function can be introduced, allowing the calculation
of volume flux. One notes that the Boussinesq approximation is used in conjunction
with the axisymmetric plume. However, while these are valid approximations, they

are not the focus of this work.

1.2.2 Direct Numerical Solutions

The Navier-Stokes equations can be numerically solved directly using a compu-
tational fluid dynamics code (CFD). There are several CED codes that are commonly
used and one can use different “add-ons” to more fully understand the solution. One
of these “add-ons” is Lagrangian particles or elements that can be used to trace par-
ticle paths. Not only is this a good way to visualize the flow, but it is also a way
to keep track of how much fuel is being consumed and when the fuel is expended.
Baum et al. [14], Baum & McGrattan [13], and Mell et al. [49] use direct numerical
solutions to describe fires with very different characteristics.

NIST has spent a considerable amount of time and resources in developing
several realistic models to predict many different types of fires. Several of the papers
described in this section have been developed by NIST.

An important development is the Fire Dynamics Simulator (FDS) model. An
early version of FDS was reviewed by Ma and Quintiere [40], where several different
types of fires are examined. I will discuss a later version of this model [47] in this
section. It must be understood that results from the model presented in this thesis
will not appear as physically complete as the results from the FDS model. This
is due to the fact that many people over several years have been involved in the
development and improvement of FDS. Particularly visualization of the simulations
from the FDS model are complex, and there are several sub-models used in the FDS
model to account for physical phenomenon and visualizations alone.

Baum et al. [14] take an approach to modeling fire plumes similar to the one
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I will present in the coming chapters. Although the specialization of Baum et al’s
work is for large aviation hangers, the methodology is a reassuring sign that my
approach is valid. The authors use large eddy simulation (LES) and CFD codes to
visualize the flow. Large eddy simulation is a solution method in which the smallest
size of vortices is assumed to be the size of the mesh. Vortices smaller than the mesh
are subject to viscous effects and are dissipated. Mathematically, Baum et al. begin
with a paradigm similar to the one used in this thesis: a thermally buoyant plume
rising from a heat source. The flow is assumed to be at low Mach number; thus an
incompressible, or nearly incompressible assumption can be employed. The authors
start with the Navier Stokes equations with a time dependent average pressure
and take a perturbation expansion in temperature and density. Additionally, an
adiabatic lapse rate gives a definition of pressure in terms of reference, hydrostatic,
and perturbation pressure. The model uses Lagrangian elements to track fuel and
smoke particles throughout the flow. This actively models the process of propagation
by ember transport, which is a focus of this paper. The solution of the problem
involves an FFT-based solver, where the reduced system is solved directly. This
solution process differs greatly from the one I will present. The computation cost of
a direct method is far greater than what is considered in this work. I will introduce
a method that will involve reducing the system of equations to a manageable set
that can be solved nearly analytically.

Baum & McGrattan have also adapted their work for large industrial outdoor
fires [13]. Again, this is a different application in which ideas may be adapted
to aid the work I am conducting. The authors note that wildland fires have low
heat release per unit area of fuel, but a large area over which the fire can spread.
Although the application is not wildland fires, the authors provide insight into the
amount of energy released and the fuel consumption rate associated with such fires.
The authors take special care in how they model the stratified atmosphere. The
assumption is made that pressure is comprised of two different pieces, a stratified
hydrostatic pressure in the ambient air domain and a fire induced pressure. The
fire induced pressure is assumed to be small; thus, a perturbation analysis can be

used to identify the effects of the fire on the ambient region. They also introduce a
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radiative transport model to track the movement of energy induced by the fire. The
derivation starts with the Navier Stokes equations for a compressible fluid in which
ambient effects are taken into account. An interesting addition to the model is an
oxygen transport equation, which accounts for the fact that fire requires oxygen to
burn its fuel. They tie the burn rate to the local oxygen supply and the overall size
of the fire, then use models for the heat flux terms to couple the convective energy
transport equation and the radiation field. Similar to previous work, Lagrangian
elements are used to account for fuel usage, and also as a way to visualize the smoke.
And again, the computation cost of this type of work limits the complexity of the
model they can use, not only for the radiation field, but also for means of solving
the equations presented.

As mentioned before, the FDS model developed by NIST is one of the leading
simulations at this time. A more recent version released is FDS Version 6 [47],
and the background of the FDS model can be seen in previous release notes and
manuals. The FDS model uses LES, which in essence assumes that viscosity damps
vortices smaller than the size of the mesh being used. It is an extremely powerful
method for solving the Navier-Stokes Equations. FDS is not specifically tailored to
wildfires (as Wildland-urban interface Fire Dynamics Simulator (WFDS) [49] is),
but the techniques used are worth consideration.

FDS uses governing equations derived from the Navier-Stokes equations. In
particular, conservation of mass, mass fraction of species, momentum, and energy are
used in conjunction with the equation of state to constitute this model. In addition
to this system of equations, a constraint on pressure is used by taking the divergence
of the conservation of momentum equation. In any type of fire, the geometry of the
surfaces being modeled needs to be considered. FDS uses two different methods to
accurately capture the features of complex geometry. One method is used for ob-
jects which are resolved by the grid, called immersed boundary method (IBM). IBM
involves rewriting the momentum equations and using directional cosines to trans-
form the Cartesian coordinate system to a streamline coordinate system. To model
objects that are unresolved by the mesh, a second method of Lagrangian particles

is used. Embedded meshes are also used to increase the accuracy of the solution in
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areas where complex interactions occur. A separate application, Smokeview, is used
to visualize the results from the model.

A modification of FDS was made to adapt the model to wildfires. The re-
sult is a model called Wildland-urban interface Fire Dynamics Simulator (WFDS)
[49], which is a theoretical or physics based model (see Section 1.3) that accounts
for fire/atmosphere and fire/fuel interactions. WFDS is a multi-phase model that
accounts for the solid and gaseous fuel, while additionally modeling the thermal radi-
ation of heat. A convective and radiative heat flux is a result of the fire/atmosphere
interaction, which is computed by the conservation laws. The assumption that the
combustion in the vegetation layer is mainly on the surface of the fuel bed allows
the use of two computational grids, which reduces the computation cost. The equa-
tions derived are numerically solved in the same manner as those in the FDS model.
The atmosphere is coupled to the fuel layer such that the vegetation is viewed as
a source of drag on flow supplying the fire as well as a method of preheating the
oxygen supplied to the fire. Additionally, moisture content of fuel, radiation of heat
from the fire, and chemical equations for the process of pyrolysis are used to make

the model more accurate and physical.

1.2.3 Techniques Involving Reactive Plumes

While all other solution techniques stem from the Navier-Stokes equations
and are mostly concerned with the macroscopic effects, reactive plume models are
concerned with both macroscopic and microscopic effects, including chemical re-
actions of molecules. Reactive plume models track concentrations of chemicals in
the system, similar to the approach taken by Lagrangian particles. The chemical
processes involved in fire itself are taken into account, allowing for the inclusion of
fuel consumption and entrainment into and out of the plume. The reactive plume
model is commonly used when there is interest in the number of pollutants present
in the atmosphere. Specifically Georgopoulos & Seinfeld [26] present an application
to plumes rising from a smokestack, or any other concentrated point source. The
model accounts for both the macroscopic and microscopic effects of the plume, in-

cluding the actual chemical reactions of the molecules present in the source and the
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plume. For the scope of this thesis, macroscopic effects will be considered, making

this type of approach impractical.

1.2.4 Conclusions

The focus of the derivation of this model will be closer to the models discussed
in Section 1.2.1. It should be noted here that the large majority of models reviewed
fall under the category of computational fluid dynamic (CFD) codes. CFD codes
have many different titles and involve physical solution methods to capture the small
scale physical features of the problem. Two broad categories of these CFD codes
and physical solution methods are large eddy simulation (LES) and direct numerical
simulation (DNS).

These types of models, especially the models developed by the government
agencies listed above, do well at predicting the behavior of both indoor and outdoor
fires. The simulations are accurate, and are presented in a way that appears realistic.
In fact, models such as FDS have been widely accepted in applications pertaining
to the development of standards on sprinkler systems in large industrial building
and adoption by the fire service. The fire service uses FDS to recreate situations in
which fallen firefighters have found themselves, not only to recreate the situations,
but also to teach others what situations to avoid.

The largest drawback of these types of models (CFD, LES, DNS, etc.) is the
computation time. To resolve the small scales of the problems, a large number of
computation nodes need to be used, drastically increasing the computation times
of the model. In fact, the computation times of these models has been known to
approach the order of weeks for a single simulation. Due to this, there is no real-
time capabilities and specifically, the model cannot be used in the field. By the time
results are obtained, the calculations are no longer valid due to the fact that fire
behavior can change much faster than results can be obtained.

The purpose of this model is not to say one approach is better than another.
In fact, a combination and mutual understanding of both models would allow the
community to benefit the most, which is the motivation for this type of work. In

the model developed in this thesis, simplifying assumptions are used to narrow the
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focus of the model to the key driving dynamics of the fire and fire plume. Due to
this the computation time of the model is on the order of minutes. It is understood
that the simplifying assumptions do sacrifice physical attributes of the problem, but
as seen in the results, Chapters 4, 6, and 7, the key driving dynamics are captured
accurately and there are many conclusions that can be made from the simulations. A
long-term goal of the model presented in this work is to gain predictive capabilities,
such that the model can be used in the field, either by incident command in charge
of dispersing the resources or by smoke jumpers in the thick of the action. Either
use will allow more well informed decisions to be made, addressing many of the

issues discussed previously.

1.3 Previous Works—Wildfire Spread

While many of the papers reviewed in the previous section do deal with mod-
eling of fire as well as the propagation of the plume, the papers reviewed in this
section are concerned mainly with modeling the phenomenon of fire spread. Indeed,
some of the models, such as WFDS, will be mentioned again in this section.

Fire spread models have been well known to span three separate categories,
empirical, semi-empirical, and physical. The differences between these types of
models is the approach in which the models are derived. The categories span from
empirical models, which use algebraic laws in conjunction with experimental data
and statistical methods to evaluate parameters, to physical models, which use nu-
merical solutions of conservation laws to model the fire. Of the papers considered
here, most are physical approaches derived from conservation equations and govern-
ing equations for motion of a flow, as will be the model presented later in this work.
But a few approaches are derived from reaction diffusion equations. Some of the
other approaches can be seen in such papers by Karafyllidis [31], Encinas [23], and
Vaz [72]. The paper by Pastor et al. [59] reviews major works from 1940 to 2003
and Mell et al. [51] describe needs of models and the research conducted at NIST.

The problem of modeling wildfire has been outlined by Viegas [73]. There are
seven stages of fire development, although not all seven occur in all fires. These

stages are: preheating and pyrolysis, ignition, initial growth, secondary growth,
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flame decay, extinction, and cooling. Additionally, fire propagation has been char-
acterized into three different categories: ground fire, surface fire, and crown fire.
Ground fires are those which occur underneath or within fuel beds. These types of
fires are incredibly hard to detect and extinguish. Many times it seems as though
the fire is surfacing at many different places. Surface fires are those which people
might be most familiar with, and are characterized by a typical fuel bed lying on
the ground. Crown fires are characterized as the situation where the tree-tops are
burning. It is easy to see that each of these fires can lead to any other kind, and in
a typical lifespan of a fire, all three categories can be observed. Viegas’ review and
subsequent laboratory tests are optimized for surface fires only. As was mentioned
earlier, there are many factors that influence the propagation of fires. Here, three
main influences are considered: topography, vegetation, and meteorology. Again it
is seen that upslope regions have a large influence on the spread speed. The higher
the angle of the slope, the faster the propagation. Interestingly, downslope regions
have little effect on the propagation speed. The vegetation layer is composed of
three regions, coincidentally the same names as the fire propagation. The largest
effect the vegetation has on the fire is the moisture content of the fuel. If there is
any moisture content, it acts as a heat sink. The fuel absorbs the heat to evaporate
the moisture so the fuel can pyrolyze. Viegas has found that the weather effects the
propagation of the fire the most. There are many factors in the weather that can
either aid or hinder the propagation. A few examples are air temperature, humidity,
precipitation, solar radiation, atmospheric stability, and especially wind [73]. In one

way or another all of these issues need to be addressed in any fire model.

1.3.1 Wind and Slope Driven Models

The papers presented here are models for fire propagation applied to wildfires.
There are many approaches and assumptions made to reduce the complex equations.
Models such as Albini [2], Balbi et al. [8, 9, 10], and Morandini et al. [54] have been
specifically tailored to wind and slope driven fires and focus largely on the flame-
structure interaction with the fuel bed.

Albini derives a physical model based on governing equations for the flow.
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This includes a mass flow and energy equation for the flame itself, while the flow is
described by momentum equations and the flow of oxygen to the fire. A constant
wind-speed is added to the system further reducing the equations. Focus is turned
to the flame and its interaction with the fuel. Albini concluded that combustion
takes place in the lower half of the flame structure, and in the wind driven situation,
the flame angle is independent of the flame height [2].

Balbi’s approach to the wind driven situation is much different. The first paper
[10], is an improvement on a previous model [8]. The first improvement involves the
tilt angle of the fire. The approach to the flame structure is geometrical; the flame
is assumed to be of triangular structure. From this, the angle of the flame can be
calculated from the quasi-analytical model for both high and low intensity winds.
It should be noted that this model also accounts for topography, and the wind
considered is taken to be flow induced up the slope. The second improvement deals
with the backward rate of spread. The influx of fresh air by the induced flow up the
slope slows the progress of the backward rate of spread [10]. The second paper [9] is
much the same as the first. The model is based on key assumptions, mainly dealing
with the flame structure, radiative effects, and velocity of flow driving the fire up
the slope. It is additionally assumed that all gases in the model are perfect gases
and the reactive gases are completely oxidized in the reaction. Again, the geometry
of the problem is used in conjunction with the assumptions to derive the governing
equations of the problem. This model simplifies the governing laws to a single
equation that give the rate of spread as a function of wind slope and vegetation.

Morandini’s approach is much like Balbi’s. Many assumptions are made about
the fire, including that the fuel bed is thermally thin, isotropic, and the fuel is
homogeneous. The heat transferred from the fire is assumed to be through radiation,
convection, and conduction, which is accounted for in fires in still air through a
single diffusive term. Once fuel is on fire, the mass of fuel simply decreases at
an exponential rate depending on the temperature, not through a specific mass
conservation. The heat generated by the combustion reaction is taken to be constant
for each unit of fuel. In the case of fire on a slope or under wind conditions, the

radiative heat transfer is a decreasing function of distance using the inverse square
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law. The equations for rays, representing the emitted heat, are written taking
into account the loss due to distance. A simple trigonometric argument is used to
calculate the flame angle based on the free stream velocity and the induced velocity
by the fire up the slope. It was found that at low angles and slow speeds, radiation
is the driving force for spreading the fire, but at an angle or under wind condition,

convection starts to become more important due to flow attachment [54].

1.3.2 Multi-Phase Models

A multi-phase model is an approach that takes into account the different phases
of matter influencing the physics of the problem. In the case of the wildfire, this
commonly means modeling the solid fuel and the surrounding flow. Some models
take this one step further and model the interaction between fuel and flow on several
different scales, as seen in Sero [66] and Margerit [44]. It is customary to see the
gaseous phase of the model described by the Navier-Stokes equations [44, 49, 56,
57, 61, 66], whereas the solid phase is modeled by conservation laws based on a
simple chemical reaction. In some of the models, the fuel is taken to be either
inhomogeneous [61] or on a microscopic level composed of oxygen, water, and fuel
44, 66]

Morvan [56, 57] used this approach in the two papers reviewed here. In the
gaseous phase, the conservation (Navier-Stokes) laws are averaged over a control
volume, where terms to allow for the transition of matter through different phases,
the addition or loss of heat due to the reaction and radiation, and the drag forces due
to vegetation. The model uses a k—e turbulence model to describe the mixing region
in the problem, radiation in the problem is governed by integrating the radiative
transfer equation, and effects of soot generation and transport are accounted for. In
the solid phase, the reaction dynamics are modeled using the law of mass action in
conjunction with an Arrhenius law. Results show and validate that in the absence
of wind conditions, wildfire propagation is driven by radiative heat transfer.

Sero et al. [66] and Margerit et al. [44] consider several scales in their models,
including the macro-, meso-, and micro- scopic formulations of the problem. In the

mesoscopic region, water vaporization and pyrolysis are considered in the vegetation
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region, and in the fuel region, the chemical reactions of combustion and oxidation
is accounted for. The fuel and vegetation regions are modeled by conservation laws
that allow the exchange of fuel from each of the states, where in the vegetation layer,
a conservation law for char allows the tracking of each of the species that occur in
the chemical equation. Several assumptions are made to reduce the equations and
boundary conditions between the two regions. To move to the macroscopic region,
an averaging procedure is used to model the large scale effects of the problem. One
will note that the equations are still conservation equations and appear similar to
the mesoscopic equations. Much work was done to close the system and account
for radiation to describe the flow in the air above the forest using the Navier-Stokes
equations [66]. Several simplifications of the equations are considered including the
reduction to two dimensions [44]. To do this, the height of the vegetation layer is
assumed to be small as to induce an asymptotic expansion of the equations in the
ratio of the vegetation height to the characteristic height of the forest fuel. The
method of multiple scales is introduced to simplify the equations to two dimensions,
while leaving the ability to keep more terms in the expansion.

Even though an overview of WEDS was given in the previous section, in this
section, the modeling assumptions for WFDS are considered. Mell et al. [49] set out
to derive a fully physical model, as a modification of the FDS model. The model uses
separate but coupled models for the solid fuel and the gas fuel under combustion. In
addition to this, a transient heat flux, which allows for both convective and radiative
heat transfer, is used. This results from the numerical solutions of conservation
laws of momentum, mass, energy, and major species. WFDS directly solves the
governing equations for the fire/fuel and fire/atmosphere interactions without using
simplifying assumptions to include the physical processes [50]. When considering
the actual equations and derivation of the equations, the gas phase is modeled
using the Navier-Stokes equations, where the influence of the grass fuel bed on the
ambient wind flow is approximated by a drag term. Multiple computation grids
are used to reduce computation time, where the LES model is used to approximate
physical processes that occur on scales finer than the ones considered. Equations for

conservation of species, conservation of energy, thermal radiation, and an equation
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of state are written. The thermal radiation equation tracks the energy transfer,
where the spectral frequency needs to be considered due to soot generation. Thus,
a soot model is used as well. In the solid fuel, standard conservation equations
are written, again with source terms to allow such additions and losses due to the

processes of pyrolysis, radiation, and oxidation [50].

1.3.3 Reaction-Diffusion Models

Another approach to modeling the wildfire problem is to assume a reaction-
diffusion type model. These models make assumptions about the physical processes,
which allow for the use of the reaction diffusion model. The models rely heavily on
a simple PDE for energy, which can appear as a heat equation [19, 74], or can
appear much more complicated due to additional terms [6, 11, 52, 53, 67]. These
additional terms allow for cooling, through Newton’s law of cooling, radiative heat
transfer, and heat sources. Due to the nature of these models, simplified numerical
approaches can be employed, such as finite differencing [11, 52, 53, 67, 74] and finite
element techniques [6, 11, 53] may be employed.

Montenegro [53] writes the standard reaction diffusion energy equation allow-
ing for convection, diffusion, cooling and heating due to the fire. A simple two stage
chemical reaction is used to describe the exothermic reaction. From this reaction,
the law of mass action is used in conjunction with an Arrhenius law to approximate
the reaction rate, while allowing for the derivation of the heat source due to the fire.
The reaction is simplified to a single stage reaction to allow for simpler equations.
A weak form of Laplace’s equation is solved using a least squares and an optimiza-
tion formulation for velocity, and both an implicit finite difference scheme and an
adaptive finite element method is used to solve the non-dimensional system.

Balbi [11] proposes an elemental cellular approach to this model of a laboratory
fire in the absence of wind and slope, with homogeneous fuel. Again, the standard
reaction diffusion equation is written allowing for cooling and the addition of a heat
source by assuming the fuel layer is thin. The diffusion term takes the place of
the convective, radiative, and conductive transfer of heat. The model uses data

from experiments to calculate the unknown parameters of the problem. By looking
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for standing wave solutions, the problem can be reduced to an eigenvalue problem,
where several cases of the solution need to be considered to fully solve the problem.
Again, both finite difference and finite element schemes are used to numerically
describe the problem.

Asensio & Ferrahut [6] use much of the same approach as the other papers
reviewed in this section. A simplified chemical reaction is used with the Arrhenius
law to approximate the reaction rate. Fuel degradation is assumed to be exponential
in nature. Radiative heat transfer by optical path, cooling, convection, a heat source
due to the exothermic reaction, and a phase change function to allow the change
between exothermic and endothermic reactions are all considered in writing the
reaction diffusion equation and mass equation. The system is put into weak form,
existence and uniqueness are proved, and is numerically solved using a mixed finite
element method.

Mercer & Weber [52] use the standard reaction diffusion equation, allowing
for all modes of heat exchange as the others in this section. Here the radiative
heat transfer is derived from Chandrasekhar’s integro-differential equation. Weber
provides initial conditions such that traveling wave solutions are present (due to the
reduction of the system), and the system is numerically solved using finite differ-
ences. It was found that the speed of the combustion wave depends of the square
root of the radiation heat transfer length.

Chetehouna [19] considers a multiphase approach that includes the drying of
the fuel, pyrolysis, heat convection, heat conduction, and radiative heat transfer.
Again the reaction diffusion equation is reduced to an eigenvalue problem by as-
suming a traveling wave solution, where an asymptotic expansion is taken in terms
of the eigenvalue to obtain several order problems. Just as Chetehouna reduced a
multi-phase formulation, Simeoni [67] does the same. Here it is assumed that the
fuel is a bed of pine needles, modeled by cylinders randomly distributed across the
fuel bed. The flow only in the horizontal direction is considered, and the model
was verified by experiments in a wind tunnel. Weber [74] uses a reaction diffusion
equation to derive a comprehensive model which accounts for advection, radiation,

and the heat due to the reaction. The model is considered in both the gas and solid
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phases. The equation is transformed to a moving reference frame, where a traveling
wave solution can be used to reduce the PDE to an ODE for temperature. With
this the solution suggests that fires propagate creating a series of grown ellipses that

move in time, which agrees with field observations.

1.3.4 Geometric and Radiation Driven Models

The two approaches considered in this section are noticeably different from
those mentioned in the previous sections. In Albini’s paper [4], the notion that
radiation is the driving spreading force of a fire in the absence of wind and slope is
used and investigated. Thus, it is assumed that heat is only transported through
radiation, the flame itself extends above a uniform fuel layer, and fuel particles are
black bodies (only absorb energy and do not scatter). The radiation field that results
is a PDE for the intensity of energy radiated throughout the region. The divergence
of the net radiant flux is written as the integral over the solid angle of the intensity
of the energy. The temperature of a particle depends on its stage in the combustion
process. Thus, as a particle is heated, the water first evaporates and then the fuel
particle ignites. After non-dimensionalization, the problem reduces to an eigenvalue
problem that is solved both analytically and using an iterative solution. The model
is able to predict the fire front shape and the intensity of the energy radiated into
the fuel layer.

Dold & Zinoviev [20] have approached the problem of calculating the behavior
of an unsteady fire line differently. The resulting approach is simpler and more
geometrically approached. The authors introduce notation for fire line intensity
through Byram’s formula, which relates fire line intensity to spread rate, energy of
combustion, and fuel load. Technically, Byram’s formula is only valid for the case of
a steady fire spread. In the steady case, geometry can be used to derive all necessary
pieces of information, where Byram’s formula is verified. Considering an unsteady
fire spread is not so simple. The fire front is parametrized to allow the shape of
the fire front to change and to track the movement into the fresh fuel. To describe
the shape of the fire front over time, a total derivative is taken and set equal to the

effects of arc length and the spread of fire into the fuel. The intensity of the fire is



25

written as an integral of the heat released, the pyrolysis speed, and the fire spread
speed over the arc length. Simplifications of the model are taken using either a
small fuel bed and a fast spread rate or fast pyrolysis and a spread rate slower than
the burning speed. The dependence of the spread rate on intensity is examined for
several different situations and assumptions. The intensity of the fire feeds energy
back into the fresh vegetation ahead of the fire, which ultimately determines the
spread rate of the fire.

Dold et al. [21] use much of the same formulation as the previous paper by
Dold & Zineoveiv. Again, the fire line intensity is written as an integral over the
fire region. Reductions are taken for large spread rates over fire burning rate, which
simplifies the integral of intensity. The spread rate is assumed not to vary rapidly in
time, which allows for a perturbation to be taken. Again, the relationship between
spread rate and intensity is investigated, but this time it is a non-linear relationship,

which allows for the investigation of stable fire spread and eruptive fire spread.

1.3.5 Conclusions

The fire model presented in this thesis will use aspects from each of the sections
of previous works. The derivation of equations will closely follow the derivation from
Section 1.3.2, where the different phases of matter will be considered across multiple
models. The plume model will investigate the interaction between the plume and
ambient atmosphere, whereas the fire model will investigate the interaction between
the fire and the fuel layer. When coupled, these two models will resemble a multi-

phase approach.

1.4 Formulation

As was mentioned, the model of wildfire in this thesis will be decomposed
into models that examine fundamental interactions. This section will outline which
chapters are concerned with which fundamental models, initial assumptions and

geometry.
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Figure 1.1: Plume Surrounded By Ambient Air in Cartesian Coordinate
System in Upper Half-Plane

1.4.1 Plume Model
Chapter 2 through Chapter 4 describes the approach for deriving the plume

model. The plume model focuses on the interaction between the plume and the
surrounding ambient air. Before I present the equations of motion that describe
the flow of the fluid, I need to make some initial assumptions about the geometry
of the problem. Consider a Cartesian coordinate system in the upper half plane
(see Figure 1.1), and assume that the fire lies along a line in the zy direction. I
will also be making the simplification that the ambient air (outside the plume) is
independent of the plume itself, except for entrainment effects. Thus, resulting in
two disjoint dynamical systems (save entrainment): the ambient air system and
the plume system. I assume the plume is narrow, and using the disjointedness of
the two systems, the plume represents a jump discontinuity from the perspective of
the ambient air system. The jump discontinuity allows the addition of ideas from
fluid dynamics, which permit the plume to react more accurately to atmospheric
conditions. I will use ideas from the theory of fluid-structure interactions [1] in
analogy to the equations of motion that describe the flapping of a flag in the wind.

I use the Navier Stokes Equations to describe the motion of the fluid in the
two-dimensional Cartesian geometry. The flow in the ambient air is driven by the
thermally driven plume. As the hot gases rise from the fire, the gas in the plume
rises and entrains the ambient air, thus inducing a flow throughout the entire do-

main. The rate of entrainment is determined by the relative velocity between the



27

plume and the ambient air system. This means the faster the plume rises relative
to the ambient air, the faster the plume entrains air into the plume. Several more
simplifying assumptions are made to reduce the system of equations. Due to the
nature of the two systems, I formulate the problem as a boundary layer problem
with corresponding inner and outer solutions. The inner solution corresponds to
the plume, while the outer solution corresponds to the ambient air. Physical atmo-
spheric effects are included in the system, which allows the stratification of density,
hydrostatic pressure, and temperature. I implement the analytic set of equations
in MATLAB to obtain numerical solutions. In the initial efforts, I use first order
solution methods to describe interesting dynamical effects with rapid and efficient
computation solution techniques. In future work, higher order solution techniques
may be investigated to see if the effects of higher order accuracy outweigh compu-
tational costs.

The equations are solved using a time iterative method, where the plume
properties are updated, followed by an update of the ambient air motion. Finally,
the new position of the plume is calculated, and the results are plotted. In the
graphical output, the plume is shaded by the density of the gases. The red, hot,
colors indicate low density, and the blue, cool, colors indicate a higher density.

Energies are tracked though the plume to determine if the energies are em-
phasized at certain frequencies. Specifically, the kinetic energy and enstrophy are

calculated due to their essential nature in physical processes.

1.4.2 Fire Model

The plume model accounts for a fire by using a stationary point source fire.
The fire model described in Chapters 5 and 6 allows the description of the fire to
be more than just a point source. It is assumed that a thin fuel layer lies on the
ground underneath the fire plume, see Figure 1.2. Ideally, there are four regions
that need to be considered: the unburned fuel region, the pyrolyzing fuel region, the
fire region, and the smoldering fuel region. Physically, the fire radiates heat that
converts solid fuel to gas fuel, and the gas fuel eventually burns. For means of a first

approach to modeling the fire, this paradigm will be simplified even further, where
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Figure 1.2: Fuel Layer With Distinct Regions for Fire Model

only a homogeneous fire region will be considered.

A control volume derivation is used to write conservation laws for total den-
sity, fuel density, oxygen density, and energy in the fire region. A quasi steady-state
assumption is made to reduce the system to algebraic expressions for key pieces of
data needed in making the model more physical and accurate. Once solved numeri-
cally and implemented in MATLAB, the fire model and plume models are coupled.
In doing so, the information from the fire model is injected into the plume model
through the point source fire and the ambient air flow influences the propagation of
the fire. A feedback loop is created, allowing the fire to influence the propagation
of the plume and the ambient air flow, which in turn influences the propagation of
the fire.

Numerically the two models are coupled in a novel way. The situation of
a crosswind flow in the plume model is used with a change of reference frame to
describe the case of a propagating fire. Thus, instead of air moving past a stationary
fire, a fire will be moving past stationary air. The same energies are tracked through

the propagation of the plume to investigate the nature of the fire dynamics.
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1.4.3 Extensions

There are many possible extensions that can be made to the plume and fire
models. Some of these extensions are outlined in Chapter 8. One extension that was
considered after the case of a propagating fire is the extension to fire propagation
on a slope and is presented in Chapter 7. This extension involves a simple change
in the implementation of the equations from the plume model.

The results from all chapters will be summarized and submitted for publica-

tion.



CHAPTER 2
Equations of Motion for Plume Model

In this chapter, the equations of motion and conservation equations will be de-
rived for the plume model, describing both the plume and ambient air systems.
The equations are derived from first principles, where simplifying assumptions and
asymptotics are used to narrow the focus of the model down to the key driving
dynamics of the fire plume. This is done in such a way that during future work,
more terms in the asymptotic expansions can be used, making the assumptions more
accurate and physical.

The situation under consideration in this model is a fire line oriented along the
Zo axis, as seen in Figure 2.1. The fire line is assumed to be nearly straight, and its
width is taken to be small compared to the length scale in the x; direction—chosen
relative to the distance the fire is expected to travel in a reasonable amount of time,
as seen if Figure 2.1. From the well-defined fire line rises a sheet plume, which
will bend and react to the wind conditions present in the ambient atmosphere. To
reduce this three-dimensional situation to reflect the two-dimensional formulation
from Section 1.4, a slice through the sheet plume, perpendicular to the fire line, is
taken. With this, the situation reduces to the one shown in Figure 1.1.

Another important aspect of the model that will be exploited in this chapter
is how the two systems (plume and ambient air) are connected; specifically, the two
systems only interact through the entrainment of air. The plume is assumed to
be narrow compared to the length scale of the ambient air region. With this, the
assumption is that the plume represents a jump discontinuity from the perspective
of the ambient air system, see Figure 2.2. This will be key in the derivation of the

equations, not only in the ambient air system, but also in the plume system.

2.1 General Equations of Motion

The atmosphere is a complex fluid flowing on scales that reflect the importance

of buoyancy, density and temperature stratification, and small scale mixing. To de-

30
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Figure 2.1: Cartesian Coordinate System in Upper Half-Plane

Figure 2.2: Perspective From Ambient Air

scribe the flow of this fluid, the unsteady Reynolds-averaged Navier-Stokes (uRaNS)
equations for inviscid flow are written in three dimensions, along with conservation

equations and an equation of state:

pe + (pui),, =0 (2.1.1a)
p1(ui), + un(ti)a,] + po, — pgeqi = T, (2.1.1b)
pCy [Th + wiTy) = [pe + wips,] = Q + ¢, (2.1.1c)
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p = pRT. (2.1.1d)

Here, x = (x1, 22, x3) are cartesian coordinates (see Figure 2.1), t is time, p is
density, T is temperature, u is velocity, p is pressure, () is a heat source, T is the
Reynolds stress, g/ is the Reynolds heat flux, g is gravity in direction e,, R is the
ideal gas constant, and C,, is the specific heat at constant pressure.

The system (2.1.1) is non-dimensionalized by making the changes of variables:

t Z;

T = — Yi = p= p0R<yi7T)
to l’L

u; = Ut (yi, 7) T = TOé(yiv 7) p=pol(y:7)
E ~ ’“ ~Iie

Q= t_OOQ T = noT"™(y;, 7) q" = &q"™ (yi, 7).

where tg, l;, po, Uy, To, po, Eo, N9, and &y are the scaling constants for time, space,
density, velocity, temperature, pressure, the heat source, the Reynolds stress, and
the Reynolds heat flux respectively.

The flow induced by a line heat source representing a fire is of interest; thus,
it is also assumed that the temperature, density and velocity have the form:

(2.1.2a)

* =

{*o(yiaT) for [y1 — y1p| > %
*0
*(Yi, T) for [yy — y,| < %, (2.1.2b)

where x,(y;, 7) represents scaled * outside the plume, and x(y;, 7) represents scaled
* inside the plume. Also, define y1,(ys, 7) as the centerline of the plume and b(ys, 7)
is the width of the plume. In this section for the purposes of scaling, it will be
assumed that the general form of these variables is * = xq - *(y;, 7).

The changes of variables are substituted into (2.1.1) and simplified to obtain

the non-dimensional system:

R, + 2203 (R@i)y —0 (2.1.3a)

~ | Ustols . . poto I3 Rtoge,: noto 13,7 pe
R | (05)r + —— = (0(0s)y,) P, 9 = THe  (2.1.3b)

poUols I; v Uo _PoUols l; i
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~ |~ Uptols _ ~ } [ Do Ustopo 3 . Ey -
0, + ———00,. | — P+ ———-v,P, | =
{ I3 1 v pOCpTO pOCpT0l3 l; Y pOCpTO

§0t0 13 ~R
——— =g (2.1.3
ponT0l3 ll % vi ( C)

The thermal effects are separated from dynamical effects in the pressure. To

do this, the dependent variables are scaled in a perturbation series [63] as follows:

p=pH y gpHY 4 5p® g, = l—3@§0)

Uoto
B — po fRe _ (0) (2.1.4)
iJ ij
(LR@ _ q~(0) f = 67(0)7

where here, P (y;, 7) is the leading order hydrostatic pressure, PV (y;, 7) is the
order 3 correction to the hydrostatic pressure, and P(l)(yi, 7) is the dynamic pres-
sure. It is assumed that the separation parameters, S and o, are chosen such that
a well ordered expansion in pressure is obtained (verification to follow).

Upon substituting these expansions into (2.1.3), the system reduces to:

N lo /-
RO+ 2 (RO5”) =0 (2.1.5a)
) Yi
pol3 o) [ =0y I8 (00
QR (Ui )T"‘_ Uy (Ui )yk
Potp Ui
l3 polzgeqi ~ Mo 13 %0
3 (pH) pHL pmY — F0%39%i po) | 110 23 7(0)
+lz‘(yi +6 Yi to yi) Do +p0lj 13 Yj
(2.1.5b)

RO {é@ + l—?’@?(”é@)} - { 0__(pth 4 gPUY 4 5 pY)

T ll ' vi ponTO
Po s _0) /) (H1) ) Ey Soto I3 (o)
B0 (p P POY| = % o
poCpTo 1 v ( wo PORTT AR, ) poCypTo * poCpTols I; 'Y
(2.1.5¢)

po (P + gPHY 4 o PW) = p, RORT,H©. (2.1.5d)
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2.1.1 Assumptions

The paradigm of interest is a plume of hot gases rising through, and disturbing,
an ambient body of air. As discussed in Section 1.4, the rising gases in the plume
entrain the ambient air, causing a flow that interacts with the plume and the fire.
Scalings that are consistent with this scenario will be discussed. There are several
assumptions, which are presented and discussed here, that ensure the balances and
scalings are correct.

The driving force in the equations, specifically the momentum equation (2.1.5b),
is the buoyancy force in the plume. Consequently, the leading pressure term needs to
balance the gravity term. By the same token, in the temperature equation, (2.1.5¢),
the temperature terms need to balance the heat source term. Thus, the following

definitions are taken:

;3
S 2.1.6
7T RL (2.1.6)

_ pO _
20T Po Polo ( )
R -1

£_271 (2.1.8)

Cp v

where v = specific heat ratio. In addition, a scaled plume velocity is defined by:

Eq
Topo Cp '

Vp o (2.1.9)
The balance (2.1.7) is obtained from the equation of state, (2.1.5d), and is used
to relate pressure, temperature and density scales. Equation (2.1.8) is a classic
relation from thermodynamics, and the definition (2.1.9) was made to simplify and
scale expressions later in the plume system.

A perturbation analysis for o and 8 small is made. It is verified in this section
that this assumption of ¢ and 3 small is consistent with atmospheric flow on the
scale of a wildfire. Note that if a length scale of 100m and a time scale of 4sec are
taken:

2 (100m)*

2

0O = = ~
RTot§ (286951 ) (292.3669K) (4sec)

S = 0.00745,
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. 101000 —&
where the temperature scale used is T = %’0 ~ e = 292.3669K.
(286925 ) (1204125 )

Also, it is taken that R is the gas constant for dry air. From this, it is verified that
o is a small parameter. The choice of ¢ in (2.1.6) was made to ensure that the P™)
term balances with the velocity terms in the momentum equation (2.1.5b). It must
also be noted that physically o represents the square of the Mach number. This can

be seen by rewriting ¢ such that:

o= =10 _ )y
RTO c2 ’

where the numerator can be thought of as the square of a velocity scale, and the
denominator is c¢2, the square of the sound speed.
It can be seen that RTj is the sound speed by considering the original Navier-

Stokes equations:

pr+V-(pu)=0
plus+u-Vu] = -Vp.

Take p = p(p) and expanding the velocity and density in a perturbation expansion,

one has u = euy, p = pg + €p;. Keeping only the O(e) terms:

pit+poV-(a;) =0

0
poliy = —8—Z;(P0)VP17

since pp is a constant. Upon taking the time derivative of the first, the divergence

of the second, and combining, one obtains:

dpi _ Ip 5
ﬁ = 8_p('00)v P1,

2

where it is recognized that g—ﬁ(po) = ¢*. Additionally using the equation of state,
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p = pRT, and taking the derivative with respect to density, one obtains:

Op

9p — RT
p ’

T=const
with this, one has that RTy = ¢* and represents the isothermal sound speed.

Thus, 0 = Ma?, where Ma is the Mach number and ¢ < 1 corresponds to
a small Mach number for this flow, so that the characteristic velocities are small
compared to the sound speed.

For later reference the size of some of the parameters will be provided to verify

the perturbation analysis assumption:

z 1
EIPN 00m 6378
69 (9.8225) (4sec)
z 9.8 (100
po O (O85) A00M) o een

RTy ~ (286.9--)(292.3669K)

where [ represents a buoyancy parameter. Again, the physical meaning of [ is

investigated by rewriting the expression as:

gl3 V2 . 2
= P52 _RiM
B V2 RTO s

2
by
tg’

where v? = and Ri is the Richardson number. Physically, this parameter repre-
sents the ratio of the rise velocity to the sound speed of the system. Thus, saying
is small corresponds to an o(Ma™?) Richardson number for this flow.

The assumption about pressure, (2.1.4), could be thought of as the first three
terms in an asymptotic expansion. There are various order problems that result
from the single expansion. At this point, additional terms in the expansions are
not considered. Later, first approximation systems will be discussed. These systems
have been taken to be analogous to the O(1) expansion of an asymptotic expansion
problem [29], by letting the small parameters (8 and o) go to zero. From this, the
first approximation system of the asymptotic expansion problem is obtained.

With these balances, the assumptions, (2.1.6)-(2.1.8), are substituted into the
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non-dimensional system (2.1.5) to get the simplified system that will be used for the
rest of this chapter:

- l ~
pO B <R<o>1~)i<0>) —0 (2.1.10a)

l3 gl ; glsegi 7 Mo 3,70
pUH) L I% p(H1) 8 p(1)) _ I8 po) 10 *3p(0)
( ) 4 o) . R+ T Lo

(2.1.10D)
720 [gor 4 Byoge | _ =L pun | 95 pam . B poy
‘ Y i RTO T RTotg T
l3 _(0) gl I3 ~ Soto I3 0
oo (pey o 9 peny B po))| Is 0)
* iUZ Yi + RTO Yi + RTgt(Z) yi pQ + pOCpT()lg lz qui’
(2.1.10c)

H 9ls S l§ 1 1(0) /(0
pH) 4 R_Top( ) 4+ RTOt?)P( ) = RO, (2.1.10d)

The additional assumptions that I3,y < [y and [; o [l3 are made, and to set the

coordinate system, choose:

€, = 0

-1
Due to the geometry of the problem, the solution method will be reminiscent
of the solution to a boundary layer problem. With this, the solution of the sys-
tem (2.1.10) represents the general solution to the boundary layer problem being
examined. An additional set of assumptions will differentiate the inner and outer

solutions, which will be discussed in Section 2.2 and Section 2.3.

2.2 QOuter Solution

The ambient air system describes the flow of the fluid outside the plume, which
includes the transportation of vorticity throughout the system. Mathematically, the
dynamics of this system are viewed as the outer solution of a boundary layer problem.

The two names (ambient air system and outer solution) will be interchanged as they
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mean the same thing. The system (2.1.10) from above is used and it is additionally
chosen that Q = 0, 7 = v,, poCOtj(lolg <1 < 1, 0 = Ma?, and 8 = RiMa?. In
the ambient air system only, following the expansion of pressure, let R = Ro
BRIV 4 o RV =6 + polt) 1 5oV,

Substituting these above assumptions and the limiting case assumptions (2.1.6),

’RpT

(2.1.7), (2.1.8) into (2.1.10), dropping the unneeded expansion notation and expand-

ing results in the system:

(RS + BRI + oRY) + [(RY" + BRY™ + 0RY) vo1]
+[(RYD + BRI + o RV ) vys] =0 (2.2.1a)

o (R + BRI + 0 RD) [(vo1)- + (Uol(vol)y )+ (Vo3(Vo1)ys)]
0 4 P + P =0 (2.2.1b)

a (R(()H) + BRng) + JRS)) [(Vo3)r + (Uol(vo?») )+ (1’03(“03)113)]
0+ P + 6PV = -3 (R{M

(R{™ + BRYY + oR(YV) [ (05D + polHY + oo (V)

+ o1 (057 + BT + 065))  + vos (651 + 5OV + 00D

v

(2.2.1d)

+ Vo3 (P(H)—i-ﬁP (H1) +UP(1 ) 0
P 4 gpUHY

(R + BRI + RV (651 + OV + o)

-1 [P +6PH1)+0P(1)+%1< _|_5PH1)+0P(1))
}
)

+oPY. (2.2.1e)

2.2.1 O(1) Ambient Air System

A first approximation is made, using the fact that Ma® < 1 (¢ < 1) and
B < 1 to get the first approximation system:

H H H
RYD + (RDvy1)  + (Rvy3), =0 (2.2.2a)
H) _
P =0 (2.2.2b)
H
P =0 (2.2.2¢)
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RgH) [(QSH))T + Uol(egH))m + Uo3(9(()H)>y3]
-1
—WT [P 4 vy P 4 0,5 PH] = 0 (2.2.2d)

pUH) = RUD ), (2.2.2¢)

Use of the momentum equations, the energy equation, the boundary conditions, and

the equation of state easily gives i) = 1, R = 1, and PH) =1,

2.2.2 O(f) Ambient Air System

Continuing to separate orders, the next order system is the O() system:

RV + (RY™v,1), + (RE™,3), =0 (2.2.3a)
P =0 (2.2.3b)
P = — R (2.2.3¢)

RYD[(059) 7 + 001 (65)y, + v03(05) ]
—77_1 [PV 4 0, PIY 4 0,3 P = 0 (2.2.3d)
pHD — RU) 4 g(H1) (2.2.3¢)

The expressions for the O(f) corrections to density, temperature, and hydro-
static pressure can be found. Noting that the energy equation, (2.2.3d), can be

written in terms of material derivatives yields:

Doy 4 1 pptHY

DTt y DTt
Thus,
DG(()HI) B ( 1)DR((;H1)
Dr 7 Dr 7’

and integrating gives:
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Using the equation of state, one obtains:

PO Z RO 4 (5 1)RU 4 ¢
P(Hl) — ,ngHl) +Cl,

from which one obtains:

P = yRED.

o0Y3

Using the momentum equation in the y3 direction, one obtains the differential rela-

tion:
H1 H
VLD = <R = -
1
RE’}?JISI) - T
Y
Thus:

R(Hl) = —;yg + Co.

Using the boundary condition at the ground, c; = 0, and:

1
RS)HI) = ——ys.
7y

Thus,

1
——Ys
Y

1
eng) = <; — 1) ys + c1

PUY = —ys 4 ¢y

Rng) —

Again using the boundary condition at the ground, ¢; = 0. This also ensures all

three full expansions go to zero as y3 — co. After using the boundary conditions,



41

one obtains:

1

RY™ = ——ys (2.2.4)
g
1

oL — (— — 1) Y (2.2.5)
v

pHL —ys. (2.2.6)

With this, the full asymptotic expansions can be written as:

P=1-Bys+oPW (2.2.7)
1
0=1-2 (1 - —) ys + oV (2.2.8)
Y
1
R=1-p~y;+oR. (2.2.9)
v

One can easily see that a first term approximation physically corresponds to an
unstratified atmosphere. Keeping the O(3) correction in the expansions allows each
of the quantities to decrease as height increases. Physically, the two term approx-
imation corresponds to a physically accurate stratified atmosphere. From here on,
approximations of the asymptotic expansions are taken, such that only the first non-
zero terms are included. Thus, the ambient air system is seen to be incompressible
under this first term approximation. One will note that the O(f) correction to the

pressure will be used in the plume system where pressure gradient terms are needed.

2.2.3 O(c) Ambient Air System

Finally, the O(0) system is written as:

RY) + (RMvor), + (RPve3), =0 (2.2.10a)
RS [(001)r + (vo1(vo1)yn) + (Vo3(Vo1)y)] + PfY) = 0 (2.2.10D)
R [(v03)r + (101 (v03)y1) + (Vo3(Vo3)ys)] + Pfy) = 0 (2.2.10c)
RE)H) [(9511))7 + vOl(et()l))yl + 003(9(()1))%}
~1
I [PD 40,1 POV 4 0,5 PD] = 0 (2.2.10d)

v
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PO — R 4 g, (2.2.10¢)

For the purpose of this work, the O(o) system is used for the calculation of the
velocity and vorticity. It is easily seen that expressions for the O(o) contributions
of temperature and density can be written using a similar process to (2.2.3). In
addition, Bernoulli’'s equation can also be used for a derivation of the pressure in

this system, see Section 2.2.7.

2.2.4 Vorticity Transport Equation
The vorticity equation can be found from the O(o) equations, (2.2.10). The

curl of the momentum equations is taken to derive the vorticity equation:
Wr + Vp1Wy, + Vogwy, = — (V- V) w,
where Vv = (v,1,0,3)". Equation (2.2.1a) is used to find an expression for (V -v).

This simplification results in:

Dw w DR,

Dr R, DT’

(2.2.11)

Using the full three term expansion of density, (2.2.9), in (2.2.11) and following the

expansion of the other ambient air variables, w = wg + Sw; + ows. Upon separating

orders:

Dwo

_ 2.2.12
Dt ( )
le 1

E— 2.2.13
Dt 71} 340 ( )
D
V% o (B + B on + R (2214)

Assuming constant density (a first non-zero approximation of the asymptotic

expansion) means the O(1) vorticity equation is solved and integration yields:

DUJO
DTt

=0 = w = constant. (2.2.15)
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Thus, the vorticity is constant along streamlines in the ambient air domain (up to
a first order approximation). If it is assumed that all streamlines terminate at oo,

and that there is no vorticity far from the plume, the result is:

For the scope of this work, only the lowest order approximation to vorticity
is used. It is easily seen that more terms in the approximation can be considered
and would involve solving the corresponding order vorticity equation. Thus, the
flow in the ambient air is irrotational, up to a first term approximation. With this
and the asymptotic expansion of density, the ambient air flow is incompressible and

irrotational, up to a first non-zero approximation.

2.2.5 Velocity in the Ambient Air

The flow in the ambient air is assumed to be induced by the point source fire
and entrainment of air into the plume. In calculating the velocity in the ambient
air, several features are used to simplify the calculation. From the perspective of the
ambient air system, the plume represents a discontinuity. It is assumed that the net
entrainment is into the plume. Thus, the entrainment can be represented by a line
sink /vortex combination along the discontinuity that represents the plume. Once
the system is discretized to be solved numerically, the line sink/vortex is represented
by point sink/vortices at each computation node, see Section 3.1 for details on the
discretization.

Since the flow is two-dimensional, irrotational, and incompressible, a potential
flow solution to calculate the velocity is appropriate for computational points far
from the discontinuity. Additionally, the velocity induced by the line sink/vortex
combination on the discontinuity that represents the plume can be expressed as a
Biot-Savart integral. The potential flow solution is used for all points away from
singularities, and the Biot-Savart integral is used at points where singularities occur
following Alben and Shelley [1]. From this, the velocity, potential, and stream
functions can be written.

Following Marshall [45], the Helmholtz Representation Theorem is used to
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write the velocity, v = (u, v), as:

v=Va+Vxg (2.2.17)

Here « is the scalar potential, 3 is the vector potential, and:

o= /VG(y —y)A®Y, t)do’ (2.2.18)
8- | Gby—yty.ou. (2:2.19)
where,
Via=A=V-v (2.2.20a)
VB =-w=-Vxv. (2.2.20D)

For a two dimensional flow, 3 = fe,,, w = we,,, and G(y — y’) represents

the Green’s function. In two dimensions G(y —y’) takes the form: G(y —y’) =
>=Inly —y'[, y = (y1,0,y3)". Thus,

1
o= /A% Inly — y/|A(Y, £)dd’ (2.2.21)
1
8= [ 3-nly =yl 0. (22.22)

2.2.5.1 Point Source/Sink or Vortex
The interest is to write the velocity induced by a single point source/vortex,
away from any singularities. This can be done by using a pure potential flow solution.
It is well known that for a point source/sink, one has A(y; — y1,ys — v4) =
md(y1 — Yy, ys — v3), where m represents the source/sink strength. The expression

for v can be obtained by substituting into (2.2.21):

D=

m
o= oI ((y1 = 1)* + (s — 3)°) (2.2.23)
Similarly for a vortex, w(y; — vyi,ys — v3) = Q(y1 — yi,ys — v3), where Q

represents the point vortex strength. Upon substituting into (2.2.22), the expression
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for B can be found:

0
f=—5-In (g1 —91)* + (3 — 45)°)

NI

(2.2.24)

Using the law of superposition and (2.2.17), an expression for the velocity, v,

can be written as:

[ m(y1—y) | _ [ Qys—ys) |
- _ | 2m|(yi—y1)?H(y3—y5)? 27| (y1—v1)2+(ys—y3)?
v=Va+Vx3= (vl Uo—1) , (2.2.25)

2r(y1—y;)?+(ys—v5)%] 2 [(y1—v})2+(us—v5)?]

where it needs to be remembered that the source strength, m = —§5,, since the
plume will entrain air, making it a sink. The method of images is used to ensure

the ground is impenetrable or, ¥ = 0 when y3 = 0. This leads to the expressions for

u and v:
) —Sy(y1 — 1) —Su(y1 — ¥1)
u(y1, = +
W) = o = )2 T (s — 25 27 [r = W2+ (s + 507
Qys — v5) Qys + v5)
N n 9.2.26a
S (R LE N IYAT I v e vy M)
_ —Su(ys — y3) —Sy(ys + v5)
v 9 = / / + / /
W) = G = v T s — 2 2n [or = W2 F (s ¥ 207
Q(yl - yi) Q(?Jl - 3/1)
— . (2.2.26b
S (TR LA T Bl (VAR prareva e Ml
From here, the Cauchy-Riemann equations,
9 O
a0 _0v 2.2.27a
oy 0ys3 ( )
09 o
___ X 2.2.27h
! @yg ayl ( )

are used to find:

O(y1,ys) = /U dys

= 22 i (g 1)+ (5 — 98)) 0 (0 — 9+ (3 + 95)°)]
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0 o /
+— [arctan (yg_y;g,> — arctan (M)] (2.2.28)
2 Yy1— Y Y1— U

U(yr,y3) = —/Udyl

-S, _ /
= [arctan <y3 y3> + arctan <y3 + yf’)}
27 Y1 — y1 11—

% [ (1 = 9% + (ys — 95)%) —In (51 — 1) + (w3 +95)%)],  (2.2.29)

where ¢ is the velocity potential and ¢ is the stream function. From this, (2.2.27)

can be used as a check that all of expressions are correct.

2.2.5.2 Line Sink Vortex Combination

As mentioned above, the expressions for (u,v), (2.2.26); ¢, (2.2.28); and 1,
(2.2.29), describe the flow induced by a single sink/vortex combination. Following
the discretization in Section 3.1, the law of superposition needs to be used again
to sum up the effects of the line sink/vortex combination. This simply involves
integrating these expressions along the discontinuity, which represents the plume,
and letting S, and €2 vary with respect to s and 7.

For the velocity, v(y1,ys, 7), away from the discontinuity which represents
the plume there are no singularities that need to be considered. Due to this, the

expression for v(yi,ys, 7) is simply the integral over the plume of (2.2.26):

Wy, Y3, 7) = /C 2 [( =55, ) = 41(s)) ds’

Y — yl(S,))2 + (y3 — ys(8'))]

_/ Sy(s', T) (Y1 — 11(8")) 4’
o 2m[(y1 — () + (ys + y3(8"))?]

)
B L R
o2 [(y1 —n(s))? + (ya —y3(s'))?
Qs 7)(ys +y3(s)) /
* e (2.2:302)

(Y1, Y3, T) = /C 2 [( =55, ) (s = 45(s")) ds’

y1 = 1(8)? + (ys — ys(s'))?]

_ / Su(8',7) (ys + ys(s")) W
21 [(y1 — 31(5))? + (ys + y3(8"))?]
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A7) = () ,
*/ 27 (g — () + <y3—y3< e
_/ (3772( n(s)) ds’, (2.2.30D)

o 2m [(y1 — y1(8))* + (y3+y3( )?]

where v = (4,0). Thus, the velocity away from the plume can be written as,
V(y,y3, 7) = (4,0)T = (Vo1,v,3)T. Similarly, using the Cauchy-Riemann equations,
the expressions for the velocity potential and stream function, quS and ’l/AJ, can be

written as:

) = [ =5 (= )P+ = 1 (s)) 0

+/C#:’T)1n(<yl—y1( ))2+ (y3 + y3(s))?) ds’

+ /C Q(;r 7) {arctan< s') > arctan( +zjgs'§)} -

(2.2.31)

Py, ys, ) = /c —5uls7) [arctan (yg——yg(s’)) + arctan (y?’ T y3(5/))} ds’

2 Y — (5/) Yy — y1(8')
N / % In ((y1 — y1(8)* + (y3 — ya(s'))?) ds’
C v
* / —Q(;;T) In ((y1 — y1(s)? + (ys + y3(s)?) ds'. (2.2.32)
C

It needs to be remembered that in the above integrals, all plume points are
integrated over to find the induced velocity at any ambient air grid point. The fact
that the Cartesian grid and the plume discretization can be at different heights is
not an issue.

Switching focus to the velocity just off the plume, more needs to be considered.
Here, the velocities will be parameterized with respect to arc length. Let the position
of the plume be y; = yi(s) and y3 = ys(s). Substituting this in (2.2.30) above,
gives a piece of velocity of interest. It also needs to be noted that when s = &,
a singularity occurs, so that the equations above for v are not valid. This means
that beyond the equations (2.2.30) above, the effect of the singularity at s on the

induced velocity needs to be considered. Thus, the induced velocity can be written
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as v = vV + effect of singularity.

With these expressions, (2.2.30)-(2.2.32), the flow in the ambient air system
far from the discontinuity can be described, up to a first order approximation and for
strict potential flow. The equations derived in this section can be easily implemented
in MATLAB with the discussion in Section 3.3. Additionally, the flow between the
plume and ambient air systems can be coupled, as seen in Section 2.4. Contributions

from the singularities will be discussed in the following subsection.

2.2.5.3 Decomposition of Velocity

While the expressions derived above describe the flow in the ambient air sys-
tem, for means of implementation it is necessary to obtain expressions for the normal
and tangential velocities of the ambient air at the outside edges of the plume (just
off the plume). With discretized points, this is easily done by calculating the normal
and tangential vectors, n(s,7) = (ny,n9)" and T(s,7) = (11, T2)T respectively, at
each discretized point.

This is done by the equations:

_ T(s,7T)
T(s,7) = (5.7 (2.2.33)
n(s,7) = (Tp, =T1)", (2.2.34)

where (s, 7) = (Y1, y3,)" is the position vector of the centerline of the plume, and
the dot, %, indicates a derivative with respect to arc length. Since the plume has
two sides and noting the geometry in Figure 2.3, the normals on the + and — sides

of the plume are opposite in sign. Thus,

n (s, 7)=-n.(s,71), (2.2.35)

where the subscript denotes the side of the plume.

Notationally, let the normal velocity be denoted by V,,+ and the tangential
velocity by V4, where the 4+ denotes the side of the plume. One would expect
that to find the normal and tangential velocities one could simply compute the dot

product of the velocity and the desired unit vector. Although, more needs to be
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-/1 Side +/2 Side

Y3
Y

Figure 2.3: Geometry and Notation of Moving Dyad in Upper Half-Plane

considered.

The velocity on the discontinuity is calculated on a coordinate system fixed to
the plume, as mentioned above by the parametrization with respect to arc length.
The effects from a sink will effect the normal velocity, V,,+(s,7), and the vortex
will effect the tangential velocity, V; (s, 7), as seen in Figure 2.5. In the coordinate
system fixed to the plume, a velocity pointing at the plume is taken to be negative,
regardless of the side, and a velocity moving away from the plume is taken to be
positive. Meaning, a velocity in the direction of the normal vector is positive, and
a velocity opposite the direction of the normal vector is negative, see Figure 2.4 for
clarification. This was done to set all velocities going into the plume as negative.
Due to this and the coordinate system fixed to the plume, the velocity calculated on
the discontinuity does not need to be decomposed by the use of unit vectors. With
this and the information presented above, the normal and tangential velocities can

be expressed as:

Voi(s,7) = u(s, 1) + effect of sink at s (2.2.36)

Vit(s,7) = 0(s, ) + effect of vortex at s. (2.2.37)

In order to describe the missing singularity contribution, it is necessary to
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V_<0 ‘ V_ <0

Figure 2.4: Decomposed Velocity Sign Convention

Figure 2.5: Velocity Induced by Sink and Vortex Respectively

discuss the theory behind the calculation of the velocity, and the effects from the
flow induced by the plume.

In the calculation of the velocity just off the plume, the integrals (2.2.30) are
taken in the principal value sense, due to the singularity that occurs when s = 5.
That is, the effect of the sink or vortex at a point s is not taken into account in the
calculation of the velocities at the spatial point (yi(s,7),y3(s,7)). The inclusion of
these effects will give the missing piece, and create the difference in velocities on
either side of the plume. This is induced by the sink/vortex combination, which is
represented by the contribution of the singularity itself. The effect of the sink/vortex
at the singularity is computed as follows.

Without loss, consider a perfectly vertical plume such that y;,(s,7) = 0 and

Ysp(s,7) = s for 0 < s < 100. The interest is in the value of v and v in the limit as



o1

a point P goes to (0, s"), where the singularity occurs, to find the velocity induced
by the sink/vortex at the singularity at the point s'.

The velocities are considered this time without any image terms:

N . _Sv(3,7 T)yl Sl i 9(817 T) <y3 - y3(sl>> SI
Uy v 7) = /c 2+ (s — o) O /c P e
—S5,(. ) (s — ws(5") (s, Ty

Oy1,38,7) = /c 2m [y% + (y3 — y3(s"))?] At /c 2m [yf + (y3 — y3(s"))?] s

In the case of a vertical plume, V,+ = @ and V,+ = 0. Considering the effects on

the normal velocity first, one has:
. —Su(s', T Qs', T —y3(s’
U(y17y3,7_) _ / > ( )yl — ds’ _/ ( S )(?/3 y3( /))2
o 2m [yi + (ys — ys())?] o 2m [yi + (ys — ys(s))?]

—Su(s',7) s — 3 Q(s', 1)
= arctan (T . + i In (yf + (y3 — 5/>2)

_Sv ) s — -y
_ =Su(s,7) (amtan (u) + arctan (u))
2m A1 A1

Q(ZTT) (In (y5 + (v3 — 93)°) —In (yi + (ys — 43)%) ) ,

ds’

c

+

where g3 and g3 are the endpoints of the plume and C' is the simplified straight
plume. Now, taking the limit as y; — 0" from the right side of the plume:

. =Sy(s,) o Q(s, 1) Y3 — U3
lim 4= o> (T T 1
e T 2 <2 2) T "\
_ _51;(577—) + Q(S7T) In <y3 - ?3) .
2 27 Y3 — U3

To obtain the induced velocity at the singularity, the limit as y3,y3 — s is taken,

resulting in:

i f— —Su(s,7) N Q(s, 1) o Y3 — S
y1—0F 2 2T Yz — S
Y3,Y3—s
_ —_Svés’ 7). (2.2.38)

Similarly, if the limit is instead taken as y; — 07, the effect of the singularity
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on the normal velocity on the left side of the plume is:

SU 9

lim 4= 25T (2.2.39)
}/1?0_ 2

Y3,Y3—s

The same process is used to calculate the effects on the tangential velocity.

This time one has:

TR = CESEL R g2 -

o 2m [y + (y3 — ys(s'))?] o 2m [y + (y3 — ys(s'))?]

Sy(s', 1) Q(s', 1) s —y
= T In (y% + (yS - S/)2) . + T arctan Tg .
Sy(s,T)

= = (I + (s = 5)°) —In (47 + (5 — 3)°))
+ Q(S’T) <arctan (—y3 _ y3> -+ arctan (—y3 _ y3>) .
2w U1 U1

Again, the limit as y; — 07, from the right side of the plume, is taken:

lim ¢ = Su(s,7) In <y3 _ 3{3) + s, 7) (E + Z)

y1—0t 2 Y3 — Y3 2m 2 2
_ Sv<577-) In <y3 - Z)?,) + Q(S7T>
2m Ys — U3 2

To obtain the induced velocity at the singularity, the limit as 93, y3 — s is taken,

resulting in:

- , (2.2.40)

Similarly, if the limit is instead taken as y; — 07, the effect of the singularity
on the tangential velocity on the left side of the plume is:
-0
lim = # (2.2.41)

y1—0"
U3,Y3—>s

With this contribution from the singularity and adjusting the sign in each



23

case to match the normal vectors on each side of the plume, the full normal and

tangential velocities, V,,+ and V; 4, can be written in the notation used above as:

Vi, _(s,7) = (s, 7) — S”(;’T) (2.2.42)
Vyo(s,7) = a(s, ) — S“(;’T) (2.2.43)
Vi _(s,7) = (s,7) — Q<32’ ) (2.2.44)
Vo (s,7) = (s, 7) + 5 7) (2.2.45)

Here, v = (u,0) from Section 2.2.5.2 taken in the principal value sense, and the
signs have been chosen to add or subtract the effects depending on the side of the
plume and the corresponding unit vector.

One will note that the final decompositions, (2.2.42)-(2.2.45), with the in-
clusion of the effects of the singularity, are actually the decompositions of the full

velocity, v, and can be thought of as:

Vi, _(s,7) = u(s,7) (2.2.46)
Vo (s,7) = u(s, 7) (2.2.47)
Vi_(s,7) = v(s, 7) (2.2.48)
Vi (s,7) = (s, 7). (2.2.49)

2.2.6 Addition of Crosswind Flow to Ambient Air

The velocity calculations, (2.2.42), do not account for the possibility of cross-
wind conditions in the ambient atmosphere. Here, let cw = (cw, O)T, where cw
is the horizontal component of the crosswind flow.

For velocities calculated far from the discontinuity, the addition of the cross-
wind is trivial:

U =1u-+ cw, (2.2.50)

where 4 is calculated by (2.2.30).

Additional contributions to velocities calculated on the discontinuity need to
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< cw<0

V <0 ‘ vV <0

Figure 2.6: Effect of Crosswind on Normal Velocities

be decomposed due to the plume fixed coordinate system. Thus,

Vi (s,7) = it(s, 7) = 257 | ewon_(s,7) (2.2.51)
Vs (s,7) = (s, 7) = 257 | ew o, (s, 7) (2.2.52)
Vi_(s,7) = (s, 7) — @ +ew - T(s, 7) (2.2.53)
Vie(s,7) = 0(s,7) + 257 4o (s, 1), (2.2.54)

where this time v is taken in the principal value sense as in Section 2.2.5.3. It
is noted that using the sign convention outlined above, a negative crosswind will

subtract from V,,, but add to V,,_. See Figure 2.6 for clarification.

2.2.7 System Pressure Calculation

Since the ambient air system has a two-dimensional, incompressible, irrota-

tional flow, a potential flow solution for velocity is appropriate. Thus:

V1 = ¢y1 V3 = gbya' (2255)

As a check, we can substitute this into the definition of vorticity to obtain:

= ¢yly3 - ¢y3y1 = 07
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and as one would expect, substituting the potential flow notation into the definition

of incompressibility gives:

0 0
Vv=—uv — —v
ayll 8933

= d)ylyl + ¢y3y3 =0,

Laplace’s equation for the velocity potential.
To calculate the dynamic pressure, P, (2.2.55) is substituted into the O(c)
momentum equations, (2.2.10). Using the momentum equation in the y; direction

first results in:

[¢y17— _'_ ¢y1¢y1y1 + ¢y3¢y1y3] + Py(11) = O
0 1 1
3_y1 ¢y17 + §(¢y1)2 + 5(92593)2 + P(l) =0
1 1
(ble + §(¢y1)2 + §(¢y3)2 + P(l) = Cl(y3)'

From here, the constant can be found by differentiating with respect to y3 and

comparing to the momentum equation in the y3 direction. Thus:

o Loy s Yooy pm] = 2
B+ 50+ 50+ PO = i)

Comparing gives the result that ci,, = 0. Thus, ¢; = const and using the
boundary conditions far away from the plume, this constant is zero. Then the

expression for the dynamic pressure can be written as:

PO =~ o0 L@ + 56 (2:2:50)

PO _ {@ n %v(&)} , (2.2.57)

Since the two systems (ambient air and plume) are disjoint except for entrain-
ment effects, the analysis in this section completely describes the motion of the flow
outside the plume up to a first order perturbation analysis. Although not considered

here, more terms can easily be added to the expansion to gain added effects from



26

vorticity and stratification. Focus now shifts to the inner solution of the boundary

layer problem.

2.3 Inner Solution

The plume system describes how the flow inside the plume evolves over time.
In this section, the equations to describe this flow are derived, including the effects
of entrainment from the ambient air system. The governing equations for the plume
system can be derived in two different ways, one of which will be presented here,
and the other is presented in Appendix A.

The equations (2.1.10) can be rescaled, noting that the majority of the velocity
is in the vertical direction. The same procedure as in the ambient air system is used
to derive an O(1) system, which is put into conservation form and integrated across
the plume. This is coupled with the assumption that each of the plume variables
have a top-hat profile in order to evaluate integrals resulting from averaging the
equations across the plume. This process results in the final form conservation laws
of interest.

The plume system is thought of as the inner solution of a boundary layer prob-
lem. The system (2.1.10) from before is used, dropping the unnecessary expansion
notation and taking & = v, R = R, and 6 = ©. Since the focus is on the plume
system, the variables y;, v1, and v3 need to be rescaled—noting that the main part

of the velocity is in the y3 direction, see Figure 2.7. This is done by letting:

0 1 0
n Yip + 1 8y1 5 aY-l
v =0V, V) vz = V)V,

where y; = y1,(ys, 7) is the centerline of the plume, and 6 = Cll—f, the ratio of the fire

length scale and the length scale in the y; direction. Additionally, let poé(:;‘lob =V,

B not3 2
nd similarly 2% = .
and s arly ¢ V;D

Substituting these above assumptions and the limiting case assumptions (2.1.6),



57

y.v,=0(1)

Figure 2.7: Velocity Rescaling for Inner Solution

(2.1.7), and (2.1.9) into (2.1.10) and expanding:

R, + (RV,W)y, + (RV,V3), =0 (2.3.1a)
R [0V,(Vi); + 6V2 (Vi(Vi)yy) + OV2 (V3(Vi)y)]

1 RT,t? 1. .

5—15 0 <P5(/f{) + 5P3(/fn) + UP}?) =V (STnyl + T13y3)

(2.3.1b)
R [Vo(Va)r + VZ(Vi(Va)yy) + V2 (Va(V3)y, )]
RT,t? t2g
SR (P 4 BRI+ 0pY) = 4R
1~ -
+ Vf (5T31Yl + T33y3>

(2.3.1c)
R [@T + Vp‘/l@Yl + ‘/p%@ys]

1
—VT [PT(H) +BPHY 4 opM L VY, (P;ff )4 P 4 ap;?)

- 1 B R
+V,V3 (P;f) + aPy(;))] ~V,0+V, (Sqm i qug)

(2.3.1d)
P 4 gpHY 4 op(0) — RO, (2.3.1¢)
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Time is rescaled such that 7 = V,7, which means that g = Vigﬁ. The
T D T

Reynolds stresses and heat flux terms need to be scaled just as the velocity inside

the plume was, noting the majority of the entrainment is in the Y; direction:

Tll = Tll T13 = TI?; T31 = 5T31

Tyy = 013 G =00 G5 = 0Gs.
Substituting these new scalings into (2.3.1a) results in the reduction:
Rz + (RV1)y, + (Rvg)y3 =0.
Next, (2.3.1b) reduces to:
RVZ5[(Vi)s + (Vi(Vi)yy) + (Va(Vi)yo)

1 RTyt? 1. .
g ZQO 0 (P}(/fl) + ﬁP}(/fil) + O-Pﬁ(/i)) = ‘/102 <5T11y1 + T13y3) .
3

Similarly for V3, (2.3.1c), reduces to:

RVZ [(Va)z + (Vi(Va)wy) + (Va(Va)y)]
le;?to (P + P + oPV) = %R + V7 (Tgm + 5T33y3> ,
and (2.3.1d) reduces to:
RV, [0; + ViOy, + V30,,] — vﬂT_l [P;H) + B8P 4 g pY
+W (P}fo + BRI 4 P(1)> + Vs (P + pPIHY +aP<1>)]
=V,Q +V, (Guvy + 03y, ) -

Finally, (2.3.1e) becomes:

PH 4 gpHY 4 5P — RO,



29

Thus, the plume system becomes:

Rz + (RV1)y, + (RV3),, =0
(2.3.2a)

RV0 (V)7 + (Vi(Vi)wi) + (Va(Vi)y, )]
1 RTyt2
5 12

1. .
( pU 4 BP (H1) 4 P > V2 (gTqu +T13y3)
(2.3.2b)

RV2[(Va)s + (Vi(Va)wy) + (Va(Va),,)

RTt t2 \ .
120 : ( y(?) +5Py(f1) + oPy(;)) - _?_gR+ Vf <T31Y1 + 5T33y3>
3

(2.3.2¢)
RV, [0: 4+ ViOy, + V30,,] — 1@77_1 [P;H) + gPMY 4 P
+ W (Péf” + PRI aPQ) + Vs (P 4 P 4 5P >)]
= V,Q + V; (G1v; + 0Gsy,)
(2.3.2d)

P 4 gpHD 4 5 p0) = RO,
(2.3.2¢)

Now let § — 0 and use (2.2.7) to get P,, = -3+ O'PZS;) and Py, = O'P}(/i). The
approximations RiMa® < 1 (8 < 1) and ¢ < 1 are used, which is similar to taking
a first approximation (keep O(1) terms). Upon substituting and rearranging, the

system reduces to:

R: + (RV1)y, + (RV3),, =0 (2.3.3a)
Py = V2 y, (2.3.3b)

RTt N
0 05 09 TR+ V2Tyy,  (2.3.3¢)

RV2[(Va): + (Vi(Va)) + (Va(Va),,)] -

RV, [0©7 +ViOy, + Vg@yg] = V,,Q + Voliy, (2.3.3d)
P = RO. (2.3.3¢)
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For the balances in the limiting case, choose Vf = %, and additionally using

the definition of § and substituting into (2.3.3), the system becomes:

R: + (RVA)y, + (RV3),, =0 (2.3.4a)

Py = gz_z%T”Yl (2.3.4b)

R[(Va)s + (Vi(Va)wi) + (Va(Va)y)] — 1 = =R+ Ty, (2.3.4¢)
R[O: + ViOy, +V30,,] = Q + div, (2.3.4d)

PH) = RO. (2.3.4¢)

2.3.1 Conservation Laws
Equations (2.3.4c) and (2.3.4d) can be written in conservation form, using

(2.3.4a) to simplify. Thus, the system becomes:

R; + (RW1)y, + (RV3),, =0 (2.3.5a)

P = gl_Z[Q)TIIYl (2.3.5b)

(RVa)z + (RViVa)y, + (RVF)y, — 1= =R+ Tay, (2.3.5¢)
(RO)z + (RV1O)y; + (RV50),, = Q + Giv, (2.3.5d)
PH) = RO. (2.3.5¢)

A top-hat profile is assumed for R, ©, and V3. A top-hat profile makes the
assumption that a variable, x, has approximately a constant distribution across some
space. Here this space is taken as the plume. So in this case, a top-hat profile for R
assumes that R is constant across the plume (constant in Y7) for a given height ys.
See Figure 2.8 for the shape of the distribution. The top-hat assumption has a rich
history in fluid dynamics and was made well known in the application to buoyant
plumes by Morton et al. [55]. Although it seems to be a simple assumption, in
the case of a narrow plume, the assumption is valid and close to what happens
physically.

An alternate derivation of the conservation laws using a flux argument param-

eterized for a curvilinear coordinate system is presented in Appendix A and will be



61

Figure 2.8: Top-Hat Profile

used in the implementation in Chapter 3.

The equations are integrated in terms of Y;, where it is noted that:
y1p+% 1 % 1 o]
ody; = — odY; & - odY],
_b 0 J_» 5 J_
Yip—3 25 o0
where b is the width of the plume. Upon integrating, (2.3.5a) can be written as:
Yiptg
/ CRet (RV)y, + (RVE),, Y = 0.
ylp_§
The derivatives are moved outside the integrals resulting in:

bi’ T
(ylp%_l'a) +R (ylp'r_E)
y1p+g Y1

P

(ylpy3 + %)
y1p+2

Lt (ylm_% =0

yp 2

a y1p+g
oT yip—>

RdY, — R

y1p+2 0 y1p+%
+/ (RV)y, dY1+—/ RV;dY; — RV

Yip g ay'?’ y1p— 35

+RV;
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and finally simplifying one obtains:

Yip+ 2
pT3 b7~_
(Rb): + (RV3b),, = —(RW1) +R (Z/lp% + 5)
ylp*% y1p+%
bz bys
- R Yipt — 5 + RV3 Yipys T 5
ylp—% y1p+§
bys
— RVj Yipys — o )
_b
Yip—2
Thus,
(Rb)z + (DRV3)y, = Spns (2.3.6)
where:
y1p+% bs bs
Sm = —(RV1) + R Yiprt o | — R Yipr — =
Yip— 2 y1pt+2 2 Yip—2 2
P 3 pPT 3 P2
bys by3
+ RV3 Yipys T o ) RV3 Yivys = %5 )~
y1p+§ ylp*%

One will notice that the source term, S,,, is comprised of several terms. The
ylp+g
, represents the flux of mass inside the plume moving to-
b
ylp_§
wards or away from the centerline, y; ,, depending on the sign. The remaining terms,

first term, —(RV})

when combined, are recognized as density of the gas times the material derivatives

of y1, = g, the velocity of the control volume. With this, S, can be written as:

D b D b
R(—m—l-ﬁt <y1p+§)> st +R<V1 Dt (y1p—§)>

This is the net mass flux into the plume, and with this (2.3.6) is equivalent to
(A.2.2).
When (2.3.5¢) is integrated and simplified, one obtains:

b
Yip—3

y1p+g y1p+%

+b— Rb+ Ty,

b
Yip—3

(RVab); + (RVD), = —(RViV3)

Y3
ylp*%

b% b,;
+ RV3 (ylp% + E) — RV3 (?le% - 5)
y1p+% ylp_%
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b b
+ RV?,Q (ylpys + %) - RV32 (ylpys - %) .
y1p+§ ylp*%
Thus,
(RV3b); + (RVb),, = bf + Sur, (2.3.7)
where:
f=1-R
v ts yipty b-
S =T — (RV4V3) + RV3 <y1p‘7' + ET)
ylp*% ylp*% y1p+%
b? 2 by3
_R‘/S ylp?_? +RV25 ylpyg"i_?
ylp_% ylp"!‘%
b
- R‘/Esz (ylpy3 - ?) .
_b
Yip—o

Again, one will notice that the source term, S}, is made up of several terms.
The first term is the momentum added to the plume through turbulent mixing. The
remainder of the terms combine as before to give the net momentum flux into the
plume. As it is written above, the remainder of the terms are seen as the control
volume velocity, and again, (2.3.7) is equivalent to (A.3.6).

Finally, (2.3.5d) is integrated and simplified, so that one obtains:

y1p+g ~ y1p+%
(ROD); + (RV360D), = —(RV10) +0Q + ¢
ylp*g ylp*g
bi— b;—
+ RO Yipr+ ) — RO Yipr — &
y1p+% 2 ylp_% 2
by3 bys
+ RV30 Yipys + - | — RV30 Yipys — — ) -
b 2 b 2
y1p+2 Yip—3

Thus,
(bRO)z + (bRV30),, = bH + Sr, (2.3.8)



where:

H=0Q
yip+2 Yyip+3 b-
St = ¢ — (RV10) + RO (y1p% + i)
ylp_g ylp—% ylp“l‘%
bz b
_R@ ylp%_E +R‘/3@ ylpy3+_
_b b
Yip—3 y1P+2
by3
— RV30 Yipys — o /-
ylp*%
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)

The first term of S7, is the thermal energy added to the plume through tur-

bulent mixing. The remaining terms combine to give the net thermal energy flux

into the plume. And again, (2.3.8) is equivalent to (A.5.2).

Since the variables in (2.3.5e) are either top-hat variables or independent of

Y1, the equation does not change. Thus, the equations have been reduced to the

system:

(Rb)z + (bRV3)y, = Siy

b
y1p+§ 2
gty .+
= Tll

j2l8y)
I3

b

b
Yip—3 Yip—3

(bRV3)z + (DRVZ),s = bf + Sur
(bRO): + (bRV3O),, = bH + Sy
PH) — RO.

2.3.2 Vorticity Transport Equation

(2.3.9a)
(2.3.9b)

(2.3.9¢)
(2.3.94)
(2.3.9¢)

Employing the same scalings that were used to rescale variables to describe

the plume, the expression for vorticity is rescaled into the plume as well. So,

W= Vry; — U3y,



65

in the plume becomes:

1
wp =V (5‘/1313 - g%yl)
1

~ 5‘/13/3 - (5%’}/1
1 1
~ _SV:WI — 597 (2.3.10)

where the final approximation is used because ¢ < 1. With this, only the momentum
equation for V3, (2.3.2¢) is needed:

RTt?

H : 2 p(H1 2 p(1
2 (P 4+ RiMa” P + Ma?PV) =

RV [Viz + ViViy, 4 VsV, +

t2 X .
- ;—393 + V2 (Tglyl + 5T33y3) . (2.3.11)

Then, taking the Y7 derivative:

Ryl‘/p2 [%f’ + ‘/1‘/3Y1 + ‘/23‘/33;3]
+RV;32 Varyy + Vivy Vay, + ViVaviyy + Vay, Vay, + VaVayan]

RTyt2 12
= )= P
3 3

+V? (i},l ny + 5T33y3y1) . (2.3.12)

(H) v 2 o(H1) 2 p(1)
Py3 vy, + RiMa Py3 y, + Ma Py3 Yi

With this, to derive the vorticity equation, one takes —% times (2.3.12) while using

(2.3.10) and (2.3.11) to simplify. One obtains:

1
)

_ 1Ry RTofg
SR B
1 Ry,

+ SR V;,Z <T31Y1 + 5T33y3> +

RV2 Qs + (KQ)y, + (150),,| = (P 4+ RiMa? PUD 1 Ma2P())

20 (P 1 RiMa2 P
P

y3 Y1 y3 Y1

2
Mazp® ) = Ve (4
ys Y1 5 31Y1Y; 33y3Yy | -

With V? = %5 Py, = 0P, P = —3 + 0Py, RiMa® = £4 and Ma? =
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13 -
T one obtains:

1Ry, 115 Ry,

5 R dgtt R %

i i T i
(T31 v + 5T33y3> + < 592 Py(Sy1 5 <T31 vivi + 5T33y3Y1> ;

1
SR+ (A9)y, +(K9),,| =

1 Ry,
TSR

and for § < 1 one obtains the following ordered equations:

Ryl lg RY1P )+ RY1 ~

1
{ R
9—2’2 O~ Thvy,  (2.3.13)
0
. Ry, - 7
ol): 0= 7 T35y, — T334y, - (2.3.14)

Only the largest contribution to the vorticity in the plume system will be

considered. The O (%) equation can be rewritten in conservative form, viz.:

R
(RQ)z + (RQW)y, + (RQV3)y, = —QRViy, — QRV3y, + %
Is R Ry, - l .
— 2 pW L Ty + 2 P Taivy. (2.3.15)

gt2 R ¥ R vt gt2 ysY1

Following the same procedure as for the other conservation laws, (2.3.15) is

integrated across the plume (with respect to Y7). Thus,

y1p+§

[ s+ (R, + (ROYA),, Y =
Yip—3

Ry, _ Is B pay By

'R g2 R % g lmdh

y1p+§
/ —QRViy, — QRV3,y, +

b
Yip 2

WL gy,
— T .
+/y;p_1; gtz y3Y1 31Y1Y1 1

Upon moving the derivatives outside the integrals and simplifying yields:

b b
s+ — ) — RO 2= —
- (y“’ " 2) - (y“” 2)

P

(RbQ): + (RVQVS),, = RO




b
+ RQ‘/?) (ylpyg + ?) - RQ‘/S
y1p+% 2
by,
_RQ _‘/3 ylpyg""? +‘/3
y1p+%
l ylp"l‘g
— 2RbQV; — RQ(BV3),, + —5 PV
gto " Y1 -2
P2
Thus,
(RbQ); + (RBQVA),, = G + Se,
where:

b
(ylpyg + %) + ‘/3
y1p+%
bs b
(ylp‘?+§) — RQ (ylp%— 5)
ylp"l‘% ylp_%

b
(ylpys + %) — RQV3
y1p+§

ylp“l‘%

— RQ | —V3

Sa = RS}

+ ROV,

2
y1p+g R
- T31 Y1

b
ylp*i

s p)
9t3

Y3

_|_

b
Yip—3

- T31 Y1

<y1py3 -
ylp_%

, (ylpys -
Yip—3y
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by3
ylp*é <y1py3 - 2 )
b
(yl;ﬂys - %)]
ylpfg

y1p+%

b
Yip—3

(2.3.16)

The last two terms of S represent the vorticity added to the plume through

system pressure gradients and entrainment. The remaining terms combine to give

the net vorticity flux into the plume. And again, (2.3.16) is equivalent to (A.6.11).

Thus, the system of equations that will be used to describe the plume system

becomes:

(Rb); + (bRVA),, = S

y1p+§ th R y1p+§
I8y - l_OTll
ylp_% 3 y1p—%

(bRV3)z + (bRVZ)yy = bf + Su
(bRO): + (bRV3O),, = bH + Sr

(2.3.17a)

(2.3.17h)

(2.3.17¢)
(2.3.17d)
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(RbQ)‘; + (R[)Q‘/},)y3 =G+ Sg (2.3.176)
PH) = Ro. (2.3.17f)

Equation (2.3.17a) can be solved for Rb, resulting in Rb = M, which can be
solved for R = R = 4. Similarly, equation (2.3.17d) can be solved for RbO. Thus,
RbO = E, which can be solved for © = © = £. Then using (2.3.17f) to get
pPH) = %, which can be solved for b = b = %. In the same manner, equations
(2.3.17c) and (2.3.17e) can be solved for RbV3 and RIS, resulting in expressions for

V3 and € respectively.

2.4 Entrainment Model

As mentioned earlier, the assumption is made that the faster the plume moves
relative to the ambient air, the faster the plume entrains air. This is done by simply

+
in/out

letting v (s,7) represent the velocity at which air is entrained into the plume,
where:

05 (8,7) = Aimjour - |V (8, 7) — Via(s, 7). (2.4.1)

in/out

Here, 4+ represents the plus or minus side of the plume, noting the geometry and
notation in Figure 2.9, and in/out denotes whether the rate represents the air mixing
into (or out of) the plume. Also, A;, 0 is a constant representing the strength of
mixing following [55]; V' (s, 7) is the velocity inside the plume, along the centerline
of the plume; and V;.(s,7) is the tangential velocity outside the plume (just off
the plume). The expression (2.4.1) is substituted into the right-hand side of the
conservation laws from Appendix A and is used with the numerical scheme to solve
the system of equations from above, simplifying the complexity of the source terms.

Clearly, one can see that this simple model for the entrainment rate does
exactly what the paradigm states: the faster the plume moves relative to the ambient

air (or visa versa), the faster the plume will entrain the air.
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-/1 Side +/2 Side

Ys
Y

Figure 2.9: Notation and Geometry of the Plume

2.5 Conclusions

As derived in the previous sections, several simplifying assumptions have been
made to reduce the problem of describing the flow inside and outside the fire plume.
It is apparent that the two systems are disjoint, except for coupling due to en-
trainment as claimed before. Also, the size of the expansion parameters have been
verified, which allows the perturbation analysis whose one term expansion has led
to the simpler system that can be solved to determine the motion of the flow. As
discussed, more terms can be added to account for effects due to vorticity, stratifi-
cation of the atmosphere, etc. However, as more terms are added, the complexity of
the problem is greatly increased. Effects such as these may be examined in future
work.

Asymptotic expansions of the properties in the ambient air were used to de-
termine that the flow in the ambient air system is two-dimensional, irrotational, and
incompressible, allowing for a potential flow solution of velocity at points far away
from the discontinuity that represents the plume. In addition to this, using the
disjointedness of the two systems, the flow in the ambient air on the discontinuity
was derived using a Biot-Savart integral.

The conservation laws in the plume system were derived in two different ways,

and both approaches have been shown to be equivalent. In Cartesian coordinates,
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an asymptotic approximation for small § was used in conjunction with the assump-
tion of a top-hat profile for all plume variables to evaluate the integrals that result
from averaging the equations across the plume. In curvilinear coordinates, the con-
servation laws were derived using a control volume derivation outlined in Appendix
A. Consistent with the paradigm, the source terms for entrainment were replaced
with simple models based on the relative speed of the plume and ambient air, which
greatly reduces the complexity of solving the plume system. The next step will be
to implement these equations and solve them numerically to obtain solutions for

different scenarios.



CHAPTER 3

Implementation of Equations for Plume Model

The equations from Chapter 2 can be implemented in MATLAB, or any other com-
puter language, in a time evolving iteration. Information presented in this chapter
includes the discretization of the domains, the numerical scheme needed to solve
the conservation laws for the plume system, the implementation of velocity in the
ambient air, boundary conditions, and the method of updating the position of the
plume. The ideas behind the algorithms are presented here, while the MATLAB
code is available upon request.

It first needs to be noted that the plume need not be vertical. In fact, a
perfectly vertical plume is of little interest; it is much more interesting to see the
plume react to its surroundings. When the plume starts to bend and respond to
the ambient wind, a parameterization with respect to the height, y3, is not most
effective. Due to this, from here on, it will be assumed that all plume calculations
are parametrized with respect to the arc length, s, unless stated otherwise. This

requires a simple change of variables, and the derivation is described in Appendix

A.

3.1 Discretization

To implement the equations in MATLAB, the domain needs to be discretized,
creating computational nodes on the plume and in the ambient air system. The
centerline of the plume is taken as (y1,(s,7),ysp(s,7)) and following Figure 3.1,
nodes are placed along this curve at equally spaced increments of arc length, As.
At each of these nodes, the properties of the plume (density, temperature, velocity,
width, etc.) are assumed to be functions of (s,7). In addition, this discretization
is also used for the calculation of the velocity off the plume induced by the plume,
which was discussed above. This is because the normal or tangential velocity just
off the plume is computed on the coordinate system fixed to the plume at point s,

or in terms of the discretization, at a set of specific arc length points associated with
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s+1

s-1 IAS

Figure 3.1: Discretization of Plume

the plume.

To create a discretized domain in the ambient air system, a simple Cartesian
grid is employed. The nodes are equally spaced in the computational domain, where
each of the properties (density, temperature, velocity, pressure, etc.) of the ambient
air system are taken to be functions of (y;,ys, 7). For example, the velocity in the
ambient air system, far from the plume is taken to be v(y1,ys, 7). This grid is used
for the purpose of plotting arrows to indicate the motion of flow, and will allow for

stratification of density, temperature, and pressure.

3.2 Implementation of Conservation Laws Inside the Plume

While the ideas of the conservation laws from Section 2.3.2 are used in the
implementation, these conservation laws, (2.3.17), were derived for a nearly vertical
plume. As mentioned above, this is not the case of interest. However, the conser-
vation laws from Appendix A generalize the derivation, allowing a nearly arbitrary
plume position in a curvilinear coordinate system fixed to the plume. These equa-
tions are discretized to calculate five key properties; these properties are the width
of the plume, density, velocity, temperature, and vorticity inside the plume. The
calculation of these properties depends on what is happening throughout the entire

domain, including the ambient air system through entrainment, as mentioned in
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Section 2.4. With all of these properties together, the flow inside the plume can be
completely described.

To calculate the key properties, difference equations are used to approximate
the derivatives in the conservation equations. Special care needs to be taken when
numerically solving these conservation laws. Since after implementation the velocity
inside the plume is allowed to change signs, a simple upwind (or downwind) scheme
would not accurately solve the problem at hand. This is due to the direction of
the propagation of information and the CFL condition for methods solving partial
differential equations [70]. A simple diffusive scheme is adopted, keeping in mind
the desire to minimize computation cost. The decision process and justification
is outlined in Appendix B. Additionally, in order to keep the model simple, the
source terms of entrainment are replaced with a simplified model, consistent with

the paradigm, as shown in Section 2.4.

3.2.1 Implementation of Diffusive Scheme

Upon examining the choices of solution method in Appendix B, it was decided
that the conservation laws from Appendix A should be solved as a coupled system.
To achieve the system in terms of elementary variables, as discussed in Appendix B,
the conservation of mass equation is used to simplify the other conservation laws.

With this, the system of equations of interest is:

(Rb), + (RbV), = Sy (3.2.1a)
ooy 1 _ 0ys
1 ~
O+ (OV), = T (S1+bQ - ©C,8,) + V.0 (3.2.1¢)
Q, + (VQ), = %Sg. (3.2.1d)

One notes that with advection type equations, the flux dictates which simple
schemes (upwind or downwind) can be used. In the case at hand, a flux in either
direction can be expected due to implementation techniques. Although, a positive

flux moving up the plume is used the majority of the time. Thus, a simple first
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order scheme will be used with conditions on whether an upwind or downwind is
needed. As written, it appears as though the velocity equation is solved separate
from the remaining three conservation equations. This is not the case. All equations
are solved simultaneously as a fully coupled set of equations. The description below
was written in this way because the velocity equation requires additional techniques
for solution and it is easier to explain.

To implement the diffusive scheme on the PDE system (3.2.1), following
Boudin [15], a second order diffusive term is added to (3.2.1b), giving:

1, 1
V;' + (5‘/ )s - Eﬁv;s + fU(S,T), (322)

where € is a small parameter, here taken to be € = 0.005, and f,(s, ) is the right-
hand side of (3.2.1b). In this system of equations, (3.2.1), which is different than
the applications of Boudin [15], the added diffusive term has been found to damp
oscillations that result from the ill-behaved system. A sufficiently large € is chosen
to damp the oscillations from growing, but the choice needs to be small enough as
to not damp the solution. Again, justification of the choice to add the diffusive term
can be seen in Appendix B. Since a simple first order scheme is desired in this work,
upwinding as well as downwinding in the spatial domain will be used when the flux
deems appropriate. A simple forward differencing will be used in time to obtain the

general scheme for (3.2.1b):

At

Vit =vT — As [F,(VI, Vi) = (VI V)]
' 6% Rglbg (Vi = 2V7 + Vi) + £l (3.2.3)
where,
Fy(ug, uy) = %“i Vi 4+ V7 >0
2t w1 T Vi <0,

w, u, is the argument of F,, V(s,7) =~ V7, f,(s,7) = fI,, R(s,7) =~ RI, and
b(s,7) ~ bl. It is seen that the scheme (3.2.3) is explicit, which allows for an

expression for V7! to be found.
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The remaining equations, (3.2.1a), (3.2.1c), and (3.2.1d), each can be easily

written in general as the PDE:

o¢ | 99(Q) _
E —+ 88 = f(377')7 (324)

where it is seen that ( = Rb, ©, and ; g(¢) = (V; and f(s,7) is the right-hand
side of (3.2.1a), (3.2.1c), and (3.2.1d), respectively for the conservation of mass and
temperature, and vorticity equations. The equation (3.2.4) will be solved by using
upwind or downwind, depending on the sign of the flux. This will be done again

using the simple condition such that:

At
274 = 77— TR, ) — (200, 20) + 7, (3.2.5)
where,
w V" Vi,+Vi>0
Fg(ul,UT) _ Vi s+1 s =

WV Vi, + VI <0,

T and f(s,7) = fT is the right-hand side
of (3.2.1a), (3.2.1c), and (3.2.1d) respectively. This time a diffusive term is not

w;, u, is the argument of F, ((s,7) =~ Z]

needed because all difficulties and oscillations that occur in this system stem from
the velocity equation. Thus, adding a diffusive term here would only damp the
solutions.

From here, the schemes can be easily implemented to solve the system of
equations. Note, although it is not written in a coupled form, the system of equations

(3.2.1) will be solved as a fully coupled system using the schemes (3.2.3) and (3.2.5).

3.2.2 Initial and Boundary Conditions
As of yet, nothing has been said about the initial and boundary conditions to
properly close the systems of equations (3.2.1). For now, the choice of the conditions

will provide fire behavior to the system in the absence of a model for fire dynamics.
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The initial conditions for the plume properties are:

= s=0 1 =0
R(s,0) = 0(s,0) = =

1 s>0 1 s>0
V(s,0) = Q(s,0) =

0 s>0 0 s>0,

where 0 < = < 1 is a constant and ]é\ < 1 is a random small value. These initial
conditions physically state that inside the point source fire at the ground, the air is
hot and less dense than the air outside the fire.

The computational boundary condition at the top of the computational do-
main allows the air in the plume moving up to escape out of the top of the plume,
which is achieved automatically by the upwind scheme. If the air is moving down
at the top of the computational domain, the flux, F', is specified such that ambient
air is pulled in. The majority of the time, the boundary condition at the top of
the domain is not needed. When the plume reaches the height of the computation
domain, the former condition is used.

At the fire point at the bottom of the plume, the boundary condition used is:

R(0,7)=Z= 0(0,7) =

[ (1] —

3
:_/

V(0,7)=1+Z(7) Q(

=
"
Il

where again, 0 < Z < 1 is a constant, |Z| < 1 is a random small value, and || < 1
is a random value. These random values are normally distributed and are chosen at
random time increments. The prescribed values of velocity and vorticity are used
to mimic the behavior of how fire “dances” with puffing and curling effects due to
the absence of fire dynamics in the calculations.

Numerically, when the above scheme is implemented, the solution inside the
plume is only computed up to the top of the plume, which explains why a positive
flux is expected and the boundary condition at the top of the computation domain

is rarely used. Anything above the top of the plume is assumed to be well mixed
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ambient air. The top of the plume is calculated by tracking the position of a particle

released into the fire. This is computed at each time step by solving the simple ODE:

Os10p(T)
T - V(St0p<7>77—)’

which can be easily solved using a difference equation giving, S, (7 +1) = S1op(7) +
V (Stop(T), T)At. This basically tracks a particle in the plume and calculates the
distance it travels in time. Since the velocity is calculated on the discretized grid,
the velocity needs to be interpolated to find its value at s;,,. The top of the plume
is an integer value, so a tolerance is set and once the particle reaches the tolerance,
the integer value of the plume top is incremented.

With this idea and the ideas above, the flow inside the plume can be completely
described, although the flow depends on the flow in the ambient air, which will be
discussed in the coming section. The equations can be easily implemented into
MATLAB or any other computer language to create the computational model to

describe this flow.

3.3 Implementation of Velocity in Ambient Air

The flow induced by the plume is implemented as a Riemann sum representing
a vortex sheet/line sink combination. Once the plume is discretized, each node in
the plume represents a point vortex/sink combination. When the effects of each
computation node is summed, the result is an approximation to the vortex sheet/line
sink combination as needed.

The implementation of the velocity in the ambient air simply consists of ap-
proximating the integrals from the derivations in Section 2.2.5 as sums and distin-
guishing between the velocity far from the plume and the velocity near the plume.

Upon considering the velocity far from the plume first, one obtains the follow-

ing sums:

N

)(y1 - ylp( ))
ylnya 5/221 27T yl — y1p( )) + (y3 - y3p(s’))2] As
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al Su(s', 7) (0 — y1, ("))
/))2 As

27 [(y1 — v1p(s (?J3 + y3p(s))?]

S 7) (s = ysp(s') .

;% y1p< D+ (s — ()

= ) (ys + ysp(s"))
+s/212” ylp( ))? (y3+ysp(s’))2]A8

)= 35 g OB,

y1p< 24 (s — s
N S+ () .
D (T ) E e

(s, 7) (Y1 — y1,(5))
- Z 27 [(y1 — ylp( §")2 + (ys — ysp(5'))?] A

_ 5 T)(Z/l ylp( )) s
Z TR e T

using a simple one-sided Riemann approximation of the integrals (2.2.30), where N
is the number of computational nodes used in the plume discretization. One will
note that since all plume properties are only calculated up to the top of the plume,
the contribution to the induced velocity for points s’ > plume top is zero.

More care needs to be used when considering the velocity just off the plume.
This time, the integrals in the expressions for @ and © are taken in the principal
value sense, meaning the singularity is skipped. Thus, the discrete approximation

for the full velocity just off the plume, up to the height of the plume, becomes:

_SU(SlaT)(y1p<8) _ylp(sl» As
21 [(y1p(s) = y15(8))? + (y3p() — ysp(s))?]

WE

Vot(s,7) =

/
!

w 0
» =

Ll

Y S5, ) 12(5) = 1,(5") .
5’2:1 21 [(y1p(8) — y1p(8))? + (y3p(8) + y3p(5"))?] 8
s'#s
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Z ' ) (Ysp(5) = Ysp(s')) As

T [(y1(s ylp( N)? + (Ysp(s) — ysp(s'))?]

- Qs', 7) (yap(5) + () o Suls.7)
D (W BN 5 S e )y

N —5u(5',7) (Usp(5) — 3 (5") .
Vs T) = 2 BTy o) — g+ o) — T

s Su(s',7) (Usp(s) + y3,(5)) .
2 2 [(y1p(s) — y1p(8))? + (y3p(s) + y3p(s))?] .

. Qs 7)(W1p(5) = y1p(s)) 5
2 21 [(y1p(5) = y1p(8))? + (Ysp(s) = ysp(5'))?] &

Y U, 7) (51,(5) = 91,(5") L A7)
(T B s (S o )

for 0 < s < plume top. For points above the plume top, a mollifier is used, following

Krasny [34] and Alben & Shelley [1], to smooth the effect of the singularity in the

free sheet. This results in:

Su(s', ) (y1p(5) = 91,(5')) As
1 2m [(ylp( ) = y1p(8)% + (U3p(3) — yap(s)? + 02

Sy(8', 7)(W1p(5) — y1p(5")) As

Vni(S, ’7') =

\MZ

S

\Mz

227 [(y1,(5) — 1,(5)% + (Wsp(5) + yap ()]
Y s, ) (s(5) — 5,(5) N
S’ZI 2m |:(ylp<3) — Y1p(8)2 + (Ysp(8) — ysp(s'))? + 62
al Qs', 7) (y3,(3) + y3,(8")  Su(s.7)
" ,Z 2 [(017(3) — 1)) + () + wmp (A 2

1

S
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Vie(s,7) = ; - [(ym( ) — y1(p( )>)2yj-pEZZI;SZ;Bi(Zs)j(S’))Q + 52 >
P b e SR e AR
N Q(s', 7)(yap(s) —y1p(s
2 n(s) - ;<)><iy ; égpé : ;ip<s'>>2 ]
) i ) ~ il Tt S

where here s;,, < s < N and 5 =0.02.

With this, the velocity both away from the discontinuity and on the discon-
tinuity can be calculated. As it has been seen, the velocity on the discontinuity is
computed using the discretization of the plume (the coordinate system fixed to the
plume). This is because the normal and tangential components are needed at those
specific heights, whereas the velocity away from the discontinuity can be calculated

on the discretized Cartesian grid.

3.3.0.1 Addition of Crosswind Flow to Implementation of Ambient Air
Velocity
As stated in the derivation of the velocity in the ambient air in Section 2.2.6,
the case of a crosswind flow will be of interest for this work. After approximating
the integrals in the expressions for the calculation of the velocity, both far from the
plume and on the discontinuity, the effect of the crosswind can be simply added in
the appropriate expressions following the derivations in Section 2.2.6.

For the velocity far from the plume, the calculation becomes:

iy, ys, 7) = i —Sule,7)
I Zaan [l — i)

> Su(s',7)
27 [(yl - ylp(sl

1 — y1,(5))
Y+ (s — sy ()]

Y1 — Y1,(5"))
P+ (s + ()7

s'=1

(
)
al Qs T 3p(s’
B o= pld)

— 27 [(y1 — y1p(8)* + (Y3 — ysp(8))?]

S



al Qs 7)(ys + ys3p(s)) s+ cw
t 2 21 [(y1 — y1p(5))* + (Y3 + y3p(5"))?] st

s'=1

—y ST —yap())
oy va 7 ‘Zzw —y1,(5))? +< P

N Su(s', ) (ys + ysp() .
D (T C) R e
- s, 7) (51 = 915()) .

T — i T s — @

N Q0D () .
D (R w1
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When calculating the velocity on the discontinuity, the calculation becomes:

=S, (8", T)(Y1(8) — y1,(5")) As
27 [(y1p(8) = y1p(8)* + (y3(5) — y3p(8))?]

Vni(s, 7')

\MZ

w_ @
Sl
w =

Sl ) wip() = 1,(5) N
27 [(010(5) — 10()2 + (so(5) + ()7

Y

w ®
Nl
» =

', ) (Wsp(5) — vy (5) N
27 (01 (5) — ()2 + (usp(5) — ()7

\\MZ

w %
Nl
@

Q(s", ) (y3p(s) + ysp(s) As
21 [(1p(5) = y1p(5))? + (Y3p(5) + ysp(5'))?]

+
w0
ecQ‘H\H MZ
—~ 0
l\'.)fl)
2

+cw - ng(s, 1)

—Su(8", 7) (Y3p(8) — Ysp(s')) As
27 [(y1p(8) = y1p(8)* + (y3(5) — y3p())?]

NE

V;gi(S, T) =

1
s

ot
‘N

)t
[(y1,(s ) - ylp( N)? + (Ysp(s) + ysp(s'))?]

Mz

=1
s'#s



Qs ) (y1p(s) = Y1,(5)) As
T {(Y1p(8) = 415(5)) + (Usp(s) = ysp(s'))’]

[\

Q' 1) (W1p(5) = y1,(8)) As
21 [(y1p(s) = y1p(5"))? + (Ysp(5) + ysp(s'))?]

+cw - T(s,7),

for 0 < s < plume top. For points above the plume top:

. Su(s', 7) (W1p(5) = y1,(5))
Vni(377-> = — As
Z 21 [<y1p< ) = y1p(8)2 + (Usp(5) = ysp(s)* + 02
R S, 7) (W1p(5) = y1,(5)) .
s'zzjl 27 [(y1p(s) = y1p())* + (wsp(s) + ysp(s))?] A
RS s, 7) (s (5) = y3p(s) N

202w | (ipls) = pl))? + (spl5) = sp(9)? + 52

S Qs', 7) () + () .
' Z T T R P R e
SU(S,T)
- T—i—cw-ni(s T)

- Su(8', ) (3p(5) = y3p(")
Vie(s,T) = —As
20 [<y1p< )= 1)) + (gspls) = sp(9)? + 07
Y S5, ) (Ws,(5) + 9,(5") .
) e P B e o v )
3 Qs',7) (15(5) = y12()) Al

+ -
Z::1 2m [(ym(S) - y1p<8/>>2 + (y3p(3) - y3p(3,))2 + 62

R 8',7) (Y1p(8) = y1,(5)) .
leﬁ [(y1,(s ylp(8’>)2+(y3p( )+y3p(8’))2]A
:EM—FCW'T(S’T)?

2
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for s;0p < s < N and 6 = 0.02.

3.4 Plume Position Update

The final piece of information necessary for implementation is a method for
updating the position of the plume. With the inclusion of the flag flapping ideas
[1], the plume has the ability to react to the flow induced by itself and react to any
atmospheric effects. An example of these atmospheric phenomenon is cross flow of
any kind. In such instances, one would expect the plume to move from its initial
vertical position. To implement the plume motion, the plume and its discrete points
are thought of as a chain, with distinct links. Each link has the ability to rotate,
using the computation nodes as pivot points. In the update of the position of the
plume, the transverse momentum from Appendix A will be used to calculate the
distance each node is “pushed” to one side or the other by such crosswind situations.

It is assumed that the first node in the plume (the point source fire) at
(y1,y3) = (0,0) is fixed and not allowed to move. One can easily see that if w,
the transverse velocity calculated from (A.4.7), is positive, the plume will move to-
ward the + side of the domain (in the n, direction) and if the transverse velocity
is negative, the plume will move in the opposite direction (in the n_ direction).
Then following Figure 3.2, the angle at which a given link is “pushed” is calculated
by a simple geometric argument under the assumption that the angle of rotation
is small. Since a rotation is arc length preserving, the assumption that the angle
is small allows the arc swept by the rotation to be approximated by a simple line,
allowing for this geometric argument.

The process for calculating the new position of a node is accomplished by
using a rotation matrix. Care needs to be taken when using the rotation matrix
because the pivot needs to be translated to the origin. The calculation proceeds by
numerically translating the pivot back to the origin, rotating the link in the chain,
translating the pivot back to its original position, and then moving the pivot to the

previously rotated node. See Figure 3.3 for clarification. This process is done by



Figure 3.2: Angle Link Rotates

using an affine transformation matrix which takes the form:

84

1 0 Azg_y| |1 0 yip(s—1,7)| | cosf sinf O [1 0 —y1,(s—1,7)
0 1 Ays—i| |0 1 ysp(s—1,7)| |—sinf cos® 0| [0 1 —ys,(s—1,7)

00 1 00 1 0 0 1[0 O
cos) sinf wz, 1+ Axrgs 1 — x5 1c080 —y, 18in6
= |—sinf cosl ys_1+ Ays_ 1+ s 1806 —y,_1cosb |,
0 0 1

1

(3.4.1)

where (y1,(s—1,7),y3p(s—1,7)) = (25-1, ys—1) is the pivot point, and (Azs_1, Ays_1)

is the change in pivot point due to previous link rotating and changing position.
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—

Figure 3.3: Calculation of New Position Procedure

The matrices in (3.4.1) represent the manipulations in reverse order. This means
the first matrix is the translation to the previously rotated point, the next matrix is
the translation from the origin back to the original position of the point, etc. The

angle 6 is simply calculated by equation:

0 = tan™! (<w(5’ m) —wls = 1,7)) AT) , (3.4.2)

As

and the rotation matrix is multiplied by the position at the previous time to get the
new position:
Yi1p(s, 7+ 1) Y1p(8,7)
Ysp(s, 7+ 1) = A |ysp(s,7)] - (3.4.3)
1 1
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3.5 Summary

In this chapter the ideas needed to implement the equations derived in Chap-
ter 2 in MATLAB were presented. Both systems were discretized into numerical
domains: the plume with an arc length nodal chain, and the ambient air with a sim-
ple Cartesian grid. The discretization allows all of the equations to be implemented.
A diffusive scheme was presented and applied to the conservation laws in the plume.
Due to the implementation of the equations inside the plume and only calculating
the plume variables up to the plume top, a positive flux (air moving toward the
top of the plume) is always expected. The added functionality of a flux condition
was implemented noting that the flux in each instance could be positive or nega-
tive, rendering a simple upwind or downwind scheme inapplicable. Boundary and
initial conditions were chosen such that fire behavior was induced into the system.
The integrals which represent the velocity in the ambient air are approximated by
Riemann sums and implemented as such. Finally, the method for calculating the
new position of the plume was derived using a transformation matrix.

With each of these pieces of information, the equations which describe the
overall system flow can be implemented into MATLAB in a time iterating fashion
to create a simple plume model using a stationary point source fire. Results from

this model can be seen in Chapter 4.



CHAPTER 4
Plume Model Results

Using the methods described in Chapter 3 to numerically solve the equations derived
in Chapter 2, results are obtained for an unforced plume, which represents a plume
with no ambient air forcing, and a plume under the influence a constant crosswind
in the ambient air. In both situations, hot air rises from a stationary point source
fire and forms into a plume.

The shading of the plume is an indication of the density of the air, so the red
represents a low density air, while the blue indicates air closer to the density of the
ambient air system. The arrows present in the ambient air system are an indication
of the flow in that region. As explained in Section 3.2.2, for now, random values are
used at the stationary fire point to induce behavior seen in real fires. These random
values induce a “puffing” and “curling” effect that propagates up from the fire point.
When looking at the results, one will see both of these effects are prominent in the
rising of the plume. As time progresses, it can be seen that some of the puffs pass
through the top of the plume. It has been assumed that anything above the cutoff
at the top of the plume is essentially well mixed air that has dissipated enough to
be labeled ambient air.

The model is also used to track the energies present in the plume over time.
The energy is visualized in the frequency domain to determine if the energy prop-
agates at particular frequencies. The kinetic energy and enstrophy will be used,

along with a frequency analysis to explore the power spectral density of the plume.

4.1 Unforced Plume

The simulation of an unforced plume shows a plume at different points in
time, rising through ambient air, without the presence of ambient air forcing factors
(i. e. wind). The simulation allows this unforced situation to be understood, and
represents pure plume propagation. The flow in the ambient air system shows

stagnation point behavior; the air is pulled in horizontally (most strongly around the
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Error

Velocity Density Temperature Vorticity
del_s=2.000000 3.000464e+00 2.056374e+00 1.286080e+01 5.608752e-02
del_s=1.000000 1.454448e+00 4.956177e-01 8.398549e-01 2.530569e-02
del_s=0.500000 6.254961e-01 1.905474e-01 2.508221e-01 7.437515e-03

del_s=0.250000 2.880904e-01 7.626067e-02 8.940437e-02 5.262943e-03

Convergence

1.044714 2.052803 3.936696 1.148218
1.217399 1.379077 1.743475 1.766569
1.118479 1.321139 1.488248 0.498951
>>

Figure 4.1: Convergence Analysis of Numerical Scheme for Full Problem

fire point) and is then mixed into the plume as it rises. Due to the random values in
the boundary conditions, each simulation is subtly different, but the overall behavior
can be generalized by a single simulation as the random values only influence small
variations.

A convergence analysis was conducted to determine the accuracy of the nu-
merical scheme. Figure 4.1 verifies that the numerical scheme is convergent at first
order speeds. All errors calculated in this convergence analysis are calculated in
the Ly norm. This convergence analysis indicates that if As = 0.5, the results are
different from the “exact” solution by 0.2. This analysis was conducted for this
simulation, and is assumed to be valid for all results presented in this thesis.

Figure 4.2 depicts a plume with a presence of puffs as seen in the solution
at t = 375. As was stated above, the puffs rise and eventually pass through the
top of the plume. Interestingly enough, it has been observed that the puffs move
at different speeds and interact with one another. If a fast moving puff meets a
slower moving puff, they interact by combining and moving at a new speed. The
effect of the bending and puffing is random, so each time the simulation is run, the
results look slightly different. Additionally, the time presented here on the title of
the figures is scaled time.

As time progresses throughout the snapshots in Figure 4.2, one can see that
the plume slightly bends back and forth due to the vorticity in the plume, and the
interaction of the vorticity generated by the entrainment of air. This behavior is

very similar to what was seen in the behavior of flags flapping in the wind [1].
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Solution at t=75 Solution at t=150
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Figure 4.2: Numerical Solution for Unforced Plume

Since computation time is an interest of this work, the time it takes for the
simulation to be generated has been tracked. It should be understood that com-
putation times will vary greatly depending on the hardware of the computer used.
Here, computation times averaged five minutes, where the time lapse from the be-
ginning of the simulation to the end of the simulation was 450. Note, this number is

scaled time. In true units of time, this represents 30 minutes of simulation time. As
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previously stated, the computation time has been reduced to the order of minutes.

More importantly, results can be obtained in sub-real-time.

4.2 Crosswind Influenced Plume

This section presents simulations depicting a plume that is subject to a con-
stant crosswind. The case of a crosswind is considered in anticipation of a fire model
that accounts for fire/plume interaction. The results in this section describe an air
flow moving past and influencing the propagation of the fire plume created by a
stationary fire. A simple change of reference can be used to turn this situation into
a fire moving past stationary air, and thus allowing the fire to propagate. More
information about this change of reference idea can be found in Chapter 6.

Figure 4.3 presents a simulation at different points in time. Again, the time
in the title of the figures is a scaled quantity. The effects from the random values of
velocity and vorticity prescribed at the point source fire are masked by the dominant
crosswind that is identical in every simulation. The effects of puffing and bending
can still be noticed, although this time the crosswind exerts significant influence on
the behavior of the plume. For early times, the plume rises as it did in the unforced
ambient air, but this time, as the the plume rises and develops, it gets caught in the
crosswind and pulled with the ambient air flow. Buoyancy does play a significant
role in the bending at the bottom of the plume near the fire. The hot air pulls the
plume back to vertical. This force largely depends on the density of the air and
the velocity at which the air rises. With random values of velocity and vorticity
supplied at the fire, the plume also bends back and forth.

It is interesting to examine the flow in the ambient air as time progresses. The
velocity induced by the point source fire and entrainment has a significant effect on
what started as a crosswind flow. One can observe in Figure 4.3 at ¢t = 450 that the
arrows representing the flow in the ambient air system at the higher heights start to
angle down towards the plume, indicating a strong entraining flow into the plume.

Again, the computation time of this simulation has been calculated. The
time it takes to compute the crosswind flow models averages approximately five

minutes. This time, the time lapse from the beginning of the simulation to the end
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Figure 4.3: Numerical Solution for Crosswind Influenced Plume

of the simulation was 450 scaled units of time. In true units of time, this represents
30 minutes of simulation time. Again as previously stated, the computation time

has been reduced to the order of minutes and the computation is still sub-real-time.
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4.3 Frequency Analysis
The model from Chapters 2 and 3 shows that the “puffs” and “curls” in the

plume appear to behave as waves as they propagate up through the plume. Follow-
ing Alben and Shelley [1], a frequency analysis is performed to explore the energy
spectrum of the system.

The frequency analysis is performed on two different energies present in the
plume model: the kinetic energy due to the “puffing” nature of the fire, and the
enstrophy due to the “curling” behavior. The fluctuations resulting in both of these
features are due to induced fluctuations in velocity and vorticity at the point source
fire. Since all values at the point source fire are prescribed, for now the effects
of two different inputs are studied; the first is random behavior prescribed at the
point source fire to simulate a real fire, while the second prescribes periodic forcing.
Examination of the randomly forced system helps to understand the ability of the
dynamics to respond to all frequencies, while study of periodic forcing can determine
if harmonics are generated by non-linear interactions in the system.

The frequency analysis is performed at this point to determine how the energies
propagate through the system under prescribed boundary conditions. In Chapter 6,
the same frequency analysis will be performed. However, in Chapter 6 fire dynamics
will be calculated making this analysis more interesting and revealing about the way

in which energy propagates from a fire.

4.3.1 Kinetic Energy
A standard definition of kinetic energy will be used for this application. The

kinetic energy density is defined as:
1
KE(s,7) = 5R(s,7’)b(s,7’)|V(s,7’)|2. (4.3.1)

One will note that as written above, the kinetic energy is a function of both

time and space. To obtain the total kinetic energy contained within the plume,
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(4.3.1) is integrated over the plume at a specific time:
plume top 1
KE(T) = / §R(s, )b(s, 7)|V (s, 7)) ds, (4.3.2)
0
which is now understood to be only a function of time.

4.3.2 Enstrophy

Similar to the kinetic energy, the enstrophy density is defined as:
1 2
e(s,m) = 5 R(s,7)b(s,7)|Q(s, 7) I (4.3.3)

Again to obtain the total enstrophy contained within the plume, (4.3.3) is

integrated over the plume:

plume top 1

e(r) = / 5R($,T>b(8,7’)’9(5,T)‘st, (4.3.4)
0
which is now understood to be only a function of time.

4.3.3 The Fourier Transform

From these definitions, the Fourier transform can be used to examine the
frequency make-up of the kinetic energy and enstrophy in frequency space. Although
it seems trivial, the definition of the Fourier transform that will be used in this
analysis should be specified since there are many definitions. The following definition

is used:

F(w) = /_ h f(r)e 2™ dr. (4.3.5)

Numerically, there are several options that are available for performing this
transform and multiple approximations were considered. MATLAB has a built in
fast Fourier transform function, a discrete fast Fourier transform could be used, or
a simple approximation of (4.3.5) can be used. Here, the latter will be used, such

that:

T; '
Flw)= | e s
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Fourier Transform of Kinetic Energy
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Figure 4.4: Fourier Transform of Kinetic Energy for Random Values

T
Flw) = Y f(r)e % A
j=1
T
_ Z fr;)e miU=wr Ag, (4.3.6)
j=1

where the reduction of the bounds on the integral is due to the fact that for 7 > T,
f(7) = 0 and the solution is not defined for negative time.

MATLAB’s short-time Fourier transform was used to verify the results ob-
tained by the simple numerical approximation, (4.3.6). The two methods were
shown to be equivalent, but this verification will not be presented here. Thus, the
simple numerical approximation (4.3.6) will be used. Similar to MATLAB’s built in
function, the Fourier transform data will be turned into a spectrogram, displaying
a three-dimensional surface representing the power spectral density of the kinetic

energy and enstrophy.

4.3.4 Random Fire Values

As stated in Section 3.2.2, random values for the velocity and vorticity inside
the plume are prescribed at the fire point to simulate the way in which a fire “curls”
and “puffs,” as seen in naturally occurring fires.

The power spectral density of the kinetic energy and enstrophy are shown in
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Figure 4.5: Fourier Transform of Enstrophy for Random Values

Figures 4.4 and 4.5 for random values of velocity and vorticity prescribed at the
fire point. As one might expect, Figures 4.4 and 4.5 show that there is a frequency
response on all frequencies, suggesting no clear frequency make-up of the random
values in each of the energies. It should be noted that Figures 4.4a and 4.5a are the
power spectral densities at various times and frequencies. Figure 4.4b and 4.5b are
the Fourier transforms at the final time, and represents a (nearly) steady behavior.
It can also be seen that the enstrophy responds more to the randomness than the
kinetic energy does, which is also seen in Section 4.3.5.2.

It should be noted that the lack of random frequency dependence in kinetic
energy at high frequencies is due to the small random fluctuations in the velocity.
Had larger fluctuations been used in the velocity at the fire point, the same ran-
dom behavior would be exhibited in the spectrogram and Fourier transform. Upon

observation of the lower frequencies, the random response can be observed.

4.3.5 Harmonic Fire Values

The behavior of the model with periodic forcing is of interest to examine
whether the frequency at which the periodic harmonic function oscillates is atten-
uated or amplified. This problem will be split into two separate cases, the first of
which investigates a pure harmonic signal, and the second will add in the randomness

of noise that was seen in section 4.3.4.
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Fourier Transform of Kinetic Energy
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Figure 4.6: Fourier Transform of Kinetic Energy for Harmonic Forcing,
x=5and y =10

4.3.5.1 Sinusoidal Forcing With No Noise
A simple sinusoidal forcing at a fixed frequency for both the velocity and vor-
ticity is prescribed at the fire point in place of random values. This forcing is taken

to be:

1 1
V(0,7) =0.2+ 0 sin(2mx7) = 0.2 4+ 0 sin(2mxtAT) (4.3.7)

1 1
Q0,7) = 1 sin(2mxT) = 1 sin(2mytAT), (4.3.8)

where 0 < x <20, 0 <y <20, and x < ). Here, x and Y are the frequency of the
harmonic functions for V' and €2 respectively.

With a periodic harmonic function at a single frequency, one might expect
the ability to recover the known frequency make-up after simulation and taking the
Fourier transform. However, as seen in Figure 4.7, this is not the case. The single
frequency prescribed to vorticity has been split into many harmonic frequencies and
translated from the original input frequency in enstrophy. In contrast, it is easily

seen that in Figure 4.6 the original input frequency of velocity is recovered.
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x10™° Fourier Transform of Enstrophy
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Figure 4.8: Fourier Transform of Kinetic Energy for Harmonic Forcing
With Noise, y =5 and y = 10

4.3.5.2 Noise

To reintroduce the prescribed fire behavior, two different kinds of random noise
are added to the above harmonic functions. The first is a constant small amplitude
random noise that is added to the signal at every time step, whereas the second is the
randomness that adds the “curling” and “puffing” effects of the fire and is similar to
what is used in Section 4.3.4. The random values are normally distributed, chosen

such that the velocity is always positive, and updated at random time intervals.
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x10™° Fourier Transform of Enstrophy
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Figure 4.9: Fourier Transform of Enstrophy for Harmonic Forcing With
Noise, y =5 and y = 10

Figures 4.8 and 4.9 show the results. As one might expect, the effects from
Sections 4.3.4 and 4.3.5.1 appear to be superposed. As was mentioned earlier, the
random values (noise) affects the enstrophy more prominently and this is clearly seen
in Figure 4.9. The effect of the random forcing is less prominent in the kinetic energy,
although it is still noticeable. One can see that some of the imposed frequency spikes
are still prominent in both plots, showing that information regarding the signal can

still be recovered.

4.4 Conclusions

Use of the simplified model developed in Chapters 2 and 3 results in realistic
dynamics for the interaction of the plume with the ambient atmosphere, and is much
faster and simpler than a CFD type code which uses DNS or LES to simulate the
dynamics of a plume. The computation time needed to run this simplified model
is on the order of minutes, while some of the larger more detailed CFD models run
on the order of days and weeks. This shows that although the simplified model is
not as detailed, the model captures behavior that may be useful in situations where
predictive data is needed in real time.

Several structures and behaviors summarized in these chapters suggest that

the ideas from a flag flapping in the wind can be adapted to the paradigm of a
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plume rising in ambient air. The simulation of such behavior results in a physical
structure of the plume rising. When the snapshots of any of the results are stitched
together into a movie, the resulting simulation truly appears to be a plume rising
from a point source fire, almost like watching smoke rise from a candle.

The wave-like behavior observed in both the flag waving and the puffing of
the plume prompted a study of the frequency make-up of the kinetic energy and
enstrophy, which was used to track both of these physical phenomena respectively.
The situation studied here, specifically the interaction of the ambient air/plume
systems does not result in the emergence of periodic dependency on propagation,
damping, or amplification of the frequency from a harmonic function prescribed at
the fire point. This analysis suggests that the wave-like behavior is chaotic in nature.

The random forcing of the velocity and enstrophy used to simulate the “curl-
ing” and “puffing” of the fire did not result in an amplification of any particular
frequencies. Instead, the random values are propagated as noise, just as one would
see in signal processing without a resonant frequency. Additionally, when a pure
signal was used as the forcing for velocity and vorticity at the fire point, translations
and splitting of the frequencies were observed and attributed to the effects of the
non-linear system.

Also, as expected, when random values were superposed on the pure signal,
the results from the random test and the pure signal test appear to be superposed
and the random values were perceived as noise. It is noted that enstrophy was
more susceptible to the random noise. This can be explained by the fact that the
magnitude of the enstrophy is very small compared to that of the kinetic energy, or
even the noise.

The basic framework and a working model for atmospheric scale fire/flow
interaction have been provided here. A fire model has been developed, see Chapter
5, to couple to this plume model. Up to this point, fire properties are prescribed at
a stationary point source. A fire model based on combustion equations will allow
the fire to propagate through a homogeneous fuel bed. This fire model will allow
the calculation of spread rates, and most importantly allow the coupling of the

information from the fire model to the plume model. With this, the plume model
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will have the added data from modeled fire dynamics, which will make the results

more physical and accurate.



CHAPTER 5

Fire Model Derivation

Results up to this point have been obtained while prescribing boundary conditions
to the point source fire to simulate fire behavior. In this chapter, a fire model is
derived, not only to calculate fire dynamics to use at the point source fire in the
plume model, but also to allow the fire to participate in the dynamical processes as
more than a prescribed point source. This simple fire model allows the calculation of
the fire propagation rate, the velocity of the rising air from the fire, the temperature
and density of the fire, etc.

With the addition of the fire dynamics to the model, several more aspects of
the problem can be investigated. A frequency analysis will again be performed and
compared to the results already obtained to determine if there are any characteristic
frequencies at which the disturbances propagate. The results will also determine if
the fire behaves as prescribed random values at the fire point, or as the harmonic
forcing.

The fire in this model is assumed to burn due of a thin layer of homogeneous
fuel on the ground underneath the fire plume. As stated in Section 1.4 there are
four regions that need to be considered in this model, see Figure 1.2. The green
region is the unburned fuel region, the orange is the pyrolyzing region, the red is the
fire region, and the gray is the smoldering region. Physically, the fire radiates heat
that converts solid fuel to gaseous fuel, where eventually the gas fuel burns. In this
work, the formulation of the problem is simplified even further and only a fire region
will be considered. This can be seen in Figure 5.1, where the fire is represented as
a control volume.

It will be noted that this simplified fire model will neglect the effects of heat
transfer from the fire. The fire propagation speed will be relative to the amount of
oxygen supplied to the fire. Here, an implicit assumption has been made that the
more oxygen that supplies the fire, the faster the reaction rate of combustion, and

the faster the fire consumes the fuel. Thus, the fire has to propagate faster through

101
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Figure 5.1: Control Volume for Fire Region

the fuel.

5.1 Conservation Laws

Since the fire is allowed to propagate, the control volume has a velocity in the
y1 direction, vge. The thin layer of fuel of constant height can be seen on the ground
under a flow of oxygen, with velocity vo,, supplying the fire. As the fire burns, the
buoyant air rises, with velocity vy, and forms into the fire plume. The geometry

from Figure 5.1 is used in conjunction with a simplified chemical equation:
fuel + O, 2 by-products + heat,

which describes the complex reactions that take place during combustion and a
control volume derivation (similar to the approach from Appendix A) to obtain

conservation laws for the fire system.
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5.1.1 Total Density Equation
Let pgre be the mass density in the fire, the width of the fire is b, and the height

of the fire region is h. Just as in the plume model, Ay, is the x5 direction, into the
page. This mass density will include the fuel density, the density of the oxygen, and

the density of the by-products. The mass in the control volume is easily written as:

b h
Ays / / prire dy3dy; .
0 0

Thus, the rate of change of mass is equal to the density flux entering the control

volume minus the density flux exiting the control volume:

o [b rh h
AyQa_ / / prire Aysdy; = Ays / (’Uﬁrepfuel)
T Jo Jo 0

dys
y1=b

ys=h

+ (UOZ POy )
y1=b

It should be noted that vg,. represents the speed at which the fire propagates
and is really composed of two separate terms, such that vg.. = vov + %. Here
the first term represents the speed at which the control volume is moving, and the
second represents the speed at which the control volume expands.

Dropping the common Ay, and additionally assuming all quantities on the
boundary are constant across their respective edges, pre = psire(7), and h = h(7),

(5.1.1) reduces to:

h + (Uoz pOQ)
y1=b

h - (Uuppﬁre)
y1=b

0
8_ (pﬁrebh) = (Uﬁrepfuel)
T

ys=h

If it is additionally assumed h = constant, the conservation law becomes:

b
-. (5.1.2)
y3=h

- (Uuppﬁre)
y1=b

+ (vo,po,)
y1=b

0 ob
E (pﬁreb) = (UCV + E) Ptuel

Physically, the right-hand side represents the amount of fuel added to the control
volume do to the control volume moving and expanding, the influx of oxygen due

to induced flow, and the loss of mass due to the rising hot air.



104

5.1.2 Fuel Density Equation

Let pge be the fuel density. Following the same procedure as in Section 5.1.1,

the fuel mass in the control volume is written as:

b rh
Ay / / Pruel dysdy .
o Jo

The conservation equation for the fuel density is easily written:

) b h h b
AyQa_/ / Prtuel dy3dy1 - A?Jz/ (Uﬁrepfuel) - / mdyl dy37 (513)
T Jo Jo 0 y1=b 0

where R represents the reaction rate of combustion and will be defined later in this

work. Again, dropping the common Ay, and noting all quantities on the boundary
are constant across their respective edges, psuel = pruel(7), . = h(7), and the reaction

rate is constant throughout the control volume, (5.1.3) reduces to:

h — bhR.

y1=b

0
g (pfuelbh) = (Uﬁrepfuel)

When h = constant is applied, the conservation law becomes:

0 ob
7 (prucib) = (Ucv + E) Pfuel — bR. (5.1.4)

y1=b

The right-hand side of this conservation equation physically states that fuel density is

increased as the fire propagates and decreases due to the consumption of combustion.

5.1.3 Oxygen Density Equation

Let po, be the oxygen density. Similarly, the oxygen mass in the control

b rh
Ay, / / po, dyzdy,
o Jo

and the conservation equation for the oxygen density is written:

o b h h b
Ay / / po, dysdyr = Ays / ((U02p02> - / Rdy, |dys. (5.1.5)
T Jo Jo 0 y1=b 0

volume is written as:
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Again, noting all quantities on the boundary are constant across their respective
edges, po, = po,(T), h = h(7), and the reaction rate is constant throughout the
control volume, (5.1.5) reduces to:

0

8_ (pOQbh) = (UOonz) h — bht.
-

y1=b

If it is additionally taken that h = constant, the conservation law becomes:

0

55 (Po:b) = (voupoy) | — bR (5.1.6)

y1=b

Just as in the fuel density equation, the right-hand side physically states that oxygen
density increases as the flow of oxygen increases and the oxygen density decreases

due to the consumption of combustion.

5.1.4 By-Product Density Equation

Let pyy represent the by-product density. The by-product mass in the control

b h
Ays / / Pry dysdyi,
0 0

and the conservation equation for the by-product density is written:

g rborh b h
Ayza—/ / Pry dysdy; = Ayz/ — (VupPtire) +/ Rdys |dy;.
T Jo Jo 0 y1=h 0

Again, noting all quantities on the boundary are constant across their respec-

volume is written as:

tive edges, pry = puy(T), h = h(7), and the reaction rate is constant throughout the

control volume, this reduces to:

0

57 (Powbh) = = (Vuppire) b+ bhR.

y1=h

Additionally, using h = constant, the conservation law becomes:

0

b
o (Pbyb) = - (Uuppﬁre)

7 bR, (5.1.7)

y1=h
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Here, the equation states that the density of by-products increases with the reaction
rate of combustion, and decreases due to the buoyant air rising to form the fire

plume.

5.1.5 Energy Density Equation
Let pare0C, be the total energy density in the fire, where 6 is the temperature

of the fire, and C), is the specific heat at constant pressure. The energy is written

bk
Ays / / PrrcdCp dysdy; .
o Jo

Thus, the rate of change of energy is equal to the energy density flux entering the

as:

control volume minus the energy density flux exiting the control volume:

a b h h
AyQQ_/ / pﬁrcecp dy3dy1 = AyQ/ (Uﬁropfuclefuolcpfud) dyS
T Jo Jo 0 y1=b
h b
+Ayo / (V0,00,00,Cp0,) + / RAL, dyy | dys
0 y1=b 0
b
_AyQ/ (Uuppﬁreecp) dyl'
0 y3=h

Additionally assuming all quantities on the boundary are constant across their

respective edges, 0 = 0(7), C, = C,(7), and h = h(7), this reduces to:

0
E (pﬁreecpbh> == (Uﬁrepfuelefuelcp fuel) h + (UOQ POs 902 Cp 02) h
y1=b y1=b
— (VuppriredCy) b+ bhRA,,.
yz=h
Again, using the fact that h = constant, the conservation law becomes:
0
a_ (pﬁre‘gcpb> = (Uﬁrepfuelefuelcp fuel) + (UO2 p02902 CP Oz)
i y1=b y1=b
b
— (VupprirefCy) — + bRA,,
—nh
Y3
0 ob
a_ ree b) = a_ ue 0 ue ue 0
g (pﬁ C’p ) ((UCV—I— 87‘) PruelUs lef 1) y1:b+ (Uozpoz OQCPOQ) -
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b
— (VuppriredCy) 7 + bRA,. (5.1.8)
ys=h
Physically this conservation of energy equation states that the energy density in-
creases due to the addition of fuel, oxygen, and the exothermic combustion reaction,
but decreases due to the hot buoyant air rising to form a fire plume.

Using the total density equation to simplify, this becomes:

0 (vev + 22) pruc Vo, PO
— (0C,) = ot Brue1 Cpnel — OC, + =222 (90,C0, — 0C,
87'( p) pﬁreb (f 1~ p fuel p) b Pﬁreb (02 pO2 p) b
—i—ﬁ Ay, (5.1.9)
pﬁre

5.1.6 Final Form Conservation Laws

With these derivations, the simplified chemical equation:
A(fuel) + B(Os) & C(by-products) + D(heat),

which now allows for the stoichiometric constants to be different, and

R = k1(0)piserrs, . the system of conservation laws becomes:

0 b

o7 (Paired) = (VsirePtuel) + (vo,p0,) - (Uuppﬁre) - (5.1.10)
y1=b y1=b ys=h

0

a (pfuelb> (Uﬁrepfuel) _Abkl(e)pélelp82 (5111)
y1=b

0

57 (poub) = (voup0,) | — Bbk1(0)phuarpo, (5.1.12)
y1=b

8 Vfire Ptuel V0, PO,

—(0C)) = Ol Cp tuel — 0C + —=——=(00,C,0, — 0C,

67‘( p) DrinD (f 1~p fuel p) b Drineb (02 pO2 p) b

k(0
+D 1ﬁ( ) i pRans A (5.1.13)

The reaction rate R was approximated using the simplified chemical equation and
a law of mass action derivation. It will be noted that while vg,e = vov + ab , the
velocity of the fire will be written as vg,, from here on, with the understandlng that

the velocity is comprised of multiple parts.
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5.2 Non-Dimensional Form

The conservation laws above are still in dimensional form. In order to couple
the fire model to the plume model, the scalings of the variables must be the same. To
do this, all variables are non-dimensionalized, just as they were in the plume model.
Once in non-dimensional form, the equations can be solved and implemented.

N _ v 5 h o~ _w ~ _
Letp*— ,9*— b= ,v*—v—o,h—E,T—Tﬁ,C’p*_er,Ah_

Ay
00 Cp air |

where it is understood that x denotes a dimensionless variable. Substituting
these rescaling into the equations and dropping unnecessary dimensionless notation,

one obtains the following equations:

0 [ b

8 (pﬁreb> = (Uﬁrepfuel) + (U02p02) - l_l (Uuppﬁre) - (521)
y1=b y1=b 3 ys=h

0 l _

a (pfuelb> (Uﬁrepfuel) - U_1p64+B 1Abk1(6)péelp32 (522>
y1=b 0

0 l _

7 (posb) = (vo,po,) — U—zp‘oHB ' Bbk:(0) piierre, (5.2.3)
y1=b

0 Vfire Pfuel V0o, PO

e Orse1Cptuet — OC. Y020 (9, C0, — OC,
87‘( ) pﬁreb ( fuel ™~ p fuel P) y1:b+ pﬁreb ( 02%~p Oz p) b
l ki1(0
+ U_Zp64+BilD lff )pfuel OzAh (524>

5.2.1 Quasi-Steady State Assumption

The three-dimensional paradigm in Chapter 2 states that the fire line is well
defined and nearly straight. Such a situation could be though of as a steady state
or equilibrium state and is achieved after the fire has become well developed while
propagating through the homogeneous fuel bed. Thus, a quasi-steady state assump-
tion is made for the conservation laws. A quasi-steady state assumption exploits
the fact that the fire propagates for a long time, and once this equilibrium has been
achieved, there are small variations of the dependent variables in time.

Using the quasi-steady state assumption of small variations for long times, the
ODEs in time can be reduced to algebraic equations:

lL

- (VupPfire) (5.2.5)
3

0= (Uﬁrepfuel) + (UOQpOZ)

b
h

y1=b y1=b ys=h
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I _
0= (Uﬁrepfud) - ’U_ZIOA’04+B 1Abk1 (e)pélelpgg (526>
y1=b
I _
0= (vo,p0,)| - U—ZPE)HB ' Bbk:1 () pivapt, (5.2.7)
y1=b
0 = JwePluel (g i Conel — 0C,) | + 22229 (g, 0\ — 0C,)
pﬁreb y1=b pﬁreb y1=b
l k(0 -
+ L pdtE-1p 1 )p;;‘wlngAh. (5.2.8)
Vo Pfire

Upon coupling the fire model to the plume model and the ambient air, the
velocity of the atmospheric flow moving toward the fire will be known due to the
calculations in the ambient air. Thus, velocity of the oxygen entering the fire can
be written as:

VO, = Vire + X, (5.2.9)

where x is the known velocity along the ground calculated by the plume model just
ahead of the plume. With this, the above system of algebraic equations will be used
to solve for expressions for the unknowns.

Equation (5.2.9) can be substituted into equations (5.2.6) and (5.2.7), where

after manipulation, an expression for the velocity of the fire can be obtained:

—XPou,,_, P

—(A— B l—lpAJrBflbk 0 pfllle pB
( )k pp 1(0) ptnel 0> (5.2.10)

Vfire =

(p02 - pfuel) |y1:b

Since, vo, = Ve + X

—XP0s|,_y — (A= B)Epg P bk (0) phrar 6, .
Vo, = X
’ (Poy = Pruel) |, _,

—(A = B) &gt B0k (0) piter 0B, — Xt |, _
Vo, = 00 fuel 702 }y“b. (5.2.11)
(PO2 — Pruel) }

y1=b
With this, (5.2.10) is substituted into (5.2.6) to obtain an expression for b, the
width if the fire:

XPOs Ptuel |, _
b= 2Py, o . (5.2.12)

A —
26 Pk (0) piia, <Bpfuel|y1=b ~ Apo. |y1=b>
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The use of (5.2.12) in (5.2.10) results in the simplification of the expression
for the fire velocity:

AP0y, (5.2.13)

<Bpfuel |y1:b - APOQ |y1:b)

Vfire =

and (5.2.11) can be written as:

— Bxptuly,— . (5.2.14)

U02 =
(Bpfuel‘ylzb - Ap02 ‘y1:b>

Equation (5.2.5) can be simplified using expressions for the known quantities:

b AXpOz | Bpruel‘

l

1=b
T (pvup) .
3

y1=b

n Pruel PO-
ys=h <Bpfuel|y1:b - APOQ ‘y1:b> <Bpfuel|y1:b - Ap02 ‘y1=b)

AL B—
| B B ey (O)panl, (Bowal,,, — Apoil, )
" ys=h ll XpOQPfuel|y1:b
AXpoupracll,, _, + BXPracipo, |, _,
(Bpfuel|y1=b — Apo, ‘y1=b)
s hitpo ™" ki (0) phord
(Pup) =2 w e o ((A+B)xpogpfue1! ,b>
ys=h ll XpOzpfuel‘ylzb 1=
l3 _
(powp) | = (A+ B)hv—opa‘”B L1 (0) piter B, (5.2.15)
ys=h

and (5.2.8) can be rewritten as:

1

=B

(89020p02 + Aefuelcpfuel + DAh) . (5216)

An equation of state is also used such that p = pg..f, where p is pressure.

Thus, p can be written as:

pCy

—, (5.2.17)
ﬁ (39020p02 + A0pe1Cp el + DAh)

Pfire =
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and (5.2.15) can be solved for vy:

0 ) N
/UuP‘y:;:h = E(A + B)h,U_::)pOA—’_B 1k1(0)pf?1e1pg2
(39020p02 + Abpe1 Cp fuel + DAh) I
3 ,
upl, = oG, h o O)pihanl . (5:2:18)

It is assumed that all stoichiometric constants are equal, A= B=C =D = 1.

With this, the expressions for all unknown quantities are reduced to the following

expressions:
Xy —
b=+ s (5.2.19)
ﬁﬂok‘l(e) (pfuellylzb = PO, ‘y1:b>
Vire = X60nly1o (5.2.20)
(pfuel - pOQ) ’ylzb
vo, = ol (5.2.21)
2 (pfuel - pOz) ‘ylzb
1 -
ecp = 5 (60201002 + efuelcpfuel + Ah) (5222)
<902 Cp 0y T efuelcp fuel 1 Ah) ls
Uup|y3:h = 0, hv—o00741(9)%61[)02 (5.2.23)
C
Prire = Le (5.2.24)

% (902 Cp O2 + efuelcp fuel T Ah)

5.2.2 Bernoulli’s Principle

The pressure in the equation of state will be calculated by solving Bernoulli’s
equation for the pressure just in front of the propagating fire. Bernoulli’s equation

states:

1

p=1-3pb", (5.2.25)

where the constant was evaluated by using the boundary conditions far from the
plume. With this, the expressions for the unknown quantities can be written as:

x|, _
b= s (5.2.26)

l
%pokl (9) (pfuellylzb - pO? ’y1:b>
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Vire = X60nlyo (5.2.27)
(pfuel - pOQ) ’ylzb
Vo, = pruel‘ylzb (5 ) 28)
2 L.
(Preel = P02 |,
1 -
GCP = 5 (60201002 + efuelcpfuel + Ah) (5229)
1
p=1=35p5,X" (5.2.30)
<902 Cp 0, T Hfuelcp fuel 1 Ah) l3
Uup|y3:h - (1 _ %pZOQXQ) c, hv—opoh(@)muelp@ (5.2.31)
1— 1 2 2 C
Phire = 1= 506,) G (5.2.32)

<9020p02 + Ot Cpuel + Ah) .

N —=

5.3 Implementation

As was previously stated, the goal of deriving a fire model is to couple the
information obtained from the fire model to the point source fire in the plume model.
This will eliminate the need for guessed random values for boundary conditions at
the fire. This coupling will be done in two different ways. The first occurs through
the point source fire and is straight forward. The values calculated through the
algebraic equations above will be used for the boundary condition at the fire point
in the plume model. The second coupling is through the ambient air system, and
was seen in the expression for the velocity of the oxygen, vp, = vae+x. This second
coupling allows the flow in the ambient air system to influence the speed at which
the fire propagates.

One can easily see that after the fire model is used to calculate the fire values,

to use these values as boundary conditions in the plume model:
Pfire = R<Oa 7-) 0= @<O7T) Vup = V(O7T)

These values from the fire model take the place of the random values that were used
in Section 3.2.2. Although, values of vorticity at the fire point are still assumed to
be random and are implemented exactly as stated in Section 3.2.2.

The plume model was implemented under the assumption that the point source
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fire is stationary, but this fire model now allows the fire to propagate. The plume
model code will be used in this implementation with a simple change of reference
of the plume model results obtained with a crosswind present in the ambient air.
The case of the crosswind in the plume model is thought of as air moving past a
stationary fire. As was stated, this time the fire is allowed to propagate. So, a
reference fixed to the fire is chosen, and the case of the crosswind is now thought of

as a fire moving past stationary air. Meaning for implementation,

Ure
ew= | "), (5.3.1)

0

assuming there are no other ambient air wind conditions.
Additionally, for visualization purposes only, the distance the fire travels over

time can be computed using the simple equation:
fire distance|,__ = fire distance|,___ + vaw(T)AT. (5.3.2)
All MATLAB code for the fire model is available upon request.

5.3.1 Parameter Values

For implementation, many parameter values need to be chosen such that the
model can be evaluated after coupling to the plume model. These parameters are
largely based on the composition of the fuel bed. It is assumed that the fire and fuel
bed are of constant height h = 1m, and the fuel layer is homogeneously composed
of evenly distributed pine needles.

With the choice of the fuel bed composition, the physical quantities can be
determined. Values determined by papers referenced in this section served as a
reference value. Some parameters needed to be adjusted due to the simplicity of the
model. The density of oxygen is misleading in name. Here, due to the composition
of air, reactants and oxidizers are present. Thus, po, is chosen as pp, = 1.2%, which
represents the density of air at ambient temperature. If the fuel density is chosen for

a packed fuel bed without voids, a value would be chosen following [25]. However,



114

this is not the case in normal wildfires. There are voids between fuel particles, and
the crown of a tree and the ground, effectively lowering the fuel load density. This
effective fuel load density is called the bulk density. Values were chosen from [58]
for the bulk density of brush and litter and [69] for the bulk density of crown fuel.
The values were averaged, such that pge = 6.8%. Additionally, it is taken that the
temperature of the ambient air is @, pient = 292K, matching the values taken in the
plume model. With this, it is taken that all oxygen and fuel entering the control
volume representing the fire is at the ambient temperature. This means that there is
no preheating of the fuel. This is due to the assumption of no radiation, convection,
or conduction influencing the propagation of fire, as seen in (5.2.20).

Here, the choices of specific heats are, C},0, = 1.005k1g‘—JK and Cp el = 1.81{2‘—‘]}(,
following [46]. The value of the heat of combustion is taken for live pine needles
calculated in [65], A, = 7000%, and modified to Aj, = 3000% for implementation.
The specific heat capacity of air at 1100K, a typical temperature within a fire, is
taken to be C), = 1.155klg‘—JK.

To approximate the reaction rate, an Arrhenius Law is used such that ki(0) =
AHBe_T%l, where A is a pre-reaction rate, F, is the activation energy, and R is the
ideal gas constant. The values of A =6.4x 10°, B =1, and E, = 105% were found
in a table of rate constants [76] and were chosen for a reaction between nitrogen
and oxygen. These values are used as reference values in the model. Adjustments
need to be made due to the fact that many reactions take place during combustion.
For implementation, it is chosen that A = 6.4 x 10°, B =1, and E, = 41.5%. The
value of R is taken to be R = 286.9% = 286.91{{%}{, which is consistent with the
choice in the plume model.

The values of these quantities above are non-dimensionalized giving the quan-

tities:

6.8:%

Pruel = = 5.667 (5.3.3)

po, = m_3 =1 (5.3.4)

~ 292K
Ouel = 228 (5.3.5)
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. 202K
0o, = 22— 5.3.6
2 7 992K (5.3.6)
~ Im
h=— =01 5.3.7
100m ( )
. b
h= —— 5.3.8
100m ( )
_ 1.8:KL
Corel = —2K 179 5.3.9
PR 1005 (5:89)
_ 1.005-%L
Coo = kel 5.3.10
02 10055 ( )
_ 1.155 5
Cotire = ——— 2K — 1149 (5.3.11)
1.005 5
. 300012
\ & —10.22. (5.3.12)

1005 - 202K

It can be easily seen that scaling constants have been chosen such that, py =

Pairs B0 = 292K, I3 = 100m, and /; = 100m. Additionally chose vy = L — 100m _

to 4 sec

257, which is consistent with the values chosen in the plume model, Section 2.1.1.



CHAPTER 6
Fire Model Results

The equations from Chapter 5 are implemented in MATLAB using the parameters
and methods in Section 5.3, solved numerically, and coupled to the plume model to
obtain the results shown in this chapter.

Again, the red shading of the plume indicates a low density air, a blue shading
of the plume indicates air close to the density of the ambient air, and the arrows
present in the ambient air system are an indication of the flow. This time, one will
note the presence of red and black bars underneath the fire plume. The red bar is an
indication of the width of the fire, and the back bar is an indication of the distance
the fire has traveled during the simulation. The red bar is not always visible. This
is due to the fact that the majority of the time the width of the fire is small and the
scales used for plotting are relatively large.

One will notice that these results are consistent with the implementation tech-
niques outlined in Chapter 5, with the fire appearing to propagate to the right side
of the figures. This was achieved through the use of a reference frame fixed to the
fire, where a crosswind was used to indicate the flow due to the fire moving. In each
of the figures shown below, the fire plume reacts as one would expect.

An analogy was used to determine if the behavior of the plume was physically
accurate. Consider a person walking at constant speed. At fixed intervals of time,
say five seconds, the person releases a balloon. After a balloon is released, the
effect of buoyancy causes it to rise over the position on the ground at which it was
released. After all balloons are released, if an observer were to describe the profile
of the balloons, due to constant speed, the balloons would create a straight line
with negative slope. Variations in speed of the fire propagating, or in the analogy
variations in the speed at which the person walks, only effect the slope of the profile
of the balloons.

Just as in Chapter 4, the model was again used to track the various energies

in the plume to determine if the addition of fire dynamics to the system effects the
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frequency analysis. The results from the frequency analysis are again presented as

a spectrogram and as plots in the frequency domain.

6.1 Fire Propagation

The implementation technique of using a change of reference has allowed the
fire to propagate, representing the culmination of a fully functioning wildfire model.
The results are presented in Figure 6.1. The results look much like the results
presented in Chapter 4 for the crosswind case, as one would expect. It is interesting
to see the effect of the values now prescribed by the fire model.

Figure 6.1 depicts a plume, interestingly, without the presence of puffs as seen
in the solution at ¢ = 375. As time progresses throughout the snapshots, one can see
that the plume responds to not only the crosswind, but the buoyancy and vorticity
as discussed in Chapter 4. Just as in the analogy of balloons, the smoke released
at the beginning of the simulation is fixed above that point, as the fire continues to
propagate. Again, the time in these figures is scaled time.

Here, computation times averaged around six minutes, where the time lapse
from the beginning of the simulation to the end of the simulation was 600. Note, this
number is scaled time. In true units of time, this represents 40 minutes of simulation
time. Even with the added fire model, computation times have been kept sub-real-
time. In this amount of time, the fire, on average, has propagated approximately
2.4 units of length, or 240m, which corresponds to an average approximate fire
propagation speed of 6.

The fire propagation can be visualized by Figure 6.2 in a plot of traveled fire
distance versus time. It can be seen that the fire propagates at a relatively constant
speed, although there are some variations in this propagation speed. As will be
mentioned in the coming frequency analysis, these variations are small due to the

quasi-steady state assumption.

6.2 Frequency Analysis

The same frequency analysis from Chapter 4 was performed on the same ener-

gies in the plume, enstrophy and kinetic energy. Since the random values of vorticity



100

Solution at t=100

80

60

20

L T T R T S T A
L T B T

L R A T

P R A B S A Y
e AN N I R S S S S B Y

L R I R e

111

100

-10 0

10
y1

Solution at t=300

80

60

20

\
T
[ I T Y
[ I B L B

[

100

10
y1

Solution at t=500

20

80

[ B R

60

20

LS T T S R I

L L U R A

AR T R I R

| N T |

[ O A R TR

L2 O O S S R S B R

P

J‘[V"'\\“
A SRS T N N O L T S T S

1
1

L R A A L

N S Y S T PO M |

10 0

_‘4
o

Yy

Figure 6.1: Numerical Solution for Fire Model

20

Density

Y3

100

Solution at =200

80

60

40

20

[ R Y
[ R S S SN

L I I I

LR I

LI S

100

-10 0
y1

Solution at t=400

10

20

80

60

40

20

Gy

/
i

G
'
1
|

I
i
'

100

-10 0
y1

Solution at t=600

20

80

60

40

201

[ ]

AR
Ll(xr/(//*(\

A

10

20

118

o
o
Density

o
N

Density

are still used at the fire point, from Section 3.2.2, the spectral results for vorticity

closely mirror those seen in Chapter 4.

The power spectral density of the kinetic energy and enstrophy with values

calculated by the fire model are shown in Figures 6.3 and 6.4. At first glance,

it appears as though the spectral results shown in Figure 6.3 suggest there is no

frequency dependence on the propagation of kinetic energy throughout the plume.
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Figure 6.2: Progression of Fire Propagation
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Figure 6.3: Fourier Transform of Kinetic Energy for Fire Model Inputs

Although, upon examining the extreme low frequencies of the kinetic energy in

Figure 6.3b, it is easily seen that there are random frequency responses, as seen in

Figure 6.5, which closely resembles the results from the random input in the plume

model.

The results from Figure 6.5 surprisingly suggest the fire model behaves as

the randomly forced plume model results from Chapter 4. The need to isolate the
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Figure 6.4: Fourier Transform of Enstrophy for Fire Model Inputs
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Figure 6.5: Magnified Fourier Transform of Kinetic Energy

low frequencies in the Fourier transform results is attributed to the effects of the
quasi-steady state assumption. This assumption imposed small variations over long
periods of time. The frequency dependence for the kinetic energy in the model is
induced by the fluctuations in the velocity, but the quasi-steady state assumption
assumed these variations are small. Thus, the frequency dependence is small as well.

Additionally, there are slight differences between the results for enstrophy from
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these results and those shown in Chapter 4. The largest difference is the magnitude
of the transformed values. The differences here can be a result of the other values
needed for computing enstrophy, such as density and width of the plume. These

values are still influenced by the fire model, resulting in the slight differences.

6.3 Conclusions

The extremely simplified model developed in Chapter 5 has resulted in a re-
alistic addition to the plume model developed in Chapters 2 and 3. This additional
model allows an interaction between the plume and ambient atmosphere with a fire
to be investigated. The two models were coupled, creating a feedback loop allowing
the flow in the ambient air system to influence the propagation of the fire, and vice
versa. Closely following the results from the plume model, the results of the cou-
pled models can be obtained in sub-real-time, which is a welcomed by-product of
a simplified model. All below comments should be considered, noting that the fire
model is extremely simplified, and as such, does a decent job describing the complex
physical processes.

The fire model adds the rate of fire propagation to the predicted quantities.
As seen in the figures, and more clearly in the video of the simulation, it appears
as though the fire propagation speed varies drastically from one plot to another.
This variation can be attributed to the frame rate of the simulation and plots, and
also, due to the fact that the fire tends to propagate quickly for a short period of
time, then slow down to consume the fresh fuel it has just moved into. Although,
as seen from Figure 6.2, long-time trends suggest the fire does propagate at a nearly
constant rate. It must be fully understood that the only connection between the
plume system and the fire model, at this point, is the velocity of the flow supplying
oxygen to the fire system.

The frequency analysis of the fire model has revealed the characterization of the
behavior of the fire. While at first glance, the model appeared to have no frequency
dependence in kinetic energy, but after closer examination of the lower frequencies,
a random response was identified. As was mentioned before, the investigation was

focused on the low frequencies due to the quasi-steady state assumption used to
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derive this model. The quasi-steady state assumption also explains why the puffing
behavior is absent in the results here. This puffing behavior could be attributed to
several characteristics of the model. Most influential of these characteristics is the
absence of the transfer of energy from the fire into the fuel layer and the homogeneity
of the fuel layer. As a fire moves through different fuels, the energy gained through

combustion will vary, affecting the buoyancy of the gas in the plume.



CHAPTER 7

Fire Propagation on a Slope

The models presented in the previous chapters represent a simplified wildfire model.
They have been developed for a fire propagating across a homogeneous fuel bed on
a constant topography. There are several possible extensions of the above wildfire
model. One extension, which will be investigated here, is the possibility of changes
in topography of the land. As was reported by many previous works cited in Chapter
1, a slope has a large effect on not only the propagation speed of the fire, but also
the dynamics of the flow of the problem.

The situation of a fire propagating along a flat topography (Chapter 5) can
be easily adapted to the case of a slope driven fire though the implementation of
the equations derived in Chapter 2. In dealing with sloped coordinate systems, care
needs to be taken in resolving forces, especially gravity, to account for contributions
in directions normal and tangential to the slope. With this in mind, the equations
from Chapter 2 are rederived for slope fires. In this derivation, not all equations
are affected. Only the equations that change from the derivation in Chapter 2 are
presented here. In addition, all implementation techniques are identical to those in
Chapter 3 unless stated otherwise.

The differences in derivation occur in the momentum equations. Figure 7.1
shows the two coordinates systems used for these calculations. The unprimed coor-
dinates are termed the calculational coordinate system, and the primed coordinates
are the physical coordinates. As the name suggests, the calculational coordinate
system is used for all computations, and after the results are obtained, they are
mapped to the physical coordinates. All calculations conducted within the calcu-
lational coordinate system proceed as in Chapters 2 and 5 with a change in the
direction of gravity.

The choice of a sloped topography induces a change in the effect of gravity. It
is assumed that the ground is sloped at an angle of ¢, measured from the positive

y) axis, see Figure 7.1. In physical coordinates, gravity still points in the €] =

123
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Figure 7.1: Geometry for Fires on Inclines

T
<07 0, —1) direction, although its effects now need to be decomposed into its
normal and tangential components or the calculational coordinates, again see Figure

7.1. Thus, the choice of the unit vector e, needs to be rotated by the angle ¢:

cosp 0 —sing 0 sin ¢
e, = 0 1 0 01= 0
sinp 0 cosg —1 —COos

With this, the momentum equations of the general solution to the boundary

layer problem can be written as:

LR(O) [(650))7 n (650)(17?)))311) + (175,0)(1750))113)}

RTyt?
[ 2 [3sinp ~ - .
9% p) | P<1>> =L R0 (7)) +78),)

pH) L J%5 3 i -
+( Y1 + RTO Y1 RTOt(Z) Y1 RTO RPOTO
(7.0.1)

3 - . ~(0)/ ~ ~(0)/ ~
g [0+ (870 + (870
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ls gl ;3 —glzcosp - Mo (#(0 =0
2 (pun T8 ptn 3 p)) — T RO 4 _ (T() 7:(0) )
" ( “RL, v T RLE RT, T RpoTp \'3tm T )

(7.0.2)

where the equations are written for the horizontal and vertical directions respec-
tively. These equations reduce to (2.1.10) for ¢ = 0.

The remainder of this chapter exactly follows the derivation in Chapter 2. All
assumptions used in Chapter 2 are mirrored here, even if not explicitly stated. The
equations are scaled to describe the plume system, where conservation laws for the
system are derived, and ambient air system where separated O(1), O(f), and O(o)

systems are obtained.

7.1 Outer Solution-Ambient Air System

In the ambient air system, the two momentum equations can be written as:

o (R((;H) + BR((;HU + UR(l)) [(UOI)T + (Uol(UOI)zn) + (Uo3(vol)y3)]
+P{™ + P + o PV = Bsing (R + BRI + oRV)  (7.1.1)

a (RS + BRI + 0 RY) [(V03)r + (V01(V03)y:) + (03(V03)ys )]
+PIH) + P + o PV = —Beosp (RYT) + BRIV + oRV), (7.1.2)

where it is easily seen that the same asymptotic expansion, induced by the expansion
in pressure, is used for density.

Again, the perturbation analysis is performed to separate the effects of the
multiple scales in the above equations. It is clearly seen that the O(1) system
remains the same as in Chapter 2 due to the fact that the terms added for the slope
contribute on the O(B) scale. Thus, PH) = 1, R = 1, and ol = 1. So, the
focus shifts to the O(8) system.

7.1.1 O(p) System
This time, the full O(/) system can be written as:

R 4 (R, 4 (RE,Hl)vog)yg =0 (7.1.3a)

Y1
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PV = sin pR{M) (7.1.3b)
H1 H
Py(3 ) = —cos R (7.1.3c)
RgH) [(9(()111))7 + Uol(ec(,Hl))w + UO3(02H1))?J3:|
v—1
S [PV 4+ 0,1 P 4 0,3 PFY] = 0 (7.1.3d)
PHY — RUHD 4 g(H1) (7.1.3¢)

Following the same procedure as before, the energy equation, (7.1.3d), and
the equation of state, (7.1.3¢e), can be used to derive a differential relation between
pressure and density. This time, there are contributions in both the y; and y3
directions due to the inclined topography. Using the momentum equations in both
directions, (7.1.3b) and (7.1.3c), and the previous differential relations, one obtains

the equations:

7R£le) = sin R = sin (7.1.4)
7Rg]£) = —cos pRM) = — cos ¢, (7.1.5)

which can be solved for the O(f3) correction of density. Thus, the O(8) corrections

can be calculated:

1 i
RT”Z—;@w%w—ywm@

1
anz—(l—;)@w%w—yﬁm@

PHY = — (yscosp — yysingp),

where again the boundary condition at the ground was used. With this, the full

asymptotic expansions of the ambient air variables can be written as:

P=1-f(yscosp —ysing) + oPW (7.1.6)
1
0=1-p (1 — ;) (13 cos o — yy sin @) + oV (7.1.7)

1
R=1- = (yscosp —yysing) + oRY. (7.1.8)
Y
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Again, if ¢ = 0 these expressions are exactly those from Chapter 2.

In continuing to separate orders one will notice that the O(o) system remains
the same as the system derived in Chapter 2. Again, this is due to the fact that the
terms added due to the new topography contribute on the O(3) scale. The fact that
the O(o) system remains unchanged means the vorticity equation is unchanged
as well. Since at this point in this work, only the first non-zero term is used as
approximations of the asymptotic expansions are used, for implementation, there
are no changes to the ambient air variables that need to be made for the addition

of the slope.

7.2 Inner Solution-Plume System

To describe the plume, which represents the inner layer of the problem, the
variables must be rescaled. The rescalings are identical to those in Chapter 2, and
are made noting that the majority of the velocity inside the plume is in the y3
direction. Upon substituting the rescaled velocity, distance, and time into (7.0.1)

and (7.0.2), the momentum equations can be written as:

RVZ5 [(Vi)s + (Vi(Vi)y,) + (Va(Va)y)]

1 RTyt? 12 1. .
: lg 0 (p}(,ff) + Bpgfl) + JPQ)) — ?—szingp +V? (STHY1 + T13y3>
RVZ[(Va)z + (Vi(Va)wy) + (Va(Va)y,)]
RTyt? 12 R R
+% (PR + 8P +oP)) = _lo_jRCOSSO + V) <T31Y1 + 5T33y3) :

The derivatives of pressure are known from the newly derived expansions,
(7.1.6), such that Py, = 0fsinp+ JPS) and Py, = —f cos ¢+ O'PZS;). It is seen that
this time, the asymptotic expansion in pressure has been rescaled for the plume

system. Meaning, inside the plume, in terms of Y7,
P=1—-p(yscosp — (y1, +0Y1)sinyp) + oPW.

Substituting these expressions into the above equations results in the reduc-
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RVZ§[(V)s + (Vi) + (Va(Vi)y,)

1 RTyt? ) t2g 1. .
g lg)o 0 <(Sﬂ Sin @ + O'P}(/i)) = ?—3R S @ + ‘/;)2 (STllyl + T13y3>
RV [(Va)z + (Vi(Va)w) + (Va(Va)ys)]
RTyt?

t2 X -
(—ﬁ cos ¢ + O'Py(gl)) = —0—gR cos ¢ + Vp2 <T31Y1 + 5T33y3) :

13 ls

Again following the derivation from Chapter 2, a first approximation in ¢ and
fis made (0 < 1 and § < 1). Additionally, since the interest is in a narrow plume,
the limit is taken as ¢ — 0, which results in the O(1) momentum equations for the

plume system:

) .
PP = V2T,
RTyt? B tg_g

B cosp =

Rvp2 [(V3)7 + (Vi(V3)y,) + (Vi%(vi’;)ys)] - 7 I

Rcosy + \/I,nglyl.

2
It is again taken that Vp2 = % to ensure the fundamental balances between the
buoyancy terms and the entrainment terms, and the definition of 3 is used to further
reduce the momentum equations:

9t5 +
=Ty,
I3

R{(Va)z + (Vi(Va)yy) + (V3(V3)y,)] — cos = —Rcos ¢ + Ty,

1
Py =

The equations can be written in conservation form:

i
P = %Tm (7.2.1)
3
(RV3)z + (RVAV3)y, + (RV32)y3 — cosp = —Rcos p + Thiy,, (7.2.2)

and the derivation continues as it did in Chapter 2 by integrating the system of
across the plume.

One will note that again, the momentum equation in the horizontal direction
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implies that there are pressure gradients across the plume, albeit they are small due
to the scalings in the expansion of pressure. One will also notice that this pressure
gradient is exactly the same as in Chapter 2, where the inclined slope has no effect
on the pressure jump.

The derivation of the energy equation also contains derivatives of pressure,
which as seen above has changed from the derivation in Chapter 2. Although, to
leading order, the alterations due to the slope do not contribute or effect implemen-

tation. That is, from (2.3.2), the energy equation can be written as:

—1
RV, [0 + Vil +V30,.] — V= [P + BP0
+ Vi (P + 8P 4+ o P ) 4 Vs (P + BRI 1 o PY) |

= V,Q+V, (Givi + 0Gsy,) -
Upon substitution of the pressure expansion (7.1.6), the energy equation becomes:

—1
RV, [0 + Vi, +V50,,] = Vo= [0 P + Vi (86 sing + oY)

+ Vs (=Beosp+aPD)] = V,Q + V, (div, + Sday,) -

Taking a first approximation in both # and ¢ and allowing § — 0 results in the

same energy equation as in Chapter 2:
R[O: + ViOy, + V30,,] = Q + Giv;.

In the averaging process, all conservation laws are integrated with respect to
Y]. Since all changes to the momentum equations induced by the inclined slope are
constants with respect to Y7, the final form integral conservation equations will be
identical to the ones in Chapter 2, with the constant multiples reflected in the above
equations. Thus, the final form conservation laws for the plume system as derived

in Cartesian coordinates becomes:
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ylp+2

12
- gloTn
3

I8y

(7.2.3b)

b b
Yip—3 Yip—3

(bRV3)z + DRV )y, = bf + S

(bRO): + (bRV3O),, = bH + S

(RbY): + (RVQV3),, = G + Sa
P = RO,

7.2.3¢

~—~

7.2.3d

~—

7.2.3e

~—  ~—  ~—  ~—

7.2.3f

—

where the only change is to f. Here, f = cos¢ (1 — R).

7.2.1 Control Volume Conservation Laws

As was stated in Chapter 2, Chapter 3, and Appendix A, the integral derivation
of these conservation equations is only valid for a nearly vertical plume. The interest
in this work is in an arbitrary plume position. Thus, the curvilinear complement
of the conservation laws need to be derived. The only changes to the curvilinear
equations, mirroring the Cartesian counterparts, is the change of the effect of gravity
to account for a rotation in coordinate system. Again, the changes to the equations
from Appendix A will only be reflected in the axial and transverse momentum
equations. In the same manner as before, only the axial and transverse momentum
equations will be rederived here. For the reference in the coming derivation, it
must be noted that T -e, = Tisinyp — Thcosp = % sin p — % cos . Similarly,

a1 Ay
n-e; =mn;sing —ngcosp = Z-sinp — 2 cos .

7.2.1.1 Conservation of Axial Momentum

Using the same derivation as in Appendix A, the scaled axial momentum
equation can be written as:
t2RT,, OP

oy 0ys
2 ba——i-Rbg sin p—— s — Rbg—— 95 (05 (7.2.4)

(RbV ), = — (RbV?)  + S —

where this time, it is seen that the force of gravity must be decomposed to gain the

correct contribution relative to the inclined slope. Writing the derivative of pressure
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using the definition from (7.1.6) as

s Os ayl Ds 8y3

= ,Bsmgo%— — ﬂcosgoa&y3

gls . Oy gl Oys

R, 0s R, Y 0s

allows the conservation law to be written as:
_ 2 ~ 893 - 3y1 )
(RbV), = — (RbV?) + Sy + (1 — R) gb% cosp — (1 — R) gbg sing. (7.2.5)

For implementation, the mass equation, (A.2.2), is used to simplify this ex-
pression to:

Lo, 1 . Oys
Z 1— ZIs
VT+<2V )s Rb <SM—|—( R)gb SCOSgp

- (1-R) gb% sin p — VSm) : (7.2.6)

7.2.1.2 Conservation of Transverse Momentum

The conservation of transverse momentum can be though of as the normal
complement to the axial momentum equation. Just as in the derivation of the axial
momentum equation, the derivation is identical to that shown in Appendix A with

a rotation of coordinates. The transverse momentum equation can be written as:

teRTy, OP
(Rbw), = —(RbwV)s + RIV, v + Ry V,, _v;, — Rwv}, — Rwv,,, — -2 > Obg
3
Oy . _0ys
+ Rbgw sinp — Rbga COS (. (7.2.7)

Writing the derivative of pressure as:

o v ayl v 8y3

= ,Bsmgoaa— — ﬂcosgo%yg
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g_lg . Oy gls %

~ RT, D RT, S

allows the conservation law to be written as:

(Rbw), = —(RbwV ), + RV, vl + RV, v, — Rwv),

out Rw Vout

_0ys _Oy1 .
+(1— R)bgg cosp — (1 — R)bgg sin . (7.2.8)

For implementation, this can be easily solved for w the transverse velocity of

the plume using the fact that b ~ § and a% ~ %:

bg% sin
R(Vguy + Vguy)

bg% Ccos

B RV, vl — RyV, v,
R(U;—ut + Uo_ut)

R(U;;Lt + Uo_ut)

w +(1-R) ~(1-R)

All remaining conservation equations are unchanged in the rotation of coordi-

nates, and are implemented as before in Chapter 3.

7.3 Implementation & Results

The equations this chapter are implemented in MATLAB using the same im-
plementation as in Section 5.3 and Chapter 3 to be solved numerically. The MAT-
LAB code is available upon request. For the results presented in this section, unless
stated otherwise, = 30 degrees. The only difference between the code used in
the fire model and the code used here is the direction of gravity. Due to this, the
equations and solution method used are identical, save the changes noted in this
chapter for the conservation laws. When results are obtained, one will note the
results are relative to the calculational coordinate system, see Figure 7.1. To obtain
the results in the physical coordinate system, relative to the incline, the results are
simply rotated to reflect the inclined geometry. This rotation is clearly reflected
in Figure 7.2. One will note that the angle between the plume and the horizontal
ground in Figure 7.2a appears to be smaller than the angle between the plume and
the inclined ground in Figure 7.2b. This is due to the aspect ratio of the figures,
the angles are identical.

The presentation of the results mirror those in Chapters 4 and 6, such that
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Figure 7.2: Results in Calculational and Physical Coordinate Systems

the shading of the plume is an indication of the density of the air, the arrows are an
indication of the flow, and the black and red bars indicate the width of the fire and
the distance the fire has traveled respectively. As with Chapter 6, the same change
of reference was applied to the crosswind flow simulation from Chapter 4 to allow
the fire to propagate.

The same frequency analysis that has been performed in each results section
is again used to determine this time if the addition of an inclined slope to the
system effects the frequency analysis. The results from the frequency analysis are
again presented as a spectrogram and as plots in the frequency domain. Since the
implementation of the equations has not changed from the fire model, the frequency

dependence is identical to the results in Chapter 6.

7.3.1 Fire Propagation on an Inclined Slope

The same implementation of the equations from Chapter 5 is used for the fire
propagating on a slope, with the small changes mentioned above. The results of the
extension of the simple wildfire model are presented in Figure 7.3. The results do
show a realistic behavior of fire propagating along the slope, while the plume reacts
to the propagation of the fire.

Figure 7.3 depicts a plume, moving along the topography at various times

throughout the simulation. Just as was found in Chapter 6, the plume does not
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Figure 7.3: Numerical Solution for Slope Fire Model, ¢ = 30 Degrees

contain the puffing behavior that was expected. This can again be attributed to the
simplified fire model. As before, the time in the title of these figures is scaled time.
One will note that the plume appears to remain nearly vertical throughout
the duration of the simulation. This is an interesting result due to the fact that
the results from the fire model indicate a significant curvature of the plume due

to propagation. Additionally, as noted below, the propagation speed of the fire is
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much slower than that of the fire model. All of this evidence points to the existence
of an upslope flow that forces the plume to remain nearly vertical and slows the
propagation speed of the fire.

As with the fire model, computation times averaged around six minutes, where
the time lapse from the beginning of the simulation to the end of the simulation was
600. In true units of time, this represents 40 minutes of simulation time, which is
well below real-time. In this amount of time, the fire, on average, has propagated

about 1.3 units of length, or about 130m, for an approximate fire spread rate of

321>

min *

Again, the fire propagation can be visualized through the plot of fire propa-
gation distance over time, as seen in Figure 7.4. The fire is again seen to propagate
at a nearly constant rate, due to the quasi-steady state assumption. The fire prop-
agation speed for various angles of the incline (and decline) were also investigated
to determine if the model can capture the propagation accurately. Note here, that
a negative angle corresponds to an incline, and a positive angle corresponds to a
decline. As seen in Figure 7.5, one can see that the fire propagates faster on flat
ground versus an incline. This result is counterintuitive, due to the fact that fires do
propagate faster up inclines. This discrepancy is due to the absence of heat transfer
in the fire model.

To investigate this further, consider why real fires propagate faster up inclines.
On these inclines, there is a strong upslope flow that pushes the fire toward the
unburned fuel. This is called flow attachment. After the flow is attached, the effects
of radiation, conduction, and convection dominate, preheating the fuel so the fire
can propagate faster up the slope.

In the simplified fire model presented here, the model does predict the presence
of a strong upslope flow, but in the absence of the transfer of heat, the fire cannot
propagate faster. Additionally, in this model, the strong upslope flow impedes the
fire propagation due to the mechanics of fire propagation. A strong upslope flow
means the downslope flow is small. In the case of an incline, the fire propagation
speed is proportional to this downslope flow, hence, the fire propagates slower than

on flat ground. This also explains why the fire propagates faster on the decline.
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Figure 7.4: Progression of Fire Propagation

The strong upslope flow is then proportional to the fire propagation speed, which is
large in this case.

This unphysical result can be addressed by allowing the effect of convection to
preheat the fuel in a small region within the fuel layer. The hotter fuel will ignite

faster, causing the fire to propagate more quickly as seen in nature.

7.3.2 Frequency Analysis

The same frequency analysis from Chapter 4 and 5 was performed on the same
energies in the plume, enstrophy and kinetic energy. Since the implementation is
identical to that of the fire model, the results of the frequency analysis are identical
as well.

The power spectral density of the kinetic energy and enstrophy with values
calculated by the fire model are shown in Figures 7.6 and 7.7. As before, upon closer
examination of the kinetic energy, it is observed that there are random frequency
responses, as seen if Figure 7.8. All conclusions drawn from the results in Chapter

6 can be applied here as well.
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Figure 7.5: Fire Propagation Speed for Various Angled Topographies

7.4 Conclusions

The slope wildfire model developed in this Chapter is one possible extension
of the simplified wildfire model developed in the previous chapters. The results in
the previous section validate that the model can be successfully adapted to account
for topography of land, which is one step toward a model that will be able to be
implemented for field use.

The same conclusions can be drawn about the fire propagation characteristics
as in the fire model. The fire tends to propagate quickly, then slows down while the
fuel is consumed. It is an interesting result from the simulations used here, that the
fire does propagate more slowly up the slope than on flat ground. The main reason
fires do propagate faster up slopes is flow attachment, as seen in Chapter 1, which
allows the fire to transfer energy more quickly to the fuel layer. This attachment
is induced by an upslope flow that is stronger than the down slope flow, tilting the
flame structure toward the fuel. In the absence of the transfer of energy, the slower
propagation speed is due to the changes in air flow on the slope topography. In this

model, the change in flow can result in the change in propagation speed.



138

Fourier Transform of Kinetic Energy

Power Spectral Density of Kinetic Energy 05

0 5 10 15 20 25 100 o ‘ ‘ ‘ ‘

Hz o

(a) Spectrogram (b) Fourier Transform at t;

Figure 7.6: Fourier Transform of Kinetic Energy for Slope Fire Model
Inputs

x 10~ Fourier Transform of Enstrophy

-30+

-40 |

PSD

0 5 10 15 20 g5 100 o ‘ ‘ ‘ ‘ ]
Hz ©

(a) Spectrogram (b) Fourier Transform at ¢

Figure 7.7: Fourier Transform of Enstrophy for Slope Fire Model Inputs



139

Fourier Transform of Kinetic Energy
100 T T T T T T T T T

90H b

80N b

F(o)
3

40t .

30 b

20+ .

10 b

O 1 1 1 1 1 1 1 I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

w

Figure 7.8: Magnified Fourier Transform of Kinetic Energy



CHAPTER 8
Future Work

There are several directions that can be investigated in moving this project forward.
This model is still in its infancy, and there is still a large amount of work and
verification to be done before the model can be integrated into a tool that can be
used in the field. The basic framework and a working wildfire model, including
models focused on the interaction between the plume, ambient air and the fire,
has been provided in this thesis. The models were derived from first principles,
effectively narrowing the focus of the models to the key driving dynamics of the
systems. As was seen in all results chapters, the goal of reducing computation
time has been achieved, where all results were obtained in faster than real-time
computation speeds. The simplifying assumptions used to narrow the focus of the
models sometimes sacrifices physical attributes of the problem. Future work in
most cases will be focused on verifying and modifying the assumptions to match
what physically occurs in nature, while asserting the fact that computation cost

should be kept to a minimum.

8.1 Modification of Simplifying Assumptions
8.1.1 Plume Model

The plume model was derived by a method reminiscent of the solution to a
boundary layer problem. In each solution (outer and inner) a perturbation expansion
of the dependent variables was used to reduce the Navier-Stokes equations to a more
manageable set of equations. Several first approximations were made by only using
the first non-zero term from these asymptotic expansions.

In the ambient air system, these first non-zero approximations resulted in a
linear profile of pressure, and constant density and temperature. This effectively
restricts the validity of the model to low height plumes (of O(57!) in dimensional
height). As the plume extends further into the atmosphere, the error in stratification

will be more and more prominent. In future work, if more terms in the asymptotic
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expansions of ambient air variables were used, (e. g., to an O(/3%) approximation),
the variation of pressure, density, and temperature with height would correct the
effects of stratification to the ambient air system.

Inclusion of these terms in the ambient air system will extend the validity of
this approach to much higher fire plumes. The more terms that are used from the
expansions, the more accurate the expansion become. It must be noted that as more
terms are retained in the expansions, the more complex the equations become. For
example, the O(3) vorticity equation for wy depends on wy, and the density variation
with height. Thus, the ambient air system is no longer incompressible at this order,
so that a potential flow solution of the ambient air system is no longer valid.

In the plume system, only the first order contributions to the equations were
considered. Additional orders and contributions can be considered to see if any

additional dynamics contribute on other orders.

8.1.2 Fire Model

The fire model was derived using control volume balances under the assump-
tion that only a fire region needs to be considered. Physically, there are four regions
that are present: an unburned fuel region, a pyrolyzing fuel region, a fire region,
and a smoldering fuel region, see Figure 1.2. The assumption that only a fire re-
gion needs to be considered induces an assumption of heat propagation. In this
model, the fire propagates due to the supply stream of oxygen. The faster the sup-
ply oxygen moves, the faster the fire propagates. This assumes that the faster the
supply stream brings oxygen to the fire, the faster the combustion reaction takes
place and the faster the rate of consumption of fuel. This assumption does not allow
for the transfer of heat from the fire to the fuel through radiation, convection, or
conduction.

Future work would allow for a model in all four regions, tracking the exchange
of mass and energy from each fuel state, and more importantly, the radiation of heat
from the fire. Simple conservation laws can be used, derived through control volume
arguments. This time the equations should allow for the energy contained within the

bonds of the molecules, whereas the derivation of mass is similar to what has been



142

shown in this thesis. Radiation can be accounted by following a derivation due to
Albini [4]. Fuel particles can be assumed to be black bodies, where the intensity of
heat radiated from the fire is a decreasing function of both distance traveled through
the fuel layer and the number of particles absorbing the energy as it passes. This
could be achieved by calculating the distance of a fuel particle from the fire and
integrating over the intensity of all fuel particles in the fire region within a line of
sight. Allowing for this energy transfer would help the fire propagate by preheating
the fuel, and is more physical than the assumption used here.

Allowing for multiple regions within the fire layer also induces other physical
aspects of the problem. Consumed, or nearly consumed, fuel comprises the smol-
dering region. While cooling does occur within this region, say proportional to the
ambient temperature (i.e., Newton’s law of cooling), the consumed fuel is consider-
ably hotter than the ambient temperature. Allowing for multiple regions would also
mean allowing for non-constant ambient air properties such as a temperature jump
across the plume. This would induce a pressure gradient across the plume, and a
flow from high temperature to low temperature, facilitating the propagation of the
fire. In addition to this, the existence of hotter matter in the system might locally
increase the temperature of the ambient air, again inducing a flow in the region.

Although fire on slopes have been investigated in this thesis, the addition of
the transport of heat to the fire model would drastically change the behavior of
the fire. It is well known that when fires ascend slopes, they have the ability to
attach to the slope, substantially increasing the speed at which the fire propagates.
This attachment increases the heat transferred through radiation, convection, and
conduction, heating the fuel faster and allowing the fire to propagate faster.

A simple improvement of the slope model presented in Chapter 7 could account
for some heat transfer to allow the physical propagation of the fire. Specifically, the
hot gas rising vertically from the fire has both a normal and tangential component
when on a slope. The normal component represents the air rising into the fire plume,
whereas the tangential component of this velocity will move hot air through the fuel
layer. This hot air will preheat a small region of fuel, effectively accounting for the

transfer of heat from the fire to the fuel through convection. Consequently, this
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would provide the means necessary for the fire to propagate faster up inclines, and
relatively equal propagation speeds for declines and flat ground.

Currently, the fire model only considers a homogeneous fuel bed. It is well
known that in nature, the fuel load is rarely homogeneous. There are pockets of air
between pine needles, and on a larger scale, there are empty spaces between trees
and leaves. This influences the effective fuel load and the dynamics of the flow within
the fuel layer. Allowing for a nonhomogeneous fuel bed would affect the propagation
speed and behavior. Additionally, the vegetation layer is never smooth. Trees stick
up at different heights and air can pass between all the air pockets between trees
and leaves. The vegetation creates drag force on the ambient air as it is drawn into
the fire. Not only is this a drag force, but as the air is drawn through the fuel layer,
it becomes susceptible to heating due to the transfer of energy from the fire. These
additional forces and heating will affect the amount and temperature of oxygen that
is delivered to the fire, therefore affecting the behavior of the fire and its propagation
speed.

Another exercise that could be used to test the capabilities of the model would
be to combine several homogeneous fuel beds with different fuel compositions to-
gether to see the effects on the fire plume. Along the same lines, a topography could
be pieced together in the same way, moving from flat ground to an incline and finally
to a decline. Such simulations would determine if the model is capable of handling
realistic topographies and fuel compositions such as those faced in the real world.

Combustion and pyrolyzation are complex sets of reactions that take place over
varying time scales. There are many factors that influence the rates at which these
reactions take place. Specifically, the moisture content of the fuel has a very large
effect on the propagation speed of the fire. If the fuel first needs to be dried before
pyrolyzation can occur, the fire will propagate much more slowly than it would if
the fuel was already dried. The loss of moisture can be modeled as an evaporation
process, where the water converts to vapor as it is heated. Using more complex and
physical chemical reactions and the tracking of each of the species present in the
reaction (i.e., oxygen, nitrogen, carbon, etc.) to model the transfer of species from

fuel to by-products would allow the combustion process to be modeled much more
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accurately.

This tracking of species could be complemented by a Lagrangian particle ap-
proach, where individual smoke and fuel particles are released at the fire. This would
aid in the tracking of fuel consumed by the fire and additionally the visualization of
the smoke. Particularly, the particles could give an indication to when the smoke
has dissipated enough to return to the classification of ambient air.

While it is seen that there are many improvements that can be made to this
simple wildfire model, it must be remembered that the goal of this work is to obtain a
simplified model which can run at computation speeds faster than real-time. In order
to keep this computation time reasonable for use in the field, physical attributes need
to be balanced with computation times of implementation, meaning this model was
never intended to be the most physically accurate model. Many models reviewed in
Chapter 1 are extremely accurate due to the inclusion of detailed physical processes.
However, these are the same models that require the use of CFD codes to solve the

complex equations, greatly increasing the computation time.

8.2 Extensions of Wildfire Model

There are several extensions and different applications to which this simple
model can be applied, and not all applications are specialized for fires. The plume
model may be applied to any thermally buoyant sheet plume induced by a one-
dimensional concentrated heat source, where the specialized two-dimensional geom-
etry used this thesis may be applied. An example of this would be an extension to
trench fires.

In examining extensions of the wildfire model as applied to wildfires, the most
difficult of any future work will be to extend the models to a full three-dimensional
geometry. This challenging task can be divided into two steps. First, as an inter-
mediate step between the working model and a full three dimensional model, the
perfectly straight fire line could be allowed the ability to curve. This curvature
would be slowly varying, and include many different effects due to the propagation
speed of different areas of the fire. For example, if the fire line was now assumed to

have fixed length in the y, direction, one might see the ends travel slower than the
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center of the fire line. This would effect the heating of fuel in front of the fire line,
possibly speeding up the propagation of the ends of the fire line. This intermedi-
ate extension could be thought of physically as taking a section of a fire front, big
enough to allow small variations, but not large enough that the variations in curva-
ture are dominant. Additionally, with a third dimension, effects along the fire line
need to be considered. Such effects might include flows along the fire line induced
by gradients in temperature and pressure.

Finally, the full extension to a three-dimensional model can be made. This
would involve rederiving and solving the governing equation in their three-dimensional
form. The process of extension to a fully physical model can be though of as red-
eriving this work, without the simplifying assumptions used to narrow the focus of
the model to the key driving dynamics of the fire plume and fire. The derivation
and solution procedure would have to reflect the goal to keep computation time at
a minimum.

At this point, the models presented above have been implemented in MAT-
LAB, where all differential equations have been solved using first order accurate
schemes in both time and space. To increase accuracy, at the expense of computa-
tion time, more accurate solution schemes could be developed to see the effect on
the solution. Due to the time iterating solution method and the dependence of the
solution on previous time steps chosen in this thesis, explicit methods in time should
be used for ease of calculations. An additional computation time saving procedure
that could be employed to save a small amount of time in the code would be the
use of a Taylor series approximation of all trigonometric functions. It is known that
trigonometric functions are computationally intensive to calculate, and using a few
terms of the Taylor series could reduce some of this time. A majority of the code has
been vectorized to decrease computation time, but some functions containing “for”
loops are called a large number of times during the simulation. This has a large
effect on the computation time by greatly increasing the number of computations
needed to be performed.

It has been mentioned that a similar solution procedure could be achieved

by implementation into any computer language. If field integration is an ultimate
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goal, consideration of other computer languages might be a possible future project.
MATLAB is an extremely high level computing language, and is well optimized for
linear algebra computations. Fortran, C, or C++ may be a more suited option
for development of a program which can be widely used by firefighters in the field.
Additionally, integration for use in the field needs to account for actual topography
of land, and more importantly real-time weather conditions. This would require
the integration of the model with national weather and land topography databases,
with constant real-time updates. This type of integration with real-time information
would be critical to the accuracy of the model since it is well known that weather
conditions and topography greatly effect the behavior of a fire.

As has been stated throughout this thesis, the model presented here was devel-
oped in the hope that a derivation using asymptotics and simplifying assumptions
could accurately capture the behavior of a fire and fire plume. Inspiration from many
sources, including the behavior of a flag flapping in the wind [1] and the behavior
of indoor fires [63], have been used in the beginning derivation of this model, but
ultimately as the derivation progressed, the approach became entirely novel. Re-
sults show that the model is a viable approach for predicting the behavior of these
simplified wildfires. This model presents a simple approach to a complex problem,
and in the hope that one day it will be used in the field, physical attributes need to
be balanced with the computation time to allow well informed decisions to be made

regarding firefighting efforts.
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APPENDIX A

Conservation Laws by Control Volume Argument

The derivation of the plume system in Chapter 2 is based on reducing the Navier-
Stokes equations to the one-dimensional transport equations of mass, momentum,
energy, and vorticity for flow in a narrow channel. However, this derivation is only
valid for a nearly vertical plume. In this Appendix, I present a derivation of the
same system from a conservation argument parametrized for a curvilinear coordinate

system.

A.1 Formulation

The plume need not be vertical, in fact, it is much more interesting to see
the plume react to its surroundings. Here, the plume is taken to be narrow and
(y1(5,7),y3p(s, 7)) is the plume centerline, where s is arc-length.

Let b(s,7) be the width of the plume, and let the plume variables be defined
as follows: R is the density, V' is velocity in the s direction (along the plume), w
is transverse velocity, © is temperature, and €) is vorticity. Here s is the spatial
variable along the plume (i.e., tangent to the centerline), v is the spatial variable
normal to the plume, see figure A.1. The essence of the control volume argument
is that all functions are parameterized with respect to arc-length, s. Specifically,
while V' could depend on s, v, and 7, it is assumed that it is a function of only
s and 7. Equations of mass, axial momentum, transverse momentum, energy, and
vorticity are derived by examining the balance of mass, momentum, and energy
for a control volume lying between an arbitrary location s along the plume and a
“nearby” location s + As.

The transverse momentum equation used for this derivation gives the result:

or

5 = 00), (A.1.1)
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in

Figure A.1: Entrainment Model and Conservation Coordinates in Upper
Half-Plane

which implies from the asymptotic expansion of pressure:

opU) opUY oprY)
ov =0 ov =0 ov =0@).

This result is used in several of the derivations and can be seen in Section A.4.
The +* notation denotes whether the outer, or ambient air variable, is evalu-

ated on the right or left side if the plume, respectively. Let U?r:z\ou , be the entrainment

+

out 18 the velocity of

or mixing velocity into or out of the plume. This means that v
the air on the right-hand side of the plume being mixed out of the plume. Similarly
v;h represents the velocity of the air on the right-hand side of the plume being mixed

into the plume, again see figure A.1.

A.2 Conservation of Mass

The rate of change of the mass in the control volume is equal to the net rate at
which mass enters the control volume, which is equal to the inflow rate minus the out-
flow rate. Namely, the mass in the control volume is taken as R(s, 7)b(s, 7)AsAys,

where Ay, is the depth of the control volume (into the page). Then:

aé(RbAsAyg) = flux in — flux out
—
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— RWV|,Ays — ROV|, o, Ayo + RFv AsAy,

+ R, v, AsAy, — Ru) ,AsAys — Ru, ,AsAy,
) ROV |, — RbV\HAS i _
E(Rb) = s + Rfvi + R v, — Rv!, — Ru,,,
Taking the limit as As — 0 gives:
9 by = L (ROV) + Rrvt + Rovn — But, — Rus (A.2.1)
8’7' - 88 o Vin U out Vout e

Using the same scalings as in Chapter 2 and the fact that [3 ~ [;, the scaled

mass equation can be written as:

9
or

o "

(Rb) = a@ (RbV)+ Rfvi + R, v, — Rv},— Rv, , = —%(RbV)—i—Sm. (A.2.2)

A.3 Conservation of Axial Momentum

Again, the amount of momentum in the control volume is written as

R(s,7)b(s, )V (s,7)AsAy,. Then, the balance of momentum is expressed as:

aﬁ(RbVAsAyg) = flux in — flux out + supply
-

= RbV2| Ayy — RbV2‘ Ays + RV vl AsAys
+ RV, v, AsAy, — RV vl AsAys,

AsAy, + Pb|, Ay, — Pb|

s+As

out

— RVv

s—i—As Y2

sias — Ol ) Ayo — Rbg | AsAys. (A.3.1)

out

+ P (b

The second to last term expresses the difference in pressure force due to the variation

of the width of the control volume. Also, g is the component of gravity in the s
. . 9

direction, g = g52 = ge, - T.

The expression for the pressure force due to the variation in the width of the
plume in (A.3.1) can be derived as follows. Upon examining Figure A.2, one can
see that:

1 0b

1 1 1
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P(s+as)

Zlb(S'I-As

1
)%\)7 "

Figure A.2: Pressure on the Control Volume

1. b ,

The vector Ptn' is resolved into its s and v components as seen in Figure A.3.

Additionally, one can see that if % is small:

As b\ > / 10\ 2
2 _ — _
\/As —i—( 5 83) As 1+(285)

Q

and the two triangles in Figure A.3 are similar. From this it is seen that sin

and Ptsinf = P™'nt - e, ~ %P*%.
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1 ob
2/As 3s

;
1 P sinB=P n*e,

Figure A.3: Resolved Pressure Vector

A similar argument could be used to find the expression for P~, but since
equation (A.1.1) implies that the leading order pressures are equal on either side
of the plume, the expression is not needed. Thus, the contribution of the pressure
force due to the variations in the width of the plume in (A.3.1) is doubled.

After manipulation, (A.3.1) can be written as:

0 RbV?| — RbV?
E(RbV) = : s s + RiViivf + RV, v, —
Pb|_ — Pb
RV}, — RV, + : . v
bl yyns — bl
P s+As s _ )
+ ( As ) RbgH

Taking the limit as As — 0 yields the final form of the conservation of momentum

equation:
9 9 2 + + - - + -
E(RbV) = _$<va )+ R Vv + R Vi_v,, — RVu,, — RVv,,
P
— ba— — Rbg,. (A.3.2)

0s
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Using the asymptotic expansions for pressure, (2.2.7), where scalings similar

to what was used in the previous derivations are implied and the definition of j is

used, it is easily seen that:

OP  dys OP

ds  Os 8@/3
_ ayiﬂ
85
Thus,
0 0 9 " _
5 —(RbV) = ~ s —(RVV?) + RV, v + RV, v, — RVv/), — RVu,,
-
Y3
— R)gb—.
+(1- RghE
The scaled axial momentum equation can be written in the same way as:
0 0 9 " _
3 —(RbV) = _8_<va )+ RIViivt + RVi v, — RVv}!, — RV, ,
-
tQ (9y3
— R)gb—

+ g (L Meb e

g(RbV) = —g(RbV )+ RV, v + RV, v, — RVv!, — RVuv,,,
-

+(1-R) gb%

(9 . a 2 ay3

A.4 Conservation of Transverse Momentum

(A.3.3)

(A.3.4)

(A.3.5)

(A.3.6)

The amount of transverse momentum in the control volume is written as

R(s,7)b(s, T)w(s, 7)AsAys. The balance of momentum is expressed as:

0 — (RbwAsAys) = flux in — flux out + supply
-

0
= RwbV|, Ayy — RwbV| A, Ays + RV, vl AsAys,
+ RV, v, AsAys — Rwv! ,AsAys — Rwv,, ,AsAys
— Pt Ay As + P~ Ay As — Rbg% Ay As. (A.4.1)
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Thus:
a RbwV |, — RbwV| _ A, -
5 (Rbw) = A 25 | RFV, i + RV, _v;, — Rwvl,
)
— Rwv, — P* + P~ — Rbg2Z.
ov

Taking the limit as As — 0 yields the conservation of transverse momentum

equation:
0 0 + + — - + -
E(wa) = _g(RbUJV) + Ro Vn +Vin + Ro Vn*vin - vaout - vaout — AP
Oys3
— Rbg=23
g ov
- _aﬁ(wav) + Ry Vv, + Ry Vo vy, — Rwvg,, — Rwvg,
S
uets gp Jys3
_ — ds — Rbg—=
/ylpb oy fibg ov
9 OP
= = o (RbwV) + REV i + Ry Vo v, = Ruvgy, = Rwvg, — b
Jys3
~ rpa2¥s A4.2
Ry (A4.2)

The supply to the system represents the difference in pressure force due to
the variation of the width of the box and can be written as APAy;As. This was
derived by using a similar argument as in Section A.3 and Figure A.2. Only this
time, the v component of P-n" was used. Additionally, the v component of gravity
is used, instead of the tangential component as in Section A.3.

Again, it is known that:

oP  0ys OP

= I A4,

v v Oy ( 3)
_ Jys

Thus,

0 0
E(wa) = —g(waV) + RV, vt + RV, v, — Rwv}, — Rwv,,,
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Jys3
1— R)bg—. A45
+ (1= R)bg (A45)
It is taken that b ~ 0, where ¢ is small, and = ~ O(3). In the limit as § — 0,
the convective and time derivative terms are small, whereas all other terms balance.

Thus:

oP 6y3

b— = RV, v} + RV, v, — Rwv}, — Rwv,,, — Rbgw, (A.4.6)

a v out

which verifies (A.1.1) using (A.4.3). Using the asymptotic expansion of pressure, an

expression for transverse velocity can be written as:

9,
w (R(vgus 4 V) = RV + Ry Vioovg 4 (1= R)bg 5
_ RiVaivi + R, Vv, by

w

+ (1 - R)

R(U(—)Zt + Uo_ut) R(U;Lt + Uo_ut) '

After accounting for the sign convention of the normal velocities outlined in Section

2.2.5.3, the expression becomes:

R Vi v, — Ry Vi, v, by
) +UT o_ Vin + (1 _ R) +g ov —
R(Uout + Uout) R(“out + /Uout)

w

and the scaled version is written as:

RiViyvh — RyVo v, 13 bg5e
w= —2 +UT o Yin + _0(1 _ R) +g v _
R(”out + vout) l3 R(Uout + Uout)
RV, vh — RV, vy, bg oL
w = 0 +Vin 0 Uin + (1 o R) g ov (A47)

R(”Lt + Vo) R(U;Lt + Vout) .

A.5 Conservation of Energy

The amount of energy in the control volume is written as

R(s,7)b(s, 7)OC,(s,T)AsAys, and the balance of energy is expressed as:

3(Rb@C’I,AsAyg) = flux in — flux out + supply
-

— RWVOG,|, Ay, — RWVOC,| o Ays + RI0F Cyanvh AsAyy

s+As
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+ R, 0, Cpairv;, AsAys — ROC,vt , AsAys — ROC,v,  AsAys,

+ AsAy,Qb

RVOC,|, — RO,
As

— ROCv}, — ROCyu,., + Qb,

out

g(Rb@C’p) -

g A L REOTChanvit + R, 0, Cyanv,

where () is a heat source term due to the fire.

Taking the limit as As — 0 results in:

%(Rb@(]p) = —%(RbV@Cp) + RIS Cpoivvh + R, 0, Cpaiev;, — ROC,ut,

— ROC,v;, + Qb. (A.5.1)

The scaled equation can be written as:

%(Rb@(]p) - —%(RbV@Op) + REOTChanvi + R0 Cuvy, — ROC,UT,
— ROC,v,,, + Qb
9, 0 .
5 (RVOC,) = — - (RWVOC,) + S+ Qb, (A.5.2)
where Q = —1_—— Q.

POUOTO Cp air

A.6 The Vorticity Equation

In order to derive the vorticity equation in curvilinear coordinates, the mo-
mentum equations are considered with the full two-dimensional influences. To do
this, the mass equation and two momentum equations, (2.1.1a) and (2.1.1b), are

written with their appropriate scalings as:

R, + (va>y1 + (Rv?))ys =0
R(v1s 4 01014, + 03014,) + Py = Th1yy + Tisy,

R(Ugt + U1U3y1 + U3U3y3) + Py3 —+ Rg = Tglyl + T33y3.

Following the same procedure as before, the curl of the momentum equations
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is taken to write the vorticity equation as:

R R, . R,
Qr 4 (1 Q)yy + (03 = 5 P = 53 P + 75 [T:n n T33y3}
R, 1 - -
T2 [Tllyl + T13y3} +3 |:T11y1y3 + Tiayays — (T31y1y1 + T33y3y1)] . (A6.1)

In the curvilinear coordinate system fixed to the plume, (A.6.1) is approximated by:

Q + (wQ), + (VQ), = ZQP %P ];2 [Tgw + T33si| - ;32 [Tnu + T13si|
+ % [Tllus + Thges — [T31W + Tsssu” : (A.6.2)

The vorticity equation (A.6.2) is integrated over the control volume. Each
term will generate a Ay,, so the common term is simplified from each side. The

equation becomes:

s+As s+As
/ / Q.dsdv + / /
: T

s+As
(wQ),dvds +/ / (VQ)dsdv =
L Js

s+As
/ / R Psdsdy + 2,
b
2

b
2

where,

s+As R R 1
7= /b/ T31V+T333:| TR |:T11V+T138:| + I [T11V5+T1353
2

— [T:nw + ngsyﬂ dsdr. (A.6.3)

Continuing to simplify by moving the derivatives through the integrals and evalu-

ating, the equation can be simplified to:
% s+As 1

b=—P,—
R

s+As 1 b

As(Qb), — b,QAs + As(wQ)|  + (VQ) b+ PS}—% + s

SIS
oo

S S

(A.6.4)

Here, on the boundary of the plume, R is the same on either side and the pressure

gradient in the v direction is small (O(f)). Thus, the final vorticity equation is
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written as:

(Qb), — b,Q + (VQ),b = 7, (A.6.5)

(SIS

where 3 = ALS% — (wQ)| . This equation can be easily put into conservation form
b

to mirror the form of the remaining conservation laws by multiplying (A.6.5) by R

to obtain a conserved quantity. Also, let 3 = Rix:

R(Qb), — Rb,Q+ R(VQ),b = (A.6.6)

(RQW), — R,Qb — Rb.Q + (RWVQ), — (Rb),VQ = (A.6.7)
(RQD), — (Rb).Q + (RBVQ), — (Rb),VQ = (A.6.8)
(ROb), + (RWVQ), = 3+ Q((Rb), + V(Rb),) (A.6.9)

(RQD), + (ROVQ), = 3 + (S, — ViRD).  (A.6.10)

The last step is achieved using the conservation of mass equation (A.2.2). The
source term, s, is rewritten using the notation of the source terms of entrainment

as:

bAS/g/S+ASR T31V+T33s] - ]1; [T11V+T135}

1 r~ - - ~ R
+ I [Tn vs T 11355 — |:T31 w T+ T33su“ dsdv — E(UJQ)

b
2

SISy

For the purposes of this work, > will be written as » = %Sg. The source terms for
entrainment are obtained by Figure A.4, and can be written as Sg = ROVtJF%U;L —
R,V — R/, — RQu,,,

—b m

Thus, the scaled vorticity equation is written as:

(ROW), + (RBVQ), = %SG +Q(S,, — V,Rb). (A.6.11)

With this, the system of final form conservation laws and vorticity equation
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Figure A.4: Source of Entrainment of Vorticity

for the plume system in curvilinear coordinates fixed to the plume are obtained:

%(Rb) _ —%(Rlﬂ/) + S (A.6.12)

D mvy = — LRV + Sur + (1 — BB (A.6.12b)
or 0s M 9 Bs s

RV, vf — RV, vy, by
_ Do Vnalin T flo YnVin g oy ey A6.12

v R(U;n + Vgut) * )R(U;u: + Vgut) ( 9

%(Rb@cp) - —%(RbV@Cp) + Sy — ROC,u;, + Qb (A.6.12d)

a%(RbQ) _ —%(RbVQ) + 256 1+0(S, — Vi), (A.6.12¢)

where the transverse velocity equation is only used in Section 3.4. The remaining

equations are equivalent to (2.3.17a), (2.3.17c¢), (2.3.17d), and (2.3.17e), respectively
in Chapter 2.



APPENDIX B

Justification of Diffusive Scheme to Numerically Solve

System

In an exercise to determine which numerical scheme should be used to solve the

conservation laws for the plume system (A.6.12),

(Rb)T + (va)s = Sm
(RBV), + (RBV2), = Sh + (1 — R)bg

(RbOC,), + (RbOC,V), = Sp + bQCi
p

(RbQ), + (RbVQY), = %SG +Q(S,, — ViRb),

several simplifications are considered. It is known that as a system, these equations
possess less-than-ideal properties. For instance, the system is defective, and thus is
not a strict-hyperbolic system. This poses an issue since most, if not all, standard
schemes were developed especially for the strict-hyperbolic case.

Following one of the exercises from LeVeque [38], several simplifications of the
above system are considered. Namely, the simplification down to the pressureless
gas equations will be closely examined here. To solve these simplified systems,
a Godunov approach is used, along with a simple upwind and diffusive scheme
following [15]. The results from the different schemes will be compared to determine

which scheme will be used in the full problem.

B.1 Uncoupled Simple System

Here, a system for density and velocity is considered. Thus, conservation of
mass and momentum are the only two equations remaining. This system can easily

be recognized as the pressureless gas equations [77]. Letting p be the density and v

166
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be the velocity, the system being considered is:

pe+ (pv)e =0 (B.1.1)

1
w+%&%:a (B.1.2)

where the initial and boundary conditions are chosen to be:

1
p(07t) = )
p(x,0)=1; x#0
v(0,t) =1

which can be obtained by simplifying the above conservation of momentum equation
with the conservation of mass equation. Additionally, in this approach, one will
notice that (B.1.2) is uncoupled from (B.1.1). This means that (B.1.2) can be

solved first, and the newly calculated v can be used in (B.1.1).

B.1.1 Upwind
Considering (B.1.2) first, the upwind scheme is simply:

At
n+l _ n n .n n n
U = U — Ar [Fv(vkvvk-i-l) - Fv(“k—la“kﬂ ’
Xz
where,
1,2 n n
v(ulaur) - 1,2 n n

With the initial conditions considered, v} > 0, thus the upwind scheme is always:
vt = — _x(UZQ —up?). (B.1.3)

Then, (B.1.1) is solved in the same way. The scheme is simply:

" . At n n n n
Pk+1 = Pr — A_x(Fp(pmpk—i-l) = Eu (P, PE)),
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where,
n+1 n+1 n+1
ulvl Uk + vk—l Z 0

Fy(u,u,) =
p\ U, Uy
u ot vy 1—|—vkl 11<O,

T

Again, with the initial conditions considered, v > 0, thus the upwind scheme is

always:

T n At n,.Mn n n
Pk“ =Pr — A_x(Pk%H - pk—lvkjll)' (B.1.4)

B.1.2 Godunov

In this implementation, Godunov’s method is almost identical to the above
upwind scheme, although this time, the condition is slightly changed. For (B.1.2),
it is taken that:

o = o = o [Fu(vil vit) = Fu(vig o)) (B.L5)
where this time,

fv(ul) f’u(ur)_f'u(ul) Z O

Fy(uy, u,) = Ur
T Jo(ur)—fo(w)
folu,) = <0,
where f,(u.) = su?, and w;, u, is the argument of F,,.

For (B.1.1), the process is the same. Here,

At

Pt = ok = 5 [Eook i) = Bpoia )] (B.1.6)
where this time,
Fyua) = § S S 20
P\, Uy foplur)=fp(w) _ g
fp(ur) Uy — U] < Y
n+1

where f,(u,) = w0}, and w;, u, is the argument of F,.

*
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B.1.3 Simplified Godunov

The simplified Godunov’s method is used to ensure all possibilities of the sign

of f'(u) are considered, following LeVeque [38]. For (B.1.2), it is taken that:

At

o = = S (R ) — By, o) (B.7)
where this time,
min U u < u
FU(UI,UT) _ . w <u<u, fv( ) | > Up
MMy, <y<u, fv(u) Uy > Uy,
where f,(u,) = u?, and w, u, is the argument of F,,.

For (B.1.1), the process is the same. Thus,

PkH =P — Ax [Fp(pk>pk+1) - Fp(pk—lapk)} ) (B.1.8)
where,
F ('LL U ) min“lﬁ“éu'r fp(u) W S Ur
1y Upr) =
g ming, <y<u, fo(0) u > Uy,

n+1

fo(uy) = u, vl and w;, u, is the argument of F),.

B.1.4 Diffusive Scheme
When considering (B.1.2), following [15], the scheme is simply an upwind

scheme with an added second order derivative diffusive term. The second order

derivative is approximated using a second order difference equation to give:

n n At n n n n n n n
'Uk—H =V — Ar [Fv(vkavk-f—l) - Fv(vk—lvvk)] +e—s— (Uk—l — 2 + Uk—f—l) )

1
Fv(“bur) - f
2
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Velocity Solution for Ax=0.625, At=0.061312, ¢=0.001

Density Solution for Ax=0.625, At=0.061312, ¢=0.001
] 18 — Simplified Godunov ||
1.8 — Simplified Godunov ' Godunov
16 Godunov 1.6 — Upwind
' ~— Upwind 1.4 — Diffusive
1.4 — Diffusive .
1.2 - ’
z 9 g 1
g 3 08
g 08 ] g o
0.6 J ] 0.6
0.4 ; 0.4
0.2 ] 0.2
0 0
-0.2 : : : : -02 : : : :
0 20 40 60 80 100 0 20 40 60 80 100
X X
(a) Density Solution (b) Velocity Solution

Figure B.1: Solution to Uncoupled System

With the initial conditions considered, v > 0, thus the upwind scheme is always:

At
P = - S - o) +

At 1
Uk T 9Ax

6 —
Ax? pp

(vp_y = 2vp + o), (B.1.9)

where € is a small parameter to be determined.

Then, (B.1.1) is solved following the upwind scheme in Section B.1.1:

R 2t S e} (B.1.10)
B.1.5 Numerical Results

The above schemes are implemented and the system is solved numerically.
Figure B.1 shows that the numerical results from the above schemes in fact agree
upon the same solution, and that solution is what one would expect the solution to
look like. All solutions are present, however, due to the agreement some solutions
are hidden underneath others.

It must be noted that the exact solution of the system in this section and all
following sections has not been computed. This is due to the fact that the analytical
solution of the pressureless gas is incredibly difficult to compute. The solution to
this system is simple enough that intuitively, the behavior of the exact solution is

known. It is understood that at this point, high level qualitative behavior can be
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determined and compared. Section B.6 addresses the issue of convergence and error
analysis.

It is also worth mentioning that the spike in the density is an expected feature
of the solution. On one part of the domain the air is moving, but in the other it
is not. Thus, there is a buildup of mass at the interface between the moving and
stationary air, which, in the case of the plume, can physically be explained by a

“puff” of air (an increase in the width of the plume).

B.2 Coupled Simple System

In this simplified system, again only density and velocity will be considered.
Thus, conservation of mass and momentum will be the only two equations remaining,
and again, this system can be recognized as the pressureless gas equations.

The system is clearly the same as in Section B.1, but this time, the equations
will be solved simultaneously to see if there is change in behavior when exploiting

the uncoupled velocity equation (see Section B.1). The system is written as:

ye+1, =0 (B.2.1)
y = (p.v)"
1
£ = (pv, 50")".

B.2.1 Upwind

This time, both equations will be solved together, meaning (B.2.1) will be

solved. Thus,
n+1 n At n n n n
Y. =Y — Az [F(Yk7Yk+1) - F(Yk;—u}’k)} ’
where,
f(u v +op >0
F(ul,ur) _ ( l) k k—1
f(u,) v +vp, <0,

2

2)T. Again, with the initial conditions considered, v} > 0, thus

and f(u,) = (puvsx, %v
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the upwind scheme is always:

Yk+1 =Y. — A_:U [fk - fk—l} . (B~2-2)

B.2.2 Godunov

The same simplified Godunov scheme from above will be used, just in vector
form. The Godunov scheme will be rederived here as the definition of dividing by
a vector is unclear. Since the simplified Godunov and Godunov schemes in vector
notation are the same, only one is considered. As with all Godunov type schemes, a
Riemann problem is solved on each mesh spacing. The Riemann problem considered

1s:

yt+fz:O

Y <0
y(z,0) =
yr x>0,

for t > 0 and z € R. In quasi-linear form, this becomes:

Y+ Ay: =0
yi <0
y(z,0) =
yr x>0,
where A = f’ is the Jacobian matrix, and:
v
A=|""
v

It is clearly seen that the eigenvalues of this matrix are \; = v and Ay = v,
with corresponding eigenvectors r; = (1,0)%, ry = (0,0)7. Thus, the system is
defective and clearly not strict-hyperbolic. Following LeVeque [38] to determine the

Hugoniot Locus, the Rankine-Hugoniot condition becomes:

pio — o = s(7 — )
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where y,y are two connected states, and it is assumed that y is known. Then,

solving for s and o:

§=17 (B.2.3)
V=10 (B.2.4)

With this, take:
pp(&;y) = p(1+9), (B.2.5)

for p = 1,2, and here the p = 1 case is the same as the p = 2 case, except that
r; # ry. This is because A\; = A5, and normally y; would correspond to A1, y2 would
correspond to g, etc. Then, 0(§;y) = 0 and y,(&;y) = ¥, + pér1, p = 1,2. With
this, it can be verified that %YP(O; y) = pr; < ry and s,(0;y) = A,.

To explore the possibilities of shock waves and rarefactions, the theory behind
the problem needs to be examined. In particular, it needs to be established whether
or not the problem has a genuine non-linearity. To be genuinely non-linear, VA, (y)-
r,(y) # 0 Vy. Is is easy to verify, that for this system, (B.2.1), VA,(y) - rp,(y) =0
Vy. Thus, the entire system (both fields) is called linearly degenerate and cannot
contain shock waves or rarefactions, only contact discontinuities. This can be seen
in Figure B.2.

Using this, a typical solution of the Riemann problem can be explained. Start-

ing again with the Rankine-Hugoniot conditions between states y and y, one has:

~

pv — pi = s(p — p)

and this time, it is taken that s = v = 0. With this, it is trivial to see that the
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Contact Discontinuity

P, P,

Figure B.2: Typical Solution to the Riemann Problem

Rankine-Hugoniot conditions are satisfied, and:

using s = v = 0. Thus, the jump is in the direction ry, and by this exercise, it
would seem that the velocity is constant across the contact discontinuity. But, as
will be shown in Section B.4, given the nature of the plume and the characteristics
of Burgers’ equation, a discontinuous velocity will eventually form in this problem.

From this, the scheme becomes:

ykﬂ =Yr — Ar [F(YkaYk-i-l) - F(Yk—b}’kﬂ ) (B.2.6)
where this time,
f(u v <0
Flu.u,) - (w) i

f(u,) v >0,
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DT and wy, u, is the argument of F.

where f(u,) = (p,v,, 202

B.2.3 Diffusive Scheme

When coupling the equations, the scheme becomes,

ka =¥Yr — Az [F(Yk7}’k+1) - F<yk717Yk)] + EE‘IC

where,
f(u) vy +vp_ >0

F(u,u,) =
f(u,) v + oy, <0,

where f(u,) = (psv,, 202)T and ¥ = (0, p—ln (vp_y — 2vp + v 4))". Again, with the
k

initial conditions considered, vy > 0, thus the upwind scheme is always:

At
vt =y - oo (5 - ] +

At

B.2.4 Numerical Results

Once again, the schemes were implemented to obtain the numerical results
shown in Figure B.3. The numerical results from the above schemes do agree with
each other and the results from the previous section. All solutions are present,
however, due to the agreement some solutions are hidden underneath others. With
the agreement between the coupled and uncoupled approaches, either method can

be used to obtain the same results.

B.3 Physically Conserved System

As with the previous two approaches, only density and velocity will be con-
sidered. But, this time, the physically conserved quantities will be examined. Thus,

the system being considered is:

pr+ (pv)y =0 (B.3.1)
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Velocity Solution for Ax=0.625, At=0.061312, ¢=0.001

Density Solution for Ax=0.625, At=0.061312, ¢=0.001
! 1.8 — Simplified Godunov (|
18 — Simplified Godunov ' Godunov
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(a) Density Solution (b) Velocity Solution

Figure B.3: Solution to Coupled System

with initial and boundary conditions chosen to be:

1

0,t) ==

p(?) 2
p(z,0)=1; x#0

1

0,t) = =

po(0,) = 3
po(,0) = 0; x40,

which can be obtained by setting the right-hand side of the unsimplified conservation
of mass and momentum equations to zero. Again, the equations will be solved

simultaneously, so the system is written as:

ye +1, =0 (B.3.3)

y = (p,pv)" = (u,v

V2 T
f=@mm3T2<ug)-

Using the fact that v = =, one can solve for v and v and then calculate v.
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B.3.1 Upwind

As with Section B.2, both equations will be solved together, meaning (B.3.3)
will be solved. Thus the upwind method is:

) NI nom
yk+1 = Yk‘ — A_x [F(yk7}’k+1) - F(Yk—l’yk‘)} )

where,
f(u) vp+vp ;>0

F(ll[,llr) =
f(u,) VP +vp, <O.

T n
It is taken that f(u,) = (V*, Z—E) , and it is noted that v} = Z—’; Again, with the
* k

initial conditions considered, v} > 0, thus the upwind scheme is always:

Yk+1 =Y — A_x [fk - fk—J . (B-3-4)

B.3.2 Godunov

The derivation of the vector Godunov scheme for this system is identical to
the previous section, and again, the Godunov scheme used is the vectorized form of

the scheme presented above. Here, the Riemann problem considered will be:

yt"—fx:O

v <0
y(x,0) =
yr x>0,

for t > 0 and = € R. In quasi-linear form, this becomes:

Vi z <0
y(x,0) =
yr x>0,
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where A = f’ is the Jacobian matrix, and:

It is clearly seen that the eigenvalues of this matrix is A\; = £, Ay = £, with
corresponding eigenvectors ry = (%,1)", ry = (0,0)”. Again, the system is defective
and clearly not strict-hyperbolic. Following LeVeque [38] in the same process as

before, by picking two connected states, expressions for s and 7 can be found:

U

= _ B.3.5
s== (B.3.5)

0
b= —. B.3.6
h= (B.3.6)

This time, with the choice of:

up(&;y) = u(1+¢), (B.3.7)

it can be verified that y,(&;y) = y,(1 +&) for p=1,2, B%yp(o;y) = Ur; x ry, and
sp(0;7) = Ap.

The definition of genuine non-linearity is again used to determine whether or
not shock waves and rarefactions are present in this problem. It is easy to verify,
that for this system, (B.3.3), VA,(y) - r,(y) = 0 Vy. Thus, the entire system (both
fields) is called linearly degenerate and cannot contain shock waves or rarefactions,
only contact discontinuities, as seen in Figure B.2.

Using this, a typical solution of the Riemann problem can be explained. Start-

ing again with the Rankine-Hugoniot conditions between states y and y, one has:
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Rankine-Hugoniot conditions are satisfied using 7 = £, and:

R u—1u
y—YyY=
v—u
| pp
pU — pou
1
=(p—1p)
v
1
= (p - ﬁ)’U U Iy,
1
using s = = = %, and o = % Thus, the jump is in the direction ry, and by this

exercise, it would seem that the velocity is constant across the contact discontinuity.
But again, as it will be shown in Section B.4, given the nature of the plume and the
characteristics of Burgers’ equation, a discontinuous velocity will eventually form in
this problem.

From this, the scheme becomes:

yitt=yp— Az F(yi,yia) —Fyivi)] (B.3.8)
where this time,
f(u v <0
Flu.u,) = (w) f

f(u,) v >0,

where f(u,) = (p.vs, 502)7, and w;, u, is the argument of F.

B.3.3 Diffusive Scheme

Due to the nature of the way in which the diffusive scheme was derived, a
system written in full conservation form cannot be solved. The mass equation needs
to be used to simplify and decouple the momentum equation, as shown in the first

two systems.
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Figure B.4: Solution to Physically Conserved System

B.3.4 Numerical Results
The numerical schemes were implemented and Figure B.4 shows that the nu-
merical results from the above schemes are drastically different than the previous
sections. The Godunov scheme has blown up, and is not even present on the plot.
Even though equation (B.3.3) uses physically conserved quantities, it is easy to
see from the plots that this solution method doesn’t give an accurate or consistent
scheme for the problem. The discontinuity has been smeared by the numerical

scheme(s) and the jump is not even propagating with the correct speed.

B.4 Continuous Initial Data

Each of the above sections were tested again, this time with continuous initial
data for velocity. The continuous initial data was prescribed to only the velocity
equation. This is due to the fact that the issues for the system originate in the
velocity equation. Two different initial conditions were used, one which provided a
continuous profile at ¢ = 0, and a second which slowly increased the value at x = 0
to create a profile continuous in time. The schemes used were exactly those above,

the new continuous data was applied to the systems in Sections B.1, B.2, and B.3.
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Initial Conditions for Continuous Initial Profile
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Figure B.5: Continuous Initial Data

B.4.1 Continuous Initial Data

The continuous initial data is given provided that the initial profile is continu-

ous at t = 0, then time progresses. Namely, the data used in the simplified problems

above, is:
i z <0
p(x,0) =< 2 - (B.4.1)
1 x>0,
and,
1 <0
v(z,0) = — 5 0<x<25 (B.4.2)
0 T > 25,

as shown in Figure B.5. This initial data is used in the simplified problems above

to obtain the results below.

B.4.1.1 Uncoupled Simple System

The system from Section B.1 is rerun with the initial data, (B.4.1) and (B.4.2),
and the results are shown in Figure B.6. As no exact solution has been derived,
visually one can see that the four schemes used to solve this problem agree upon the
solution. The agreement is so well, that as before, some solutions are hidden under

others. Starting from the smooth initial condition, the value at x = 0 propagated to
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Figure B.6: Solution to Uncoupled System With Continuous Initial Data

the right, until the solution forms a discontinuity. Once the shock appeared in the
solution, the whole discontinuity propagated as before. Visually, it seems as though
there was greater agreement between the various schemes, although this would be

better proved if an exact solution was present.

B.4.1.2 Coupled Simple System

The numerical solution of the system from Section B.2 is rerun with the new
initial data and the results are shown in Figure B.7. As it was seen when using the
discontinuous initial conditions, the agreement between schemes in Sections B.1 and

B.2 visually looks to be very good.

B.4.1.3 Physically Conserved System

The system from Section B.3 is rerun with the new initial data and the results
are shown in Figure B.8. Just as what was seen in the results from Section B.3,
the numerical results for this simulation is drastically different than what was seen
in the above two solutions. The Godunov scheme blows up instantly, and most of
the solution is not even represented on the plot. The upwind scheme smears the
discontinuity that forms from the continuous initial data, and when compared to
the solutions from the previous two solutions, the discontinuity in this simulation

travels more slowly.
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Figure B.7: Solution to Coupled System With Continuous Initial Data
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Figure B.8: Solution to Physically Conserved System With Continuous
Initial Data

B.4.2 [Initial Data Continuous in Time

This time, in an attempt to create a continuous profile in time, the value of
the velocity at = 0 is slowly increased up to a value of 1. This slow increase
eliminates the discontinuity in the initial data and the solution, until the problem

creates one. Namely, the initial and boundary data used in this simplified problems
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1s:

1 <0
p(x,0) =< ? v= (B.4.3)
1 x>0,
and,
v(x,0) =0
2t
v(0,t) = N for v(0,t) < 1. (B.4.4)

Again, this initial and boundary data is used in the simplified problems from Sections

B.1-B.3 to obtain the following results.

B.4.2.1 Uncoupled Simple System

The system from Section B.1 is rerun with the initial and boundary data,
(B.4.3) and (B.4.4). The numerical results are shown at different times throughout
the simulation including the final time, T§,, = 100. Figure B.9 displays the numer-
ical results at three different times, so each row of figures represents the solution of
density and velocity, respectively, at different times. In the first row, ¢ = 25, it can
be seen that the profile in v is growing from x = 0, but the solution has not yet
formed a discontinuity. At ¢t = 50, the second row of figures in Figure B.9, the value
of v at x = 0 has reached its highest value. From this moment in time on, the value
from x = 0 will propagate to the right, causing the solution to form a discontinuity.
Once the discontinuity is formed, the familiar profile is formed at the final time,

which can be seen in the third row of figures in Figure B.9.

B.4.2.2 Coupled Simple System

The system from Section B.2 is rerun with the new initial and boundary data
and the results are shown at various times in Figure B.10. The plots show the
solution at t = 25, 50, and 100 in each row respectively. As with all previous sections
involving the coupled system, the results are very similar to the results obtained by
the uncoupled system. Visually, the solutions are identical, which attests to the
fact that using the uncoupled velocity equation makes little difference to the overall

solution.
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Velocity Solution at t=25.0153 for Ax=0.625, At=0.061312, ¢=0.01
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Velocity Solution at t=25.0153 for Ax=0.625, At=0.061312, £=0.01
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B.4.2.3 Physically Conserved System

The system from Section B.3 is rerun with the new initial and boundary data
and the results are shown in Figure B.11. As one might expect, the physically
conserved system has the same qualities it had in the previous simulations. One
can see that at ¢ = 25, the first row in Figure B.11, the Godunov scheme is present,
but its solution is far from what the solution should be. By ¢ = 50, the second row
in Figure B.11, the Godunov scheme has blown up and is no longer shown in the
figure. The upwind scheme continues to smear the discontinuity and propagate the

at a slower speed, which can be seen in the third row of figures in Figure B.11.

B.5 Non-Homogeneous Simplified System

Just as with the continuous initial data, a source term very similar to what
is used in the full problem is added to the systems from Sections B.1, B.2 and B.3.
With the addition of a source term that depends on space, time, and velocity, the
exact solution is no longer known and intuition can no longer help. This makes an
analytical solution nearly impossible. It is also worth noting that this problem is
closest to the actual full problem being considered in this work. The source term is

added to the systems above and the results are below.

B.5.0.4 Uncoupled Simple System

The system from Section B.1 is rerun again, this time with the original initial
conditions and added non-homogeneous term. The numerical results are shown in
Figure B.12. The solution profiles are radically different from each other, and as
expected, the diffusive scheme smoothes the solution. The other schemes preserve
the spike in the density solution that was present in the other simplified problems,
although the amplitude is much lower due to the added source term. One should
note that the plot at the final time (shown here), is a near steady-state solution of
the system. If the simulation was run for longer times, the solution profile wouldn’t

change much from what is shown.
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Figure B.12: Solution to Uncoupled System With Source Term Added
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Figure B.13: Solution to Coupled System With Source Term Added

B.5.0.5 Coupled Simple System

The system from Section B.2 is rerun again with the original initial condi-
tions and added non-homogeneous term. The numerical results are shown in Figure
B.13. The solution profiles of the upwind and diffusive schemes are the same as
they are for the non-homogeneous uncoupled systems. This was expected consid-
ering all of the other numerical results obtained. In this simulation it is seen that
the Godunov scheme results changed from the uncoupled problem, although both

Godunov solutions given are much different than the upwind or diffusive scheme.
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Figure B.14: Solution to Physically Conserved System With Source Term
Added

B.5.0.6 Physically Conserved System

The system from Section B.3 is rerun again with the original initial conditions
and added non-homogeneous term. The numerical results are shown in Figure B.14.
The upwind solution is the same shape as the other systems, except the density
solution has a slightly larger amplitude than the other simulations. The Godunov
scheme has blown up and is not present on the plot, just like the other simplified

problems.

B.6 Twilight Method Verification

As one will have noticed by now, all of the previous simplified problems have
not been verified with the exact solution and a convergence and error analysis has
not been performed. As explained above, this is due to the fact that finding the exact
solutions is difficult and impossible in some situations. The simplified problems were
used in conjunction with intuition to see which schemes could handle the problem
at hand.

In this section, a method will be used to compare the numerical solutions with

a prescribed exact solutions. Both the linear and quadratic exact solutions will be
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considered in the solution of the problem:

pr+ (pv)e = fp (B.6.1)

v + (%112)9; = f,, (B.6.2)

where the right-hand side is a prescribed forcing function. The same four schemes
(upwind, Godunov, simplified Godunov, and diffusive) will be used to solve this

problem.

B.6.1 Linear Exact Solution

For the linear exact solution, it is chosen that:

v=1+t+zx (B.6.3)
p=1+2x+ 3t (B.6.4)

These exact solutions are substituted into (B.6.1) and (B.6.2) respectively to obtain

the expressions for the forcing functions:

fo=2+1+2
f, =6+ 4z + 5t. (B.6.6)

—~
0
=

SN—

With this, (B.6.1) and (B.6.2) are solved numerically and compared to the
exact solution above. The relative errors, measured in the L, norm, are shown in
Figure B.15 for various values of Az. In addition, convergence rates are given for

each scheme, which correspond to the known convergence rates of such schemes.

B.6.2 Quadratic Exact Solution

For the quadratic exact solution, it is chosen that:

v=14+x+t+z>+at+1 (B.6.7)
p=1+2x+3t+ 2> +at + 1% (B.6.8)
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Figure B.15: Relative Error and Convergence Rate for Linear Exact So-

lution

These exact solutions are substituted into (B.6.1) and (B.6.2) respectively to obtain

the expressions for the forcing functions:

fo=2+4x + 32% + 2% + 4t + 4tz + 3ta® + 26% + 3tw + °

fodiffusive = 2 + 4 + 322 + 223 + 4t + 4tz + 3ta? + 26% + 3%z + 2 — 2¢

fp =6+ 9z + 92° + 42° + 9t + 14tz + 6ta® + 72 + 6tz + 2t°.

(B.6.9)
(B.6.10)
(B.6.11)

One will notice that the forcing function for the diffusive scheme requires an

additional term. This is because the diffusive scheme actually solves the PDE:

(e (51)2)90 = €Uzz + fvdiffusive-

(B.6.12)

The extra diffusive term is reflected in the forcing function. With this, (B.6.1)

and (B.6.2) are solved numerically and compared to the exact solution above. The

relative errors, measured in the Ly norm, are shown in Figure B.16 for various values

of Azx. In addition, convergence rates are given for each scheme, which correspond

to the known convergence rates of such schemes.

Throughout this section, results make it easy to see that all schemes are first
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Figure B.16: Relative Error and Convergence Rate for Quadratic Exact
Solution

order, convergent, and accurate. In theory, this means any of the considered schemes
can be used in the full problems without issue. However, this is not the case. When
taking this and the solutions to the simplified problems above into consideration,

the following conclusions can be drawn.

B.7 Conclusions

The process of deciding which scheme to use for the full problem has been
outlined in Figure B.17. The full problem was reduced to simpler problems, which
isolated physically conserved quantities from elementary variables. From the results
of all of the simplified problems examined in this exercise, it can easily be seen that
the focus should be on the elementary variables. Finally, it needed to be decided
upon which scheme to use in the full problem. Clearly the correct choice from the
above simplified problems suggests that the diffusive scheme should be used in the
full problem. This choice is reinforced by the fact that even though this scheme is
first order, it correctly captures the features of the known simple solutions. Even
though the analytic solution for the simplified problem with the source terms is not

known, it is taken that the diffusive scheme can capture those features correctly as
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Figure B.17: Decision Tree to Find Scheme for Full Problem

well.

An appropriate value of € is something that needed to be determined through
numerical experiments. A relatively low value is needed to damp oscillations that
form in the full problem, while preserving the behavior of the solution. The scheme
is implemented using the coupled simplified system solution method. The depen-
dence of the numerical solution on e was investigated, although these results are
not presented here. A reasonable value of ¢ = .005 has been determined to be
appropriate for this model.

It is also worth mentioning that using the calculations leading to the decision
procedure, following LeVeque’s exercises [38], one might expect the velocity across
the contact discontinuity in the problem to be constant. Although this solution
has been shown to satisfy the jump conditions, it also shows that a discontinuous
velocity is inherent given the nature of the fire plume problem. The discontinuity in
the velocity stems from the fact that the velocity toward the bottom of the plume is
faster than the velocity toward the top of the plume. From Burgers’ equation, the
characteristics in this situation will clearly cross, indicating a discontinuity. This
jump in the velocity creates the jump, and results in the collection of mass in the

spike present in the density.



