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ABSTRACT 

The present work investigates the steady flow of a 

compressible, viscous, heat conducting fluid induced by a frontal 

discontinuity propagating down an infinite tube. The propagation 

speeds considered are both subsonic and supersonic. The resulting 

flow field created by the discontinuity is analyzed in a reference 

frame fixed to the discontinuity. In addition, all fluid properties 

are assumed to be constant. 

The flow field is analyzed by considering a two-dimensional 

model. The resulting equations are simplified by a suitable choice 

of the axial velocity and enthalpy profiles. The equations are then 

linearized, and closed form solutions are obtained for both subsonic 

and supersonic disturbances. The solutions upstream and downstream 

of the disturbance are coupled by "jump conditions" across the dis

turbance. These jump conditions specify the velocity and enthalpy 

changes across the disturbance. 

In addition a preliminary comparison is made between the 

linearized solution and that obtained from a nonsteady one-dimensional 

4 
analysis by Skinner. 
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SYMBOLS 

A 

a 
o 

B 

C 

F 

H 

h 

M 

m 

Pr 

P 

R 

r 

Re 

T 

t 

u 

v 

w 

x 

constant of integration (see equation 29) 

speed of sound 

constant of integration (see equation 29) 

constant of integration (see equation 28) 

stream force (see equation 56) 

nondimensional stagnation enthalpy (see equation 60) 

enthalpy 

Mach number 

mass flow rate) defined as f oc: u 

Prandtl number (also defined as cr ) 

static pressure 

tube radius 

radial distance 

Reynolds number based on tube radius 

temperature 

time 

axial velocity 

radial velocity 

ratio of axial velocity to enthalpy, u/h 

axial displacement 

Greek Symbols 

0< tube cross-sectional area 

~ change or differential across disturbance 

1 ratio of specific heats 
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dynamic viscosity 

gas density 

Prandt1 number (also defined as Pr; ~ ) 
k 

Superscripts 

* 

o 

Subscripts 

d 

o 

u 

dimensional quantities in a disturbance fixed reference 
frame 

dimensiona1ess perturbation quantities (function of 
both r and x) 

dimensionless average values 

stagnation conditions 

downstream of the disturbance 

ambient conditions or related to the disturbance propagation 
speed 

upstream of the disturbance 
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I. INTRODUCTION 

A. Review of Past Work 

This analysis was motivated by recent studies1 ,2,3 which 

analyzed the flow field produced by a vehicle traveling or a dis-

turbance propagating at high speeds through an infinite tube. In 

order to completely investigate the power necessary to produce these 

high speeds, it is necessary to determine the flow field set up by 

such a vehicle (or disturbance). 

1 2 In previous studies' the flow field, as seen by an ob-

server traveling with the disturbance, was treated as a steady flow. 

Steady flow solutions however, were only found under highly special 

conditions for a subsonic disturbance. This was primarily due to the 

fact that the upstream and downstream solutions were considered inde-

pendently. This is not possible for subsonic disturbances since con-

ditions downstream can, and in general do, influence the upstream flow. 

A recent nonsteady ana1ysis4 has shown that steady flow is asymptoti-

cally approached for a subsonic disturbance. 

B. Statement of the Problem 

This analysis concerns the flow fields established by a 

disturbance traveling through an infinite tube. The disturbance speeds 

considered are both subsonic and supersonic. In particular, the flow 

fields produced by such disturbances need to be investigated to deter-

mine if the flow can be considered steady in a disturbance fixed 

coordinate system (see Fig. 1). In addition, the resulting solutions 

must be analyzed to determine the propulsive power necessary to maintain 

a steady disturbance speed. 



In this work, the disturbance is treated as a discontinuity, 

across which the velocity and the thermodynamic variables, such as 

pressure, enthalpy, etc., can change. The flow fields both upstream 

and downstream of the disturbance (or discontinuity) are analyzed in 

detail. 
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II. LINEARIZED PERTURBATION ANALYSIS 

A. Background 

1 2 
Previous work' related to the development of the flow 

field produced by a subsonic disturbance propagating at steady speed 

has met with limited success. To investigate this problem in more 

depth, the model analyzed by Hagerup (Ref. 2) is used. In this model 

the disturbance is treated as a finite discontinuity and the far flow 

field is investigated. 

This model treats the flow field in the same sense as a 

laminar boundary layer problem where axial gradients in velocity and 

enthalpy are negligible compared to the transverse gradients. The 

radial velocity is also considered small in comparison to the axial 

velocity. In addition, the flow is assumed axisymmetric and without 

s-wirl. 

B. Governing Equations 

The resulting system of equations for the steady flow of a 

compressible perfect gas with constant properties viewed from a dis-

turbance-fixed reference frame, see Figure 1, are: 

Continuity Equation 

1. (L)~'1IG") + 
dX" Y-

Momentum Equation 

.. ~ ;:)'"/,1. * -IF 7./ '* ;;rltt. + '-z.< ~~ _ +;/J _ =-
I ~K~ r :Jr¥f 

~. ~ 0 
c>r'1l: 

(1) 

(2) 

(3) 
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Energy Eguation 

Eguation of State 

to It::. ~.o *4.. ~ 
1-'- { . (5) 

The boundary conditions for this probem are: 

* x :::; + oq * (6) u :=; Uo 

h* = h 
0 

(7) 

* r :::; R * (8) u = Uo 

h* == ho (9) 

* 0 (10) v = 

These equations are modified by defining the following non-

dimensional parameters: 

* " h :::; ho + h ho (11) 

(12) 

* ,.. 
p = Po + P Po (13) 

* r :::; Rr (14) 

* x Re R x :::; (15) 

R '" e ~fI_'UO R (16) 

~ 
2 u 2 M "" a (17) 

0 
(Y-I) h 

0 



'" A '" The terms u, h, and p are dimensionless perturbations on 

the wall velocity (uo)' enthalpy (ho ) and pressure (po) and are 

functions of both x and r. 

Substituting equations 11-17 into equations 1-5 and re-

placing the transport derivative operator 

*' ~ -I- 1/ ilt-~ 
'1L j;( • "';) r ~ by "'U6 () the resulting equations are, 

;J)( i'" 
after linearization, 

/> I'-

~ + 
2}"U _ 0 

(18) -- -
~X 

A 

""" dU )t 1\ I I~ ~ ~ (rdU )(19) 
"dX'" 

-::=. - "YM~2. ~x t-/Y)~"A..- >( + 
r ;?Jr "dr 

A /\ 

~ 
~ (rdlv) _(~-I) ~ + 1-" ~ (20) - Or d>C -ax tTr ()r 

(21) 

In Reference 2, Hagerup obtained series solutions to the 

above set of equations downstream of the disturbance. Solutions for 

supersonic disturbances were obtained but not for subsonic unless the 

values of enthalpy and velocity immediately behind the disturbance 

2 were identical. 

A more simplified approach will be taken here that will 

yield closed form solutions. The results then can be compared to 

previous work. 

For this simplified approach the radial variation of the 

velocity and enthalpy perturbations are assumed parabolic, such that 

~ _ 1I/r(><)( I-r-~) 

iu =- ~(><) ( (-r~) 
(22) 

(23) 
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By combining equations 18 through 23, integrating over 

the cross sectional area, the equations become: (for ~ = 1) 

<1£.+ 
clx 

C. Solution of Governing Equations for a Specified Heat Transfer 
Schedule 

Equations 24 and 25 comprise a set of two simultaneous 

(24) 

(25) 

linear differential equations with constant coefficients that can be 

solved explicitly for u and h. Before this is done however, these 

equations will be compared to previous work. 

1 In Faa's one dimensional analysis the stagnation tempera-

ture relative to the wall was assumed equal to the ambient wall tem-

perature. This results in a very specific type of heat transfer 

schedule such that: 

(26) 

Within the linearized approach, this condition (equation 46) 

reduces to h A O. This then replaces the energy equation, and reduces 

the momentum equation to 

fu? 0 (27) 

The solution of equation 27 is 
~ 

C 
(_8tHd 

'2l.- = €1(~ \ r~.A1 c1 "L _I 
(28) 
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Equation 28 shows: 

2 
(a) For Mo > 1 the downstream boundary condition (x+69) 

l' 
can be met and the integration constant C is determined by the initial 

perturbation value. 

(b) For the upstream flow field (x< 0) a steady solution 

is possible only if M 2...:;: 1. 
o t 

This "critical" Mach number 

Faa. However, since his approach was 

( ~ ) was also obtained by 

not linearized, the critical 

value of Mo depended on the value of u also. 

For supersonic flow however, the linearized assumption that 

h ~ 0 does not apply behind a shock wave. In addition, for subsonic 

flow both the upstream and downstream conditions must be considered 

simultaneously. 

D. Investigation of the Conditions for Steady Flow 

The solution of equations 24-25 is 

"4-

U "" A exp (-8x) + B exp (- 8'tM v.. ~) 
14,'")..-/ 

7. 

h = A exp (-8x) - Cr-l)Mo 
2 B exp (- rtHo. It" ) 

1'-1,"'-1 

(29) 

(30) 

Both equations 29 and 30 show that for a supersonic distur-

7 

bance u and h approach zero exponentially for large distances downstream 

of the disturbance. For a subsonic disturbance, however, care must be 

taken in applying these equations. Both these conditions will now be 

analyzed. 

1. Subsonic Flow 

Since a disturbance produced downstream can travel upstream 

in subsonic flow, equations 29-30 must be considered simultaneously 



both upstream and downstream of the disturbance. This was not con-

sidered in previous work. These equations then become: 

Upstream Equations 

(31) 

Downstream Equations 
4-

U" = -0 ~~ (-.f'X) + it ~ (-;1g:: ~) (33) 

'2... 

~J ~ r?r Wp (-ftr:) - (!--/)~~l3:t Wp (-g-~H,y) (34) 

1% -I' 

Applying the boundary conditions that far upstream and down-

stream of the disturbance no perturbations exist: 

x=±0(7 

equations 31-34 become: 

(35) 

(36) 

"2.-

--u: '""U = ..:8')1,.f!16 /-> (-:-I-'! M~ ~ ;G") (37) 
~ -/ 

~~~ ..... (-r--;) H,"1-~ €¥P (-.!":'-?-:I!) (38) 

1'-'1" - ( . 

?Ad = I~lct ~p (-f)&) (39) 

",[d -= ~ t!4p (- R:v) (40) 
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Since Mo < 1, the boundary conditions on both u and h 

upstream and downstream of the disturbance cannot be arbitrarily 

specified. However the change in the perturbation quantities across 

the disturbance can be specified as ~u and ~h. Then since at the 

discontinuity 

x = 0 (41) 

(42) 

the final solution becomes: 

-(A.U-A"I\ ( - ft'Hq"1- v) Uu = ~Jexp - KJ 

(t-I)H,"'-I:; . /-1.,,1._1 
(43) 

hu = (t'-I) (AU-A ~) exp (-9' rM,~ .x) 
(t'-OHO'"1.,. I H,'"1... -/ . 

(44) 

(45) 

(46) 

These results show that for a disturbance propagating at 

subsonic speed a steady flow field both upstream and downstream of 

the disturbance is possible. These solutions are dependent upon the 

specified jump conditions (~u and~h). 

Equations 45-46 show that at the discontinuity (x = 0) the 

following interrelationships hold 

hd = ud 

hu = - ( 1" -1) ~ 2 Uu 

(47) 

(48) 
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The relationship expressed by equation 47 for the downstream 

flow field is the same as that previously found by Hagerup,2 and also 

1 
discussed by Foa. While the upstream flow field has solutions only 

if equation 48 is satisfied. 

The downstream condition (equation 47) results in no pressure 

perturbation aft of the discontinuity, also obtained in Ref. 1 and 2, 

since the linearized form of equations 18 and 21 yield, 

p = h-u, x > 0 (49a) 

4 This condition was also approached in Skinner's nonsteady analysis, 

for large values of time. The nonlinear one-dimensional analysis of 

Schmid8 also shows this to be approximately true. 

The upstream condition (equation 48) is satisfied if the 

stagnation enthalpy, in a disturbance fixed reference system, remains 

constant throughout the upstream flow field (see Appendix I) such 

that, 

K<O 
(49b) 

These specific conditions are in part due to the linearization. 

Further investigation is necessary to determine whether these conditions 

are in reality approached. This question is considered in Ref. 8. 

2. Supersonic Flow 

For supersonic flow no disturbance downstream can propagate 

upstream; therefore, the boundary conditions reduce to 

x = + 00 (50) 

(51) 
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and equations 29-30 need only be applied for x ~ o. 

For the above conditions and with the jump values of equa-

tions 41-42 specified (where now Uu = 0, hu = 0) the supersonic 

solution becomes: 

u = 0 u (52) 

(53) 

(54) 

With the solutions obtained for both subsonic and supersonic 

disturbances, the jump conditions must be related to the disturbance 

speed as well as the mode of propulsion. These relationships will now 

be derived. 

E. Relations Between Jump Conditions and the Mode of Propulsion 

Before relating the jump conditions to the mode of propulsion 

the terms internal and external propulsion will be defined. Internal 

propulsion is defined as propulsion by the fore-to-aft transfer of the 

air in the tube through the space surrounding a vehicle (or through the 

disturbance). External propulsion is defined as a reaction to a force 



that is exerted on a stationary structure. 

1. Internal Propulsion 

For internal propulsion there is no change in the stream 

force across the disturbance. The stream force is defined as9 ,10 

12 

* .* * F=pcX+rn u (56) 

Expressing this in terms of the perturbation and nondimension-

a1 quantities this becomes 

F 1+ U- (57) 

Specifying conditions fore and aft of the disturbance with 

subscripts u and d respectively, the change in the stream function 

across the disturbance is 

I+Ud 

I.f- ~-z,t- ~ 4 "7 
}' M~ 2. (1-1- 21.'4.) (58) 

where ~~ the increase in the nondimensional stream force across the 

disturbance, equals zero for internal propulsion. 

2. External Propulsion 

For the case of external propulsion there is no change in the 

flow stagnation enthalpy across the disturbance. This condition, non-

dimensionalized and in terms of the perturbation quantities, becomes: 

1 + h + (1+u)2 
2 

(r-l) M = Constant 
2 0 

(59) 

Across a disturbance the change in the stagnation enthalpy 



is expressed as 

~here ~fI, the increase in the nondimensiona1 stagnation enthalpy 

across the disturbance, equals zero for external propulsion. 

3. Linearized Conditions Relating the Jump Quantities 
to the Propulsion Mode 

Equations 58 and 60 are now linearized yielding 

-.l... (~-U-A~) =. Ll;t' 
;rHo .... 

41v + (r_I)H,L4U ~ 41-1 

Solution of equations 61-62 for the jump conditions yields 

t" Hq -z.. .6. 7 - A H 
H, ""L_I 

(t rlo ~ _ /) Ll H - '3' ~ ~ ( 1':.-1) A '7' 
/'--1

0 
-a... ~ I 

13 

(61) 

(62) 

(63) 

(64) 

Therefore, within the restrictions of the linearized approach 

and the associated assumptions the jump conditions can be found when 

the disturbance Mach number and the change in stagnation enthalpy and 

stream force across the disturbance are given. 

F. Results 

Numerical results from equations 43-46 and 52-55 are shown 

in Figures 2 to 4. 

For the subsonic case the jump conditions chosen were ~u • 1.5, 

and ~h = 1.12. They were selected to be in very close agrAA~~~r rn rhe 
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4 steady asymptoic values obtained by Skinner from a nonsteady one-

dimensional analysis using the method of characteristics. Direct 

comparison, however, cannot and should not be made between this 

linearized perturbation analysis and Skinner's nonlinear, nonsteady, 

turbulent analysis. The nonsteady subsonic analysis, however, does 

tend to predict steady flow after a large time with jump conditions 

of this nature. 

In Figure 2 both u and h are superimposed since the linearized 

subsonic solution for the downstream flow (see equation 47) yields 

For the supersonic case the jump conditions chosen were 

~u = -.29 andAh = 8. These correspond to the conditions Skinner 

obtained a very short distance behind the disturbance. For both the 

subsonic and supersonic cases considered here a steady flow satisfy-

ing all boundary conditions is clearly obtained. In the supersonic 

case the dimensionless velocity perturbation (u) changes sign before 

decaying to zero. Heat however is still transferred to the wall, even 

when u = 0, since the heat transfer rate here depends upon the enthalpy 

gradient rather than on Reynolds ana10gy.S This was first pointed out 

2 in Hagerup's work. In order to obtain such a reversal in sign for 

the velocity perturbation it is necessary that the ratio ud/hd be 

negative (see Appendix II). Further cons~derations of this are pre-

sented in Ref. 8. 

G. Conclusions 

turbation 

The results of this analysis show that the linearized per-

1-2 
approach agrees quite well with previous analysis. At 



subsonic speeds, it is necessary to consider the flow field both 

upstream and downstream of the disturbance. But, for a supersonic 

flow field, a disturbance can only propagate downstream. 

15 

For both supersonic and subsonic conditions steady flow 

solutions are obtainable both upstream and downstream of the dis

turbance. The boundary conditions at the disturbance are appropri

ately the "jump conditions" where the change in the dimensionless 

velocity and enthalpy perturbations across the disturbance are speci

fied, rather than the values upstream and downstream. For supersonic 

flow, these conditions are also jump conditions but under this con

dition, the values of u and h upstream are zero. These jump conditions 

must then be related to the speed of the disturbance as well as its 

mode of propulsion. Once the propulsion conditions are specified, 

steady solutions are obtained for both the upstream and downstream 

flow field for subsonic as well as supersonic disturbances. 
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APPENDIX I 

Equations 43-44 for the linearized upstream solution show 

that 

(1-1) 

Now the stagnation enthalpy, in a disturbance fixed refer-

ence system is defined in nondimensiona1 terms as 

Expanding the above equation and using equation 1-1 there 

results: 

= 

If this is linearized then 

Since Mo is constant, these conditions indicate that the 

stagnation enthalpy remains constant throughout the upstream flow 

field. 



APPENDIX II 

To investigate when the linearized supersonic solutions 

display a reversal in the velocity or enthalpy perturbation, equa-

tions 54-55 must be considered. They are given as 

where 

B = 

yielding 

u = 

h 

A = 

/J ~p (-?x) _ (1"-/)~'L:B~r (- R~Md'2. J:") 
~ -I / 

A 'k (f" - /) I'-1Q"'L. + 4 ~ 
/ f- (1--I) 1'-1, ?-

Now u __ 0 when x -... OQ, and also when 

The above can be solved to find the position when u = 0 

(~~-I)~ (~;) 
_ f ((1'-1) H(1 ':J...,t 1 j 

In order to obtain a value of x that is positive it is 

necessary (for Mo ..,.1) that 

A(-~) <0 
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Substituting the values for A and B, dividing by h, and 

defining w ~ * yields 

therefore 

or 

kT (f-I)Md"'L--/- I) ....; 0 
l- ;v-

'1.. 
7N (t'_/)M, +- ! -<- 1 

I---W-

19 

Therefore w must be negative to get reversal of the velocity 

perturbation. Since for supersonic flow ul and hl = 0, this requires 

be negative. 

A similar approach using the equation for h shows that the 

enthalpy perturbation can experience a reversal only if is 

negative. 

The above relations are sufficient but not necessary con-

ditions for the reversals mentioned. 

The necessary condition regarding the velocity reversal (with 

w < 0) is now considered. The distance when this occurs is 

For w < 0 the above equation yields positive values for x 

only if 

:>0 
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therefore 

This confirms that 

w == 2 
must be negative. 

Similarly for the reversal of the enthalpy perturbation 

it can be readily shown that the condition 

is the necessary one. 


