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Abstract 

Random fiber networks are assemblies of one-dimensional mechanical elements used to 

model the mechanics of various natural and man-made materials such as biopolymer 

gels and synthetic nonwovens. The small-strain mechanics of identical straight fibers has 

been subjected to detailed investigation, resulting in homogenization relations that 

express relations between network stiffness and microstructural properties. Chapters 2 

and 3 of this dissertation extend such studies to account for situations where non-

identical fibers or crimped fibers are present in the network. Such situations are 

ubiquitously observed in various systems, e.g. in collagenous soft tissue where fibers 

might be crimped and multiple types of fibers can be present. 

Chapter 2 addresses the mechanics of networks with non-identical fibers where fiber 

properties are sampled from statistical distributions. Finite element simulations and 

theoretical arguments are used to show that irrespective of network geometry, increasing 

the variance of fiber properties decreases the small strain network stiffness on average 

and the amount of network softening is proportional to the variance of fiber properties. It 

is further shown that the variance of small strain network stiffness scales linearly with 

the variance of fiber properties and inversely with the number of fibers. This chapter 

reports simulation results using 2D Mikado and 3D Voronoi and Delaunay networks. 

The analytical arguments used to prove the scaling laws include deriving a relation 

between fiber stiffness and network stiffness and ensemble averaging of a series 

approximation. Chapter 2 concludes with an extension to finite deformation behavior of 

networks with non-identical fibers. Estimating the effective stiffness of networks is 

followed in chapter 3 where the effect of fiber crimp (tortuosity) on network properties 

is addressed. In addition to numerical results for 3D Voronoi networks, semi-analytical 

arguments are provided to derive lower bounds for softening due to fiber crimp and also 

a series estimation for effective modulus. Implicit finite element analysis are performed 

to study the finite strain network behavior in the presence of crimp and finally the effect 

of fiber crimp is studied in a coupled fiber-matrix model for soft tissue.  

Chapter 4 introduces two models for simulating the mechanics of cross-linked 

networks of ribbon-like fibers: a coarse-grained bead-spring model and a finite element 

model. The coarse-grained model is used to prepare geometric models mimicking those 
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observed in experiments using cellulose fibers and then the two models are used to test 

the small-strain mechanical behavior of the prepared network geometries. The models 

predict qualitatively similar mechanical behavior predicting linear dependence of 

network stiffness on the density of cross-links. Chapter 4 concludes with analyzing the 

computational parallel performance of the two models. 

The 5
th

 chapter is an extension of the micromechanical results pertaining to random 

fiber networks to random continuum composites. The effective elasticity and 

conductivity of composites with random microstructural properties are studied using 

finite element models. The composite systems consist of isotropic homogeneous 

subdomains having properties sampled from a statistical distribution. It is shown 

numerically and analytically that the effective Young’s modulus and heat conduction of 

the random composites linearly decrease with increasing the variance of microstructural 

properties. Also the variances of these effective properties scale linearly with the 

variance of microstructural properties and inversely with the number of considered 

subdomains. The analytical arguments in this chapter are a generalization of the relations 

introduced for fiber networks in chapter 2, introducing relations between effective 

composite properties and the properties of an inhomogeneity.  

The conclusions are outlined in chapter 6, along with an outline of the principal 

advances made in this work and a discussion of the suggested future directions of 

research immediately related to the contents of this thesis.  
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1. Introduction and Literature Review
1
 

This chapter introduces the basic results about the effective mechanical properties of 

fiber networks and composite materials. Random fiber networks are studied because of 

their numerous applications including in modeling of materials such as biopolymer 

networks, amorphous materials and synthetic nonwovens while composites are 

considered to provide predictive knowledge of materials made by joining of 

homogeneous phases with different properties such as reinforced concrete and mixes of 

fiber glasses in polymeric matrices. In both fiber networks and composites, evaluating 

the effective properties is explored in terms of various microstructural properties. 

1.1 Fiber network mechanics 

Assemblies of one-dimensional elastic beams or trusses have been used as 

mechanical models for materials with fibrous, open cellular or periodic lattice 

microstructures (see [1] for a review). For example Head et al. [2] used networks of 

beams to model the mechanics of biopolymer gels (also see van Dillen et al. [3]). Beam 

structures have also been previously used to study cellular materials such as foams [4] 

and also in studies of the mechanics of paper [5]. Similarly, regular lattices of beams 

have been used extensively in structural engineering to represent beam frameworks [6] .  

In the last decade, random fiber networks have been used to represent assemblies of 

semi-flexible filaments, i.e. filaments in which the bending stiffness of fibers is not 

negligible, encountered in biological materials. The structural element of eukaryotic 

cells, the cytoskeleton, is a complex, active network composed from multiple types of 

fibers, while connective tissues contain as the primary element a network of collagen 

and elastin. This pervasiveness of network structures in biomaterials and biological 

                                                 

Portions of this chapter are to appear in:  

E. Ban, V. Barocas, M. Shephard and C. Picu, "Softening in random networks of non-identical beams," 
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Portions of this chapter have been submitted as: 

E. Ban, V. Barocas, M. Shephard and C. Picu, "Effect of Fiber Crimp on the Elasticity of Random Fiber 

Networks with and without Embedding Matrices," J. Appl. Mech.-T.A.S.M.E. 
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structures has stimulated an intense activity in this area. A review of these efforts is 

provided in [7].  

1.1.1 Networks with identical fibers 

In both 2D and 3D models network stiffness is affected by various parameters 

including density, 𝜌 (total fiber length per unit area or volume), the mean fiber length, 𝑙 ̅

(also denoted by 𝑙𝑐 in the literature) and the fibers axial and bending stiffness, (𝐸𝐴)𝑓 and 

(𝐸𝐼)𝑓 respectively. In thermal systems, the filament bending stiffness can be 

alternatively quantified by the fiber persistence length. For homogeneous networks, a 

characteristic length scale is defined as 𝑙𝑏 = [(𝐸𝐼)𝑓 (𝐸𝐴)𝑓⁄ ]
0.5

. It has been shown that 

homogeneous networks with various (𝐸𝐴)𝑓 and (𝐸𝐼)𝑓 values, but with the same 𝑙𝑏 have 

the same network stiffness. When 𝜌 and/or 𝑙𝑏 increase, the network approaches a limit in 

which the strain energy is predominantly stored in the axial mode of fiber deformation 

and the overall modulus 𝐸𝑁 scales linearly with (𝐸𝐴)𝑓 and 𝜌. As 𝜌 and/or 𝑙𝑏 decrease, 

the deformation is more non-affine, the strain energy is stored predominantly in the 

bending mode of fiber deformation and the overall modulus scales linearly with (𝐸𝐼)𝑓 

and 𝜌𝛼. The exponent 𝛼 depends on the network geometry and the dimensionality of the 

embedding space (2D versus 3D). Broedersz et al. [8] and Shahsavari and Picu [9] 

reported exponents of 3 and 8 respectively for 3D networks with elements aligned along 

the edges of a face centered cubic lattice and 2D Mikado networks respectively, while 

we observe 𝛼 = 2 for 3D Voronoi networks. So, the network modulus is highly sensitive 

to the density for systems in the non-affine, bending dominated regime. 

When subjected to uniaxial tension or shear, a cross-linked random fiber network 

exhibits an initial linear elastic deformation regime as discussed, followed by a non-

linear elastic response at larger strains [10]. The initial regime is characterized by the 

elastic modulus, 𝐸𝑁 while the tangent stiffness, 𝐸𝑡, in the non-linear range is related to 

the stress through a power law function 𝐸𝑡~𝑇𝛾 [10]. Various exponents 𝛾 have been 

reported between 1/2 and 3/2 depending on network properties [10], [11]. This initial 

power law hardening regime may be followed by another critical stress/strain at which 
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other processes, such as failure, activation of unfolding in cross-linking proteins or the 

strong strain-induced alignment of fibers are triggered [10], [12].  

1.1.2 Networks with non-identical elements 

The networks discussed in section  1.1.1, as well as most networks considered in the 

literature, are homogeneous, i.e. are made from fibers having identical properties. 

However, most networks encountered in nature are composite, i.e. are made from fibers 

with different properties. In most biological collagen networks the fibers group in 

bundles of variable dimensions [13] and hence the effective network of bundles can be 

considered a composite network. Connective tissue gains its unique mechanical 

properties due to the presence of fibers such as collagen and elastin [14]. The cell 

cytoskeleton contains protein filaments such as F-actin and microtubules [15]. In papers, 

mixtures of fibers of different stiffness are used to provide enhanced strength and 

toughness. In all of these cases the presence of the different types of fibers imparts 

special properties to the composite network, above and beyond those of the 

homogeneous networks [1]‒[3], [8], [16]‒[20].  

Composite networks have been studied much less than homogeneous networks. A 

class of composite networks constructed by adding a small number of different fibers to 

a homogeneous base network was studied only recently [21]‒[24]. Bai et al. reported 

significant network stiffening from adding small fractions of stiff fibers to a non-affinely 

deforming base network [22]. Stiffening was observed even when the added fibers were 

too sparse to form a stress-bearing network. They attributed this effect to a more affine 

displacement field due to the presence of the added stiff fibers. A similar type of 

network was studied in 3D by Huisman et al. [23] where no stiffening effect was 

observed. However they reported that the presence of stiffer fibers reduces the critical 

strain marking the transition from the linear to the non-linear elastic regime. The 

problem of stiff fibers added to a non-affinely deforming base network was also studied 

by Shahsavari and Picu [24]. They reported that the global stiffening effect takes place in 

two steps. A transition is observed when the added stiff fibers percolate and form a 

stress-bearing network. During this process the overall stiffness increases abruptly and 

asymptotes to the value expected for the newly formed stiff network. A second transition 
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takes place at smaller densities of added fibers which also leads to a substantial stiffness 

rise. Stiff fibers bonded to a non-affinely deforming base induce an “interphase” (i.e. a 

region of the base network) in which the strain energy is stored predominantly in the 

axial mode of fiber deformation. The second transition is associated with the percolation 

of these interphases. 

In chapter 2 we study a general type of composite network models made from fibers 

having a distribution of stiffness values, which is a situation closer to that encountered in 

biological materials compared with the other few network configurations discussed in 

the literature. It is observed that in this case a single parameter describing the fiber 

properties, i.e. 𝑙𝑏, is insufficient to quantify the overall stiffness and it is necessary to 

consider the distributions of both (𝐸𝐴)𝑓 and (𝐸𝐼)𝑓. It is observed that the mean of the 

overall network stiffness, 𝐸𝑁, decreases with increasing the variance of the fiber stiffness 

distribution at constant mean of this distribution. In contrast, the variance of 𝐸𝑁 

increases with increasing fiber stiffness variance. These results are proven analytically 

for any generic structure of beams.    

1.1.3 Networks embedded in an elastic matrix 

Most biological networks are embedded in a matrix material. The effect of the 

matrix on the mechanics of the matrix-network systems has been studied recently [25], 

[26]. The usual modeling procedure in the biomechanics literature is to decouple the two 

components and consider that the matrix and network are subjected to the same 

boundary conditions but deform independently [27], [28]. A coupled model was 

developed by Zhang et al. [26], in which compatibility of the deformation field is 

insured at all points of each fiber of the model. This study indicates that in soft tissue the 

matrix and network interact strongly, which leads to a highly non-affine deformation and 

a very heterogeneous stress field. This is expected to play an important role in material 

failure. Networks embedded in an elastic matrix are modeled in chapter 3 where the 

effect of fiber crimp on network properties is studied. It is observed that the effect of 

fiber crimp on the small-strain stiffness of soft tissues is very small. The problem of 

fiber waviness in the presence of an embedding matrix has also been studied in the 

context of fiber reinforced composites [29]‒[32]. Similar results have been previously 
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reported in the fiber reinforced composite literature suggesting that isotropic fiber 

waviness reduces the reinforcing properties of the fibers [29].   

 

 

1.1.4 Effect of fiber crimp (tortuosity) 

Crimped athermal fibers are encountered in both biological and synthetic unloaded 

networks. Various models have been developed to account for this feature [12], [33]‒

[35]. The simplest models assume that fibers are straight, but their response to stretch is 

modified and includes an initial regime, the crimp pull-out regime, in which deformation 

takes place at zero or very small axial force [27], [33], [35]. This effective constitutive 

behavior of the fibers can be derived based on the response of the actual, crimped fibers 

to stretch [34], [36]. The prediction of the behavior of the network of curved fibers can 

then be made either using the assumption of affine deformation of the fiber end-to-end 

vectors [27], [35], or with a more detailed, discrete network model. 

Kabla and Mahadevan [34] performed experiments on synthetic polyester felts in 

which the majority of fibers are crimped, and related the fiber and network behaviors 

using a reduced representative network model with six fibers. They explicitly account 

for fiber curving statistics which is used to evaluate the constitutive behavior of the 

fibers in the representative model. Onck et al. [12] and Huisman et al. [35] studied cross-

linked networks of curved athermal fibers numerically. They introduce initial curvature 

to fibers by using thermal statistical chain models. At small strains, fiber crimp leads to 

softer responses, and a relationship is established to quantify this softening in terms of a 

measure of crimp. The fiber undulations are pulled-out at larger global strains.   

Motivated by the observations of significant deformation nonaffinity in the 

mechanics of biopolymers [37], chapter 3 of this work addresses the effect of crimp on 

the nonaffine deformation of athermal cross-linked networks with and without an 

embedding matrix. Networks with different levels of fiber tortuosity and fractions of 

crimped fibers are considered and a quantitative relationship is established between these 

two parameters and 𝐸𝑁. To the best of our knowledge this is the first analytical model to 

explain softening in the presence of crimp for a full network without any assumption 
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about the deformation field. The large deformation response of networks of crimped 

fibers is also studied. Additionally, the effect of the matrix is accounted for by explicitly 

imposing the fiber matrix deformation compatibility, in the spirit of the model of Zhang 

et al. [25], at all points of each fiber in the model.  

1.1.5 Approximate continuum constitutive laws 

An entirely different class of models in which a more macroscopic continuum view 

is taken, has been developed for fibrous structures. These are homogenized 

representations that lack the level of microstructural detail of the discrete models, such 

as those discussed above, but can be used to model much larger problem domains. 

Homogenized models of molecular networks have been proposed early in the 

development of the theory of rubber elasticity [38], [39]. These models consider the 

molecules to behave as entropic springs and assume that the motion of the cross-links is 

affine. Similar models based on the affine deformation assumption have been derived for 

athermal networks (e.g. [40], [41]). Further developments of the theory of molecular 

networks partially relaxed the affine deformation restriction while considering a small 

number of statistical chains as being representative for the entire network. Examples are 

the four chain model [39], [42] and the eight chain model of Arruda and Boyce [43]. 

Improved models have been introduce that consider more broadly the non-affine 

deformations as well as other important factors such as structural constrains on the 

possible conformations of the chains [44], network functionality [45] and viscous effects 

caused by diffusion and mobility of the chains [46]. Continuum network models have 

also been used to capture the strain stiffening mechanism in materials with random 

fibrous microstructures [3], [33]. 

1.2 Effective properties of composites 

Homogeneous materials have the same properties at every point while 

heterogeneous (composite) materials are made by the attachment of different 

homogeneous parts (phases). The effective (overall) properties of a composite are a 

deterministic function of the geometry and properties of its homogeneous subdomains. 

However, it is not trivial to evaluate the exact effective properties in the generic case. 
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Natural and man-made composites have various applications. The extracellular matrix of 

living tissue and fiber glass polymer base mixtures are examples of natural and man-

made composites respectively. An understanding of the effective properties of these 

composites has direct applications in tissue engineering [47] and automotive design [48] 

respectively.  

In chapter 4 we study the effective small-strain elastic modulus and steady state heat 

conductivity of random heterogeneous materials. Elastic modulus relates the second 

order tensors stress and strain while conductivity relates the first order tensors heat flux 

and temperature gradient. The laws governing steady state heat conductivity are 

mathematically analogous to other forms of conduction, diffusion and fluid permeability 

that follow a linear constitutive law (see [49]). The steady state conductance problems 

are characterized by a divergence free primary field, a resulting curl free field and a 

conductance tensor relating the two using a linear constitutive relation. The mentioned 

tensor is characteristic of the studied material. In case of a heterogeneous material the 

average of the two named fields throughout the sample can be related by a representative 

tensor known as the effective conductance.  

1.2.1 Voigt-Reuss and Hashin-Shtrikman bounds 

Tremendous efforts have been made to find effective properties of various 

composites (see [50], [51]). This has led to the development of various approximate 

relations and bounds. The most generic bounds are the Voigt-Reuss bounds. These 

bounds state that the mixture of various phases has an effective property that is bounded 

by the arithmetic and harmonic averages of the phase properties weighted by the 

composition of the phases. Wiener and Hill [52] are among the authors who have 

demonstrated the validity of this rule in the cases of conductivity and elasticity 

respectively (see [53], [54]). The mentioned bounds originate in the works of Voigt and 

Reuss in studying the effective properties of polycrystals. The study by Reuss assumed a 

homogeneous (uniform) stress field throughout the sample whereas Voigt assumed a 

homogeneous field for strain. While none of the assumptions result in universally 

accurate effective properties they provide quantities that generally bound the effective 

properties. The postulation by Voigt is named the affine deformation assumption and 
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implies that all phases are subjected to the far field, prescribed strain. This leads to the 

weighted arithmetic mean bound. These bounds are sharp, meaning that specific 

arrangement of phases (assemblages) can be constructed such that the effective 

properties exactly coincide with each of the predicted bounds.  

The Voigt-Reuss bounds hold for any geometry of the mixture and hence can be 

improved by accounting for further information about the organization of the material 

phases. Hashin and Shtrikman improved these bounds for the effective properties of 

isotropic materials by using a specifically developed variational method [55]. The 

Hashin-Shtrikman bounds are also sharp and hence are believed to be the narrowest 

existing bounds for arbitrary isotropic mixtures based exclusively on the volume fraction 

of the constituent phases. Kochmann and Milton have shown that both Voigt-Reuss and 

Hashin-Shtrikman bounds are valid for stable materials even in the presence of material 

phases with non-positive definite properties [56]. Their conclusions rule out the 

possibility of making composites with extreme properties, i.e. composites with effective 

properties larger than that of the individual phases.  

These bounds make use of the volume fraction of phases as the only information 

about the microstructure of the material. Due to this reason, the separation between the 

upper and lower bounds in each pair is large and increases with increasing material 

heterogeneity. More accurate (closer) bounds can be derived for more specific composite 

geometries by taking into account the spatial distribution of phases in the composite, i.e. 

3 and 4-point correlation functions of the microstructure. Significant effort has been 

dedicated to developing such bounds over the last 2 decades. A review is provided in 

[57] , [58]. 

1.2.2 Eshelby & Maxwell inhomogeneity solutions and the dilute and self-

consistent approximations 

The subject of finding the effective properties of a mixture has been closely related 

to the effect of adding an individual inhomogeneity to an otherwise homogeneous 

medium. Such studies can be extended to a small number of inhomogeneities in a 

homogeneous base so long as the state of one inhomogeneity is not significantly affected 

by the presence of another one. These are referred to as dilute mixtures or non-

interacting inhomogeneities. Maxwell and Eshelby have provided relations for the 
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effective relative permittivity and elastic modulus of such mixtures respectively [59], 

[60]. The dilute approximation can be improved by methods that take into account the 

interaction of inhomogeneities. A certain class of such approximations is the Mori-

Tanaka method (see [61], [62]). Further, approximation methods have been developed 

by assuming that the inhomogeneities are embedded in a medium that has properties 

equal to the effective properties of the heterogeneous media that is to be determined. 

These methods are referred to as self-consistent approximations (see [63]).  

1.2.3 Effective properties of random composites  

Finding the effective properties of random composite materials is more complex 

than the homogenization of composites with periodic microstructures. However, the 

homogenization of random composites is simpler than that of stochastic composites with 

long range correlations, i.e. situations in which filler material is distributed in the matrix 

in a correlated way.  Under such assumption Drugan derived nonlocal constitutive 

relations for the elasticity of infinitely large random composites [64]. Dimas et. al. made 

use of similar assumptions in studying the effective stiffness tensor of a composite with 

phases having a lognormal stiffness distribution [65] and finally, Molineux and Beran 

took a similar approach in estimating the effective bulk modulus of an infinite random 

composite in hydrostatic deformation [66].  

It has been shown that the effective material properties can be estimated more 

precisely by including functions representing geometric information about the various 

phases of the material. Such functions can be evaluated by extracting information from 

cross-sectional images of material samples by taking into account the spatial distribution 

of phases in the composite, i.e. 3 and 4-point correlation functions of the microstructure 

[57], [58]. 

In chapter 4 we present simulations of small-strain uniaxial stretch and steady state 

heat conduction in a finite sized random composite in the limit of small variance in 

microstructural properties. We start by testing homogeneous samples and then introduce 

heterogeneity by sampling the properties of the phases from binary or lognormal 

distributions of the mean equal to the property of the homogeneous sample. We observe 

that the effective heat conductivity and elastic modulus decrease linearly with increasing 
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the variance of the phase properties distribution. We also observe that the variance of the 

effective properties scales linearly with the variance of phase properties and inversely 

with the number of homogenous domains in the sample. We use Maxwell-Betti’s 

reciprocal theorem in elasticity to relate the effective stiffness to the change in stiffness 

of a single subdomain. We use the derived relation along with statistical arguments to 

prove the observed scaling laws. We further observe that Maxwell’s reciprocity holds in 

the case of heat conductivity and use it to prove the observed scaling laws in the case of 

heat conduction. We use our derivations to show that the observed scaling laws hold for 

any random composite with small variances in microstructural properties.  



11 

2. Softening in Random Networks of Non-Identical Beams
2
 

In this chapter random networks of beams and springs in which each fiber has properties 

sampled from a statistical distribution are numerically and theoretically studied. It is 

observed that the overall network stiffness decreases on average as the variability of 

fiber stiffness increases, at constant mean fiber stiffness. Numerical results and 

analytical arguments show that for small variabilities in fiber stiffness the amount of 

network softening scales linearly with the variance of the fiber stiffness distribution. 

This result holds for any beam structure and is expected to apply to a broad range of 

materials including cellular solids. In this chapter the model and simulation method are 

explained, numerical results are presented and theoretical arguments are used to support 

them. 

2.1 Model and simulation method 

Models of random fiber networks in 2D and 3D were used in simulations. In the 3D 

simulations a cubic domain of dimension 2𝐿 was considered and a set of 6000 seed 

points (in the reference case) were randomly distributed in the domain. The seeds were 

then used to create Delaunay or Voronoi tessellations and the final cubic sample of 

dimension 𝐿 was clipped out from the center of this tessellation. Fibers were defined 

along all edges and welded at all intersections. The generated models contained more 

than one thousand fibers in all instances (1331 fibers in the reference Voronoi network). 

This number is referred to as 𝑁𝑓. The reference Voronoi network has an average fiber 

length of 𝑙 ̅ ≈ 0.1. Samples with variable fiber densities, 𝜌, and problem sizes were 

considered. A snapshot of one of the studied 3D networks is shown in Figure  2.1 Mikado 

networks were also considered in few cases to further test the results using 2D models. 

These networks were cross-linked at all fiber intersection points and were generated with 

a procedure similar to that described in [9]. 

                                                 

2
  This chapter is to appear in:  

E. Ban, V. Barocas, M. Shephard and C. Picu, "Softening in random networks of non-identical beams," 

J. Mech. Phys. Solids, vol. 87 , pp. 38-50, Feb. 2016. 
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Figure  2.1: Displacement controlled uniaxial stretch test of a 3D fiber network 

model. 

In all these models, the random network generation procedure resulted in networks 

with exponential distribution of fiber lengths. Exponential fiber length distributions have 

been previously observed in Mikado networks [67], [68] as well as in experiments on 

actin filament gels [69]. It can be noted that this is not the case for all biopolymer 

networks. For example logarithmic-normal distributions of filament lengths have also 

been observed in networks of collagen-I filaments [70]. 

The fibers are represented either as trusses of axial stiffness (𝐸𝐴)𝑓, or as two noded 

Timoshenko beams, as specified. The fiber material is considered linear elastic. The 

fiber elastic strain energy is computed as: 

𝑈 = ∫ [(𝐸𝐼)𝑓 (
𝑑𝜓(𝑠)

𝑑𝑠
)

2

+  (𝐸𝐴)𝑓 (
𝑑𝑢(𝑠)

𝑑𝑠
)

2

+  (𝐺𝐴)𝑓 (
𝑑𝑣(𝑠)

𝑑𝑠
− 𝜓(𝑠))

2𝑙𝑠

0

+ (𝐺𝐽)𝑓 (
𝑑𝜙(𝑠)

𝑑𝑠
)

2

] 𝑑𝑠 

 

( 2.1) 

where 𝑙𝑠 is the fiber contour length, 𝐸, 𝐺, 𝐴, 𝐼 and 𝐽 are the Young’s and shear 

moduli, cross-sectional area and the axial and polar moments of inertia, respectively. 

The beam cross-section is considered circular, so I is not direction-dependent. Functions 

𝑣(𝑠), 𝜓(𝑠), 𝜙(𝑠) and 𝑑𝑢(𝑠)/𝑑𝑠 represent the transverse displacement, bending rotation, 
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torsional rotation and  the normal axial strain at position s along the fiber axis, 

respectively. In the case of trusses, only the second term remains in the integral. 

A single beam element represents each fiber segment and linear elements with 

generalized sections are used. Generalized sections make it possible to vary the axial 

(𝐸𝐴)𝑓 and bending (𝐸𝐼)𝑓 stiffnesses independently. A few tests were also performed 

using networks of linear springs that can store energy only in the axial deformation 

mode.  

The overall network modulus was determined by performing small-strain 

displacement controlled uniaxial stretch tests. In these tests the displacements and 

rotations of all nodes are the degrees of freedom. These degrees of freedom determine 

the total potential energy of the system and the system equilibrium configuration can be 

found by minimizing the total system potential energy at each incremental loading step. 

The tests were performed using implicit nonlinear analysis with the Abaqus finite 

element solver.  

The applied boundary conditions are shown schematically in Figure  2.1. The left 

and right faces of the test cube were subjected to prescribed displacements in the 𝑋1 

direction. The nodes on the left face were fixed in the 𝑋1 direction. Additionally, to 

eliminate the rigid body translations and rotations one node on the left face was fixed 

also in 𝑋2 and 𝑋3 and another node on the left face was only fixed in 𝑋2. The right face 

was displaced in 𝑋1 by an amount 𝑑0 while its nodes were traction free in all other 

directions. All other boundaries were traction free. The effective network modulus was 

calculated as  

𝐸 =
1

𝑉휀0
2 ∫ 𝒕. 𝒅𝟎𝑑𝑆

𝑆𝑥

 ( 2.2) 

where 𝑆𝑥 is the initial area of the right face of the sample. 𝒕 is the computed traction 

associated with the imposed boundary displacement over 𝑆𝑥 and 𝒅𝟎 = {𝑑0, 0,0}. 𝑉 is the 

initial volume of the simulation domain and 휀0 is the small prescribed normal strain, 

휀0 = 𝑑0 𝐿⁄ . 

The beam materials were considered to be linear elastic and to behave identically in 

compression and tension. Asymmetric behavior of fibers in tension and compression was 

also considered in few cases (where specified) and only in networks in which the strain 
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energy is stored predominantly in the axial deformation mode of fibers. In these models, 

the ratio of the axial fiber stiffness in compression to the axial stiffness in tension was 

0.1.  

2.2 Model verification 

In this section the model is verified against previous findings regarding 

homogeneous random fiber networks. This also allows defining the characteristic 

bending and stretch dominated asymptotes for the particular network geometry used in 

this work. These characteristic behaviors were previously described [8], [9]. To this end, 

the ratio (𝐸𝐼)𝑓/(𝐸𝐴)𝑓 was varied while the network density, 𝜌, was kept constant. All 

networks in this set are of Voronoi type. A reference homogeneous model is defined, 

having fibers of circular cross section of radius 𝑟 = 0.02𝐿, Young’s modulus  𝐸𝑓 and 

shear stiffness 𝐺𝑓 = 𝐸𝑓/2.6. For a fiber of circular cross-section (𝐸𝐼)𝑓/(𝐸𝐴)𝑓 = 𝑟2/4. 

The reference fiber axial and bending stiffnesses are denoted by (𝐸𝐴)𝑓0 and (𝐸𝐼)𝑓0, and 

(𝐸𝐼)𝑓0/(𝐸𝐴)𝑓0 = 10−4. The number of fibers in this reference network is denoted by 

𝑁𝑓0. The overall network modulus, 𝐸, is evaluated numerically. As expected, for very 

large values of the ratio (𝐸𝐼)𝑓/(𝐸𝐴)𝑓, it is observed that 𝐸~(𝐸𝐴)𝑓, while for very small 

values,  𝐸~(𝐸𝐼)𝑓. The reference network of (𝐸𝐴)𝑓0 and (𝐸𝐼)𝑓0 is in the transition 

region and has stiffness denoted by 𝐸0. The network modulus divided by the axial 

stiffness of fibers, 𝐸/(𝐸𝐴)𝑓, is shown in Figure  2.2. The reported values are normalized 

by the corresponding values of the reference network. 
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Figure  2.2: Normalized overall modulus of homogeneous networks as a function of 

the ratio of the fiber bending and axial stiffness. The values plotted are normalized 

by the corresponding quantities of the reference network, i.e. by 𝑬𝟎/(𝑬𝑨)𝒇𝟎 and 

(𝑬𝑰)𝒇𝟎/(𝑬𝑨)𝒇𝟎 for the vertical and horizontal axes, respectively.  

 

The effect of fiber density on 𝐸 close to the two asymptotes was studied next. The 

reference fiber volumetric density was 𝜌0 ≈ 0.17. It was observed that by changing 

density 𝐸~ 𝜌 in the stretch dominated limit (right side of the plot in Figure  2.2) and 

𝐸~ 𝜌2 in the bending dominated limit (left side of the plot in Figure  2.2). A similar 

scaling law 𝐸~ 𝜌2 has been previously reported in studying open cell solids [71].  

 

2.3 Scaling laws for softening of composite networks 

Next, we considered composite networks with distributions of axial and bending 

stiffness of the constituent fibers. The moduli of these networks were compared with the 

reference homogeneous network of fiber stiffnesses (𝐸𝐴)𝑓0 and (𝐸𝐼)𝑓0 and overall 

modulus 𝐸0.  

First, we considered networks of fibers having the same axial stiffness, (𝐸𝐴)𝑓 =

103(𝐸𝐴)𝑓0, while the bending stiffness of the fibers was sampled from a normal 

distribution of mean (𝐸𝐼)̅̅ ̅̅ ̅̅
𝑓 = (𝐸𝐼)𝑓0 and coefficient of variation

3
, 𝐶𝑉(𝐸𝐼)𝑓

=

                                                 

3
 Throughout this text 𝜎 refers to standard deviation. 
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𝜎(𝐸𝐼)𝑓
(𝐸𝐼)𝑓
̅̅ ̅̅ ̅̅ ̅⁄ . The parameters (𝐸𝐼)̅̅ ̅̅ ̅̅

𝑓 and (𝐸𝐴)̅̅ ̅̅ ̅̅ ̅
𝑓 were chosen such for the network 

deformation to be bending dominated (Figure  2.2). Five hundred replicas with the same 

geometry as the homogenous network were used to obtain the distribution of 𝐸 

associated with the distribution of (𝐸𝐼)𝑓. Figure  2.3(a) shows the probability distribution 

function (PDF) of the normalized network modulus, 𝑝(𝐸/𝐸0), for two cases, with 

𝐶𝑉(𝐸𝐼)𝑓
= 0.1 and 0.2. 

It was observed that the variance of the network stiffness PDF increased with 

increasing the coefficient of variation of the fiber bending stiffness 𝐶𝑉(𝐸𝐼)𝑓
. Interestingly, 

the mean of the network stiffness, 〈𝐸〉, decreased with increasing 𝐶𝑉(𝐸𝐼)𝑓
. So, the 

composite networks were on average softer than their homogeneous counterparts.  

 

Figure  2.3: Probability density of the normalized network stiffness, 𝑬/𝑬𝟎, for 

networks with non-identical (a) bending and (b) axial fiber stiffness. (a) The fiber 

bending stiffness follows a normal distribution of mean (𝑬𝑰)̅̅ ̅̅ ̅̅
𝒇 = (𝑬𝑰)𝒇𝟎 and 

coefficient of variation 𝑪𝑽(𝑬𝑰)𝒇
= 𝝈(𝑬𝑰)𝒇

(𝑬𝑰)𝒇
̅̅ ̅̅ ̅̅ ̅⁄ . Distributions of network stiffness 

are shown for two values of the coefficients of variations of (solid blue) 0.1 and 

(dotted red) 0.2. (b) The axial stiffness of fibers in these models is selected from a 

distribution of mean (𝑬𝑨)̅̅ ̅̅ ̅̅ ̅
𝒇 = (𝑬𝑨)𝒇𝟎 and coefficient of variation 𝑪𝑽(𝑬𝑨)𝒇

=

𝝈(𝑬𝑨)𝒇
(𝑬𝑨)𝒇
̅̅ ̅̅ ̅̅ ̅̅⁄ . Distributions of network stiffness are shown for two values of the 

coefficient of variations of (solid black) 0.2 and (dashed green) 0.9.  The network 

stiffness, E, is normalized by the stiffness of the respective reference homogeneous 

network, 𝑬𝟎.  

 

In the tests mentioned above the strain energy was predominantly stored in the 

bending mode of fiber deformation.  Therefore, the observed shift was not due to a 

change of deformation mechanism from the bending-dominated to the axially-dominated 
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mode. Further, cases of axially-dominated networks were considered for similar tests. In 

these models, fibers had identical bending stiffness (𝐸𝐼)𝑓 = (𝐸𝐼)𝑓0 and a PDF of axial 

stiffnesses. The mean fiber axial stiffness was (𝐸𝐴)̅̅ ̅̅ ̅̅ ̅
𝑓 = 10−3(𝐸𝐴)𝑓0 and the coefficient 

of variation was 𝐶𝑉(𝐸𝐴)𝑓
= 𝜎(𝐸𝐴)𝑓

(𝐸𝐴)𝑓
̅̅ ̅̅ ̅̅ ̅̅⁄ . The result is shown in Figure  2.3(b) for 

networks with 𝐶𝑉(𝐸𝐴)𝑓
= 0.2 and 0.9. The trends are identical to those seen in 

Figure  2.3(a), but the effect is more pronounced since the variance of the fiber stiffness 

distribution is larger.  

Various network geometries (3D Voronoi, 3D Delaunay and 2D Mikado), various 

types of fiber stiffness distribution (normal, log-normal and bimodal) and various values 

(𝐸𝐴)̅̅ ̅̅ ̅̅ ̅
𝑓 were considered in separate simulations. (𝐸𝐴)̅̅ ̅̅ ̅̅ ̅

𝑓 values ranging from 10−3(𝐸𝐴)𝑓0 

to 103(𝐸𝐴)𝑓0 were considered in the tests. So, values close to both axial and bending 

asymptotes of the plot in Figure  2.2, and in the transition region were considered. The 

tests were performed using different 𝐶𝑉(𝐸𝐼)𝑓
 and 𝐶𝑉(𝐸𝐴)𝑓

 values and the average network 

softening was measured. The results of these tests are shown in Figure  2.4. In 

Figure  2.4(a) the relative network softening, (𝐸0 − 〈𝐸〉)/𝐸0, is plotted against the 

coefficient of variation of the fiber stiffness. The figure shows 𝐶𝑉(𝐸𝐼)𝑓

2  or 𝐶𝑉(𝐸𝐴)𝑓

2  if 

(𝐸𝐼)𝑓 or (𝐸𝐴)𝑓 are sampled from distributions, respectively. The various symbols 

correspond to networks with the various properties listed in Table  2.1. It is observed that 

if the network is selected close to the bending dominated asymptote of the plot in 

Figure  2.2, there is no significant effect due to the variability of the fiber axial stiffness. 

This is expected since 𝐸 is not significantly affected by the fiber axial stiffness close to 

the bending dominated asymptote. Similarly, 𝐸 is not affected by a distribution of fiber 

bending stiffness if the system is close to the axially dominated asymptote. 

If the parameters are such that the network is not close to the stretch dominated 

asymptote it was observed that, in all cases, the network softening is proportional to 

𝐶𝑉(𝐸𝐼)𝑓

2 . Hence, with all other parameters kept constant and variable 𝜎(𝐸𝐼)𝑓
,  

𝐸0 − 〈𝐸〉 ~ 𝜎(𝐸𝐼)𝑓

2  ( 2.3) 

In Figure  2.4(b) the normalized variance of the network stiffness is plotted against 

the coefficient of variation of the fiber stiffness, 𝐶𝑉(𝐸𝐼)𝑓

2 . It was observed that 𝐶𝑉𝐸
2 is 
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proportional to 𝐶𝑉(𝐸𝐼)𝑓

2  and the scaling prefactor depends on the average nodal 

coordination number and 𝑁𝑓. It was also observed that if all other parameters stay 

constant and only 𝜎(𝐸𝐼)𝑓
 varies, 

𝜎𝐸
2 ~ 𝜎(𝐸𝐼)𝑓

2   ( 2.4) 

Similar results were obtained when (𝐸𝐼)𝑓 was identical for all fibers and (𝐸𝐴)𝑓 was 

sampled from a distribution. In this case the network softening and variance of the 

stiffness distribution scale linearly with 𝜎(𝐸𝐴)𝑓

2 . 

Figure  2.4 also shows data for 3D Delaunay and 2D Mikado networks, which all 

follow the scaling laws shown by Eqs. ( 2.3) and ( 2.4). The Mikado, Voronoi and 

Delaunay networks considered have average nodal coordinations (average number of 

fibers connected at a cross-link) of 3.76, 4.00 and 21.12 respectively. The scaling 

prefactor for Delaunay networks is smaller. This can be attributed to the difference in the 

nodal coordination number. Furthermore, the dimensionality of the system (2D vs. 3D) 

does not affect the scaling laws. Note also that the structure of Voronoi networks (which 

is closer to that of open cell foams) is very different from that of the Mikado networks 

(mimicking paper and fiber mats used in consumer products) and Delaunay networks, 

but the scaling laws of Eqs. ( 2.3) and ( 2.4) are not affected by these factors. 

 

Table  2.1: Parameters of the various network models considered in the numerical 

study and associated symbols used in Figure  2.4.  

# Symbol (𝑬𝑨)𝒇
̅̅ ̅̅ ̅̅ ̅̅ /(𝑬𝑨)𝒇𝟎 Distribution Geometry 

1 Open Cyan Diamonds 10
3
 Normal Voronoi 

2 Green Plus Signs 10
2
 Normal Voronoi 

3 Open Grey Squares 10
-2

 Normal Voronoi 

4 Filled Red Diamonds 10
-3

 Normal Voronoi 

5 Open Black Triangles
*
 10

-3
 Normal Voronoi 

6 Red Crosses 10
-3

 Bimodal
†
 Voronoi 

7 Open Black Circles 10
-3

 Lognormal Voronoi 

8 Filled Green Diamonds
‡
 1 Normal Voronoi 

9 Filled Navy Triangles 10
-3

 Normal Delaunay 

1 Filled Blue Circles§ 10
-3

 Bimodal Delaunay 

1 Filled Black Squares‖ N/A Bimodal Delaunay 
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1 Filled Green Circles 10
-3

 Bimodal Mikado 

*This sample included a different geometric replica of the Voronoi network.  

†In these tests the stiffness of each fiber was randomly chosen as either (𝐸𝐴)𝑓
̅̅ ̅̅ ̅̅ ̅̅ + 𝜎(𝐸𝐴)𝑓

 or (𝐸𝐴)𝑓
̅̅ ̅̅ ̅̅ ̅̅ − 𝜎(𝐸𝐴)𝑓

. 

‡The elastic behavior of this sample was not close to either of the stretch or bending dominated asymptotes. 

§This sample includes fibers with asymmetric behavior in compression and tension as explained in the text. 

‖Indicates tests on networks of linear springs (zero bending, torsional and shear stiffness). 

 

 

Figure  2.4: (a) The normalized softening and (b) normalized variance of the overall 

network stiffness against the coefficient of variation of the stiffness of the 

constituent fibers. For each data set, both these quantities scale linearly with the 

variance of the fiber stiffness. The variable on the horizontal axis is the coefficient 

of variation of the distribution of either (𝑬𝑨)𝒇, (𝑬𝑰)𝒇 or 𝒔𝒇 as appropriate for the 

respective test. The various symbols used here are described in Table  2.1 or in the 

text. Each point in this plot was obtained by averaging over five hundred replicas. 

𝒌 in the scaling laws denotes the fiber stiffness in a single mode, either (𝑬𝑨)𝒇, (𝑬𝑰)𝒇 

or 𝒔𝒇. The values shown by the vertical axes are normalized by the small-strain 

stiffness of the respective homogeneous network stiffness, 𝑬𝟎, for each data series. 

 

We further investigated axially-dominated systems in which the fibers have 

compressive axial stiffness much smaller than their tensile stiffness. This models 

situations in which fiber buckling occurs under local compressive loading and the post-

critical, bending-dominated stiffness of buckled fibers is very small compared to their 

stiffness in tension. To this end, we rendered (𝐸𝐴)𝑓 different in tension and 

compression, the tension-compression asymmetry being characterized by the ratio 

(𝐸𝐴)𝑓
𝑐𝑜𝑚𝑝 (𝐸𝐴)𝑓

𝑡𝑒𝑛𝑠⁄ = 0.1. As the results shown using filled blue circles in Figure  2.4 

indicate, Eqs. ( 2.3) and ( 2.4) hold in this case as well.  
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We also tested networks of harmonic springs that have no bending or shear 

deformation mode. The results are shown with filled black squares in Figure  2.4 and 

indicate that Eqs. ( 2.3) and ( 2.4) hold for these networks too. The spring network 

simulations are performed using the Delaunay network geometry to insure stability. In 

this case, the network modulus is measured in units of 𝑠�̅�/𝐿 where 𝑠�̅� is the average 

spring stiffness and the stiffness of the springs in the model is sampled from a 

distribution with a coefficient of variation 𝐶𝑉𝑠𝑓
2 . 

As discussed in the literature, the network modulus is generally influenced by size 

effects [9], [72], [73]. We tested the effect of the model size on the results reported 

above and observed that the softening behavior (Figure  2.4(a) and Eq. ( 2.3) is not 

affected by the size effect. In contrast, the variance of the network modulus, 𝐸, vanishes 

for infinitely large networks. In Figure  2.5 the pink circles and navy diamonds 

correspond to networks containing different numbers of fibers. The circles correspond to 

a network whose dimensions were increased by a factor of 1.5 relative to the reference 

network, while the diamonds correspond to a network with 1/3 the reference network 

density. Varying 𝑁𝑓 leaves the scaling laws ( 2.3) and ( 2.4) unchanged and only affects 

the pre-factor in Eq. ( 2.4). 

In Figure  2.5 the red plus symbols show the dependence of the variance of the 

network modulus on 𝑁𝑓. 𝑁𝑓 was altered by changing the network size in one case and by 

changing the fiber density in another case. The red plus sign with the smallest 𝑁𝑓 

corresponds to networks with a density 1/3 of the reference network, while the point 

with the largest 𝑁𝑓 corresponds to tests with networks that are 1.5 times larger than the 

reference network. In each of these tests the networks had the same geometry. Multiple 

replicas were considered for each data point. A constant value of 𝐶𝑉(𝐸𝐴)𝑓

2 = 1.6 × 10−3 

was used in all these tests. The 𝐶𝑉𝐸 and 𝑁𝑓 values are normalized by the corresponding 

parameters of a network with 𝑁𝑓 = 𝑁𝑓0. 

To provide a reference, homogeneous networks of different size were also 

considered. In this case the variability of the modulus is due to geometric variability 

from replica to replica. Different initial seed points were used to create samples with 

geometric variability. The resulting variability of the network modulus is also shown in 
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Figure  2.5. The 𝐶𝑉𝐸 and 𝑁𝑓 values reported for these tests are normalized by the 

corresponding parameters from tests with 𝑁𝑓 = 𝑁𝑓0. The black circles correspond to 

samples of various sizes while the triangles correspond to samples with various fiber 

densities. Whether the variability in 𝐸 results from the fiber stiffness distribution or in 

the case of homogeneous networks from geometric variability, the variance of the 

network modulus scale inversely with the number of fibers: 𝜎𝐸
2 ~ 𝑁𝑓

−1.  

 

Figure  2.5: Normalized coefficient of variation of the network stiffness against the 

normalized number of constituent fibers. The source of variability in network 

stiffness was either geometric (for homogeneous networks) or due to the variability 

in fiber properties (in composite networks). The data series are described in the 

text. Each point in this plot was obtained by averaging over 500 replicas. 

Since the variability in 𝐸, whether caused by geometric variability or by variability 

in fiber properties in composite networks, vanishes at large 𝑁𝑓, it can be concluded that 

the cases reported here (given network geometry, but with fibers of stiffness sampled 

from a distribution) are representative for composite networks of large dimensions.  

It is further interesting to inquire whether the effect discussed persists in the non-

linear range of the network response. Most physical systems with fiber network structure 

undergo large deformations and the linear elastic regime is limited to relatively small 

strains (function of the network density). To clarify this issue, we tested 3D Voronoi 

composite networks in the non-linear range and evaluated the stress-dependent tangent 

stiffness. We use fibers with bimodal distributions of properties in these tests. Figure  2.6 

shows the stiffness vs. stress plot for the reference homogeneous network and for 
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composite networks with nonzero 𝐶𝑉(𝐸𝐴)𝑓
 or 𝐶𝑉(𝐸𝐼)𝑓

. As previously shown in 

experiments using collagen networks and simulations using random fiber networks [10], 

the curves exhibit two regimes: a constant stiffness regime at small stresses and strains 

and a power law dependence of the stiffness on the stress at higher stress values. 

Network softening associated with increasing the variance of the fiber properties 

distribution is visible in the linear elastic range and in the transition to the non-linear 

range. Deep into the non-linear range, the curves merge and the tangent stiffness 

measured at the same stress value becomes independent of the variance of fiber 

properties. When measured at the same value of the strain, the tangent stiffness has a 

similar trend with increasing strain, but the convergence to the regime in which 

fluctuations in fiber properties have no effects on the stiffness is slower. In the systems 

studied, the difference in tangent stiffness from microstructural variability persists up to 

strains as high as 50%.  

 

Figure  2.6: Variation of the tangent stiffness, 𝑬𝒕, with true stress, 𝑻, for the (filled 

red diamonds) reference homogeneous network and for composite networks with 

𝑪𝑽(𝑬𝑨)𝒇
 equal to (filled green triangles) 0.5, (open brown triangles) 0.8 and (open 

black squares) 0.9 and (open black circles) 𝑪𝑽(𝑬𝑰)𝒇
= 0.9. The two axes are 

normalized with the small strain stiffness of the corresponding reference 

homogeneous network, 𝑬𝟎. 

2.4 A relation between network stiffness and element stiffness 

In this section, analytical arguments are provided to support Eqs. ( 2.3) and ( 2.4) and 

demonstrate their validity for any structure of beams subjected to small deformations. To 

this end we first find the change in the overall structural stiffness due to generalized 
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forces applied to their internal nodes. Then we consider replacing a structural element of 

the structure by the generalized forces it applies to the structure. This leads to a relation 

between the overall structural stiffness and the stiffness of an element. Finally this 

relation, along with statistical arguments, are used to derive the scaling laws ( 2.3) and 

( 2.4) in the limit of small beam stiffness variability.  

We consider a reference state (state 0) in which the structure is subjected to 

displacement boundary conditions over a part of its boundary, 𝑆𝑥 ∪ 𝑆𝑥
′ , and zero 

tractions boundary conditions elsewhere. To make the discussion specific, we consider a 

uniaxial deformation in which zero displacements are applied on 𝑆𝑥
′  in the 𝑋1 direction 

and the displacement 𝒅𝟎 is applied at all points of 𝑆𝑥 in the 𝑋1 direction. The traction 

over 𝑆𝑥 in the 𝑋1 direction is denoted by 𝒕𝟎. The displacement field corresponding to 

these boundary conditions is denoted by 𝒖𝟎 and the overall stiffness in this state, 𝐸0, 

results from Eq. ( 2.2). 

2.4.1 The addition of an axial element 

We modify the reference structure of state 0 by the addition of an element which has 

only a finite axial stiffness 𝛿(𝐸𝐴)𝑓, to generate state 1 of overall stiffness 𝐸1. We 

replace the effect of the added element by point forces of magnitude 𝑓1
∥  and express 𝐸1 

in terms of 𝐸0 and 𝑓1
∥. Then we replace the forces by the element and find 𝐸1 in terms of 

𝐸0 and 𝛿(𝐸𝐴)𝑓.  

As shown schematically in Figure  2.7, state 1 can be constructed by adding a pair of 

equal and opposite forces to state 0.  Consider that in state 0, before adding the two 

forces, the respective element would deform axially by an amount Δ0
∥ = 𝑢′0

∥ − 𝑢0
∥  where 

𝑢′0
∥  and 𝑢0

∥  are the axial displacements of the two ends of the element in state 0. The addition of 

the force couple changes the boundary traction over 𝑆𝑥 from 𝒕𝟎 to 𝒕𝟏. By applying the 

Maxwell-Betti’s reciprocal theorem [60] to the states 0 and 1 we can write 

∫ 𝒕𝟏. 𝒅𝟎𝑑𝑆
𝑆𝑥

= ∫ 𝒕𝟎. 𝒅𝟎𝑑𝑆
𝑆𝑥

+ 𝑓1
∥Δ0

∥  ( 2.5) 
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Figure  2.7: Schematic representation of state 1. 

 

Clearly, the application of the forces 𝑓1
∥ leads to a new displacement field and a new 

elongation of the beam, denoted by ∆1
∥ . A similar state 2 can be defined by adding two 

similar forces of magnitude 𝑓2
∥ to state 0. Schematics of the considered element in states 

0, 1 and 2 are shown in Figure  2.8. 

 

Figure  2.8: Schematic of a structural element in its local coordinates at different 

states of loading. 𝒍𝟎 is the original length of the specified element. (a) The element 

before the structure is loaded. The element when the structure is loaded by (b) 

prescribing 𝒅𝟎 (state 0) (c) prescribing 𝒅𝟎 and two point forces of magnitudes 𝒇𝟏
∥  

(state 1) and (d) prescribing 𝒅𝟎 and two point forces of magnitudes 𝒇𝟐
∥  (state 2). 

 

Similarly Maxwell-Betti’s reciprocal theorem applied to the states 1 and 2 gives: 
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∫ 𝒕𝟐. 𝒅𝟎𝑑𝑆
𝑆𝑑

+ 𝑓1
∥Δ2

∥ = ∫ 𝒕𝟏. 𝒅𝟎𝑑𝑆
𝑆𝑑

+ 𝑓2
∥Δ1

∥  ( 2.6) 

Eqs. ( 2.5), ( 2.6) and the counterpart of Eq. ( 2.5) applied to states 0 and 2 can be 

combined to obtain 𝑓1
∥/(Δ0

∥ − ∆1
∥ ) = 𝑓2

∥/(Δ0
∥ − ∆2

∥ ). This is an indication that the 

quantity 𝑓∥/(Δ0
∥ − Δ∥) is invariant of the magnitude of the applied loads 𝑓∥. We denote 

this quantity by 1/𝐶. It can be concluded that for a generic magnitude of forces 𝑓∥, an 

elongation Δ∥ results that is related to 𝑓∥ by 

𝐶𝑓∥ = (Δ0
∥ − Δ∥) ( 2.7) 

We inquire now to what extent the overall stiffness of the structure changes when 

the axial stiffness of a given beam changes by 𝛿(𝐸𝐴). As commonly done in elasticity, 

we represent an increase of stiffness with an effective pair of equal and opposite axial 

forces to map the problem to state 1 defined above. The magnitude of these forces is 

related to 𝛿(𝐸𝐴) through  𝑓1
∥ = 𝛿(𝐸𝐴)𝑓∆1

∥ /𝑙0 where 𝑙0 is the original length of the beam. 

Combining this constitutive relation with Eq. ( 2.7) gives: 

𝑓∥ =
Δ0

∥

𝐶 + 𝑙0/𝛿(𝐸𝐴)𝑓 
 ( 2.8) 

Eqs. ( 2.2), ( 2.5) and ( 2.8) can be combined to obtain the effective modulus: 

𝐸1 = 𝐸0 +
1

𝑉휀0
2  

Δ0
∥ 2

𝐶 + 𝑙0/𝛿(𝐸𝐴)𝑓
 ( 2.9) 

It can be concluded that constant 𝐶 must be non-negative because otherwise a 

stiffness value 𝛿(𝐸𝐴)𝑓 can be found such that the second term on the right hand side of 

Eq. ( 2.9) diverges. This can also be concluded from the positive definiteness of the 

structural stiffness matrix.  

Eq. ( 2.9) shows that increasing the axial stiffness of an element will increase the 

overall stiffness of the structure, as expected. It further shows that this dependence is 

concave, i.e.  

𝜕2𝐸

𝜕(𝛿(𝐸𝐴)𝑓)
2 |

 
 

 𝛿(𝐸𝐴)𝑓=0
< 0 ( 2.10) 

These arguments hold for a spring network as well. In this case, the variation given 

to a specific spring element is 𝛿𝑠, which is related to the variation of the axial stiffness 
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as 𝛿𝑠 = 𝛿(𝐸𝐴)𝑓/𝑙0. It is straightforward to show using the same procedure that in this 

case too: 𝜕2𝐸/𝜕(𝛿𝑠)2 < 0. 

 

2.4.2 The addition of a bending element 

In this section arguments similar to those in section  2.4.1 are provided to relate the 

variation of the global stiffness to the variation of the bending stiffness of a structural 

element. 

Consider a linear elastic structure of beams in a loading state 0 as described in the 

beginning of section  2.4.1. Also consider that the bending of a generic linear beam 

loaded at its ends is described by two displacements and two rotations, 𝑢⊥, 𝑢′⊥, 𝜃 and 𝜃′, 

which can be combined to compute the two effective rotation angles 𝜙 and 𝜙′ defined as 

𝜙 = 𝜃 − Δ⊥/𝑙0 and 𝜙′ = 𝜃′ − Δ⊥/𝑙0 where Δ⊥ = 𝑢′⊥ − 𝑢⊥.  

Now consider a loading state 1 constructed by adding a moment 𝑀1 and two 

opposite forces to balance it with a magnitude 𝑓1
𝑀 acting perpendicular to the beam axis, 

at its ends. This state of loading is shown in Figure  2.9(a). Using the equilibrium 

equation for the beam and the Maxwell-Betti’s theorem relating the states 0 and 1 it can 

be concluded that 

∫ 𝒕𝟏. 𝒅𝟎𝑑𝑆
𝑆𝑥

= ∫ 𝒕𝟎. 𝒅𝟎𝑑𝑆
𝑆𝑥

− 𝑀1𝜙0 ( 2.11) 

As in section  2.4.1, if a different set of generalized forces, 𝑀2, and two opposing 

forces of magnitude 𝑓2
𝑀 are considered, a similar state 2 can be defined. Then Maxwell-

Betti’s theorem can be written to relate the boundary tractions in the states 1 and 2 as 

∫ 𝒕𝟐. 𝒅𝟎𝑑𝑆
𝑆𝑥

− 𝑀1𝜙2
𝑀 = ∫ 𝒕𝟏. 𝒅𝟎𝑑𝑆

𝑆𝑥

− 𝑀2𝜙1
𝑀 ( 2.12) 

 

where 𝜙1
𝑀 and 𝜙2

𝑀 are the deformation angles at the start node of the beam associated 

with the applied loads of state 1 and 2.  

Combining Eqs. ( 2.11), ( 2.12) and the counterpart of Eq. ( 2.11) for comparing states 

0 and 2 yields (𝜙1
𝑀 − 𝜙0)/𝑀1 = (𝜙2

𝑀 − 𝜙0)/𝑀2, which indicates that (𝜙𝑀 − 𝜙0)/𝑀 =

𝐶′ is invariant of the generalized loads applied. Consequently 
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𝐶′𝑀 = (𝜙𝑀 − 𝜙0) ( 2.13) 

The loading by 𝑀 and the two balancing forces can be regarded as state A as shown 

in Figure  2.9(a). The same argument holds if the same loads are applied to the other end 

of the beam. This can be regarded as state B as shown schematically in Figure  2.9(b). 

We denote these generalized forces as 𝑀′, 𝑓𝑀′
 and −𝑓𝑀′

. Similarly, the change in the 

deformation angle in the end node and the corresponding structural invariant can be 

denoted by 𝜙′𝑀′
and 𝐶′′ respectively to obtain 

𝐶′′𝑀′ = (𝜙′𝑀′
− 𝜙0

′ ) ( 2.14) 

 

 

Figure  2.9: Schematic of the decomposition of the general state of loading for a 

beam loaded at its ends. The blue curve shows a hypothetical deformed elastic 

beam, while the black (straight) curve shows the initial state of the beam. The two 

states of loading shown in (a) and (b) can be superimposed to construct state (c). 

Panels (a), (b) and (c) show the states of loading A, B and C, respectively. 

 

The general state of loading of the beam may be represented as the superposition of 

the two states A and B as shown in Figure  2.9(c).  

It can be shown that states 0 and C are related through: 

∫ 𝒕𝟏. 𝒅𝟎𝑑𝑆
𝑆𝑥

= ∫ 𝒕𝟎. 𝒅𝟎𝑑𝑆
𝑆𝑥

− 𝑀1𝜙0 − 𝑀1
′ 𝜙0

′  
( 2.15) 

On the other hand the moments and deformation angles can be related using the 

Euler-Bernoulli beam theory [74]. For a beam of bending stiffness 𝛿(𝐸𝐼)𝑓 loaded at its 
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ends with �̂� and 𝑀′̂  and two balancing forces 6𝛿(𝐸𝐼)𝑓𝜙/𝑙0 = 2�̂� − 𝑀′̂ and 

6𝛿(𝐸𝐼)𝑓𝜙′/𝑙0 = 2𝑀′̂ − �̂�.  

The beam is exerting moments 𝑀 and 𝑀′ to the surrounding structure as generalized 

reaction forces in directions that are opposite to �̂� and 𝑀′̂. Application of the moments 

is accompanied by the application of reactions to the balancing forces. Now consider 

that the application of �̂� and 𝑀′̂ and the balancing forces, state C, can results from the 

superposition of state A with �̂� and balancing forces only and another state B with 𝑀′̂ 

and balancing forces only. State C can result by the superposition of states A and B. So 

𝜙 = 𝜙𝑀 + 𝜙𝑀′
and 𝜙′ = 𝜙′𝑀 + 𝜙′𝑀′

 where 𝜙𝑀′
 and 𝜙′𝑀 are the contribution from 𝑀′ 

to 𝜙 and from 𝑀 to 𝜙′ respectively. If we only consider the part of loads in state C that 

are present in state A we get 

6𝛿(𝐸𝐼)𝑓𝜙𝑀/𝑙0 = 2�̂� = −2𝑀 ( 2.16) 

Similarly, considering only the part of loads in state C that are present in state B we 

get 

6𝛿(𝐸𝐼)𝑓𝜙′𝑀′
/𝑙0 = 2𝑀′̂ = −2𝑀′ ( 2.17) 

The Eqs. ( 2.16) and ( 2.17) hold for any 𝑀 and 𝑀′ in the state C. 

We can represent the effect of a bending element with two moments 𝑀 and 𝑀′ and 

two balancing forces 𝑓⊥ and −𝑓⊥. The Eqs. ( 2.13) and ( 2.16) hold between 𝑀 and 𝜙𝑀 

in the general state of loading. The two equations can be used to eliminate  𝜙𝑀 to obtain 

𝑀 =
−3𝜙0 

3𝐶′ + 𝑙0/𝛿(𝐸𝐼)𝑓
 

( 2.18) 

Similarly, 

𝑀′ =
−3𝜙0

′  

3𝐶′′ + 𝑙0/𝛿(𝐸𝐼)𝑓
 

( 2.19) 

By replacing 𝑀 and 𝑀′ from Eqs. ( 2.18) and ( 2.19) into Eq. ( 2.15) and substituting 

in Eq. ( 2.2), the overall stiffness can be expressed as  

𝐸1 = 𝐸0 +
3

𝑉휀0
2 . (

𝜙0
2 

3𝐶′ +  𝑙0/𝛿(𝐸𝐼)𝑓
+

𝜙0
′ 2

 

3𝐶′′ + 𝑙0/𝛿(𝐸𝐼)𝑓
) 

( 2.20) 

Constants 𝐶′ and 𝐶′′ must be nonnegative to avoid the divergence of the two 

fractions in Eq. ( 2.20) for any value of 𝛿(𝐸𝐼)𝑓. Eq. ( 2.20) indicates that increasing the 
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bending stiffness of an element of the structure leads to the increase of the overall 

stiffness as expected. Taking the second derivative with respect to 𝛿(𝐸𝐼)𝑓 it is also 

observed that  

𝜕2𝐸

𝜕(𝛿(𝐸𝐼)𝑓)
2 |

 
 

 𝛿(𝐸𝐼)𝑓=0
< 0 

( 2.21) 

 

 

 

2.5 Theoretical proof of the softening scaling laws 

Now we can consider the more general case investigated numerically in which all 

elements of a beam structure, a random network in particular, have non-identical 

stiffness. This situation is treated as a small perturbation from the homogeneous case, in 

which all elements have the same stiffness.  

We denote the axial or bending stiffness of element  𝑖 by 𝑘𝑖  and group these 

variables in the vector 𝒌 = {𝑘1, 𝑘2, … , 𝑘𝑁𝑓
} and express the network stiffness 𝐸 as a 

function of 𝒌. In the homogeneous case vector k takes the constant value 𝝁𝟎 =

{𝜇0, 𝜇0, … , 𝜇0} and the network has stiffness  𝐸(𝝁𝟎) = 𝐸0. However in the general case 

where the 𝑘𝑖’s are non-identical 𝐸(𝒌) can be expanded in series about 𝒌 = 𝝁𝟎 as 

𝐸 (𝑘1, … , 𝑘𝑁𝑓
) = 𝐸 (𝜇0 + (𝑘1 − 𝜇0), … , 𝜇0 + (𝑘𝑁𝑓

− 𝜇0) )

= 𝐸0 + ∑
𝜕𝐸

𝜕𝑘𝑖
|

 
 

 𝝁𝟎

(𝑘𝑖 − 𝜇0)

𝑁𝑓

𝑖=1

+
1

2
∑ ∑

𝜕2𝐸

𝜕𝑘𝑖𝜕𝑘𝑗
|

 
 

 𝝁𝟎

(𝑘𝑖 − 𝜇0)(𝑘𝑗 − 𝜇0)

𝑁𝑓

𝑗=1

𝑁𝑓

𝑖=1

+ ⋯ 

( 2.22) 

The numerical observations are made using replicas of 𝑘𝑖 values and one unique 

network geometry. Using replicas of 𝑘𝑖 a distribution of 𝐸 is obtained. So it can be 

concluded that in all these replicas the expressions 𝜕𝐸/𝜕𝑘𝑖 and 𝜕2𝐸/𝜕𝑘𝑖𝜕𝑘𝑗  are the 

same at 𝝁𝟎. So they don’t change from replica to replica and are constants when 

averaging over replicas. Also the 𝑘𝑖’s can be considered random variables sampled from 
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independent and identical distributions. The mean and variance of these identical 

distributions can be denoted by 𝜇0 and 𝜎𝑘
2.  

The variance of  𝐸 can be computed using the series in Eq. ( 2.22). Retaining only 

the first order terms in (𝑘𝑖 − 𝜇0) and by averaging over the replicas of fiber stiffness 

distribution it can be concluded that 

𝑉𝑎𝑟[𝐸] ≈ ∑ 𝑉𝑎𝑟[𝑘𝑖] (
𝜕𝐸

𝜕𝑘𝑖
|

 
 

 𝝁𝟎

)

2𝑁𝑓

𝑖=1

= 𝜎𝑘
2 ∑ (

𝜕𝐸

𝜕𝑘𝑖
|

 
 

 𝝁𝟎

)

2𝑁𝑓

𝑖=1

 

( 2.23) 

In other words 

𝜎𝐸
2 ~ 𝜎𝑘

2. ( 2.24) 

The mean of the distribution of 𝐸 can also be computed using Eq. ( 2.22). Keeping in 

the expansion the terms up to the second order in (𝑘𝑖 − 𝜇0) and by averaging over 

replicas of fiber stiffness distribution it can be concludes that 

⟨𝐸⟩ ≈ ⟨𝐸0 + ∑
𝜕𝐸

𝜕𝑘𝑖
|

 
 

 𝝁𝟎

(𝑘𝑖 − 𝜇0)

𝑁𝑓

𝑖=1

+
1

2
∑ ∑

𝜕2𝐸

𝜕𝑘𝑖𝜕𝑘𝑗
|

 
 

 𝝁𝟎

(𝑘𝑖 − 𝜇0)(𝑘𝑗 − 𝜇0)

𝑁𝑓

𝑗=1

𝑁𝑓

𝑖=1

⟩

= 𝐸0 +
1

2
𝜎𝑘

2 ∑
𝜕2𝐸

𝜕𝑘𝑖
2 |

 
 

 𝝁𝟎

𝑁𝑓

𝑖=1

  

 

( 2.25) 

which can be rearranged as  

⟨𝐸⟩ − 𝐸0 =
 1

2
𝜎𝑘

2 ∑
𝜕2𝐸

𝜕𝑘𝑖
2 |

 
 

 𝝁𝟎

𝑁𝑓

𝑖=1

   

( 2.26) 

Since 𝜕2𝐸/𝜕𝑘𝑖
2 are constants for a unique network geometry, 

𝐸0 − ⟨𝐸⟩~ 𝜎𝑘
2. ( 2.27) 

The structures become softer on average if the Laplacian of 𝐸, ∑ 𝜕2𝐸/𝜕𝑘𝑖
2, 

computed at 𝝁𝟎 is negative. Eqs. ( 2.10) and ( 2.21) show that each term in this sum is 

negative.  

It can be noted that the argument about softening does not hold for a set of axial 

elements connected in parallel in one dimension. In that case the constant 𝐶 introduced 
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in Eq. ( 2.7) is zero for each of the parallel elements. As a result, the Laplacian is zero in 

that case and the mean overall stiffness does not change.  

Eqs. ( 2.24) and ( 2.27) provide a theoretical explanation for the numerical results 

presented in Figure  2.4 and are the main result of this study.  

Figure  2.4 shows that the softening effect is smaller in the Delaunay networks as 

compared to Voronoi networks, indicating a smaller prefactor for the softening scaling 

law. This observation is indicative of a correlation between the amount of softening and 

the degree of nonaffinity of the displacement field. In the extreme case of a fully affine 

displacement field, no change in network stiffness is observed from variability in fiber 

properties. If the deformation of an element is prescribed by essential boundary 

conditions then it can’t be deformed by applying forces at its degrees of freedom. So, the 

resulting derived invariant relating generalized forces to change in deformation, e.g. 𝐶 in 

Eq. ( 2.7), will be zero in that case. A parallel system of springs is a one-dimensional 

example of this condition where 𝐶 = 0 for all elements. 

It can be noted that the theoretical arguments of this section also hold in the case of 

pure shear tests, yielding similar scaling laws for the attenuation of shear modulus. 

Taking a more general view, we expect that these results also hold for any property of a 

system composed from microstructural elements subjected to fluctuations, provided the 

constitutive behavior is linear and that the fluctuations are sufficiently small. The 

generalization of these results to elasticity and conductivity of random composites is 

discussed in chapter 4. 
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3. Effect of Fiber Crimp on the Elasticity of Random Fiber Networks 

with and without Embedding Matrices
4
 

In many practical application fiber networks have naturally crimped (curved) fibers. In 

this chapter the mechanics of fiber networks in the presence of crimp and a generic 

nonaffine displacement field in three-dimensions is studied and the effect of adding an 

embedding nonfibrillar matrix is investigated. First, the model and the simulation 

method are explained. Then, the dependence of the effective network stiffness, 𝐸𝑁, on 

the fraction of crimped fibers, 𝑓, and the relative crimp amplitude, 𝑐 is numerically 

studied. Next, a semi-analytic model is introduced to predict the effect of crimp 

amplitude on 𝐸𝑁 and bounds for the softening effect associated with crimp, based on 

fiber network theory. The nonlinear network behavior is studied in the presence of crimp 

and finally, the effect of fiber crimp is investigated in the presence of a nonfibrillar 

matrix.  

 

3.1 Model and simulation method 

The modeling approach used in chapter 2 is adapted in this study. The mentioned 

procedure leads to a network of straight fibers. To introduce fiber crimp, a fraction 𝑓 of 

the total number of fibers was selected and their shape was modified into a sinusoidal 

curve having the same end points as the original straight fiber, and an amplitude, 𝑐𝑙, 

proportional to the end-to-end distance 𝑙. This procedure was applied to a fraction of the 

fibers that were the longest. Each crimped fiber belongs to a plane 𝑃 containing the end-

to-end vector of the filament and having random azimuthal angle. In a local fiber 

Cartesian coordinate system with 𝑥1 in the direction of the fiber end-to-end vector and 

𝑥2 contained in plane 𝑃, the fiber shape was defined by 𝑥2 = 𝑐𝑙 sin(𝜋𝑥1/𝑙), as shown 

schematically in Figure  3.1(a) for a fiber with 𝑐 = 0.2. The tortuosity, defined as the 

contour length divided by the end to end length is evaluated as 𝜏 = 2E2(−𝑐𝜋)/𝜋 where 

                                                 

This chapter has been submitted as: 

E. Ban, V. Barocas, M. Shephard and C. Picu, "Effect of Fiber Crimp on the Elasticity of Random Fiber 

Networks with and without Embedding Matrices," J. Appl. Mech.-T.A.S.M.E. 
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E2 is the complete elliptic integral of the second kind. This relation gives 𝜏 = 1.14 for 

the displayed normalized amplitude c = 0.2.  Let us note that the parameter 𝑙 is 

exponentially distributed, as previously seen in other types of networks [68] and 

observed in experiments performed on actin gels [69]. Figure  3.1(b) shows a snapshot of 

such networks with 𝑓 = 1 and 𝑐 = 0.2 (τ = 1.14).  

 

Figure  3.1: (a) Individual crimped fiber and (b) snapshot of an undeformed 3D 

Voronoi network of 1331 naturally curved fibers. A normalized crimp amplitude 

𝒄 = 𝟎. 𝟐 (𝝉 = 𝟏. 𝟏𝟒) is used in both panels. 

It should be noted that for small values of 𝑐 in the axially dominated networks the 

configuration shown in Figure  3.1(a) is also representative for longer fibers of the same 

normalized crimp amplitude, 𝑐𝑙, and length 𝑛𝑙, for arbitrary positive integers 𝑛. The 

stiffness of such filaments is identical to that of the filament shown in Figure  3.1(a) and 

considered in the present models.  

In models with matrix, the network was embedded in a continuum which filled the 

volume of the cubic material domain. The fibers had no associated volume and were 

represented by rods of axial stiffness (𝐸𝐴)𝑓. The fibers were considered well-bonded to 

the matrix and this compatibility condition was imposed along all interfaces. It is 

important to observe that this is different from a regular composite material since the 
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fibers form a percolated cross-linked three-dimensional network within the matrix. The 

matrix was considered linear elastic, with Young’s modulus 𝐸𝑚 and Poisson ratio 𝜈𝑚. 

The models were discretized using finite elements. In contrast to the method 

explained in chapter 2 all fibers were discretized with 4 beam elements. It was verified 

that further refining the discretization didn’t significantly change the results reported 

here. In the case of the network with matrix, the matrix and fibers were meshed together 

such that the end nodes of a fiber element were shared with the adjacent 3D solid 

elements. The procedure was identical to that used by Zhang et al. [25]. Linear shape 

functions were used to interpolate the displacement field in both matrix and network 

segments. Since linear tetrahedral and truss elements had the same nodal displacement 

variables, compatibility between the two types of elements was ensured throughout the 

deformation history.  

The equilibrium deformation solutions were obtained using either the finite element 

solver Abaqus/Standard 6.9-2, or an in-house developed C++ code which had been 

previously tested extensively (e.g. [25], [26]). 

3.2  Fiber networks without a nonfibrillar matrix 

Networks with various values of the two parameters, 𝑓 and 𝑐, are generated and 

multiple realizations are tested for each case. The density, which is controlled by the 

number of seeds in the Voronoi procedure, is kept constant. The network modulus, 𝐸𝑁, 

is evaluated as described in Section  3.1. The case with straight fibers (𝑓 = 0) is taken as 

reference and its modulus is denoted by 𝐸𝑁0. The axial and bending stiffness of fibers, 

(𝐸𝐴)𝑓 and (𝐸𝐼)𝑓, are chosen such that the network of straight fibers is in the axial 

deformation regime. This does not imply that networks with 𝑓 > 0 are deforming in the 

same mode since bending is engaged under any type of local loading in the presence of 

crimp.  

Figure  3.2(a) shows a map of 𝐸𝑁 normalized by 𝐸𝑁0 versus the parameters 𝑓 and 𝑐. 

As expected, the modulus decreases monotonically with increasing f and c and the 

sensitivity to the two parameters is almost identical. Figure  3.2(b) shows several 

horizontal sections through the map in Figure  3.2(a), each corresponding to constants 

c =  0, 0.25, 0.5, 0.66 and 1 (from top to bottom). This corresponds to tortuosity 
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values of 𝜏 = 1, 1.17, 1.32, 1.40 and 1.56 respectively. The two curves represent 

proposed lower bounds for the observed softening effect. These bounds are independent 

of the density and fiber stiffness. They are obtained by considering that all crimped 

fibers are actually removed from the model (the limit 𝑐 → ∞) and do not contribute to 

the global strain energy. The solid and dashed curves correspond to stable networks that 

are deforming in the axial and bending dominated regimes respectively. 

 

 

Figure  3.2: (a) Contour map of the normalized overall network stiffness, 𝑬𝑵, 

function of the crimp amplitude, 𝒄, tortuosity, 𝝉, and fraction of crimped fibers, 𝒇, 

for networks which are not embedded in a matrix. The network stiffness values are 

normalized by the stiffness of the same network with straight fibers, 𝑬𝑵𝟎. (b) Data 

selected from (a) for four values of 𝒄:  0 (filled circles), 0.25 (filled squares), 0.5 

(triangles), 0.66 (open squares) and 1 (open circles), corresponding to tortuosity 

values of 𝝉 = 𝟏, 𝟏. 𝟏𝟕, 𝟏. 𝟑𝟐, 𝟏. 𝟒𝟎 and 𝟏. 𝟓𝟔 respectively. The two curves represent 

the lower bounds of 𝑬𝑵/𝑬𝑵𝟎 for networks in the axial (solid curve) and bending 

(dashed curve) dominated regimes.  

To estimate the lower bounds the change in the density of fibers, 𝜌, is calculated due 

to the removal of a certain fraction of the fibers, 𝑓, that are longer. Then the asymptotic 

scaling laws relating the overall stiffness to 𝜌 are used to estimate the change in 𝐸𝑁 as a 

function of 𝑓. This estimation is expected to be accurate in dense networks where 

removing fibers would not result in loss of percolation. 

Exponential distribution of fiber length is considered as shown in the inset of 

Figure  3.3, 𝑝(𝑙) = 𝑙−̅1 exp(−𝑙/𝑙)̅, where 𝑙 ̅ is the average fiber length. Removing a 

fraction of fibers 𝑓 results in the removal of fibers longer than a threshold length, 𝑙𝑝. The 

fiber length distribution relates 𝑙𝑝 to 𝑓 as 𝑙𝑝 = −𝑙 ̅ln (𝑓). If all fibers longer than 𝑙𝑝 are 
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removed the new average fiber length can be calculated using a truncated form of the 

fiber length distribution as 

𝑙∗̅ = 𝑙[̅1 − (1 − ln(𝑓))𝑓] ( 3.1) 

Hence the new total fiber length is (1 − 𝑓)𝑙∗̅. On the other hand it is observed that 

𝐸𝑁~𝜌𝛼 with 𝛼 = 1 and 2 in the stretch and bending dominated Voronoi beam networks 

respectively. Using the relations between 𝜌 and 𝑓 and assuming stretch dominated 

deformation yields  

𝐸𝑁 ~ (1 − 𝑓)[1 − (1 − ln(𝑓))𝑓] ( 3.2) 

This estimate is shown using the solid line in Figure  3.2(b). Assuming a bending 

dominated fiber deformation results in a curve shown using the dashed curve in 

Figure  3.2(b). 

Additionally, rewriting Eq. ( 3.2) in terms of 𝑙𝑝 yields 

𝐸𝑁 ~ (1 − 𝑒−𝑙𝑝/𝑙 ̅)[1 − 𝑒−𝑙𝑝/𝑙 ̅(1 + 𝑙𝑝/𝑙)̅]  ( 3.3) 

Figure  3.3 shows normalized 𝐸𝑁 plotted for different 𝑙𝑝/𝑙 ̅ratios calculated using Eq. 

( 3.3) at values lying on the two sides of 𝑙𝑝/𝑙 ̅ = 1. A power law scaling 𝐸𝑁~(𝑙𝑝/𝑙)̅3 is 

observed for 𝑙𝑝 < 𝑙 ̅in the vicinity of 𝑙𝑝/𝑙 ̅ = 1. 

 

Figure  3.3: Scaling of normalized network stiffness against crimp threshold length, 

𝒍𝒑, divided by the average fiber length, �̅� using the fiber removing model. The 

network stiffness values are normalized by the stiffness of the networks with 

straight fibers. The inset shows the exponential normalized fiber length distribution 

in a network. The fiber length is normalized by the domain size, 𝑳. 
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In order to provide a series approximation in terms of 𝑐 for the numerical results 

presented in Figure  3.2, it is useful to establish a connection with the results discussed in 

chapter 2 about networks with non-identical beams. To this end, consider networks 

which are axially-dominated. In these cases the bending behavior of the fibers is 

inconsequential for the overall system response. If all fiber segments are straight, (𝐸𝐴)𝑓 

is the same for all fibers. In the presence of crimp, the effective axial stiffness decreases 

with increasing 𝑐. This can be computed analytically using elementary methods for 

slender naturally curved beams [74]. The distribution of equivalent fiber axial stiffness, 

(𝐸𝐴)𝑒𝑞, can then be evaluated considering the distribution of 𝑐 and fiber lengths in the 

model. This distribution is characterized by its first 3 central moments, (𝐸𝐴)𝑒𝑞
̅̅ ̅̅ ̅̅ ̅̅ ̅ , 𝜎(𝐸𝐴)𝑒𝑞

 

and 𝑀3. 

This observation maps the present case to that of a composite network of straight 

fibers. The discussion below is an extension of the derivation in chapter 2 establishing a 

connection between 𝐸𝑁 and the distribution of fiber properties. 

If the network is in the axial deformation regime after imposing the crimp, 𝐸𝑁 is 

only a function of the equivalent axial stiffness of the fibers, (𝐸𝐴)𝑒𝑞 [68], [75]. For 

brevity (𝐸𝐴)𝑒𝑞 of fiber 𝑖 is denoted by 𝑘𝑖 and 𝒌 represents the fiber stiffness values 𝑘𝑖 

for the entire network. In the special case where all fibers have the same stiffness 𝑘0, 

𝒌 = 𝒌𝟎 = 𝑘01, and 𝐸𝑁0 = 𝐸𝑁(𝒌𝟎). With this notation, one can write the departure of a 

generic case in which all fibers have different stiffness from the case in which fibers 

have identical stiffness as 𝜹 = 𝒌 − 𝒌𝟎. 𝐸𝑁 can be written as a Taylor series expansion 

about 𝒌𝟎: 

𝐸𝑁(𝒌) = [∑
1

𝑗!
(𝜹. ∇𝒌)𝑗𝐸𝑁(𝒌)

∞

𝑗=0

]

𝒌=𝒌𝟎

 ( 3.4) 

In the general case of a random network, 𝒌 is a stochastic parameter. The variation 

𝜹 can be expressed in terms of c (or 𝜏) and is statistically defined by the distribution of 

fiber stiffness values. For small magnitudes of 𝜹 the distribution of 𝒌 can be 

characterized by its mean shift, 𝛿𝑘̅̅ ̅, standard deviation 𝜎𝑘 and third moment, 𝑀3. 

Calculating the average of Eq. ( 3.4) up to the third order yields: 
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𝐸𝑁
̅̅̅̅ ≈ 𝐸𝑁0 + 𝛿𝑘̅̅ ̅𝐶1 + (𝛿𝑘̅̅ ̅)

2
𝐶2 + 𝜎𝑘

2𝐶3 + (𝛿𝑘̅̅ ̅)
3

𝐶4 + 𝛿𝑘̅̅ ̅𝜎𝑘
2𝐶5 + 𝑀3𝐶6 ( 3.5) 

where 𝐶1 to 𝐶6 are constants for a specific network structure. They are related to the 

derivatives of 𝐸𝑁 with respect to 𝑘𝑖. For example 𝐶1 is the scaling prefactor in the 

relation 𝐸𝑁~(𝐸𝐴)𝑓 known to be valid in the axial deformation regime. If the changes in 

𝒌 are small, one may approximate 𝐸𝑁 ≈ 𝐸𝑁0 + 𝛿𝑘̅̅ ̅𝐶1. Since 𝐸𝑁 is linear in 𝛿𝑘̅̅ ̅, this 

resembles the previously observed scaling law 𝐸𝑁~(𝐸𝐴)𝑓 established for networks of 

straight fibers. So, coefficient 𝐶1 can be obtained from the variation of the network 

modulus with (𝐸𝐴)𝑓 in the equivalent network of straight fibers.   

Figure  3.4 shows the comparison of this approximation with the numerical data in 

Figure  3.2 The symbols correspond to the variation of 𝐸𝑁/𝐸𝑁0 with 𝑐 for 𝑓 = 1 

(Figure  3.2(b)) and the curves correspond to the approximation of Eq. ( 3.5) using terms 

up to the first (continuous line) and third (dotted line) orders, respectively. The 

continuous curve is predicted using a 𝐶1 value obtained from calculation of 𝐸𝑁 versus 

(𝐸𝐴)𝑓 for the network in the absence of crimp. 

It is important to note that the first order approximation provides a good fit up to 

c = 0.17 or τ = 1.12. This extends the predictive power of the known results for 

networks of straight fibers to networks of crimped fibers with small and moderate crimp 

(c ≤ 0.17 or τ ≤ 1.12). 

The inset to Figure  3.4 shows a similar comparison for a 2D bending-dominated 

network. This method cannot be used for 3D bending dominated networks since a 

crimped beam subjected to bending has different bending stiffnesses in various planes 

that share the fiber end-to-end vector. Due to the inhomogeneous loading of the 

filaments, it is not clear that in all situations the crimped beams deform in the direction 

of the smallest (𝐸𝐼)𝑒𝑞 and hence the actual effective bending stiffness of individual 

fibers is not known.  
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Figure  3.4: Estimations for the normalized overall stiffness of a network as a 

function of the normalized crimp amplitude or tortuosity with 𝒇 =  𝟏. The symbols 

represent data from Figure  3.2 for a 3D Voronoi network in the axially dominated 

regime. The solid line represents the prediction of Eq. ( 3.5) truncated to the first 

order, while the dashed line represents the fit of Eq. ( 3.5) truncated to the third 

order. The inset shows the normalized network stiffness of a 2D Voronoi, bending 

dominated network (symbols), with the curve representing the prediction of Eq. 

( 3.5) truncated to the first order.   

The solution for a naturally curved slender beam indicates that in the axially 

dominated case  (𝐸𝐴)𝑒𝑞~(𝐸𝐴)𝑓 . So, recalling the scaling laws 𝐸𝑁~𝜌 and 𝐸𝑁~(𝐸𝐴)𝑓 

for an axially dominated network shows that the normalized estimation for network 

stiffness, 𝐸𝑁/𝐸𝑁0, is independent of network density and fiber stiffness. The same 

argument holds in case of the bending dominated estimation, since (𝐸𝐼)𝑒𝑞~(𝐸𝐼)𝑓 for a 

bending dominated curved beam.  

Next, the nonlinear response of networks of crimped fibers is tested. It has been 

previously shown using simulations and experiments that the response of fibrous 

networks and similar networks of collagen to uniaxial tension and shear is characterized 

by an initial linear regime followed by power law hardening [10], [76]. The variation of 

the tangent stiffness, 𝐸𝑡, with stress is then described by an initial, small stress/strain 

regime in which the stiffness is constant, followed by a power law variation of the large 

strain tangent stiffness with stress. The small stress/strain stiffness depends on the 

material properties of the fibers. However, all networks have the same tangent stiffness 
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vs. stress asymptote at large stress/strains. In chapter 2 it was shown that composite 

networks in which each fiber has different material properties behave qualitatively in a 

similar manner. Here, the same behavior is observed when testing networks of crimped 

fibers with various c and f values. Figure  3.5 shows results for systems with 𝑓 =  1 and 

𝑐 =  0, 0.3, 0.5 and 0.75 (𝜏 = 1.00, 1.20, 1.32 and 1.45 respectively), and a case with 

𝑓 =  0.5 and 𝑐 =  0.5 (τ = 1.32).   

 

Figure  3.5: Normalized tangent stiffness, 𝑬𝒕, against normalized true stress, T, for 

networks with crimped fibers. Stress and stiffness values are normalized by the 

stiffness of the network with straight fibers. In all cases, 𝒇 =  𝟏, except as indicated 

in the legend. 

Despite their initial differences the stiffness against stress curves converge to a 

single characteristic curve at large stresses. This is in agreement with previous 

observations of Onck et al. [12] where fiber crimp was also considered explicitly. It can 

be noted that differences between these systems persist even in the non-linear range to a 

fairly large strain before convergence to the asymptote is achieved.  The stiffening 

response of fiber networks have been characterized by power law dependences of the 

form 𝐸𝑡~𝑇𝛼. 𝛼 values ranging from 1/2 to 3/2 have been reported depending on network 

architecture and cross-link properties [10], [11]. The stiffening behavior of the tested 
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Voronoi networks is similar to the experimental observations using collagen networks 

showing 𝛼 = 1 [10]. The data in Figure  3.5 indicate further that the critical strain 

marking the onset of non-linear behavior, 휀𝑐, is independent of the crimp parameters and 

the stress-strain curve in the non-linear range is described by 𝑇~ exp(휀/휀𝑐).  

 

3.3 Network embedded in an elastic matrix 

In many practical cases such as in connective tissue, fiber networks are embedded in 

a matrix. In that case it is important to determine to what extent the features discussed 

for the non-embedded networks remain valid in the presence of the matrix. A prominent 

example of such situations is that of soft tissue composed from collagen fibers and an 

embedding nonfibrillar medium. The mechanics of such materials was studied using 

explicit, coupled network-matrix models in [25], [26], [28]. Here similar models are 

used to investigate the effect of crimp.  

Simulation parameters suggested by Lake et al. [28] calibrated using experimental 

data for soft tissue collagen are adopted here. 𝐸𝑓 = 6.5 MPa is used to reproduce stress 

values observed in experiments using collagen networks. A diameter of 70 nm and a 

volumetric mass density of 1.34 g/ml were assumed for the individual fibers and a 

collagen concentration of about 1 mg/ml was considered for the network. Cubic models 

with these parameters and with edge sizes of about 2.6 µm were constructed. To render 

the model relevant for connective tissue, 𝐸𝑚 values in the range 10−4 to 102 kPa are 

tested. In these models the parameters c and f are varied from 0 to 0.5 (τ varies from 

1.00 to 1.32).   

The system taken as most representative for the soft tissue case, with 𝐸𝑚 = 10 kPa, 

has almost an affine deformation field. The contribution of the network to the overall 

stiffness is approximately 20%. As 𝐸𝑚 increases to 102 kPa and above, the network 

contributes less to the overall traction and effective stiffness. In this regime the matrix 

confines the network deformation and the effect of crimp is minimal. For 𝑓 =  0.5 and 

𝑐 =  0.5 (𝜏 = 1.32), 𝐸𝑁 of the crimped network is only 2% different from the stiffness 

of the network of straight fibers of same parameters embedded in the same matrix. It is 
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expected that the effect remains negligible as the collagen network concentration 

increases to values as high as 50 mg/ml which are still relevant for collagen structures. 

To reach a regime in which the network signature is visible in the overall behavior, 

the matrix modulus has to be reduced to 𝐸𝑚 = 10−4 kPa which is significantly smaller 

than the stiffness of soft tissue [77] and structural biomaterials [78]. In this case the 

deformation becomes more nonaffine. Consequently, the effect of crimp is significantly 

stronger than seen in the systems with larger 𝐸𝑚. The normalized 𝐸𝑁 from these tests is 

shown in Figure  3.6(a). For 𝑓 =  0.5 and 𝑐 =  0.5 (𝜏 = 1.32), 𝐸𝑁 of the crimped 

network is about 5% smaller than the stiffness of the network of straight fibers of same 

parameters. Clearly, the effect of crimp on modulus is much smaller in presence of the 

matrix compared to the case of the network without matrix (Figure  3.2(a)).  

 

Figure  3.6: Contour map of the normalized network stiffness, 𝑬𝑵, for different 

normalized crimp amplitudes, 𝒄, or tortuosity,𝝉 , and fractions of crimped fibers, 𝒇, 

for network of fibers embedded in an elastic matrix. The network stiffness values 

are normalized by the stiffness of systems with straight fibers. The matrix stiffness 

is 𝑬𝒎 = 𝟏𝟎−𝟒 kPa. (b) Section of the probability density function of the normalized 

maximum principal stress in the matrix, 𝝈𝟏. The full range of this distribution is 

shown in the inset. This set of data corresponds to a network with 𝒄 = 𝟎. 𝟐𝟓 

(𝝉 = 𝟏. 𝟏𝟕) and 𝒇 = 𝟏. These values are normalized by the matrix stiffness of 10
-2

 

kPa. 

As discussed, the matrix forces the network to deform more affinely. This constraint 

leads to large interaction forces which cause an increase of stress in the matrix. This 

effect is more pronounced in the presence of crimp. This can be seen in Figure  3.6(b) 

where it’s shown that the probability distribution function of the maximum principal 

stress in the matrix (all elements of the matrix have been sampled) for a system with 
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straight fibers and the same system with crimped fibers with 𝑐 =  0.25 (𝜏 = 1.17) and 

𝑓 =  1. The distribution corresponding to the crimped fiber system is much broader than 

the reference distribution (continuous line), which quantifies the statement made above. 

Therefore it is concluded that crimp doesn’t significantly change the stress-strain curve 

of the network-matrix system, but makes damage nucleation in the matrix more 

probable. 
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4. Multi-Model Simulation of Cross-Linked Ribbon Networks 

This chapter presents three-dimensional simulations of sheets of ribbon-like fiber 

networks representing the microstructure of a large variety of natural and synthetic 

nonwoven materials including the network of softwood fibers in writing paper. Such 

models can be used to capture more delicate mechanical details arising when accounting 

for the finite width of fibers. Ribbon-like fibers can be modeled using finite elements 

(e.g. shell elements), however costly simulations accounting for surface contacts are 

required in order to generate realistic network geometries. A bead-spring model inspired 

by the models used in the polymer literature [79] is employed to overcome this 

limitation. With these discrete models, molecular dynamics simulations are used to 

generate network structures mimicking the experimentally observed geometries. Both 

discrete and finite element models are calibrated based on the experimental 

characteristics of the individual fibers. The uniaxial response of the resulting network 

systems is then tested numerically. It was observed that the finite element model predicts 

a smaller small-strain network modulus than the discrete model while in both cases a 

linear variation of the network stiffness with the cross-link density is observed.  This 

chapter concludes with analyzing the parallel computational performance of the two 

models. 

4.1 Model and simulation method 

Two models were considered for simulating networks of ribbon-like fibers: 1) a 

discrete bead-spring model frequently used to represent polymers, and 2) a shell finite 

elements representation of fibers cross-linked by truss-like connectors. These 

representations were considered for several purposes: (1) reproducing the network 

geometries resulting from the lay down process in paper manufacturing, (2) constructing 

finite element models from the resulting geometries and (3) mechanical testing of the 

two models to compare their parallel computational performance. The simulation 

workflow is shown in Figure  4.1. 
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Figure  4.1: The modeling and simulation workflow.  

 

The modeling procedure began with creating one-dimensional ribbon-like fibers of 

random positions and orientations. The ribbon-like fibers where deposited in a finite 

sized box twice bigger than the final sample. 

Each ribbon was then discretized into arrays of beads connected by axial and 

bending springs. These springs are shown in Figure  4.2, where the yellow band 

represents the ribbon-like fiber. Stiffness parameters with one index account for the axial 

stiffness in the two in-plane directions of the ribbon, 𝑘𝜉𝜉  and 𝑘𝜂𝜂 lead to finite bending 

stiffness in the two directions, while 𝑘𝜂𝜉 introduces in-plane shear stiffness.  
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Figure  4.2: Schematic of the various types of springs considered in the coarse-

grained bead-spring model of a single ribbon in its local coordinates. The grey 

circles mark the center of beads in the initial geometry. 

 

The equilibrium length and stiffness of each type of spring was calibrated using the 

experimental data from single fiber experiments (data was provided by collaborators 

from Procter & Gamble). Harmonic potentials were used for bonds and angles and a 

truncated 6-12 Lennard-Jones potential was used to model non-bonded repulsion. The 

non-bonded potential was offset to zero at the cut-off length and imposes the fiber non-

crossing constraint. The bond, angle and Lennard-Jones potentials are denoted by 𝑈𝑏𝑜𝑛𝑑, 

𝑈𝑎𝑛𝑔𝑙𝑒 and 𝑈𝐿𝐽 respectively. These potentials have the forms: 

𝑈𝑏𝑜𝑛𝑑 =
1

2
𝑘𝑥(𝑟 − 𝑟0)2 

𝑈𝑎𝑛𝑔𝑙𝑒 =
1

2
𝑘𝜃(𝜃 − 𝜃0)2 

𝑈𝐿𝐽 = 4𝜖 [(
𝜎

𝑟
)

12

− (
𝜎

𝑟
)

6

] 

( 4.1) 

where 𝑘𝑥 and 𝑘𝜃 denote linear and torsional spring constants, 𝑟 and 𝜃 denote bead 

distance and bond angle, 𝑟0 and 𝜃0 denote equilibrium distance and angle, and 𝜎 √2
6

 and 

−𝜖 signify the equilibrium distance between two interacting nonbonded particles, and 

the energy unit of the respective interaction [80]. 

Five different harmonic potentials were used to describe the bonded potential 

energy contributions in every ribbon. These potentials correspond to longitudinal bonds, 

transverse bonds, longitudinal angles, transverse angles and in-plane angles connecting a 

longitudinal and a transverse spring. These potentials have quadratic forms with 

constants 𝑘𝜂,  𝑘𝜉 , 𝑘𝜂𝜂, 𝑘𝜉𝜉  and 𝑘𝜂𝜉 respectively as shown in Figure  4.2. Two types of 

fibers with different widths were considered. Figure  4.2 shows a schematic of the thin 

fibers modeled using three beads in the width. Five beads per fiber width were used to 

model the thick type of fibers. 

Five different modes of deformation of an individual ribbon are considered to 

evaluate these constants. Equivalences of strain energy density between the continuum 

and discretized representation were used to evaluate the harmonic potential constants 
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using the experimentally measured fiber tensile and shear moduli, 𝐸𝑓 and 𝐺𝑓 

respectively. Longitudinal stretch deformation, transverse stretch, longitudinal bending, 

transverse bending and in plane shear deformation modes are considered to calibrate 𝑘𝜂, 

𝑘𝜉 , 𝑘𝜂𝜂, 𝑘𝜉𝜉  and 𝑘𝜂𝜉 respectively. The resulting bond constants are  

𝑘𝜂 = 𝑘𝜉 = 𝐸𝑓𝑟0 

𝑘𝜂𝜂 = 𝑘𝜉𝜉 = 𝐸𝑓𝑟0
3/12 

𝑘𝜂𝜉 = 𝐺𝑓

𝑛𝑤𝑟0
3

2(𝑛𝑤 − 1)
  

( 4.2) 

where 𝑛𝑤 is the number of beads per ribbon width. The distance between beads, 𝑟0, and 

the number 𝑛𝑤 are directly related to the experimentally-determined width of the ribbons 

and the number of beads in the simulation limited by the computational costs. 

The Lennard-Jones potential is used to account for excluded volume effects, 

preventing two non-connected beads from penetrating. This insures that fibers do not 

cross during the deformation. The energy constant, 𝜖 is calibrated by the equality of the 

second derivatives of the bonded and nonbonded potentials  

𝜕2𝑈𝐿𝐽

𝜕𝑟2
|  
 𝑟0

=
𝜕2𝑈𝑏𝑜𝑛𝑑

𝜕𝑟2
|  
 𝑟0

 ( 4.3) 

Consequently, 𝜖 = 𝑘𝜂𝑟0
3/36. The condition in Eq. ( 4.3) implies that the bonded and 

nonbonded potentials model a mechanical element which has a continuous value of 

stiffness at the transition (equilibrium) distance, i.e. 𝑟0. 

The initial geometries were equilibrated using classical molecular dynamics 

simulations [80] using the LAMMPS computer program [81]. A cross-linking threshold 

equal to the bead diameter is introduced in order to create cross-links between any two 

beads belonging to different fibers that get sufficiently close. The two designated beads 

are then bonded using the Hookean potential used to model the ribbons’ axial springs. 

This procedure results in patches consisting of on average nine newly formed bonds 

cross-linking two ribbons. A snapshot of a resulting network geometry is shown in 

Figure  4.3(a).  
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Figure  4.3: (a) Snapshot of the coarse-grained bead-spring model. Thick ribbons 

are shown in cyan while pink beads are used to show thin ribbons. (b) The finite 

element model of the planar network of ribbon-like fibers.  

These systems where next used to model uniaxial stretch tests along the 𝑥1 

direction. Layers of five bead diameters were chosen close to the system boundaries 

normal to the stretch direction. The positions of the model beads in the two layers were 

prescribed in order to perform small-strain displacement controlled stretch tests. 

The resulting discrete models were then used to construct equivalent finite element 

representations. This process was carried out by averaging the position of 9 (for thin 

fibers) or 25 beads (for thick fibers) to obtain the positions of the nodes of a shell 

element in the finite element model, followed by a correction operation in order to 

produce a mesh with convex elements. The ribbons and cross-links are modeled as shell 

elements and truss connectors in the finite element mesh, respectively. The truss 

connectors have the same axial stiffness as the linear Hookean springs in the coarse-

grain model. Fours connector elements are used to cross-link the corner nodes of the two 

attached finite elements belonging to different fibers to create a cross-link site. Finite 

element simulations are performed using Abaqus/Standard 6.9-2. Geometric 

nonlinearities are taken into account and the equations of motion are solved implicitly. 

Uniaxial stretch tests are performed using displacement-controlled tests. 

4.2 Linear scaling of network stiffness with cross-link density 

This section presents the results of mechanical testing using the constructed models. 

Uniaxial stretch tests using the bead-spring and finite element models are presented. The 

small-strain network modulus is evaluated using the two models. A significant 

difference is observed in the Young’s moduli of the tested network replicas. It is 
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suggested that the stiffness variability is caused by the different degrees of cross-linking 

arising from the stochasticity of the dynamic simulations.  

In the bead-spring simulations the sample stress is evaluated using the force on the 

controlled layer. The virial stress is calculated in the discrete system which is 

comparable to the Cauchy stress in continua [82]. An example of the resulting stress 

strain curves is shown in Figure  4.4(a). The stress-strain response up to the strain of 

0.05% was used to evaluate the network Young’s modulus. Figure  4.4(b) shows network 

modulus values for different cross-link densities. It is observed that Young’s modulus 

increases linearly with cross-link density. This is in agreement with the trends previously 

observed in simulations of collagen gels [83]. This behavior can’t be explained by the 

traditional affine network models e.g. Cox relation [5] since the displacement field and 

hence the network modulus are not altered by the addition of cross-links in such models. 

However the analytic results of chapter 2 show that the addition of any elastic element to 

the network results in an increase of boundary traction and consequently network 

modulus. 

 

 

Figure  4.4: (a) Stress-strain curve and (b) network Young’s modulus against cross-

link density for a bead-spring model. 

As shown in Figure  4.5 similar results are obtained using the finite element model. The 

results are qualitatively similar. But the moduli obtained in the bead-spring simulations 

are larger than the finite element simulations results by a factor of about 3. This 

discrepancy can be attributed to the lack of excluded volume effects in the finite element 

simulations and also in the essential differences in modeling cross-links in the two 
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models. The finite elements are connected only at their nodes while bead to bead 

connections were made at larger number of sites on every ribbon. This is expected to 

make the connections stiffer in rotation in the discrete model. 

 

Figure  4.5: (a) Stress-strain curve and (b) network Young’s modulus against cross-

link density for the finite element model. 

 

4.3 Parallel computation performance 

The computational performance of the two models is tested in this section. As 

expected the finite element simulation runs much faster, while it is expected that the 

bead-spring simulation is more scalable. The performance of the two models is 

quantitatively explored and strong scaling tests are performed using various numbers of 

processors. 

The simulation speedup for p processors is calculated as 

𝑆𝑝 = 𝑇1/𝑇𝑝 ( 4.4) 

where 𝑇1is the simulation runtime using a single processor and 𝑇𝑝is runtime using p 

number of processors. Parallel efficiency can be calculated using speedup as 

𝐸𝑝 = 𝑆𝑝/𝑝 ( 4.5) 

The speedup and efficiency of the finite elements simulations are measured in 

strong scaling tests using an 8-cpu shared memory node of the hydra cluster at the 

SCOREC center at RPI. The resulting speedup and efficiency against number of 

processors data are plotted in Figure  4.6. Superlinear speedup is observed showing an 

efficiency larger than 1.0. This can be attributed to the difference in memory architecture 
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of the processors and the increase in cache memory access when using a larger number 

of processors [84]. It is observed that for one processor the finite element simulation 

runs hundreds of times faster than the bead spring simulation. This is observed under the 

condition that excluded volume elements or beam contacts are not tracked. Due to 

limited resources we can only try a very limited number of processors. In this range it is 

observed that the simulations have desirable efficiency, higher than 80% in all cases.  In 

general implicit analysis using Abaqus are not expected to scale properly when using 

hundreds of processors [85]. 

 

Figure  4.6: Strong scaling plots for the finite element model. (a) Parallel speedup 

and (b) efficiency for different number of processors. 

The bead-spring simulations are performed using hybrid parallelization with 

LAMMPS on an IBM Blue Gene/Q machine at the CCI center at RPI. This machine 

consists of thousands of computation nodes each having a 16-core 1.6 GHz A2 

processor. Like other molecular dynamics methods, the bead-spring simulations are 

generally parallelized using a domain decomposition strategy. The simulation box is 

decomposed into smaller subdomains that are solved by individual processors. The 

subdomain solutions are then communicated using the MPI [80]. The most time 

consuming part of these simulations is the building of Verlet (neighbors) lists to keep 

track of beads interacting through the nonbonded potential. It is observed that the 

efficiency of these simulations drops really quickly, while staying above 0.4 until the 

limit of 512 processors. The observed performance in similar to the benchmark tests 

reported for simulations using polymer melts [86], agreeing with the general notion that 
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molecular dynamics simulations using short-ranged force-fields have reasonable scaling 

even when thousands of processes are used. 

 

Figure  4.7: Strong scaling plots for the coarse-grained bead-spring model. (a) 

Parallel speedup and (b) efficiency for variable number of processors.  
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5. Scaling Laws for Loss of Stiffness and Conduction in Continuum 

Composite due to Random Microstructural Heterogeneity 

This chapter extends the results of chapter 2 about softening of a random network of 

non-identical beams to the effective elasticity and heat conductivity of random 

continuum phase composites. Effective properties of 3D continuum composites with 

random microstructural material properties are studied using numerical simulation and 

analytical arguments. The constitutive relation of the subdomains is linear and isotropic 

and the cases of small-strain elasticity and steady state heat conduction with binary and 

lognormal distributions of microstructural properties are considered. A homogeneous 

sample with spatially uniform material property 𝜇  is considered as the reference. 

Heterogeneity is introduced by sampling subdomain material properties from a 

distribution of mean 𝜇 and variance 𝜎2. It is observed that the introduced heterogeneity 

makes composites softer and less conducting than the original homogeneous samples 

and the shift in effective properties scales linearly with 𝜎2. Maxwell-Betti’s reciprocal 

theorem in elasticity is used to derive a relation for the change in the effective stiffness 

of a finite sized sample due to the change in the stiffness of an arbitrary shaped 

subdomain. The derived relation is then used along with series approximations to prove 

the numerical results. It is shown that the reciprocity theorem and hence the subsequent 

results also hold when applied to thermal conductivity. In addition it is shown that the 

variance of effective properties scales linearly with 𝜎2 and inversely with the number of 

the present subdomains. The arguments provided for heat conduction also hold for other 

types of conduction, diffusion and fluid permeability in porous media by mathematical 

analogy. 

5.1 Model and simulation method 

To evaluate the effective properties of random composites numerically, we 

considered a cubic model subjected to uniaxial strain or steady state heat conduction. 

The model had dimension 𝐿 in the 𝑥1-direction. To evaluate the effective modulus, 𝐸𝑒𝑓𝑓, 

the 𝑥1 displacements of the model faces at 𝑥1 = 0 and 𝑥1 = 𝐿 were prescribed, while the 

rest of the boundary was traction free. A few other degrees of freedom were fixed to 

eliminate rigid body modes of motion. In the heat transport case, a temperature 
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differential ∆𝑇(0) was applied between the model faces at 𝑥1 = 0 and 𝑥1 = 𝐿 and the 

resulting heat flux, 𝑞𝑟, was computed, while insulating (zero flux) boundary conditions 

were considered for the other four domain faces. This model was used to evaluate the 

effective thermal conductivity, 𝑘𝑒𝑓𝑓.  

The elastic composite samples were composed from isotropic and homogeneous 

subdomains whose stiffness, 𝐸, was sampled from a statistical distribution of mean 𝐸(0) 

and variance 𝜎𝐸
2. In all cases discussed here the mean of the distribution was kept 

constant while the variance was changing. For simplicity, the Poisson ratio was 𝑣 = 0.3 

in all subdomains. A similar procedure was applied in the thermal transport problem, 

with the subdomain isotropic thermal conductivities sampled from a distribution of mean 

𝑘0 and variance 𝜎𝑘
2. 

The effective elastic modulus and thermal conductivity of the composite are denoted 

by 𝐸𝑒𝑓𝑓 and 𝑘𝑒𝑓𝑓 respectively. In numerical tests various composite replicas were 

studied having different samples of the statistical variables. These replicas produced 

distributions of 𝐸𝑒𝑓𝑓 and 𝑘𝑒𝑓𝑓. The means and variances of these distributions are 

denoted by 〈𝐸𝑒𝑓𝑓〉, 〈𝑘𝑒𝑓𝑓〉, 𝜎𝐸𝑒𝑓𝑓

2  and 𝜎𝑘𝑒𝑓𝑓

2  respectively.  

In these models at least nine thousand subdomains were considered in each case. 

This number was varied to explore the effect of system size to subdomain size on the 

results. The subdomains were brick shaped and filled the volume of the sample. All 

results were compared against the reference homogeneous sample with stiffness or 

conductivity equal to the mean of the dub-domain properties, 𝜇𝑘 or 𝜇𝐸. The reference 

sample comprised of 𝑁𝐸0 homogeneous subdomains. 

In the numerical simulations, the sample was discretized using linear hexahedral 

elements with isotropic linear constitutive laws and linear field interpolation. The 

solution to the described boundary value problem was obtained using the finite element 

solver Abaqus/Standard 6.9-2. All simulations of the mechanical behavior of the 

composite were performed within the small-strain range although the nonlinear 

geometric effects were accounted for in the simulations. 
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5.2 Scaling laws for effective elasticity and conductivity 

We observe that the composites are on average softer than the reference sample and 

that the amount of softening is proportional to the variance of the subdomain stiffnesses: 

𝐸𝑒𝑓𝑓
(0)

− 〈𝐸𝑒𝑓𝑓〉 ~ 𝜎𝐸
2 ( 5.1) 

where the scaling constant is positive. We also observe that: 

𝜎𝐸𝑒𝑓𝑓

2  ~ 𝜎𝐸
2 ( 5.2) 

Figure  4.1shows the results obtained using models with binary and lognormal 

distribution of microstructural stiffness. We observe that the scaling law in Eq. ( 4.4) 

holds for all of these test cases.  

 

Figure  5.1:(a) Average decrease and (b) variance of effective properties versus the 

variance of local properties. All values have been normalized by the properties of 

the respective homogeneous samples. The lines are power law fits to the data for the 

elasticity case. Binary distributions were used in the heat conduction case (filled red 

circles) while binary (open black squares) and lognormal (filled blue triangles) 

distributions were considered in elasticity tests. Plus signs and the open diamond 

show results for elastic tests with larger models. 

 

In the thermal conduction problem similar results are obtained. The mean effective 

thermal conductivity decreases relative to that of the reference sample and the amount of 

decreasing is proportional to the variance of the thermal conductivities of the 

subdomains:  

𝑘𝑒𝑓𝑓
(0)

− 〈𝑘𝑒𝑓𝑓〉 ~ 𝜎𝑘
2 ( 5.3) 

and 
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𝜎𝑘𝑒𝑓𝑓

2  ~ 𝜎𝑘
2 ( 5.4) 

The results of these tests are also plotted in Figure  4.1. 

To investigate the effect of the number of subdomains in the sample, we consider 

models with increasing 𝑁𝐸. In the case of elasticity, results for 𝑁𝐸 ≈ 21,000 and 

𝑁𝐸 ≈ 28,000 are shown using plus signs and an open diamond in Figure  4.1 

respectively. We observe that the shift in the mean of effective properties is insensitive 

to the number of subdomains, while increasing 𝑁𝐸 decreases the variance of effective 

properties. We observe that, as expected, the variance of the effective stiffness decreases 

inversely with 𝑁𝐸: 

𝜎𝐸𝑒𝑓𝑓

2  ~ 𝑁𝐸
−1 ( 5.5) 

A similar result holds in the thermal conductivity case:  

𝜎𝑘𝑒𝑓𝑓

2  ~ 𝑁𝐸
−1 ( 5.6) 

The variance of effective properties is plotted against the number of subdomains in 

Figure  5.2. 

 

Figure  5.2: Square of the coefficient of variation of effective properties against the 

normalized number of subdomains in a composite sample. All values are 

normalized by parameters from the respective homogeneous samples.  

 

This observation implies that in the limit of samples with very large number of 

subdomains, the variance of the effective properties decreases to zero and the effective 

stiffness and thermal conductivity become equal to the respective means, 〈𝐸𝑒𝑓𝑓〉 and 
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〈𝑘𝑒𝑓𝑓〉. In this limit, the reduction described by Eqns. ( 4.4)and ( 5.3) becomes 

deterministic.  

The rest of this chapter provides analytical proofs for Eqns. ( 4.4)and ( 5.3). 

5.3 A relation between composite stiffness and subdomain stiffness 

In this section a relation is provided for the change in the effective stiffness of a 

sample due to an increase, 𝛿𝐸, in the Young’s modulus of a subdomain. A state 0 is 

defined where essential boundary conditions 𝒖𝒙 = 0 and 𝒖𝒙 = ∆𝑢(0) are applied to the 

𝑥 = 0 and 𝑥 = 𝐿 faces of the sample, 𝑆𝑙 and 𝑆𝑟 respectively. All other degrees of 

freedom are traction free. State 1 is defined as a state where the Young’s modulus of a 

subdomain is increased with an amount 𝛿𝐸 and the same essential boundary conditions 

are prescribed as in state 0. 

In the homogeneous sample a specific subdomain can be considered having 

Young’s modulus 𝐸0. So the stiffness matrix of any substructure representing an 

individual subdomain can be expressed as 𝐸0𝑲. The relationship between forces, 𝒇(𝟎), 

and displacements, 𝒖(𝟎), applied to the boundary nodes of the substructure, in the global 

coordinates, is: 

𝐸0𝑲𝒖(𝟎) = 𝒇(𝟎) ( 5.7) 

This relation holds while the boundary conditions are applied to the sample domain 

in state 0.  

Increasing the substructure stiffness can be treated as the addition of a new 

substructure of Young’s modulus 𝛿𝐸 having the same degrees of freedom as the 

specified substructure of the homogeneous sample. The additional substructure has a 

stiffness matrix (𝛿𝐸)𝑲. If the same boundary conditions as at state 0 are applied to the 

sample in the presence of 𝛿𝐸, the additional local stiffness matrix will relate the force 

and displacements in the same global degrees of freedom by 

(𝛿𝐸)𝑲𝒖(𝟏) = 𝒇(𝟏) ( 5.8) 

where 𝒖(𝟏) and 𝒇(𝟏) are displacement field and force components related to the 

substructure at the state 1. As commonly practiced in small-strain elasticity (see [74]) the 

presence of the substructure with 𝛿𝐸 can be replaced by the forces that it is exerting on 

the rest of the sample, −𝒇(𝟏). −𝒇(𝟏)is the reaction to the force that the subdomain is 
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experiencing from the surrounding material. We add −𝒇(𝟏) to the state 0 to construct 

state 1. Figure  5.3 shows the states 0 and 1, the free body diagram of the additional 

subdomain at state 1 and the replacement of the inhomogeneity by −𝒇(𝟏).  

 

 

Figure  5.3: Schematic of operations used to replace a substructure by the forces it 

will exert to the surrounding after deformation of the composite. (a) State 0 shows 

the sample with the prescribed essential boundary conditions. (b) State 1 shows the 

sample including the additional subdomain under the prescribed boundary 

conditions. (c) State 1 shows the sample under the prescribed boundary conditions 

with the effect of the additional substructure replaced by the forces it would have 

exerted to the rest of the sample. (d) The free body diagram of the additional 

subdomain at state 1. The forces that the additional subdomain experiences are the 

reactions to the forces that it exerts on the surrounding sample in the presence of 

the sample’s boundary conditions. 

The Maxwell-Betti’s reciprocal theorem [74] is used to relate states 0 and 1 

(specifically, panels (a) and (c) in Fig. 1.3), which leads to 

(∆𝑢(0))𝑡𝑟
(1)

= (∆𝑢(0))𝑡𝑟
(0)

+ 𝒇(𝟏). 𝒖(𝟎) ( 5.9) 

where 𝑡𝑟
(0)

 and 𝑡𝑟
(1)

 are the boundary tractions at the right face of the sample at the states 

0 and 1 respectively.  

Eq. ( 5.9) can be rewritten by using the eigendecomposition of the stiffness matrix 

relating the forces and displacements in the inhomogeneous subdomain. It can be noted 
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that the forces 𝒇(𝟏) and the displacements 𝒖(𝟎) correspond to the same degrees of 

freedom. So, they can be related through the eigendecomposition of the substructure’s 

stiffness matrix. 𝑲 is a positive semidefinite matrix with dimension 𝑛, rank 𝑟, 

eigenvalues 𝜆𝑗 and eigenvectors 𝒗𝒋 [87]. It can be noted that the eigenvectors 

corresponding to zero eigenvalues of 𝑲 represent zero energy modes of the respective 

subdomain. Also the eigenvectors 𝒗𝒋 with nonzero 𝜆𝑗 are orthonormal to each other and 

also to the vectors 𝒗𝒋 with zero 𝜆𝑗s. Any displacement field of the substructure can be 

decomposed in the basis of these eigenvectors as  𝒖 = ∑ 𝛼𝑗𝒗𝒋
𝑛
𝑗=1  where 𝛼𝑗 is the 

component of 𝒖 along 𝒗𝒋. The forces can then be decomposed as 𝒇 = 𝐸 ∑ 𝛼𝑗𝜆𝑗𝒗𝒋
𝑟
𝑗=1 =

∑ 𝒇𝒋
𝑟
𝑗=1 . Using the modal decomposition and considering a specific change in subdomain 

stiffness, (𝛿𝐸)(1), yields 𝒇(𝟏). 𝒖(𝟎) = (𝛿𝐸)(1) ∑ 𝛼𝑗
(1)

𝛼𝑗
(0)

𝜆𝑗
𝑟
𝑗=1 . Next, Eq. ( 5.9) can be 

decomposed into different components using the eigendecomposition of 𝒇(𝟏). If each 𝑓𝑗 

is applied to the structure separately the reciprocal theorem can be used to show that 

(∆𝑢(0))𝑡𝑟
(1𝑗)

= (∆𝑢(0))𝑡𝑟
(0)

+ 𝒇𝒋
(𝟏)

. 𝒖(𝟎) ( 5.10) 

where 𝑡𝑟
(1𝑗)

− 𝑡𝑟
(0)

 is the change in 𝑡𝑟
(0)

 due to the application of the component of the 

force 𝒇𝒋
(𝟏)

. Eq. ( 5.10) can be rewritten for each mode 𝑗 and then the changes caused by 

each 𝒇𝒋
(𝟏)

 to 𝑡𝑟
(0)

 can be summed to obtain the total change in the boundary traction and 

hence 𝑡𝑟
(1)

.  

From the orthonormality of the eigenvectors for a generic substructure we have 

𝒇𝒋
(𝟏)

. 𝒖(𝟎) = (𝛿𝐸)(1)𝛼𝑗
(1)

𝛼𝑗
(0)

𝜆𝑗. So Eq. ( 5.10) can be rearranged as  

(∆𝑢(0))𝑡𝑟
(1𝑗)

= (∆𝑢(0))𝑡𝑟
(0)

+ (𝛿𝐸)(1)𝛼𝑗
(1)

𝛼𝑗
(0)

𝜆𝑗 ( 5.11) 

Next, if a different change in subdomain modulus, (𝛿𝐸)(2), is considered a different 

state 2 will result. The respective components of the boundary traction at this state can 

be expressed as 

(∆𝑢(0))𝑡𝑟
(2𝑗)

= (∆𝑢(0))𝑡𝑟
(0)

+ (𝛿𝐸)(2)𝛼𝑗
(1)

𝛼𝑗
(0)

𝜆𝑗 ( 5.12) 

On the other hand, the states 1 and 2 can be related by the reciprocal theorem as 

(∆𝑢(0))𝑡𝑟
(2𝑗)

+ (𝛿𝐸)(1)𝛼𝑗
(1)

𝛼𝑗
(2)

𝜆𝑗 = (∆𝑢(0))𝑡𝑟
(1𝑗)

+ (𝛿𝐸)(2)𝛼𝑗
(2)

𝛼𝑗
(1)

𝜆𝑗 ( 5.13) 

Eqs. ( 5.11), ( 5.12) and ( 5.13) can be combined to obtain 
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(𝛼𝑗
(0)

− 𝛼𝑗
(1)

)

(𝛿𝐸)(1)𝛼𝑗
(1)

=
(𝛼𝑗

(0)
− 𝛼𝑗

(2)
)

(𝛿𝐸)(2)𝛼𝑗
(2)

 ( 5.14) 

This implies that the quantity (𝛼𝑗
(0)

− 𝛼𝑗
(1)

)/(𝛿𝐸)(1)𝛼𝑗
(1)

 is invariant of 𝛿𝐸. This 

invariant can be denoted by 𝑐𝑗. In other words irrespective of the value of (𝛿𝐸)(1) there 

exists a constant 

𝑐𝑗 =
(𝛼𝑗

(0)
− 𝛼𝑗

(1)
)

(𝛿𝐸)(1)𝛼𝑗
(1)

 ( 5.15) 

Solving Eq. ( 5.15) for 𝛼𝑗
(1)

 and substituting the result into Eq. ( 5.11) gives 

(∆𝑢(0))𝑡𝑟
(1𝑗)

= (∆𝑢(0))𝑡𝑟
(0)

+
𝜆𝑗(𝛼𝑗

(0)
)

2

𝑐𝑗 + 1/(𝛿𝐸)(1)
 ( 5.16) 

It can be noted that 𝑐𝑗 > 0 because otherwise the sample’s stiffness will diverge for 

a finite value of (δE)(1) = -1/cj, which is not acceptable on physical grounds. Also, Eq. 

( 5.15) indicates that the special case of 𝑐𝑗 = 0 occurs only if the substructure does not 

deform from the application of any forces. Other than the trivial case of a rigid sample, 

this can be attributed to the sample having prescribed displacement boundary conditions 

at this specific subdomain. For example 𝑐𝑗 = 0 if the inhomogeneous substructure is a 

spring in a parallel spring system under displacement controlled deformation. 

Next, by considering the superposition of the substructural modes and using Eq. 

( 5.16) and 𝐸𝑒𝑓𝑓 = 𝐿𝑡𝑟/∆𝑢(0) the sample’s effective stiffness in states 0 and 1 can be 

related as 

𝐸𝑒𝑓𝑓 = 𝐸𝑒𝑓𝑓
(0)

+
𝐿

(∆𝑢(0))2
∑

𝜆𝑗(𝛼𝑗
(0)

)
2

𝑐𝑗 + 1/𝛿𝐸

𝑟

𝑗=1

 ( 5.17) 

5.4 Application of Maxwell’s reciprocal theorem in the heat 

conduction case 

Fourier’s Law, 𝒒 = −𝑘∇𝑇, is considered for heat conduction throughout the 

domain. In index notation 𝑞𝛽 = −𝑘𝑇,𝛽 where 𝛽 denotes each of the coordinate 
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directions. If two states 1 and 2 are considered then at each point of the problem domain 

𝑞𝛽
(1)

𝑇,𝛽
(2)

= 𝑞𝛽
(2)

𝑇,𝛽
(1)

 because −𝑘𝑇,𝛽
(1)

𝑇,𝛽
(2)

= −𝑘𝑇,𝛽
(2)

𝑇,𝛽
(1)

. So it can be concluded that  

∫ 𝑞𝛽
(1)

𝑇,𝛽
(2)

𝑑𝑉
𝑉

= ∫ 𝑞𝛽
(2)

𝑇,𝛽
(1)

𝑑𝑉
𝑉

 ( 5.18) 

. This result can be also deduced from reciprocity in electrical conduction by 

mathematical analogy. 

Next, using integration by parts it can be shown that 

∫ 𝑞𝛽
(1)

𝑇,𝛽
(2)

𝑑𝑉
𝑉

= ∫ (𝑞𝛽
(1)

𝑇(2))
,𝛽

− 𝑞𝛽,𝛽
(1)

𝑇(2)𝑑𝑉
𝑉

. Since the divergence of 𝒒 is balanced 

by the external conduction sources 𝑞𝛽,𝛽 + 𝑞𝑒𝑥𝑡 = 0, where 𝑞𝑒𝑥𝑡 is an external point 

source or drain. So ∫ 𝑞𝛽
(1)

𝑇,𝛽
(2)

𝒅𝑽
𝑽

= ∫ (𝑞𝛽
(1)

𝑇(2))
,𝛽

𝑑𝑉
𝑽

+ 𝒒𝒆𝒙𝒕
(𝟏)

. 𝑻𝒑
(𝟐)

 where 𝒒𝒆𝒙𝒕
(𝟏)

 

denotes a set of external currents at state 1 at an array of points with temperatures 

represented by the vector 𝑻𝒑
(𝟐)

 in state 2. Using Stokes’ theorem the integral on the right 

hand side can be expressed as ∫ (𝑞𝛽
(1)

𝑇(2))
,𝛽

𝑑𝑉
𝑉

= ∫ 𝑞𝛽
(1)

𝑇(2)𝑛𝛽𝑑𝑆
𝑆

 where 𝑆 denotes 

the sample boundary. Consequently,  ∫ 𝑞𝛽
(1)

𝑇,𝛽
(2)

𝑑𝑉
𝑉

= ∫ 𝑞𝛽
(1)

𝑇(2)𝑛𝛽𝑑𝑆
𝑆

+ 𝒒𝒆𝒙𝒕
(𝟏)

. 𝑻𝒑
(𝟐)

. 

So, in the particular case of the boundary value problem defined by prescribing 

temperature on the left and right boundaries, 𝑆𝑙 and 𝑆𝑟 and flux free lateral boundaries: 

∫ 𝑇(2)𝒒(𝟏). 𝒏𝒍𝑑𝑆
𝑆𝑙

+ ∫ 𝑇(2)𝒒(𝟏). 𝒏𝒓𝑑𝑆
𝑆𝑟

+ 𝒒𝒆𝒙𝒕
(𝟏)

. 𝑻𝒑
(𝟐)

= ∫ 𝑇(1)𝒒(𝟐). 𝒏𝒍𝑑𝑆
𝑆𝑙

+ ∫ 𝑇(1)𝒒(𝟐). 𝒏𝒓𝑑𝑆
𝑆𝑟

+ 𝒒𝒆𝒙𝒕
(𝟐)

. 𝑻𝒑
(𝟏)

 

( 5.19) 

where 𝒏𝒓 and 𝒏𝒍 are the unit normal to the right and left faces of the sample respectively. 

This boundary condition is shown in Figure  5.4(a). 
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Figure  5.4: Schematic of operations used to replace a substructure by the currents 

it will exchange with the surrounding at steady state. (a) State 0 shows the sample 

with the prescribed essential boundary conditions. (b) State 1 shows the sample 

including the additional subdomain under the prescribed boundary conditions. (c) 

State 1 shows the sample under the prescribed boundary conditions with the effect 

of the additional substructure replaced by the currents it would have exchanged 

with the rest of the sample. (d) The added subdomain at state 1. The currents that 

the additional subdomain experiences are the opposites of the currents that it 

exchanges with the surrounding sample in the presence of the sample’s boundary 

conditions. 

 

So, if the left and right face have temperatures  𝑇𝑙
(0)

 and 𝑇𝑟
(0)

= 𝑇𝑙
(0)

+ ∆𝑇(0): 

(∆𝑇(0))𝑞𝑟
(1)

+ 𝒒𝒆𝒙𝒕
(𝟏)

. 𝑻𝒑
(𝟐)

= (∆𝑇(0))𝑞𝑟
(2)

+ 𝒒𝒆𝒙𝒕
(𝟐)

. 𝑻𝒑
(𝟏)

 ( 5.20) 

where 𝑞𝑟 is the average flux on the right boundary. 

5.5 A relation between composite conductivity and subdomain 

conductivity 

By using arguments similar to the case of elasticity an analogous relation to Eq. 

( 5.17) can be obtained for the case of heat conduction. State 0 can be defined as the 

cubic sample having prescribed boundary temperatures 𝑇𝑙 and 𝑇𝑟 over the faces at 𝑥 = 0 

and 𝑥 = 𝐿 respectively while the other boundaries have zero flux boundary conditions. 
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At this state, for a subdomain with isotropic conductivity 𝑘(0) the corresponding 

substructure has nodal temperatures  𝒕 and heat fluxes 𝒒. In state 0 these quantities are 

related as 

𝑘(0)𝑲𝒕(𝟎) = 𝒒(𝟎) ( 5.21) 

This specific subdomain is marked in Figure  5.4(a). 

In the case of heat conduction 𝑘0𝑲 is the substructural conductance matrix.  It is a 

positive semidefinite matrix with dimension 𝑛, rank 𝑟, eigenvalues 𝜆𝑗 and eigenvectors 

𝒗𝒋. An increase in conductivity 𝛿𝑘 can be considered as the addition of a conducting 

substructure with a conductivity 𝛿𝑘 to the sample. Then the effect of the added 

subdomain can be replaced by the point currents that flow from it to the surrounding 

medium. These currents are external sources or drains for the surrounding sample.  

The same procedure as in the case of elasticity can be repeated with replacing 𝒇, 𝒖, 𝐸0 

and 𝑡𝑟 by 𝒒, 𝒕, 𝑘0 and 𝑞𝑟 respectively. 𝑘0 is the initial thermal conductivity of the 

studied subdomain and 𝑞𝑟 is the heat flux from the cubic sample’s right face, 𝑆𝑟. This 

superposition operation is shown in Figure  5.4. 

By considering the eigendecomposition of 𝑲, the substructural node temperatures 

𝒕(𝟎) can be written in the basis of the eigenvectors to give 𝒕(𝟎) = ∑ 𝛼𝑗
0𝜆𝑗𝒗𝒋

𝑛
𝑗=1  where 𝛼𝑗 

is the component of 𝒕 in the 𝒗𝒋 direction. Consequently at the state 0, 𝒒 can be 

decomposed as 𝒒(𝟎) = 𝑘(0) ∑ 𝛼𝑗
0𝜆𝑗𝒗𝒋

𝑟
𝑗=1 .  

A state 1 can be considered in which the conductivity of an individual subdomain is 

increased by (𝛿𝑘)(1). This increase in the subdomain’s conductivity can be replaced by 

adding a substructure to the original substructure. The added substructure will 

correspond to the same degrees of freedom as the original substructure which initially 

had a conductivity (𝛿𝑘)(0).  

State 1 can be defined as the sample including the added subdomain under the 

boundary conditions of the state 0. At this state the local conduction equation for the 

additional subdomain is 

(𝛿𝑘)(1)𝑲𝒕(𝟏) = 𝒒(𝟏) ( 5.22) 

Using the Maxwell reciprocal theorem from section  5.4 the sample flux at states 0 

and 1, 𝑞𝑟
(0)

 and 𝑞𝑟
(1)

 can be related as 
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(∆𝑇(0))𝑞𝑟
(1)

= (∆𝑇(0))𝑞𝑟
(0)

+ 𝒒(𝟏). 𝒕(𝟎) ( 5.23) 

The substructural eigendecomposition yields 𝒒(𝟏). 𝒕(𝟎) = (𝛿𝑘)(1) ∑ 𝛼𝑗
(1)

𝛼𝑗
(0)

𝜆𝑗
𝑟
𝑗=1 . 

The effect of the additional substructure can be considered as the superposition of its 

different modes. Then, for each mode 𝑗  

(∆𝑇(0))𝑞𝑟
(1𝑗)

= (∆𝑇(0))𝑞𝑟
(0)

+ (𝛿𝑘)(1)𝛼𝑗
(1)

𝛼𝑗
(0)

𝜆𝑗 ( 5.24) 

Similarly to the case of elasticity a different increase of conductivity (𝛿𝑘)(2) can be 

considered to define a state 2. Then if the Maxwell’s reciprocal theorem is considered 

for the states 0 and 2 and also the states 1 and 2 a parameter 𝑐𝑗 results that is invariant of 

the added conductivity. This invariant can be expressed as 

𝑐𝑗 =
(𝛼𝑗

(0)
− 𝛼𝑗

(1)
)

(𝛿𝑘)(1)𝛼𝑗
(1)

 ( 5.25) 

Eq. ( 5.25) solved for 𝛼𝑗
(1)

, a superposition of the modes, Eq. ( 5.24) and the equation 

𝑘𝑒𝑓𝑓 = 𝐿𝑞𝑟/∆𝑇(0) relate the effective conductivity at states 0 and 1 as 

𝑘𝑒𝑓𝑓 = 𝑘𝑒𝑓𝑓
(0)

+
𝐿

(∆𝑇(0))2
∑

𝜆𝑗(𝛼𝑗
(0)

)
2

𝑐𝑗 + 1/𝛿𝑘

𝑟

𝑗=1

 ( 5.26) 

It can be noted that 𝑐𝑗 > 0 because otherwise the effective conductivity will diverge 

for a finite value of 𝛿𝑘 = −1/𝑐𝑗. In analogy with the case of elasticity, 𝑐𝑗 = 0 if the 

subdomain has prescribed boundary temperatures. 

5.6 Proof of the scaling laws 

The effective elasticity of a sample can be expressed as a function of the stiffness of 

all subdomains as 𝐸𝑒𝑓𝑓(𝑬) where 𝑬 = (𝐸1, 𝐸2, … , 𝐸𝑁𝐸
). In case of the homogeneous 

sample, 𝐸𝑒𝑓𝑓 can be expressed as 𝐸𝑒𝑓𝑓
(0)

= 𝐸𝑒𝑓𝑓(𝝁𝑬) where 𝝁𝑬 = (𝐸(0), 𝐸(0), … , 𝐸(0)).  It 

can be noted that 𝝁𝑬 = 〈𝑬〉 for a set of tested heterogeneous samples with fluctuating 

local stiffness, 𝐸(𝑖). For a specific stiffness of subdomains 𝑬𝟎, 𝜹𝑬𝟎 can be defined as 

𝜹𝑬𝟎 = 𝑬𝟎 − 𝝁𝑬. Then the composite effective stiffness for 𝑬𝟎, 𝐸𝑒𝑓𝑓(𝑬𝟎), can be 

expressed as a Taylor series expansion about the point 𝝁𝑬 as 
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𝐸𝑒𝑓𝑓(𝑬𝟎) = 𝐸𝑒𝑓𝑓
(0)

+ [(𝜹𝑬𝟎. ∇𝑬)𝐸𝑒𝑓𝑓 +
1

2
(𝜹𝑬𝟎. ∇𝑬)2𝐸𝑒𝑓𝑓]

𝑬=𝝁𝑬

+ ⋯ ( 5.27) 

Considering a specific 𝐸𝑒𝑓𝑓(𝑬𝟎) function results in treating the derivatives of 𝐸𝑒𝑓𝑓 

invariant of averages over 𝑬. This assumption is valid if various 𝑬 distributions are 

sampled to represent the microstructural properties of one specific structure. Also since 

small fluctuations in the subdomain stiffness are considered, the higher order terms in 

the components of 𝜹𝑬𝟎 can be neglected. Taking the variance of the Taylor series up to 

the first order gives 

𝜎𝐸𝑒𝑓𝑓

2 ≈ 𝜎𝐸
2[∇𝑬. 𝐸𝑒𝑓𝑓]

𝑬=𝝁𝑬

2
 ( 5.28) 

This proves the scaling law in Eq.  ( 5.2). 

Further, the scaling law in Eq. ( 4.4) can be proved by averaging the Taylor series 

and considering terms up to the second order. By noting that 〈𝜹𝑬𝟎〉 = 𝟎  

𝐸𝑒𝑓𝑓
(0)

− 〈𝐸𝑒𝑓𝑓〉 ≈ −
1

2
𝜎𝐸

2[∆𝐸𝑒𝑓𝑓]
𝒙=𝝁𝑬

 ( 5.29) 

Eq. ( 5.17) shows that the second derivative of the effective stiffness with respect to 

the stiffness of any subdomain is negative. So, the Laplacian of 𝐸𝑒𝑓𝑓 in Eq. ( 5.29) is 

negative and, as a result, the scaling coefficient in Eq. ( 4.4) is positive and the 

heterogeneous samples are softer on average. Similarly, the central limit theorem (see 

[88]) can be used together with Eqs. ( 5.17) and ( 5.29) to show the validity of Eq. ( 5.5). 

It can be noted that the arguments used to show the scaling laws ( 4.4) and ( 5.2) are 

not specific to elasticity and can be generalized to show that the scaling laws ( 5.3) and 

( 5.4) hold for any distribution of subdomain heat conductivity values with a small 

variance. The effective conductivity can be expressed as a function of the subdomain 

heat conductivity values as 𝑘𝑒𝑓𝑓 = 𝑘𝑒𝑓𝑓(𝑘1, 𝑘2, … , 𝑘𝑁𝐸
). The conductivity of the 

subdomains in the homogeneous case or the average conductivity can be denoted by a 

vector 𝝁𝒌 = (𝑘0, 𝑘0, … , 𝑘0). Similar to the proof for elasticity, the Taylor series for 𝑘𝑒𝑓𝑓 

about the point 𝝁𝒌 can be considered.  The variance and the average of the Taylor series 

up to the first and second order terms can be considered to obtain Eqs. ( 5.4) and ( 5.3) 

respectively. In addition Eq. ( 5.26) shows that the second derivative of effective 

conductivity with respect to the conductivity of any subdomain is negative. So, the 

Laplacian is negative and as a result the heterogeneous samples are less conducting on 
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average. Similarly, the central limit theorem can be used together with the Taylor series 

including terms up to the second order and Eq. ( 5.26) to show the validity of Eq. ( 5.6). 

Similar arguments can show the validity of the results if natural boundary conditions 

are prescribed. It can also be noted that the theoretical arguments hold for generic 

geometries including the case where the considered composite material is not isotropic. 

These results are expected to hold for other fields provided linear constitutive equations 

are used and sufficiently small fluctuations are considered. 
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6. Conclusions, Contributions and Future Work 

In this dissertation theoretical and numerical arguments are employed to study the 

mechanics of fiber networks with non-identical or crimped elements, methods are 

introduced for simulating networks of ribbon-like fibers and scaling laws are introduced 

for effective properties of random composites. 

The effective properties of random networks of non-identical fibers are studied in 

chapter 2. 3D Delaunay and Voronoi networks and 2D Mikado networks are numerically 

tested using Hookean springs or Timoshenko beam elements. The results are three 

scaling laws showing linear variation of the network stiffness and its variance with the 

variance of fiber properties and the inverse of the number of fibers. The numerical 

results are supported for an arbitrary network geometry by theoretical arguments. A 

micromechanical equation is derived that relates the network modulus to the fiber 

stiffness distribution. This derivation is used along with ensemble averages of a series 

estimation to demonstrate the validity of the numerically observed scaling laws for any 

network of beams. Chapter 2 concludes with numerical simulations of the finite-strain 

response of networks with non-identical elements showing that despite the different 

small-strain behavior, the tangent stiffness-stress response of networks with various 

levels of fiber property fluctuations converge to the same characteristic curve. 

Chapter 3 is dedicated to the use of numerical and analytical arguments in studying the 

effect of fiber crimp (tortuosity) on network properties. The fraction of fibers crimped 

and the crimp amplitude (or tortuosity) are chosen as the parameters describing the 

amount of fiber crimp in a network. Implicit finite element simulations are performed 

using Voronoi networks to explore small and finite deformation behaviors of such 

networks. The numerical results for effective properties are bound from below by a fiber 

recruitment model and a series estimation is introduced, based on the results of chapter 

2, to quantitatively relate effective network stiffness to tortuosity. The results are 

complimented with finite deformation simulations showing that the tangent stiffness-

stress response of networks with various levels of fiber crimp converge to the same 

characteristic curve although starting from various initial stiffness values. To apply the 

results to collagen networks in soft tissue a coupled fiber-matrix soft tissue model is 
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adapted to model fiber crimp. It is observed that simulations using this model predict 

negligible effect of fiber crimp on the effective small-strain modulus.  

In chapter 4 two models are introduced to simulate the mechanics of networks with 

ribbon-like fibers. The first model is a system of beads and springs. The second model 

uses finite elements to represent fibers. The models are calibrated using experimental 

data and then used to simulate the mechanics of cross-linked networks of ribbons. Both 

models indicate a linear scaling between network elasticity and the density of cross-

links.  This chapter concludes with analyzing the computational aspects of the two 

models in parallel situations. 

Chapter 5 includes an extension of the micromechanical results and series 

estimation of chapter 2 to heterogeneous continuum systems with a distribution of 

microstructural properties. Finite element simulations are used to model the cases of 

elasticity and heat conduction. The results are supported analytically and, by 

mathematical analogy, they apply to other field theories including conduction, 

permeability and diffusion. The results show linear attenuation of effective elasticity and 

conductivity with increasing the variance of microstructural properties. Also, the 

variance of effective properties is shown to scale linearly with the variance of 

microstructural properties and inversely with the number of the considered individual 

homogeneous subdomains, which are in line with the findings of Chapter 2 dedicated to 

fiber networks. 

6.1 Contributions of the present dissertation 

The contributions of this dissertation are: 

 Demonstrated that networks of non-identical fibers (beam or Hookean spring) are 

on average softer than networks of identical fibers of mean properties for any 2D 

or 3D random fiber network. 

 Demonstrated that in networks of non-identical fibers network softening scales 

linearly with the variance of fiber properties distribution. Also, showed that the 

variance of network softening scales linearly with the variance of fiber properties 

and inversely with the number of fibers. 



 

     69 

 Developed analytical relations linking the network elastic modulus and fiber 

crimp (tortuosity) and established lower bounds for these parameters. 

 Numerically studied the finite strain deformation of fiber networks in the 

presence of non-identical fiber properties or fiber crimp. 

 Used a coupled fiber-matrix model to study the effect of fiber crimp on the 

mechanics of collagenous tissue. 

 Developed and calibrated two distinct models for simulating networks of ribbon-

like fibers: a discrete, bead-spring model and a finite element model. 

 Studied elasticity and conductivity of random composites and demonstrated that 

the composite elastic modulus and conductivity decrease linearly with the 

variance of the microstructural properties distribution. Also demonstrated that the 

variance of this reduction is proportional to the variance of subdomain properties 

and decreases as the inverse of the density of constituent subdomains.  

6.2 Suggestions for future work 

 Development of an improved viscoelastic model for collagen fiber and other 

fibrillar and nonfibrillar components in soft tissue. This will help in applying the 

results of studies of fiber networks to soft tissue. 

 Dynamic testing of fiber networks with viscoelastic elements. This may provide 

connections to the ample experimental reports where rheological tests are 

performed to characterize biopolymer networks. 

 Improve the finite element model of the ribbon-like fiber networks to also 

account for excluded volume effects. This produces more accurate results, 

perhaps matching those from the discrete model. 

 Extending the micromechanical arguments about inhomogeneity and composite 

properties to thermoelectric composites and apply the results to predications of 

the composite figure of merit and power factor. This has implications for 

designing better materials for power conversion leading to more efficient 

vehicles.
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