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CHAPTER I 

INTRODUCTION 

A ground effect machine, abbreviated as GEM in the follow-

ing, is a large-clearance fluid supported vehicle capable of hovering 

and performing forward flight in the proximity of the ground or of a 

water surface. Various fluid-support devices are capable of producing 

lift in hovering, but their lift characteristics in forward flight are 

for the most part unknown. The peripheral jet, however, has demonstrated 

its potential as a useful fluid-support device capable of supporting the 

GEM in hovering as well as in low-speed forward flight. 

A two-dimensional peripheral jet in forward flight is shown 

in Fig. 1, in which two jet curtains are located at the leading and 

trailing edges of a base plate to create a jet-curtain-sealed chamber. 

The high pressure inside this chamber is used to support the vehicle. 

The lift characteristics of peripheral jets in hovering 

operation have been under study for some time. l ,2* Experiments have 

shown that the lift created by a peripheral jet hovering in the immedi-

ate neighborhood of the ground varies approximately as the inverse of 

the hovering altitude but remains well below the value predicted by the 

simplified inviscid-flow calculation. Since the formation of parasitic 

1 
vortices under the base plate results in a reduction of base pressure, 

viscous effects for that reason alone must be recognized as important 

in predicting the lift characteristics of a peripheral jet. Another 

viscous flow problem arises as the jets impinge on the ground, and the 

* Superscript numbers refer to the references at the end of 
this work. 
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interaction between the jets and the moving ground is also of importance 

in determining the trend of the base pressure as the forward flight 

speed increases. 

For a peripheral jet in forward flight in the proximity of 

the ground, two regimes of operation are possible, depending on whether 

the jet curtain at the leading edge escapes toward the front or is 

totally deflected toward the rear. The former is known as subcritica1, 

the latter as supercritica1 operation. 

To determine the lift characteristics of a peripheral jet in 

forward flight, wind tunnel experiments simulating forward flight have 

been carried out at various faci1ities. 1 ,2,3 In these experiments, 

the peripheral jet model and a board whose surface simulated the 'ground 

were placed inside the wind tunnel and exposed to the tunnel flow. Due 

to the fact that the artificial ground was stationary with respect to 

the peripheral jet model, these experimental setups did not fully simu-

late the forward flight condition, in which the ground moves with rf:.\spect 

to the vehicle at the same speed as the relative wind. Because of this 

discrepancy, we shall refer to these experimental results as the lift 

characteristics of the peripheral jet in "partially simulated" forward 

flight. This discrepancy, however, may be resolved by using a moving 

belt as the artificial ground in the wind tunnel. 4 

Experimental results have shown that in a 11partially simula-

ted 11 forward flight condition the base pressure decreases as the forward 

2 
flight speed increases in subcritica1 operation. Little information is 

available for peripheral jets in I1fully simulated" forward flight. How-

ever, preliminary experimental evidence suggests that the base pressure 
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. 5 will decrease more in fully than in partially simulated forward f1~ght. 

This pressure decrease cannot be neglected in the study of the effect 

of translation on the performance of a peripheral-jet support device. 

To date the studies toward the understanding of the lift 

characteristics of a peripheral jet in fully simulated forward flight 

have been mainly experimental. Experimental data provide quantitative 

results pertaining to specific physi~al configurations of the peri-

phera1 jet, but an understanding of the relative importance of the de-

sign parameters involved and of the detailed flow around the peripheral 

jet would require a very extensive experimental program. Thus, there 

is urgent need of better understanding of the flow phenomena in the 

immediate vicinity of the peripheral jet in forward flight. 

The present study consists of the following: 

1. An examination of the flow picture in the immediate 

vicinity of a two-dimensional peripheral jet in fully simulated sub-

critical flight (Fig. 1). 

2. An analysis of that portion of the front jet curtain 

which is deflected toward the rear, with particular emphasis on the 

viscous effects of the moving ground on the lift characteristics of 

a peripheral jet in forward flight. 
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CHAPTER II 

THE FLOW AROUND A TWO-DIMENSIONAL PERIPHERAL JET 

A picture of the flow in the immediate vicinity of a two-

dimensional peripheral jet in forward flight is presented in Fig. 1. 

In the GEM-fixed frame of reference, the ground, above which the peri-

pheral jet platform is hovering at an altitude h, is moving in its own 

plane toward the right at a speed Uo' The oncoming stream is also di-

rected toward the right. Far upstream (to the left) the oncoming stream 

is parallel to the ground and has a uniform velocity UI(;!= Uo' The jet 

curtains are located at the leading and trailing edges of the platform 

at an exit angle , and the jet velocity Uj is the same in 

both. n1e ratio of the oncoming stream velocity and the jet velocity 

is within the limits of subcritical operation. A portion of the front 

jet flow is deflected toward the left (front), collides with the Ot1com-

ing stream and finally escapes past the upper surface of the platform. 

The remaining portion of the front jet flow is deflected toward the 

right (rear) under the platform. This flow is non-zero for a positive 

oncoming stream velocity. The rear jet curtain is, however, totally 

deflected toward the rear, and mixes first with the portion of the front 

jet deflected toward the rear and then with the oncoming stream and with 

the portion of the front jet which has swept across the upper surface of 

the platform. 

A. The Interaction Between the Front Jet and the Oncoming Stream 

Now we turn our attention to the front part of the peripheral 

jet. The £low interaction between the front jet and the oncoming stream, 
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shown in Fig. 1, creates a front stagnation point a/ . The presence 

of this stagnation point can be explained only by taking into considera-

tion the shear force exerted by the moving ground and/or the mixing 

dissipation of the front jet boundary fc along the recirculating air 

pocket. The stagnation pressure t~ of the oncoming stream is not in 

general equal to that of the front jet, pOj; in the regime of subcritical 

t · of h 0 0 opera lon t e GEM, p j 7 Pro The front stagnation point a/ does 

a not exist in an inviscid situation, except for the special case p~ = p j. 

The shear force exerted by the moving ground to the left of point ~ is 

transmitted to the front stagnation streamline and increases its total 

pressure from P~ o 
to p a' while the mixing dissipation between the front 

jet and the recirculating air pocket decreases the total pressure of the 

f . f 0 0 ront Jet rom P j to P a. Thus, the conditions for the existence of a 

front stagnation point are created. Since the front stagnation stream-

line must be under the viscous influence of the moving ground, for a given 

flight altitude h, the distance of the front stagnation point ~ above 

the moving ground may be decreased by increasing the Reynolds number 

R =- UoYL e. - j.J 
such that da.. <.< h, . 

would approach zero. 

In case Re. _cO as a limit, the distance Lla... 

The interaction between the front jet and the oncoming stream 

is of a high degree of complexity. In treating this interaction problem, 

one would first determine 1P~ for a given set of flow variables such as 

, U· 
~ 

,).J etc., by experimental methods or by 

analytical treatment of a duly simplified viscous flow model. After 

is determined, one would be able to determine the shape of the dividing 

streamline a..cL (see the diagram below) and the position of the front 
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stagnation point ~ relative to the leading edge of the peripheral jet 

platform. To achieve this end, one may focus his attention on the flow 

near the stagnation point ~ and consider the inviscid head-on collision 

of the oncoming stream and the front jet, assuming that both have the 

stagnation pressure fci The solution to this inviscid flow problom 

would determine the shape of the dividing streamline a..d. The position 

of the front stagnation point Q, may be then determined by considering 

tht~ geometry in the above diagram subject to the condition that the front 

jet flow must pass through the section cd on the upper sur£ace of the 

platform. The work of Finley6 may be of some help in clarifying SOmE) l)f 

the concepts discussed above, although only supersonic flows ware con

sidered there. It is pertinent to point out here that the position of 

the front stagnation point ~ determines the starting point of the bound

ary layer development in the portion of the front jet flow deflected to

ward the right under the platform. This point will be discussed in the 

following section. 
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B.· The Effect of the Moving Wall 

The portion of the front jet deflected toward the rear has 

the dividing stagnation streamline a.. e as one of its boundaries. The 

rate of flow between the streamline a.e and the moving wall is, for 

the purpose of illustration, highly exaggerated in Fig. 1. The velo-

ci ty of the flow along the streamline ae. increases from 0 to Uo in a 

very short distance due to the fact that the wall, moving at Do' exerts 

a large shear force on the flow between the wall and the streamline ae 

As the distance .da,.. approaches zero (i. e., Re = uoiL ........ 00) the flow 
).I 

speed on the streamline a.e would approach Do as a limit. In this sense, 

the front jet flow may be effectively depicted by Fig. 2 with the dividing 

streamline a.e replaced by a rigid boundary moving at Do and the curva-

ture of the streamline Gte neglected. Thus, the effect of the moving 

wall on the portion of the front jet deflected toward the rear may be 

expressed in terms of the boundary layer development starting from the 

front stagnation point ~ and subject to a fictitious wall speed Do, in 

contrast to the classical boundary layer development where the wall speed 

is zero. This boundary layer development is quite crucial to the pressure 

difference -Pb - fw which can be maintained across the rear jet curtain. 

It may be emphasized here that in determining the viscous ef-

fects that take place in the flow situation shown in Fig. 2, it may be 

assumed that to a first-order approximation the viscous effects to the 

left of the streamline 0 a., have no effect on the flow to the right of 

the streamline 0 t::V (see Chapter III). 
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C. The Sealing Capacity of the Rear Jet 

The rear jet curtain impinges at the point b on the portion 

of the front jet which is deflected toward the rear and then both jets 

proceed toward the right (rear). The point b is called the rear stagna-

tion point (see Fig. 1). The existence of this point may be explained 

7 
by the "dividing streamline concept" of Chapman and the viscous mixing 

between the jets and the dead air in the jet-curtain-sealed chamber. 

This mixing process also creates two recirculating flows the pattern of 

which is also shown in Fig. 1. The pressure to the right of the rear 

jet is the wake pressure fw ' to the left is the base pressure fb 
in the curtain-sealed chamber. The "sealing capacity" of the rear jet 

may be expressed in terms of the pressure difference ..a.p = 'Pb -f'w which 

can be maintained across the rear jet curtain. The distance of the rear 

stagnation point above the ground 4b is very crucial to the sealing 

capacity of the rear jet. This is because the effective height of the 

platform as far as the rear jet sees it is h..-.4b. According to the 

4 
elemetary formula 

(II-I) 

it is easily seen that the sealing capacity .c. fJ increases as ~b in

creases while other variables in the above equation are kept constant. 

However, this does not necessarily mean that 1bb would increase with 

~b ( ~b increases as the oncoming stream velocity increases» be

cause we must consider the change of 1'w as the oncoming stream speed 

Vo increases. It is well known that for a given base height h, the wake 

7 
pressure decreases as the oncoming wind speed Uo increases. The decrease 
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in wake pressure is more pronounced for a flying vehicle in an enclosed 

8 
guideway than for a vehicle in free flight. Thus, for the case that 

the base height h is substantially larger than the jet thickness -6 

the net effect of the oncoming stream in partially simulated forward 

flight is to decrease the base pressure fb from that in hovering opera-

tion. 

The effect of the moving ground on the sealing capacity of 

the rear jet in fully simulated forward flight enters through the adjust-

ment of jet thickness Ll . To explain this, we first observer that in a 

partially simulated forward flight, the velocity profile of the jet flow 

under the platform appears as follows: 

b 

7 ) 

On the other hand, when the GEM has a forward flight speed Do the corres-

ponding velocity profile would look like this: 

b b 

The effect of the shear force exerted by the moving ground is to increase 

the velocity between the rear stagnation point and the moving ground, re-

1ti ' a11er A (i e .A .1\ > 0) In other words, according to su ng ~n a sm L..l.., ~o -L,l • 

equation (11.-1), AP is smaller with a moving ground than with a stationary 



ground. This indicates that the base pressure will decrease more in 

fully than in partially simulated forward flight. 

D. Parasitic Vortices and Wake Pressure 

The flow along the jet boundaries :] ~b and Itb tends to 

mix with the stagnant fluid in the curtain-sealed chamber, thus 

vortices are created as shown in Fig. 1. These parasitic vortices 

locally lower the base pressure It is this mixing process 

10 

between the stagnant fluid and the jets which creates the rear stagna-

tion point b. This mixing problem was experimentally investigated by 

Poisson-Quinton (op. cit.) and analytically treated by Hsu.
9 

The wake pressure near the trailing edge of a body in a stream 

has been the subject of study for many years. Many analytical studies 

as well as experimental results have been published on this subject. 7 ,8 

From the discussion in Section C, it is seen that the wake pressure is 

of great importance in determining the base pressure of a peripheral jet 

in forward flight. 
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CHAPTER III 

A SINGULAR PERTURBATION SOLUTION 

The flow problem to be considered below is depicted in Fig. 2, 

where a finite jet of initial velocity U j and direction e (0 < e ::;; ~ ) 

is impinging on a finite wall y = 0, 0 ~ X ~ L The fluid is assumed 

to escape for ..:tI >fL far downstream in such a manner that the flow in the 

region of interest 0 ~ .:t ~ L is not dis turbed. The wall is moving in 

its own plane at a speed Uo toward the right, while on the boundary 

streamline o....cL, a velocity distribution UI (5) exists. The pressure to 

the right of the jet is fb ,and to the left f>f . In general 11, 0\ ff . 
The jet is shown to be deflected into two streams. However, in case ff. 
is high enough, the jet may be deflected entirely toward the right. 

Our interest is focussed on the flow in the right half of the 

x-y plane, and in particular on the effects of the moving wall upon the 

boundary layer thickness and the displacement thickness. 

The fluid in question is considered incompressible and the 

kinematic viscosity constant. The Navier-Stokes equations are assumed 

to be the valid formulation for the flow problem. To simplify the formu-

1ation, we define the following quantities, 

,..... u.... 
LV ::.c.TJi J J 

.lC . x., -=-L ) 

R _ Ujt 
e--

)..J 

(III-I) 

and 

-~ 
A..I 

LA.. - ,-....I ) O!j 
=- -
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where )y is the stream function. Observing equation (III-l))we can 

write the vorticity transport equations together with the appropriate 

boundary conditions as follows 

J 
(III-2) 

B. C. 

f=O 
atV U,LS) 
~=--o/"\.J UJ' 

l 
J 

on the curve a...cJ... 
where ~ is the normal 

To facilitate the treatment of equation (111-2), we impose 

the condition that the boundary layer thickness along the wall O.:E X;;:s I 
is everywhere smaller than the local jet thickness Ll Thus, the jet 

boundary is not under the influence of the shear stress generated from 

the wall. In order for the above condition to be fulfilled, a lower 

limit of the Reynolds number must be established. To do this, we first 

note that the Blasius solution to the boundary layer equation of a semi-

infinite flat plate showed that 

~(X-) --J 0 [ >iRe;] 
where ~ is the boundary layer thickness and Re~ ~ U~~ 

).J 

present problem to a first approximation we have, 

so.) --V 0 [ >fu;J ] 

In the 
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or 
1. I ] "'-/ 0 [ -:6 'tt} ~. 

.J..,I 

For ~O < I we must have 

»(! ) 
2-

For the flow to be laminar, it follows again from flat plate results 

that the Reynolds number Re U'l 6 
= ~ -< 10 . ..v 

Thus 

is the range of Reynolds number in which the singular perturbation treat-

10 
ment of equation (111-2) is valid. 

For Reynolds numbers beyond the transition range, one may for 

qualitative purposes substitute in the analysis an effective turbulent 

eddy viscosity in the place of the ordinary viscosity coefficient, and 

thus extend the validity of the steady Navier-Stokes equations into tur-

bulent flow regime, 

A. Outer Expansion 

We now proceed to seek a one term outer solution to equation 

10 
(111-2) by constructing an outer expansion 

--- - (III-3) 

as Re. -to with X', y fixed. Substituting equation (111-3) into equation 

o 
(111-2) and collecting terms to the power of (Re) , we have 
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A first integral yields (Van Dyke op. cit. p. 10) 

where WI is the vorticity. Under the assumption that the jet is ir-

rotational at the exit plane y == h, we take w,:::=:'O' The above equation 

reduces to the Laplace equation for an inviscid irrotational flow 

""'V.2 _ ........ ~ 

V .:1:!.( (x../ :J) = 0 
(III-5) 

The first term ..JE} (x, y) in the outer expansion is thus the 

inviscid solution of the flow problem in Fig. 2, which was treated by 

11 d . h 12 Strand an Er~c . The inviscid solution does not satisfy the n011-

slip boundary condition at the wall. Instead, a velocity distribution 

of the form 

(III-6) 

is obtained from the solution .ii!, (x,y) . 

B. Inner Expansion 

In view of the non-slip boundary condition on the wall, we 

construct an inner expansion of the function YI(x,y,Re) 

(111-7) 

;'V""..J, tV"" "" 

where Y =!f(Re/as Re.--CI?with x, y fixed, x ;::.. O. 

Substituting equation (111-7) into (III-2), collecting terms 

J.., 
of power (ReYZ.·) we have 

(III-8) 
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i. e. , 

Integration of (111-8) yields the following 

(III-9) 

The arbitrary function f(X) in equation (111-9) is determined by match-

ing the one term inner solution of equation (111-9) and the one term 

outer solution of equation (111-5) (Van Dyke op. cit. p. 128). The end 

result is as follows 

(III-10) 

Substitution of equation (11-10) into equation (111-9) results in the 

familiar boundary layer equation 

The boundary conditions are as follows 

If', =0 
~ l}I, Uo dy =7Jj 

aLf, u q ~UJ 

(111-12) 

The boundary layer flow defined by equations (111-11) and (111-12) will 

be investigated in Chapters IV and V. 
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CHAPTER IV 

A SERIES SOLUTION TO THE BOUNDARY LAYER EQUATION 

A. A Series Solution 

A series solution to the boundary layer equation (III-ll) 

will now be developed. The transformation of the variables in achieving 

13 
the series solution is similar to that by Howarth. However, the 

boundary conditions on the wall as well as the inviscid external velo-

city variations are different. Let 

Define, 

(IV-2) 

Substituting equation (IV-2) into equation (III-ll» and o!Jscn'ving tltl~ 

change of variables in equation (IV-l), we have 

where 

Furthermore, let 

substituting equation (IV-4) into equation (IV-3) and collecting terms 



of powers of ? n..., we obtain 

For 7J1.., 

a -0 ' d-
o=::,/ YL~O./ =d..1 
./ +11. (ro) = at'\.., h.. ~o 

{ 
+n.( 0) = 0 ; 

B,C. / U +0 (0)= %J 
Specifia11y for n = 0 

) {'~ (0) = 0 n. ~ I 

-f III +.J..... ("' ...ell =0 
o 2.. To Itl 

fa(Q) =0 

-f~ (0) == UO/UJ 

-f: (00) =0 

For n :::: 1 

ft"' + ~ fof,ll- f/ ~I + I ~ fd l f, = 0 

B.C. -t-,(o)=f;'(O)=O ) f;'COO)=a.( 

For n = 2 

rIll ..L..£ r" f. If I J...f"f .:.t. £l/'2. J..I.:lJf 12. +- 2. JoT;t -2. (J .2. +2.2. 0 .l. = -a/ +TI - Z n I 

For n == 3 

-f,3IJJ + i -Fe f;' -:3 fo)f~ + a i f~)-t3 

= -.jet j a~ +3f;fl

/-2i ~lIf.2. -\:tf;'-t, 
8, c. -t3 (0) = f3)(C» = 0;; f.:/ (0:» = CL3 

17 

(IV-5) 

O:V-6) 

(IV-7) 

(IV-9) 
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B. Universal Functions 

The boundary conditions -f~( cc) ::: an.. ' n 2' 0 in equation 

(IV-S) are determined by the coefficients a~s in the series repre-

sentation of the external inviscid velocity distribution in equation 

(IV-3). These coefficients are different for different flow configura-

tions. However, universal functions can be constructed for the functions 

-Pn.!s h, ~O independent of the arbitrary coefficients a..h. such that they 

can be computed once and for all. To achieve this end, we first make 

the following transformation 

-{'o(1) =rFo(r) 

~ =r >7 

where 0:2.. =:. IJyuj . Then, let, 

-fl (~) = ~ Fi ( -2. ) 

r a..l. C\1:l.. () '2 (7) = Y F2.' (z) + 6~ 'F~'2. -l (IV-lO) 

-+~ (1) -- ~? fa, (~) + a.~2 F32(~) + gt~ F3~ (~) 
substituting equation (IV-lO) into equations (IV-7), (IV-B) and (IV-9) 

and defining a differential operator 

we have the following sequence of equations 

B,Ct 
"F (0) =- 0 

r~(()) -\ 
'Fol (00) = 0 

/ d.. 
=-~ 

(a) 

(b) 



L ( I) 1+L: /2 _.J.... r J)r 2 '22.. = - r; 2.. f\ r, 
(c) 

1=;2. (D) =- f";J.{ (0) = "G.; ( CO) = 0 (d) 

L3 (V~ I ) = 0 ~ \ ( 0) = "F~\ (0 J =- 0 J h (( ClO) =. \ 

(e) 

"F3 :2..(O)= F3~(D) = f3'2 (00) =0 (f) 

L~ ("1=33) =.3 F2i ~) - 2±fjJIl;:l -\~ F, G~ 
(g) 

t' I 
F.33(O) = 1-3,3 (D) = Faa roo) = 0 
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(IV-l1) 

C. Numerical Solu tions of the Ordinary Differential Equations 

I 
The numerical solution of ~ is shown in Fig. 3. The func-

I I I I I I 
tions FI' F21' F22' F31' F32 and F33 as the solutions to the respective 

differential equations (IV-ll) are shown in Figs. 3 through 6. The 

functions F!2 and F£3 both increase from 0 at -2: == 0 to tlHlir rCSpc.1C

tiva axtremums and then decay to zero as -i--ro. However, (1~3~)EXT. 

is about S times as large as (F{2)EXT. This result poses a very 

obvious convergence problem in the practical application of the series 

solution. 

D. Convergence Problem of the Series Solution 

The flow velocity in the series solution to the boundary layer 

LA. Cl W Sf) I n.. 
equation (IV-3) was expressed in the form ~ ='2>~ =~-fl"\..(~)? 

Observing the transformation in equation (IV-IO), we have 



while the inviscid external flow takes the form 

We consider the series solution in equation (IV-12) for a simple ex

ternal flow ~. = ~(7' In this case, we have 

20 

I I I The successive coefficients, in the above power series are Fl , F22, F33 

etc. Due to the fact that the coefficients tend to increase as the 

indices n increase, the power series clearly does not converge for 

a1) ~ 1. Due to the convergence problem of the series solution, an 

approximate solution to the boundary layer flow (equation (111-11), by 

the momentum integral method developed in Chapter V, using the series 

solution only to provide the needed initial values. 
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CHAPTER V 

AN APPROXIMATE SOLUTION 

A. The Momentum Integral Equation 

The boundary layer equation may be transformed by integrating 

in the y direction equation (III-II), which then turns into an ordinary 

differential equation known as the momentum integral equation. The mo-

tion of the wall, Va ~ 0, does not alter the final form of the momentum 

integral equation from that for the classical case where Va = O. With 

the displacement thickness S* and the momentum thickness e defined 

as follows 

(V-I) 

The momentum integral equation still takes the form 

(V-2) 

where '"170 is the shear stress on the wall. The classical momentum i11-

tegral approach to the boundary layer problem was originally developed by 

von Karman and Pohlhausen14 , but the non-zero wall speed in the present 

case complicates the analysis considerably. 

B. Velocity Profile 

In view of the functional relationship between ~ and 6'-* and 

e in equation (V-I), we proceed to assume a velocity profile as follows 
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where 7 = ~)() and ~(.:G) is the nominal boundary layer thickness. 

The coefficients CZL(~) are determined by the conditions imposed at the 

wall and at the outer edge of the boundary layer. 

At 1=0 

At '1 =1 

tJ.. (X,) ~) =Uo 

a2.u. 
)) a ~2. = - U Ux 

Ll ex) ~) = u (X-) 

dLl =0 
a~ 
d2.u., 
a~2.. =0 

(V-4) 

The five conditions in equation (V-4) determine the ai (J(.) in equation 

(V-3). Carrying out the algebra, we find 

Uo 
Gto = U (--t) 

6 2 cLU 
~2.. == - 2. j} d.)('; 

cAl = 2( /-0. 0 ) - ~2 

a..3 =2( aD -I) - ~2-

tG4- = I-a." + j2. 
Observing equation (V-S), we can write equation (V-3) as follows 

where 

IA 
U = R e~) + a o 1=Q(1) - C[2 fi(1) 

Fa ( 1 ) = I -2-7 T 2. ~,) - ~ 4 

F, (1) =2.~ -2-'(') +~4-

1;(7) = ~rr _~2.+~3_3~4-

(V-5) 

(v 6) 

The function ~ is expressed by two parameters a2(x) and 8o (X). The 
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parameter a2(x) will be referred to as the "pressure gradient parameter" 

because it depends upon the inviscid velocity distribution along the 

wall through the parameter . The parameter ao(x) enters when 

Do ~ 0 and may be defined as the "wall motion parameter ll • The functions 

C. Displacement and Momentum Thickness 

The displacement thickness and the momentum thickness ex-

pressed in equation (V-I) may now be written as follows 

~ SI LA..) ~ = (1-- J? 0- 0 u ) 
(V-7 ) 

11 ~~ e 
Using the expression of -0- given by equation (V-6), 1[" and 7f after 

a lengthy algebraic manipulation can be expressed in the form 

(V-B) 

The shear stress on the wall takes the following form 

(V-lO) 

The displacement thickness ~"!f- and the momentum thickness e in the case 

Uo :\: 0 may assume values of zero or even become negative, while in the 

classical stationary wall boundary layer flow 2;')/1: and e are non-negative 

quantities. 
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D. The Nominal Boundary Layer Thickness 

In the present problem, attention is focussed on the nominal 

boundary layer thickness as well as the displacement thickness at a 

certain station xl downstream from the front stagnation point ~ (see 

Fig. 2). It is thus convenient to express the momentum integral equa

tion (V-2) in terms of boundary layer thickness J:;-. Let Y = ~ . 

Wi th 1t = t,[S---G.] the momentum integral equation (V-2) appears as 

~ - - of,2. 2- aK UU I
/ 

fo + 2..0...2 (2. -P2. +.pl ") -2 ao c.Z.2 0 eto + ~ o-a.,:l.·2 U '2 
--~----·~~~--~------~~~~----~~~----(V-ll) 

U [-Pz + 2..0.0 a~ ] 
a ct'2. 

Equation (V-II) is a first order non-linear ordinary differential equa-

tion. Using the series solution presented in Chapter IV to determine 

the initial boundary layer thickness at some x == Xo and hence Yo the 

boundary layer development downstream may be established by integrating 

equation (V-II). The displacement thickness d'-:if and momentum thickness e 
may then be determined from equations (V-B) and (V-9). 

E. The Pressure Gradient Parameter CZ.2, and the Wall Motion Parameter Clo 

The velocity profile 0 is expressed in equation (V-6) in terms 

of the parameters ao and a2' where ao v O. In the case a o = 0, the vclo-

city profile reduces to the classical Pohlhausen boundary layer velocity 

profile. In this case, a range of a2' -b~a..2.~6, must be imposed. 

When a2 < -6, the boundary layer profile will have a local maximum, i.e., 

the flow velocity in the boundary layer is locally larger than the ex-

ternal inviscid velocity. This situation is physically unrealistic. 

When a2 > 6, the flow in the boundary layer assumes a local minimum 

near the wall, i.e., flow separation occurs. 
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For a o ~ 0, the corresponding range of a2 is as follows 

However, the existence of a maximum or a minimum in the velocity pro-

file for a.o 9:0 can be physically justified, and the range of a 2 should 

accordingly be relaxes. The flow in the region where a maximum or a 

minimum in the velocity profile occurs will be discussed in the Appendix 

together with the singular point of equation (V-II). 

We now proceed to discuss the velocity profile in an accelera

ting flow, i. e., where ~ >0 Two velocity profiles typical of this 

parameter range are shown below. 

j 

1-) 
LJ 
.iI 

LI 

To explain this, we consider an accelerating flow having an initial in-

viscid external velocity smaller than the wall veloCity lI o ' Th(\ invi.f:lcid 

velocity increases as the flow proceeds downstream and evenl:ually becomes 

larger than Uo' This external inviscid velocity increase i.s associated 

with a corresponding pressure decrease. This same pressure decrease is 

imposed on the flow in the boundary layer. In addition, in the upstream 

region, where UCX)« Uo the shear force exerted by the moving wall on 

the flow in the boundary layer acts in the same direction as the flow. 

The cumulative effect of this shear force in the upstream region causes 
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the flow in the boundary layer to attain a local maximum velocity at 

some station downstream. Further downstream where D ? Do' the shear 

force acts in a direction opposite to the flow. The velocity profile 

adjustment is shown qualitatively in the sequence of diagrams as follows 

ltl~~~~ 
a.o;::.1 CZ o > I ao> I ao~ I 0.. 0 <., lA o< 1 

Thus, in an accelerating flow where the wall is moving at Do ~ 0, the 

lower limit of the pressure gradient parameter suggested by direct ex

tension of classical theory, namely that &lo~-b(ao-\) for ct b >1 and that 

0..2, ~ ~b(J-arJ) for a o < I, must be removed to account for the kind of velo

city profile adjustment described above. 

In the case of a decelerating flow, velocity profiles might 

typically appear as shown below. The inviscid flow velocity decreases 

from a value larger than Do to a value smaller than Do as the flow pro

ceeds downstream. The pressure increase in the flow direction which 

causes the inviscid velocity to decrease, is also imposed on the flow 

in the boundary layer. The shear force exerted by the moving wall in 

the upstream region where U »LJo acts in the direction opposite to the 

flow. The cumulative effect of this shear force causes the flow velocity 
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in the boundary layer to attain a local minimum at some station down-

stream. Further downstream where U < Uo the shear force acts in the 

same direction as the flow. Thus, in a decelerating flow, the upper 

limit of the pressure gradient parameter a2.~b (ao-I) for a o '? 1 and 

a,,2. ~ b ( /- a. o) for a./)< I must also be removed to account for the velocity 

profile adjustment described above. 

F. The Singularities in Equation (V-11) 

Equation (V-l1) has a singular point wherever the denominator 

f2 + 2a2 ~~2. = O. For most cases, this singular point is closely 

associated with the velocity profile adjustment near £1. 0 = 1 discussed 

in the preceding section. The discussion and treatment of this singular 

point are presented in Appendix. 

A singular point at U = 0 also exists in equation (V-l1). In 

the present boundary layer flow, this singular point is at x = O. Since 

the series solution in Chapter IV furnishes an initial value of £: at 

o -<..-to <<. 1, the singularity at x = 0 need not concern us here. 

G. A Numerical Example 

The jet impingement problem shown in Fig. 8 will now be dis-

cussed to provide a numerical example. The flow is symmetrical about the 

axis °3 , thus we shall concern ourselves with the flow in right half 

of the x-y plane. The inviscid solution to the jet flow problem is 

known. 
15 

The inviscid velocity distribution on the wall is shown in 

Fig. 8. To a close approximation, we may assume the velocity distribution 

to be represented by the straight lines OA and AB. On OA, the inviscid 

velocity distribution is the same as that of the stagnation point flow, 

while on AB the inviscid velocity is Uj. 
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We now seek an initial boundary layer thickness at the point 

A(xA = a.71t) by assuming that Glauert's solution16 to the stagnation 

point flow problem with the wall moving toward the right at a speed Do' 

is adequate to describe the boundary layer thickness at the point 

/04 = a.71t. Glauert's solution appears as follows, 

where cp is the solution of the Hiemenz flow; 1 =J%.0 
seen that at the point A 

It is easily 

The boundary layer thickness .£1 at the point A may be determined from 

the above equation for each Vo; by examining the numerical behavior of 

the functions cp (1 ) and q;1/ ( ? ). With the initial value of d4 
known, we proceed to integrate equation (V-ll), to determine the boundary 

layer development further downstream. In the present case; ~ = a 

equation (V-II) takes the following form 

-
s-ct2;--=-:;JUjto )J 2(J-t{o) _ 

dX ~.;J.1: --= UJ jo [74+4-IC{()-/IS"a~] / 

The integral of the above equation yields 

s-= 4- ( J - a 0 ) '" .b,3 0 

)4 -r 4/ Cl. o -Ilsa';; 

.i!....=~-O·7/t 

ct a :=: Up-CU 

(V-14) 

where CA. is the integration constant and can be evaluated by the initial 

condition S=2;, when ..z.. =(). Furthermore, the displacement thickness g.)(

may be obtained from equation (V-8) as 

(VIS) 
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From equations (V-14) and (V-15) the following table may be constructed, 

a = 0 
UyG. 

J 
S- ~7(-. 

0.0 5 . 86 ~ J).2. rC 1.75 JJ}5L+C U· 0 
'J iJ.J' 0 

0.1 5.4 f~~ +el 
1.64 J J/Z . 

-+C 1 U' 'J J 

0.2 5.07) ~+C· 1.21 (yx+ C 
U' :2 'J '0' :l. 

0.3 4.81 J J/Z- + C 1.01 J ;)x. 
7I -+ C3 o 8 'J 

0.4 4.65 f ;J.x. + C ~ 0.836 J f}--t- CtI-o a. 'J 

0.5 4.36 J J}J: +C~ 0.633) '4; +Cs-
J 

The displacement thickness 2.;",11 decreases sharply as the wall 

motion parameter ao increases. The decrease of J'"i< in turn decrease the 

effective jet thickness 4 near the rear stagnation point. It is this 

adjustment of the jet thickness that causes the sealing capacity of the 

rear jet curtain to decrease. 

The reasons that G1auert's solution is used to obtain the 

needed initial value in this numerical example are two~fold, first it 

is believed that the boundary layer thickness at the point A from Glau(!rt 1 s 

solution is of accuracy compatible with the momentum integral treatment, 

second, a closed form solution to the momentum integral equation (V~ll) 

can be obtained to bring out effectively the influence of the wall motion 

on the boundary layer development. Furthermore, in the treatment of other 

similar jet flow problems, if the needed accuracy is not too great, a 

quick solution can be achieved by using the same procedure as in this ex-

ample. 
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CHAPTER VI 

DISCUSSION 

The flow in the immediate vicinity of a two-dimensional 

peripheral jet platform in forward flight in the proximity of the 

ground has been discussed in Chapter II of the present work as a 

necessary preparatory step toward a detailed analytical treatment of 

the flow, which in turn would lead to a proper understanding of the 

forward flight characteristics of the peripheral jet platform. 

The base pressure under the peripheral jet platform in hover-

ing, as predicted by the inviscid-flow analysis, is higher than that 

obtained experimentally. Some experimental data are available to support 

the statement that the base pressure of a peripheral jet in partially 

simulated forward flight decreases from its value in hovering operation. 

Very little is known about the base pressure variation in fully simula-

ted forward flight, but preliminary experimental evidence suggests that 

the base pressure will decrease more in fully than in partially simula-

ted forward flight. This decreasing trend of the base pressure is 

caused by the viscous effects and cannot be neglected in predicting a 

realistic lift characteristic of a peripheral jet il1 forward flight. 

The viscous flow around the peripheral jet is of a highly com-

plex nature (see Fig. 1). The effective treatment of the entire flow 

may be achieved by breaking it down into a few inter-related flow 

problems which may be analytically treated one at a time. These flow 

problems are as follows: 

1) The viscous effects of the moving wall 

2) The interaction between the front jet and the 
oncoming stream 
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3) The sealing capacity of the rear jet 

4) The parasitic vortices 

5) The wake pressure 

The present work is concerned with the viscous effects of the moving 

wall. The successful treatment of the remaining flow problems will 

enable us to determine the lift characteristics of the peripheral jet 

in forward flight and to bring out the effects of changes in design 

parameters such as the relative jet velocity UYuJ ' the jet exit 

angle e , the jet thickness t as well as the platform length .t etc., 

upon the lift performance. 

The net viscous effects encompassed in the aforementioned flow 

problems, as discussed in Chapter II, indeed indicate this decreasing 

trend of the base pressure of the peripheral jet as the forward flight 

speed increases. The individual effects may be summarized as follows: 

1) The viscous effects of the moving wall on the flow of a 

peripheral jet in fully simulated forward flight are to decrease the 

boundary layer blockage of the flow under the platform and hence to de-

crease the base pressure from that in a corresponding partially simulated 

forward flight. The flight altitude in both cases are the same. 

2) The interaction between the front jet and the oncoming 

stream creates the front stagnation point ct. Therefore, the viscous 

effects of the moving wall on the boundary layer flow under the platform 

may be considered to begin at this stagnation point. 

3) The sealing capacity A~ of the rear jet curtain increases 

for a peripheral jet in (both partially and fully) simulated forward 

flight from that in hovering operation, because the effective height of 

flight is reduced from h to h - L1 . 
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4) The existence of the parasitic vortices decreases the 

base pressure from that predicted by an inviscid analysis to a lower 

average value. For details, reference may be made to the work of 

Poisson-Quinton (op. cit.). 

5) The wake pressure decreases as the forward flight speed 

increases and this pressure decrease is more pronounced for a vehicle 

5 
flying in an enclosed guideway than for a vehicle in free flight. This 

decrease of the wake pressure results in a decreased base pressure. 

The viscous effect of the moving wall was analytically investi-

gated in Chapters III through V of the present work as a jet impingement 

problem. The boundary layer adjustment from the front stagnation point 

downstream, caused by the motion of the wall, was of primary concern. In 

Chapter III, the governing equation of the flow problem was treated by 

the method of singular perturbation. The zeroth order perturbation equa-

tion is the potential flow equation and can be solved readily. The first 

order perturbation equation is the boundary layer equation, with the 

boundary condition u = Vo on the moving wall. A series solution of the 

boundary layer equation was obtained in Chapter IV in terms of a sequence 

of universal func tions which were integrated once for all. The series 

solution was only valid near the front stagnation point L{. and was used 

only as a means of obtaining the initial values for the subsequent mo-

mentum integral treatment of the boundary layer problem. In Chapter V, 

a two-parameter momentum integral treatment of the flow was presented. 

The parameters were the pressure gradient parameter a2, the boundary motion 

parameter eto ' The momentum integral equation was a first order non-

linear ordinary differential equation and can be integrated numerically 
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for any given wall speed Do' In case the pressure gradient of the 

external inviscid flow is zero, a closed form solution may be obtained. 

This closed form solution may be used to obtain a quick estimate of the 

boundary layer adjustment of the flow under the platform in a preliminary 

analysis of the forward flight characteristics of a peripheral jet. 

Although the jet impingement problem treated in Chapters III 

through V is pertinent to the theory of the peripheral jet, the problem 

may alternatively be regarded as that of a class of boundary layer flows 

with the boundary wall undergoing a prescribed motion in its own plane, 

in contrast to the classical boundary layer flow where the wall is 

stationary. This class of boundary layer flows has its unique features: 

1) The displacement thickness ~J(- and the momentum thickness 

e may be zero or even negative. 

2) 
du In an accelerating flow, i.e., where J'.B > 0 , the flow 

velocity in the boundary layer may attain a local maximum. This situa-

tion must be excluded in the classical boundary layer flow. The velocity 

profile looks as follows: 

f\ 

1 
I 

-71' 
Q.2. <~b(I-a.o) ct2. <-b(C\o-l) 

~Q<I Qo>1 

Thus the lower limit of the shape parameter a2 ~ -0/ Clo~1 must be 

removed to account for the aforementioned velocity profile. 

3) In a decelerating flow, i. e., where ~~ < 0 , the flow 

velocity in the boundary layer may attain a local minimum. This situation 
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implies boundary layer separation in the classical boundary layer flow. 

The velocity profile appears, 

~ 
I 
I 

.il 
or 

.~ 
I "-." 

t7....o < I a. o > I 
Thus the upper limit of the shape parameter CL2...::s. b I o.D -I \ must be 

removed in this case. 
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APPENDIX 

In this Appendix, the singular point of equation (V-II) where 

f2 + 2a af::l. = 0 will be discussed. 
2 a-a.2... The function f2 + 2a2 ofi 

.:;>a."(. 
is 

expressed as 

- afl = -f.2 + 2. a.;< d ttl. = "F ( a.. 0) a.. 2.) 

I [ .2.] tJ 12..:J...33 (1) 
b3D 14 + 4-\ a...o -/IS a..o + 145" 4.2 - 1. 0 72. a.2. + tsb Cl../Z2.. 

For each ao in equation (1) , there exists 2 roots of a2 such that 

F(ao ' a2) = O. The roots of a 2 are plotted against -L in Fig. 9 as a o 
curves Cl and C2' All the points on Cl and C2 are thus singular points 

of the differential equation (V-II). 

At a singular point ao = C4(i.e:;x = x4), the quantity d..~' in 
d.~ 

equation (V-II) is not defined unless we impose that the numerator on 

the right hand side of equation (V-II) is simultaneously zero. 

2.U Uf! 
of U/2. 

We now seek for each pair of ao and a2 on curve C2 tho value 

2LJ Ull 
such that H = O. The values of = Gs arc plotted in 

U /2. 

Fig, 10 against 2t 
For each flow problem of the type shown in 1~1.g. 2, there is 

on the ao - a2 diagram (Fig. 9) a corresponding flow path. We wish to 

know if the flow path crosses the curves C1 or C2' If the flow path does 

not cross the curves C1 or C2 there is no singular point to be treated. 

Now for a typical accelerating flow in Fig. 2, the inviscid velocity on 

the wall is an increasing function of x, i. e., ~~ >" O. As the inviscid 

flow reaches the velocity on the jet boundary, ~ = O. The pressU1:o 

~J. d.U gradient parameter a2 = -"i:iJ 4 would start., at some x "" xo« 1, wi. th 
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a negative value a2 -co' then gradually approach zero as x increases. 

The function ~ is a monotonically increasing function of x. Hence 

the flow path would appear as the dashed line on Fig. 9 and would cross 

the curve C2 at some t = c4 > 1 unless the entire flow path lies to 

the left of the curve C2. This flow path is of course not known until 

the boundary layer problem has been solved. 

However, the quantity G = 2UU~ for this typical flow is a 
U/2 

known function of x and hence a known function of J
fLo 

Thus, the flow 

path on the G - ao diagram is known. The intersection point between 

the curve Gs and the flow path G on the G - a o diagram determines the 

location of the singular point. 

The physical explanation for the above manipulation which forces 

the singularity into a removable singularity is that in a typical accelera-

ting flow where the singular point occurs near ao = 1, the velocity pro-

file near ao = 1 appears as 

1 
1 

~I .) 

.. 
/i 

a.. 6 < I 

This velocity profile causes the denominator in equation (V-ll) to be 

zero. The condition that H(ao ' a2' 

point determines a unique value of 

:l. U 0
11

) = 0 simultaneously at this 
lJl :2. 

U 'I 
~ and in turn determines the 

U/:2. 

point on the surface at which the singular point is located. Intuitively, 

we would expect that the velocity profile in the aforementioned diagram 
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is determined by the manner in which the flow is accelerated upstream. 

:2 ULJ'I 
The non-dimensional quantity UJ2 at the singular point is a good in-

dication of the cumulative adjustment of the velocity profile upstream. 

Alternatively, we may regard equation (V-11) as an autonomous 

system with the singularities at the points where F = 0 and H :::: 0 

simultaneously. For an accelerating flow, where a2 -<... 0, there is at most 

one singular point (excluding the singular point at U = 0). This singular 

point is shown in Fig. 9 as the intersection point between the flow path 

and the singular curve C2 . 

both non-linear and since .2.UU
'J 

is different for different flows, the uJ .2.. 

characteristic of this singular point may be different for different flows. 

However, the following procedures may be used to integrate equation (V··U) 

for a typical accelerating flow with U = 0 at x = 0: 

1) No singular point exists in the flow field (excluding the 

one at U := 0). 

a) Use the series solution in Chapter IV to determine 
the initial value for equation (V-l1). 

b) Integrate equation (V-1l). 

2) The singular point is a saddle point. In this case, ono 

particular integral curve of equation (V-ll) of physical interest passing 

through this singular point can be obtained by iteration on the 1.ni t:t.al 

value of equation (V-ll). The series solution in Chapter IV may be used 

to determine a first approximation of this initial value. 

3) The singular point is a nodal point. 

a) Use the initial value determined by the series 
solution in Chapter IV to integrate equation 
(V-ll) up to the Bingular point. 

b) Another boundary layer thickness must be 
determined downstream of: this singular point 



to continue the integratLon of equation (V-II). 
This can only be done through appropriate 
physical considerations. 
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It is pertinent to mention here that in the flow region where 

the velocity profile as shown in the above diagram exists, it is un-

certain that the boundary layer assumptions are strictly applicable, 

because == a exists somewhere in the boundary layer. In view of 

this uncertainty, the above mathematical manipulation may be regarded 

as a means of determining the boundary layer thickness at this singular 

point. Furthermore, the displacement thickness there is not sensitive 

to the magnitude of the boundary layer thickness, because from equation 

and /I-t{o I «r at the singular 

point. 
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FIGURE 1. A Flow Picture of a Peripheral Jet Platform in Forward 
Flight 
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