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ABSTRACT

This dissertation is primarily focused on synthesizing control and motion plan that

guarantee correct system behaviors while optimizing a performance objective. In

the approaches presented here, the correct system behaviors are defined in terms of

safety/reachability specifications and temporal logic specifications. Safety/ reacha-

bility specifications involve requiring the system to avoid a set of unsafe states at

all times and reach a set of goal states within a specific amount of time. Temporal

logic specifications extend these system behaviors to more complex specifications

such as the system is required to visit different sets of states in a specific order and

at specific times.

To solve the safety/reachability control problems we propose to use the concept

of trajectory robustness that provides a robust neighborhood around any nominal

trajectory of the system satisfying the given safety/reachability specification. If

the system is initialized within the robust neighborhood of the nominal trajectory,

we can apply the same control input as the nominal trajectory and the resulting

system trajectory is guaranteed to always stay within the robust tube defined by

that nominal trajectory and its neighborhood. As a result, the new trajectory also

satisfies the safety/reachability specifications.

We then develop a motion planner based on Mixed-Integer Linear Program-

ming (MILP) approach such that given a system whose dynamics can be represented

with linear equations and desired system specifications in terms of Metric Temporal

Logic (MTL) formula or simpler reach-avoid specifications, the motion planner finds

a system trajectory that satisfies the specifications, even in dynamically changing

environments. In this work, the end goal is to be able to find such trajectories in

real-time such that if the environment of the system is changing dynamically in

the run-time, the system can still satisfy its desired task specifications given by the

MTL formula.

To account for any general nonlinear systems, we also propose a gradient-

search based optimization algorithm for motion planning to satisfy MTL specifica-

xiii



tions. Both the MILP method and this one are capable of minimizing (maximizing)

a desired performance criteria. We showcase the usefulness of these approaches in

real-world applications, by solving a task and motion planning problem for a ma-

nipulator arm for an object rearrangement task. We use a hierarchical framework,

where at the high-level the MILP method is used to find proper sequences of move-

ment of the manipulator arm. At the low-level the gradient-based method finds the

actual control inputs to realize the arm movement sequence.

Finally, we extend the MILP motion planning approach from a single-agent

system to a multi-agent system, where multiple individual agents need to coop-

erate to realize a group MTL task. We solve this problem by proposing a semi-

decentralized approach, where each agent solves its own MILP problem locally, in

parallel to all other agents. This leads to a speed-up in the execution time for find-

ing the individual trajectories for each agent, so that the motion planning approach

can be implemented in real-time, in a dynamically changing environment.
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CHAPTER 1

Introduction

The goal of motion planning is to synthesize control inputs for a system such that

the resulting behavior of the system output satisfies some given safety/reachability

requirements and/or temporal properties that define the desired system behaviors or

task specifications [1]. Safety requirements state that starting from some initial con-

dition the system should always avoid some unsafe behaviors, whereas, reachability

states that the system should eventually terminate at some desired behaviors while

remaining safe before the termination. Consider for example the scenario presented

in Fig. 1.1 where a two-wheel car starts at some position within Init, the set of

all possible starting positions of the car. Then the motion planning problem is to

provide the car with control inputs (wheel speeds of the left and right wheel) such

that the car, starting from a specific position within Init, eventually reaches the

set of desired positions represented by Goal (reachability) while avoiding the set of

dangerous positions represented by Unsafe (safety) at all times. The controller syn-

thesis problem extends the motion planning problem, by requiring that a controller

for the system (car) has to be designed so that starting from anywhere within Init,

the system will satisfy the desired safety/reachability requirements. With the recent

advances in technology, as the systems grow larger in size and become more com-

plex, synthesizing controllers that ensure safety/reachability of such systems under

all operating conditions (correctness) are becoming a hard task to achieve.

In recent years, a lot of attention has been given to temporal logic properties

that have been used extensively for expressing reach-avoid specifications, safety re-

quirements, and sequencing of tasks to be performed. In this framework, we can

consider that on top of satisfying the safety/reachability specifications, the car now

has to visit Checkpoint 1 first and then Checkpoint 2 at times T1 and T2 respec-

tively, before reaching Goal as shown in Fig. 1.2. Temporal logic properties allow

the designer to specify time-dependent constraints; for example, we may require

that some property A will eventually hold (the car visits the checkpoints eventually

1
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Figure 1.1: Safety/reachability control problem example.

in our example), or that some property A holds until some other property B is met

(avoid Unsafe until car reaches Goal). Using temporal logic properties allow much

Figure 1.2: Temporal logic control problem example.

greater expressivity in defining desired system behaviors than their non-temporal

counterparts, but at the cost of additional difficulty in satisfying those constraints.

Moreover, it is also preferred that the controller is synthesized by optimizing a de-

sired performance criteria, such as minimizing the time to execute the desired task,

or minimizing the usage of available resources (fuel, power, etc) to drive the system

(car in our examples).
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1.1 Safety/Reachability Specifications

The analysis part of this concept, where researchers verify whether for a system

with an existing controller, starting from some given initial condition the system

reaches the desired state while maintaining safety has resulted in a lot of practical

applications in a wide variety of fields, such as safety analysis of air traffic systems

[2], design verification for electronic circuits [3], design verification for synthetic

biology [4], and model analysis for biochemical processes [5], robotic aerial vehicles

[6], switching power converters [7]. This analysis can also be performed for systems

without any pre-existing controllers and a controller can be designed that guarantees

desired operation of the closed loop system with the controller. Designing controllers

for such systems is the synthesis part of safety/reachability concept and is the main

focus of this dissertation.

The simplest way for validating system behaviors is to simulate a trajectory

of the system and check if it satisfies the desired properties. As a result, for discrete

systems with a finite number of states, solving the problem of safety/reachability

can be done in a finite number of simulations. However, for systems that can be

initialized from many different states and/or can take many different input signals,

such a validation method becomes prohibitively expensive to employ. Researchers

have instead come up with the idea of reachability methods, which can capture

whether the behavior of a group of trajectories satisfies desired specifications or not.

Particularly given a system, the set of states reachable by the system is computed

and is checked to verify whether Goal belongs to that reachable set and Unsafe

does not intersect with that reachable set. Reachability methods can also be used to

synthesize controllers for solving safety/reachability control problem by computing

a controller such that the reachable set of the closed loop system contains the entire

Goal and excludes Unsafe completely.

Several methods have been proposed in the literature that are based on over-

approximating the reachable sets by using the tools d/dt [8], PHAVer [9] and

CheckMate [10], [11] that represent sets as convex polyhedra for piecewise-linear

and affine systems, VeriSHIFT [12] for ellipsoidal over-approximation of reachable

sets for linear systems with linear inputs. Execution time and storage space require-
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ments for computing reachable sets with these methods are polynomial in state-space

dimension and hence controllers for systems of moderate size can be synthesized.

However, since these methods are based on conservative representations of the set

of reachable states, they can fail to prove safety of systems even if they are safe.

Consequently, these methods can not be used to generate certificates of unsafety as

well. Also, these methods are not suitable for systems with nonlinear dynamics.

Some methods for computing reachable sets based on convergent approxima-

tions, circumvent the conservatism issues introduced by over-approximations by

using Hamilton-Jacobi equations to represent the actual reachable sets as closely as

possible. These methods can handle nonlinear dynamics as well. The basic idea is

to formulate the boundary of the reachable set as the zero level set of the viscosity

solution of a particular Hamilton-Jacobi equation [13], [14]. However, as noted in

[15] execution time and storage requirements for these methods are exponential in

the size of the state-space dimension and hence are not suitable for systems with

more than five or six states.

Another set of methods that are useful for analyzing complex systems is based

on an abstraction of the original system into another system, which is much simpler

to analyze, by abstracting away some of the details. Safety/reachability problems for

infinite-state and hybrid systems can be formulated in terms of a search problem on

finite-state models obtained by predicate abstraction techniques [16], [17]. Based on

the theory of approximate bisimulation [18], [19], that requires that the outputs of

the systems remain arbitrarily close, one can obtain “correct by design” controllers

for the original system by synthesizing controller for the simpler abstracted system

[20].

These problems have been well researched in the robotics community for mo-

tion planning of robots [21], [22], where the aim is to plan and execute a path that

will take the robot from a given starting configuration to the desired goal configu-

ration eventually (reachability) to accomplish the desired task specification, while

avoiding obstacles in the environment or other unsafe behaviors (safety).

One set of methods is based on decomposing the configuration space of the

robot into a finite number of partitions where collision-free paths can be easily found.
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A search over the decomposed partitions is then performed to determine a sequence

of the partitions that connects the starting and goal configuration [23]. In a similar

approach, based on roadmap methods path planning is solved by finding a sequence

of paths from a network consisting of collision-free paths in configuration space [24].

These methods usually generate the path that the robot can follow to satisfy the

desired task at hand and consequently a trajectory tracking controller has to be

designed to track the paths generated. Also, in general, these methods are slow

depending on how fine the decomposition of the configuration space is or how many

paths the network consists of respectively.

In artificial potential field methods, the robot moves depending on the negative

gradient of the potential functions applied around the goal configuration and obsta-

cles such that the robot is attracted towards the goal and repelled away from the

obstacles [25], [26], [27]. These methods, however, are employed in a feedback fash-

ion, where the current state of the robot is taken into account to generate the control

input, unlike the decomposition or roadmap based methods. The disadvantage of

these kinds of methods is that the robot might get trapped in a local minimum and

hence fail to satisfy its task specification. There exist potential functions, called

navigation functions, which do not have a local minimum. But computing such

functions is in general difficult [28].

Among sampling-based methods, which are proven to be very efficient for sys-

tems with large state-space dimension or planning a path in an environment full

of many vehicles, Probabilistic RoadMaps (PRM) [29], [30] and Rapidly-exploring

Random Trees (RRT) [31], [32] are probably the most significant motion planning

algorithms. The PRM algorithm is a multiple-query method consisting of an offline

pre-processing phase that constructs a roadmap consisting of collision-free paths

in the configuration space and an online query phase, where the shortest path is

generated by connecting the initial and final configuration using the pre-computed

roadmap. PRM algorithm is proven to be probabilistically complete, that is, the

probability of failing to find a path satisfying the desired task goes to zero expo-

nentially with the number of samples used to construct the roadmap. Building the

roadmap certainly is a time-consuming task and might not be required for all mo-
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tion planning applications. Moreover, if the environment is dynamically changing

constructing the roadmap is even infeasible. Also, PRM algorithm does not take

robot dynamics into account and hence a trajectory tracking controller is required

to follow the path generated by PRM algorithm. All of these issues are addressed

by the RRT algorithm, which consists of online generation of a tree composed of

feasible paths that take the underlying system dynamics into account, by generat-

ing random points in the configuration space of the robot and extending the tree to

connect those points. Basic versions of both these algorithms have been extended

in several directions and have been applied in many practical applications [33], [34],

[35]. Probabilistically complete (PRM∗), asymptotically optimal (RRG), and com-

putationally efficient versions (RRT∗) of these algorithms have been developed in

[36].

In essence, all the controller synthesis methods described so far have some

shortcomings. The over-approximation methods might fail to construct a valid con-

troller even if it is possible to design one because of the conservatism introduced

in representing the reachable sets. The convergent approximation methods based

on solving Hamilton-Jacobi equations are only applicable for small-scale system, as

the complexity grows exponentially with state-space dimension. Abstraction based

techniques also suffer from the same state-space explosion problem because of the

requirement of gridding of the state-space. Potential field methods suffer from the

possible existence of local minima. Sampling-based algorithms can handle large-

scale systems but finds feasible paths for the system only from the current state.

So while these methods are capable of solving the motion planning problem, they

fail at solving the controller synthesis problem. Moreover, they can only provide

guarantees in the limit as execution time goes to infinity and as such might fail to

generate a feasible path in an acceptable amount of time.

1.1.1 Contribution

We propose to address these issues in this dissertation following the ideas

presented in [37], [38]. Given a set of initial conditions and desired system behavior,

the idea is to search for valid nominal trajectories of complex systems off-line such
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that the trajectories satisfy correct system behavior. In Fig. 1.3 two such valid

nominal trajectories of the car are shown for the safety/reachability control problem

introduced earlier. Note that starting from the same initial condition there can

be many nominal trajectories of the system that satisfies the given specifications

as shown here. Finding these nominal trajectories for a certain initial condition

pertains to solving the motion planning problem. In this dissertation, we present

Figure 1.3: Nominal trajectories for the example safety/reachability con-
trol problem.

a formal way of determining such nominal trajectories and also guarantee a robust

neighborhood around the said trajectory in the sense that the same control law can

be applied for any initial state of the system in the robust neighborhood. This later

part corresponds to solving the controller synthesis problem. Fig. 1.4 presents this

hierarchical framework of first solving the motion planning problem for a system to

satisfy desired specifications and then utilizing the solution of the motion planning

problem to solve the controller synthesis problem.

Formal controller synthesis is a very active area in the controls community. For

an overview, the readers are referred to the book [39], and the references therein. A

provably correct two-level controller is synthesized using finitely many valid nominal

trajectories of the system as shown in Fig. 1.5. The lower level of the controller

consists of a feedback controller that provides a guarantee that the system will re-

main near to one of the pre-computed nominal trajectories provided to the feedback

controller in terms of the input signal v(t). The higher level consists of an offline
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Figure 1.4: Hierarchical framework for controller synthesis.

feed-forward controller that utilizes the set of pre-computed nominal trajectories of

the system, and based on the system’s initial state x0 determines which trajectory

to use to guarantee that the closed-loop system will also satisfy the desired sys-

tem behavior. The key idea here is the assessment of safety/reachability based on

Motion Planning

Feedforward Controller

dx
dt = f(x) + g(x)u h(x)

u x y

κ(x)

λ(x)

+

+×w

ξ(x)K
ξ

v +

+

Feedback Controller

x0

Figure 1.5: Two-level controller [40].

the execution trajectories of the system, or the simulations thereof. To generalize

the safety property of a simulated execution trajectory to a compact neighborhood

around it, we use the concept of trajectory robustness [41], [37] or incremental sta-
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bility [42], [43]. Roughly speaking, these properties can provide us with a bound on

the divergence of the trajectories (i.e. their relative distances in L∞). The main con-

ceptual tool that is used in this approach is the theory of approximate bisimulation,

which was developed by Girard and Pappas [44] (see Section 2.1 for details).

These nominal trajectories of a system that satisfies given safety/reachability

specifications can be obtained, for example from demonstrations by a human oper-

ator. In [37], the authors had introduced the concept of using computer games to

simulate complex system dynamics so that the required nominal trajectories could

be generated by individuals playing the game. There are quite a few benefits in

employing humans to generate such trajectories. First and foremost, even with all

the progress in technological domains, some tasks that are very trivial for a human

to solve, are quite hard for an automated controller to achieve. While a computer

program trying to find such a valid nominal trajectory using brute-force methods

may fail, a human may be able to succeed using heuristics and high-level thinking.

This idea of using humans to solve complex problems is not new. The concept of

solving complex problems via crowdsourcing initially started with distributed com-

putation, where parts of a large complex problem were solved over a vast network

of personal computers interconnected by internet, for example, for protein structure

prediction [45], or for searching extraterrestrial intelligence [46]. A list of all such

active projects can be found at [47]. These methods, however, did not require active

participation of humans. But that soon changed with the introduction of games

with a purpose, where human inputs were required for labeling random images or

locating objects in images [48], [49] to name a few examples. One such application,

FoldIt [50], where humans collaborate online to create accurate protein structure

models, resulted in outperforming the state-of-art computational methods in cer-

tain cases [51]. The idea presented in this dissertation is to harness this power of

crowdsourcing for trajectory generation of large-scale complex systems so that the

burden on the designer for constructing automated controller for such systems can

be relaxed. Moreover, different individuals will take different approaches to solve

the same problem, and hence, while some may fail to generate valid trajectories

for the system, some may come up with intuitive ideas to solve the problem. A
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field closely related to these type of ideas in robotics community is Learning from

Demonstration [52], where, a robot learns and refines task operations demonstrated

to it by a human teacher.

The method presented here is capable of handling large-scale systems, since the

complexity of designing the controller from human generated trajectories does not

scale exponentially with the size of the system. Moreover, this method can handle

not only linear and linear-affine systems but also a significant subset of nonlinear

system dynamics, such as feedback linearizable and differentially flat systems. In

general, such safety controllers for any system can be synthesized, provided a control

autobisimulation function (see Section 2.1.1) for the system can be computed. As

the core idea is to use human generated trajectories, this approach is suitable for

scenarios where the goal is to solve a particular task, rather than more general

operations. For example, this approach is particularly useful in manufacturing fields

where some specific tasks have to be performed repetitively. To this end, the actual

system that we have used in this dissertation as an application of the proposed

safety/reachability controller synthesis method, is a multi-link robot arm with elastic

joints, instead of the example control problem introduced earlier. To put “human in

the loop”, we have also developed a human-robot interface to generate the nominal

system trajectories in order to solve the motion planning problem. Though the

design of this interface is dependent on the system, the basic underlying idea of

constructing human generated trajectories presented in the human-robot interface

is applicable to other systems as well. Some issues that can be encountered in a

practical implementation of the method presented here, such as plant model mis-

match, uncertainty in parameter values of the system dynamics, are also explored

for this particular robot arm system.

1.2 Temporal Logic Specifications

So far we have been focusing only on the safety/reachability requirements of

systems. However, with the advent of temporal logic [53], we can express task speci-

fications that are more complicated in nature and hence harder to satisfy. Temporal

logic properties require the system to satisfy timing constraints, which allow the
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Figure 1.6: Valid trajectories for example temporal logic control prob-
lem.

designer more expressivity in specifying desired system behaviors. For example, the

safety/reachability requirements can be extended such that the system should reach

the desired goal configuration within a specified time while avoiding unsafe config-

urations, or before reaching the goal configuration the system must pass through

checkpoint 1 first and then 2 if property a (the car starts from left half of the Init)

is true (solid trajectory in Fig. 1.6) otherwise through checkpoint 2 first and then

1 (dashed trajectory in Fig. 1.6). As such safety/reachability requirements can be

considered to be a small subset of temporal logic specifications. Similar to the notion

of motion planning problem for safety/reachability specifications, finding a trajec-

tory of the system satisfying the desired temporal logic specification for a particular

initial condition solves the motion planning problem for temporal logic specifica-

tions. Controller synthesis problem is again an extension, where a controller is to

be synthesized so that starting from any initial condition within Init the system

satisfies the desired temporal logic specification.

Pnueli introduced temporal logics in his seminal work [53], for specifying

correct behaviors of computer programs and verifying such behaviors. The lin-

ear time variant of temporal logics, commonly known as Linear Temporal Logic

(LTL) [54], [55] has been used to formally define desired behavioral specifications

of systems, to satisfy safety (avoid unsafe regions), reachability(visit goal regions),

liveness(eventually satisfy desired actions) and sequencing (visit goal regions in a
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specific order) [56]. The common approach to synthesize controllers to satisfy LTL

properties is to follow a hierarchical procedure [57], [58], [59], where the state-space

of the system is first decomposed into a finite number of equivalence classes using

cellular decomposition [60], triangular decomposition [61], [62], polytopic decom-

position [63], [64] or rectangular decomposition [65] to obtain a finite state model

representing the system dynamics. Once such finite abstraction models are ob-

tained, an automaton is generated using tools, such as, Lily [66] or JTLV [67],

such that the automaton satisfies the given LTL specifications. Constructing such

an automaton, in general, is doubly exponential in the size of the specification [68],

however if the desired LTL specification is restricted to the class of generalized re-

activity (1) [GR(1)], then the computational complexity is reduced to polynomial

O(n3) time, where n is the size of the state-space of the system, using an efficient

algorithm presented in [69]. Given an abstraction of the system dynamics, model

checking tools such as, Spin [70] and NuSmv [71] can also be used to obtain a

discrete trajectory of the system that satisfies LTL specifications as was done in

[72]. The last step is then to construct continuous control input and hence a con-

tinuous trajectory of the system that satisfies the same LTL specification, based on

the discrete trajectory obtained from the abstracted automaton. This is possible

only when the controllers [60], [61], [73], [74] that execute the discrete trajectory of

the system satisfies the bisimulation property [57]. Controllers based on navigation

functions was used in [56]. LTLMoP [75], TuLip [76], LTLCon [77], conPas2

[78] and Pessoa [79] are some of the software packages developed on the basis of the

above-mentioned hierarchical framework for automatic synthesis of controllers given

the desired LTL specifications. Both LTLCon and conPas2 can handle arbitrary

LTL specifications but are limited to affine and piece-wise affine system dynamics

only respectively. Nonlinear and switched dynamics can be handled in Pessoa but

only a very simple fragment of LTL specifications can be used. All three meth-

ods however synthesize non-reactive controllers in the sense that any change in the

environment taking place in run-time is not considered. LTLMoP considers fully

actuated particle dynamics in 2-dimensions and also takes into account adversarial

component of the environment based on the ideas presented in [80], by encoding
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behavioral specifications of the environment in the LTL formula while constructing

the automaton. TuLip handles discrete-time linear time-invariant dynamics and

implements a receding horizon controller framework as well as accounts for the ad-

versarial environment. Both LTLMoP and TuLip considers GR(1) fragment of

LTL formulas. In [81] the authors present a similar hierarchical approach, where a

controller is synthesized for a fully actuated abstraction of the original complex sys-

tem based on approximate simulation relations [44], such that complex system can

track the trajectories of the abstraction with a guaranteed bound. The model check-

ing tool Uppal was used for multi-robot motion planning satisfying Computation

Tree Logic (CTL) in [82], but the authors did not take system dynamics into account

for the motion planning problem. The authors in [72] decomposes the workspace

in a finite number of partitions and plans a path in each of the partition using the

model checking tools, Spin and NuSmv. However as with any method based on

abstractions, most of these approaches, result in high computational complexity due

to quantization of the finite abstraction model. Moreover, the size of the automaton

may also be exponential in the length of the specification introducing even more

complexity in solving the problem. The authors in [83] present two methods to

mitigate the computation complexity issues. In the first method, they synthesize

multiple automata by decomposing the given specification using coarse abstraction

such that sequential execution of the automata satisfies the original specification.

The second method is based on a finer abstraction model, that can handle more

complex specifications and complex systems dynamics by introducing a Receding

Horizon Controller (RHC) framework by planning paths for a (small) finite horizon,

at the cost of completeness of the approach. The RHC framework also allows the

authors to take reactive task specifications into account. In [84] the authors focus

on coarse abstractions of the state-space to alleviate the increasing complexity prob-

lems as state-space dimension increases and also synthesize controllers for satisfying

reactive tasks. The abstraction step is also not applicable to systems with nonlinear

dynamics in general. For differentially flat systems, a specific class of nonlinear sys-

tems, the authors in [85] utilize the flatness property to trivially construct the finite

abstraction. Reactive controller synthesis satisfying temporal logic specifications
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using receding horizon control has also been considered in [86], [87]. Unlike all the

articles referenced so far, where the abstraction process is completed offline, an on-

line abstraction method based on iterative sampling-based path planning algorithms

like PRM∗ and RRT∗ have been used to incrementally build a finite transition system

representing a subset of dynamically feasible trajectories of the system in [88] and

the idea was further extended to guarantee asymptotic optimality provided a perfor-

mance criteria to be optimized in [36]. The authors also introduced an incremental

model-checking algorithm to verify task specifications expressed using µ-calculus,

which is strictly more expressive than LTL specifications. Using algorithms pre-

sented in [89], [90], any temporal logic specification can be automatically converted

to µ-calculus specification. Path planning using iterative sampling-based approach,

while optimizing a certain cost and guaranteeing temporal logic specifications are

presented by [36] and [91].

An alternative approach, to synthesize controllers, that forgoes the abstraction

procedure is to employ MILP, where the system dynamics and the temporal speci-

fications are encoded in terms of linear constraints and logic variables. These MILP

based approaches are however only applicable to systems belonging to the MLD [92]

class and certain feedback linearizable and differentially flat [93], [94] systems for

which the system dynamics can be translated into a set of linear constraints. Encod-

ing LTL specifications, in terms of Mixed-Integer Linear (MIL) constraints, was first

presented in [95] and was subsequently extended to a subset of MTL specifications by

the same authors in [96]. While LTL specifications are useful for expressing several

task specifications as detailed earlier, only qualitative specifications can be expressed

with LTL. MTL is an extension where the temporal operators are augmented with

timing intervals, and hence quantitative specifications can be formulated with MTL

specifications [97]. The authors in [98] extend the controller synthesis for finite-

horizon LTL specifications in [95] to infinite-horizon specifications by enforcing that

system trajectories are eventually periodic since finite-horizon specifications can not

express repetitive task requirements such as periodic surveillance of an environment.

None of these approaches, however, consider dynamic environments. An MIL en-

coding based approach for general MTL specifications is formulated in [99], where
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the authors also handle dynamic environments, such as moving obstacles in the

workspace of the system. In [100] authors encode Signal Temporal Logic (STL)

specifications as mixed integer-linear constraints on the optimization variables and

further extend their formulation in order to synthesize a reactive controller in [101]

based on a counterexample-guided inductive synthesis scheme (CEGIS). STL is an-

other variant of LTL, introduced in [102] to specify and monitor correct behavior of

physical systems and allows timing constraints in the specifications like MTL.

The shortcomings of the abstraction based approach, as already mentioned,

is that the approach is restrictive in the size of the state-space of the system. On

the other hand, though MILP based encoding does not require abstractions to be

computed and can handle systems of relatively larger sizes, all the approaches we

have mentioned so far solves for binary decision variables, the size of which increases

linearly with the length of the specifications. As a consequence time-complexity can

grow exponentially even with the MILP based approach, since solving an MILP is

exponential in the number of binary decision variables.

1.2.1 Contribution

We propose two methods to address the shortcomings for temporal logic mo-

tion planning methods mentioned above. One is based on MILP formulation of

MTL specifications and is applicable for any system with a linearly representable

dynamics. We focus on MTL specifications because of the quantitative specifications

defining correct system behaviors is more expressive than the qualitative specifica-

tions written in terms of LTL specifications. Also, since in most scenarios STL

specifications can be written in terms of MTL specifications and vice-versa, the ap-

proach presented in this dissertation, is applicable if the correct system behavior is

given in terms of STL specifications as well. The goal here is to generate the op-

timal control input signals in real-time by taking into account possibly adversarial

environment as well. The difference between our approach with the other MILP

based methods is that instead of encoding the given temporal specifications over

the entire length of the system trajectory as constraints in an MIL problem, we

only require some constraints to hold at some critical time-points. This approach
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results in the MILP having a much smaller number of binary variables as compared

to the other methods referred here and hence the MILP can be solved much faster

achieving a speed-up of an order of magnitude, as will be shown in Chapter 4. The

other approach we propose is based on a gradient-search based optimization algo-

rithm and is applicable for any general (non)linear system. While this method lacks

the capability of being implementable in real-time like our MILP based approach,

it can handle systems with large state-space dimension. To this end, we utilize this

method for motion planning of a manipulator arm with 14 states in Chapter 5. In

this method, we utilize the concepts from sensitivity analysis to find the gradient

of the system trajectories at the points, where the given MTL specification is most

violated and use that information to search the control input space to solve the

motion planning problem.

The safety/reachability specification problem that we consider in this disserta-

tion is different from the MTL specification problem in the sense that, for the MTL

specifications we generalize the problem such that environment is not static anymore

as was the case for the safety/reachability problems. Instead, we allow some com-

ponents of the environment to change during run-time, which could be potentially

adversarial to the controller ensuring the system satisfies its correct behavior. Also,

in this case, we do not require a human to provide us with a valid trajectory sat-

isfying the given temporal specifications, since the requirement of satisfying timing

constraints, makes the problem quite harder for a human to solve as well. Moreover,

the offline motion planning approach using humans require a static environment as

it is not possible to account for all the changes for a dynamic environment, as is the

case we are considering for the MTL specifications. The assumption that there is

very little information about the dynamics of the environment available, motivated

us to design an online real-time solution to the motion planning problem. However,

the idea of trajectory robustness that we employ for solving the safety/reachability

problems is applicable for satisfying MTL specifications as well if the environment

is assumed to be static and in Section 2.2 we formulate the idea that allows ap-

plication of trajectory robustness to generate controllers for satisfaction of MTL

specifications. But for the dynamic environment, we are only interested in solving
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the motion planning problem for the system starting from a given initial condition.

We also consider the motion planning problem for multi-agent systems for

satisfaction of a group MTL specification. We consider multi-agent systems consist-

ing of a group of single-agents, which needs to operate collaborate to accomplish

the MTL task defined for the group. We extend our MILP based motion plan-

ning approach to this setting by formulating a semi-decentralized motion planner,

where each agent solves its own MILP problem locally. We also consider dynami-

cally changing environment and showcase that our approach can be implemented in

real-time even for multi-agent systems using numerical simulation experiments.

1.3 Layout

Here, we present the organization of the chapters included in this dissertation.

• Chapter 2: This chapter articulates definitions, results and theorems from

the field of safety/reachability analysis, bisimulation functions for controller

synthesis and Metric Temporal Logic (MTL) specifications. We refer to avail-

able literatures in these fields to provide a background on the concepts and

theoretical tools used in the later chapters of this dissertation. We also for-

mally present the motion planning and controller synthesis problems and de-

tail the use of bisimulation functions for determining robustness of trajectories

obtained by solving the motion planning problems. Using this property of tra-

jectory robustness also allow us to address the controller synthesis problems

using the solution trajectory of motion planning problems. We also present the

theory of online and offline trajectory generation in real-time in this chapter,

to be used in Chapter 2.

• Chapter 3: This chapter uses the concepts presented in Chapter 2 to solve

the controller synthesis problem to satisfy safety/reachability specifications

for a multi-link robot arm with elastic joints. To showcase that the proposed

controller synthesis approach is capable of handling systems with large state-

space dimensions, we use a manipulator robot arm system with 24 states and

present the controller synthesis results in Section 3.4. In order to motivate
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the use of humans to solve the motion planning problem for such systems, we

also design human-robot interfaces, allowing a human operator to control the

manipulator arm in its workspace. Moreover, we also present some theoretical

results addressing practical concerns that may arise for practical application

of the proposed controller synthesis approach to multi-link robot arms with

elastic joints. The results presented in this chapter are mostly based on [40].

• Chapter 4: In this chapter we discuss the concepts and develop the theo-

retical tools for solving the motion planning problems for satisfaction of MTL

specifications using the MILP based method and the gradient-based optimiza-

tion method. We present numerical simulation results, as well as, practical

experiments showcasing the performance of the proposed approaches to solve

the motion planning problem in real-time in dynamically changing environ-

ments. We also use the concepts of trajectory robustness from Section 2.1 to

present a numerical example of solving controller synthesis problems for sat-

isfying MTL specifications. Some of the results presented in this chapter are

based on [103], while some of the results are based on the work [104] submitted

for review.

• Chapter 5: We consider a practical application of the motion planning ap-

proaches in this chapter, by solving the task and motion planning problem

for manipulator arms for object rearrangement. We utilize the MILP based

approach to solve the high-level problem of determining the sequence of mo-

tions for the manipulator arm to realize the task of rearranging objects in the

workspace of the arm. At the low-level we employed the gradient-search based

optimization algorithm to find the control inputs to solve the motion planning

problem for the arm to realize the high-level plan. We present numerical sim-

ulation experiments to demonstrate the efficacy of the proposed hierarchical

approach. The results presented in this chapter are based on [105].

• Chapter 6: In this chapter, we extend the motion planning problem for a

single-agent system to a multi-agent system comprising a group of agents.

We consider group MTL specifications for the multi-agent system, which can
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only be realized by cooperation between the individual agents. Moreover,

each agent is also required to satisfy its own local MTL specification, in ad-

dition to ensuring no collisions with all other agents. We present a semi-

decentralized algorithm based on formulating an MILP problem that can solve

the motion planning problem in real-time in dynamically changing environ-

ments. We demonstrate the efficacy of the proposed method by executing

physics based simulations in Virtual Robotics Experimentation Platform

(VREP) [106]. The results presented in this chapter are based on the work [104]

submitted for review.



CHAPTER 2

Preliminaries

In this chapter, we present theoretical background for some of the concepts uti-

lized later in this dissertation. In Section 2.1 we present the ideas behind Control

Auto-bisimulation Function and the concepts of controller synthesis for linear-affine

systems (both continuous-time and discrete-time) using the property of trajectory

robustness. We also consider feedback linearizable systems in Section 2.1.4 and

discuss controller synthesis approach for those systems as well. In Section 2.2 we

present Metric Temporal Logic (MTL) specifications and detail how to evaluate ro-

bustness of system trajectories with respect to a temporal specification. We also

present both the motion planning and controller synthesis problems for satisfac-

tion of Safety/Reachability criteria and MTL specifications in Sections 2.1 and 2.2

respectively. Finally, in Section 2.3 we present the details of real-time trajectory

generation both in an offline and online fashion, from the knowledge of waypoints

to be visited by the system.

2.1 Safety Controller Synthesis

2.1.1 Autobisimulation Functions

We use bisimulation function [44] to establish trajectory robustness of au-

tonomous dynamical systems (systems without input) in the sense that observations

of the autonomous dynamical system starting from two different initial conditions

always remains bounded in terms of the distance between the initial conditions. This

results in showing that the dynamical system is bisimilar with itself and such bisimu-

lation functions are termed as autobisimulation functions. Consider an autonomous

dynamical system

Σauto :
dx

dt
= f(x), x ∈ X ⊆ Rn, (2.1)

20
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with f(x) locally Lipschitz continuous in the continuous state space of the system

X .

Definition 2.1 ([107]). A continuously differentiable function φ : X × X → R+ is

an autobisimulation function of the dynamical system (2.1) if for any x, x′ ∈ X ,

φ(x, x′) ≥ ‖x− x′‖ , (2.2)

∇xφ(x, x′)f(x) +∇x′φ(x, x′)f(x′) ≤ 0. (2.3)

Notation 2.2. Let ξ(t, x0) denote the execution trajectory of the dynamical system

(2.1) with initial condition x(0) = x0.

Proposition 2.3 ([107]). Since an autobisimulation function φ for a dynamical

system (2.1) is non-increasing with respect to the flow of the system (see (2.3)), for

any initial conditions x0, x
′
0 ∈ X ,

‖ξ(t, x0)− ξ(t, x′0)‖ ≤ φ(x0, x
′
0), ∀t ≥ 0. (2.4)

If an autobisimulation function φ(x, x′) is designed such that it is a (pseudo)metric

in X , φ(x, x′) = ‖x− x′‖φ, or if it is a class K function of a metric in X , φ(x, x′) =

α(‖x− x′‖), α being a class K function 1, then the dynamical system (2.1) has the

property of trajectory robustness [109].

Notation 2.4. For any x ∈ Rn and δ ≥ 0, let us denote the δ-neighborhood of x

defined by the autobisimulation function φ(x, x′) as Bφ(x, δ) = {x′ ∈ X | φ(x, x′) ≤
δ}.

As a direct consequence of Proposition 2.3 one has that, for any x0, x
′
0 ∈ X ,

if x′0 ∈ Bφ(x0, δ) for some δ > 0, then for every t ≥ 0, ξ(t, x′0) ∈ Bφ(ξ(t, x0), δ)

holds. This result thus provides a formal guarantee that the distance between two

execution trajectories of the dynamical system (2.1) is bounded in the l∞ sense [41].

Remark 2.5 ([109]). The notion of autobisimulation is related to the notion of in-

cremental global asymptotic stability (δGAS) [110]. The difference between the two

1If a function α : R+ → R+ is continuous, monotonically increasing and α(0) = 0, then it is a
class K function [108].
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lies in the fact that, for autobisimulation one does not require asymptotic conver-

gence of the trajectories as in δGAS. As a consequence, any Lyapunov function that

characterizes δGAS can be used as an autobisimulation function, but not vice versa.

2.1.2 Control Autobisimulation Functions

We now extend this idea to non-autonomous systems, i.e. , systems with input

signals. Consider a dynamical system with input of the form,

Σinp :





dx

dt
= f(x) + g(x)u = F(x, u), x ∈ X ⊆ Rn, u ∈ U ⊆ Rm,

y = h(x), y ∈ Y ⊆ Rm,

(2.5)

where the function F(x, u) is locally Lipschitz continuous in x and continuous in

u. We also assume that f(·), g(·) and h(·) are sufficiently smooth functions. The

continuous input space and output space are denoted by U and Y respectively.

Assumption 2.6. Suppose that there is a given compact set of initial states Init ⊂
X , where the state is initiated at t = 0, i.e. , x(0) ∈ Init. Also, assume that there

is a set of goal outputs, Goal ⊂ Y, and a set of unsafe outputs Unsafe ⊂ Y.

Notation 2.7. Let ξu(τ, x0) denote the entire execution trajectory of the dynamical

system (2.5) till time τ , corresponding to the control input signal u(t), t ∈ [0, τ ],

initialized at the initial condition x(0) = x0. The corresponding output trajectory

is denoted by ξ̄u(τ, x0) = h(ξu(τ, x0)). The system state or the output state of the

system at time t is denoted by ξu(τ, x0, t) or ξ̄u(τ, x0, t) respectively.

A state execution trajectory of the dynamical system (2.5) is deemed unsafe

if its output trajectory, ξ̄u(t, x0), enters the Unsafe. Suppose that the given motion

planning problem is:

Problem 2.8 (Motion Planning Problem for Safety/Reachability specifications).

Design a control input signal u(t) such that for an initial state x0, the output trajec-

tory of the system enters Goal before time t = Tmax, and remains safe until it enters

Goal.

The control problem for the safety/reachability specifications is then simply:



23

Problem 2.9 (Safety/Reachability Controller Synthesis). Design a feedback control

law u = κ(x, t) such that for any initial state x0 ∈ Init, the output trajectory of

the closed loop system enters Goal before time t = Tmax, and remains safe until it

enters Goal.

Hereafter, any (state or output) trajectory that satisfies the conditions above

is called a valid trajectory. The key concept in this approach is the CAF, which

was defined in [41].

Definition 2.10 ([41]). A continuously differentiable function ψ : X × X → R+ is

a control autobisimulation function of (2.5) if for any x, x′ ∈ X ,

ψ(x, x′) ≥ ‖h(x)− h(x′)‖ , (2.6)

and there exists a feedback function κ : X × R+ → U such that

∇xψ(x, x′)F(x, κ(x, t)) +∇x′ψ(x, x′)F(x′, κ(x′, t)) ≤ 0. (2.7)

Remark 2.11. In this dissertation, we slightly change the definition from the orig-

inal version in [41] by requiring that ψ is lower bounded by the distance between the

outputs, instead of the distance between the states.

Remark 2.12 ([109]). The CAF is an analog of the control Lyapunov function

(CLF) [111], for approximate bisimulation [44], [107]. While control Lyapunov func-

tion has been used to construct control laws that guarantee stability (e.g. [112]), the

control autobisimulation function is used to construct control laws that guarantee

trajectory robustness.

The CAF can be compared with the CLF for the product of the system (2.5)

with itself [109]

d

dt


x
x′


 =


 F(x, u)

F(x′, u′)


 .

Notice, that the requirement for CAF is more stringent than that for CLF, since

unlike for CLF, one cannot set the inputs u and u′ to be any functions of the states



24

x and x′. The CAF requires that the inputs must be the same function of their

respective states such that u = κ(x, t) and u′ = κ(x′, t).

Existence of feedback control laws

u = κ(x, t), (2.8)

such that the closed loop system obtained by substituting (2.8) in (2.5),

Σcl :





dx

dt
= F(x, κ(x, t)), x ∈ X ,

y = h(x), y ∈ Y ,
(2.9)

has the property of trajectory robustness, is a natural consequence of existence of a

CAF.

Definition 2.13 ([41]). For a given dynamical system with input Σinp (2.5) and a

control autobisimulation function ψ, the class of all feedback control laws k(·, ·) that

satisfy (2.7) is called the class of admissible feedback laws, η(Σinp, ψ).

Notation 2.14. For any x ∈ X and δ ≥ 0, denote the δ-neighborhood of x defined

by the CAF, ψ(x, x′) as Bψ(x, δ) = {x′ ∈ X | ψ(x, x′) ≤ δ}.

Notation 2.15. Let ξκ(τ, x0) denote the entire execution trajectory till time τ of

the closed loop dynamical system (2.9), with a control law u = κ(x, t), t ∈ [0, τ ],

initialized at the initial condition x(0) = x0. The corresponding output trajectory

is denoted by ξ̄κ(τ, x0) = h(ξκ(τ, x0)). The system state or the output state of the

system at time t is denoted by ξκ(τ, x0, t) or ξ̄κ(τ, x0, t) respectively.

Proposition 2.16 ([107]). Given a CAF ψ(·, ·) for a dynamical system with input

(2.5) and a feedback control law u = κ(x, t) such that (2.7) holds, for any two initial

conditions of the closed loop system (2.9) x0, x
′
0 ∈ X , the corresponding output

trajectories satisfy

∥∥ξ̄κ(τ, x0, t)− ξ̄κ(τ, x′0, t)
∥∥ ≤ ψ(x0, x

′
0), ∀τ ≥ 0, t ∈ [0, τ ]. (2.10)
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The following corollary, that comes as a natural extension of Proposition 2.16,

forms the basis of safety controller synthesis based on the concept of trajectory

robustness.

Corollary 2.17. For any x0, x
′
0 ∈ X , if x′0 ∈ Bψ(x0, δ) for some δ > 0, then

ξ̄κ(τ, x
′
0, t) ∈ Bψ(ξ̄κ(τ, x0, t), δ) holds for every τ ≥ 0, t ∈ [0, τ ].

2.1.3 Controller Synthesis for Linear Affine Systems

Consider that the dynamical system in (2.5) has linear affine dynamics of the

form

Σlin :





dx

dt
= Ax+Bu+ c, x ∈ X ⊆ Rn, u ∈ U ⊆ Rm,

y = Cx, y ∈ Y ⊆ Rm,

(2.11)

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rm×n and c ∈ Rn. For this linear system (2.11) we

propose to construct the control law u(t) = κ(x, t) with a CAF satisfying (2.6)-(2.7).

The CAF can be chosen to be the quadratic expression

ψ(x, x′) =

[(
x− x′

)T
P
(
x− x′

)] 1
2

, (2.12)

where P ∈ Rn×n is a symmetric positive definite matrix. Substituting (2.12) in (2.6)

and utilizing the definition of the norm that ‖a‖2 = aTa, after squaring both sides

of the equation we obtain,

[(
x− x′

)T
P
(
x− x′

)]
≥
(
Cx− Cx′

)T (
Cx− Cx′

)

or,
(
x− x′

)T
P
(
x− x′

)
≥
(
x− x′

)T
CTC

(
x− x′

)

or, P ≥ CTC.

(2.13)

Using the expression of the CAF (2.12) in (2.7) we further have that ∀ x, x′ ∈ X ,

(
x− x′

)T
P
(
Ax+Bκ(x, t) + c

)
−
(
x− x′

)T
P
(
Ax′ +Bκ(x′, t) + c

)

2

[(
x− x′

)T
P
(
x− x′

)] 1
2

≤ 0. (2.14)
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Rearranging terms

(
x− x′

)T
P

(
A
(
x− x′

)
+B

(
κ(x, t)− κ(x′, t)

))
≤ 0, ∀x, x′ ∈ X . (2.15)

From here, linear feedback law of the following form is proposed:

u(t) = κ(x, t) = Kx+ v(t), (2.16)

where K ∈ Rm×n is the state-feedback controller gain and v(t) ∈ Rm is a new input

signal. Substituting the linear feedback law in (2.15) results in

(
x− x′

)T
P (A+BK)

(
x− x′

)
≤ 0, ∀x, x′ ∈ X . (2.17)

Finding a controller gain K satisfying inequality (2.17) is equivalent to finding a K

such that (A + BK) is Hurwitz. Note that such K can always be found because

(2.11) is a minimal representation. In order to determine K, we use the fact that

(A+BK) is Hurwitz if and only if (A+BK)T is Hurwitz. If this is true then there

exists a positive definite matrix P̃ ∈ Rn×n that satisfies the Lyapunov equation

(A+BK)P̃ + P̃ (A+BK)T � 0.

Equivalently, have

AP̃ +BD̃ + P̃AT + D̃TBT � 0, (2.18)

where D̃ = KP̃ . Standard linear matrix inequality (LMI) solution tools [113] can

now be used to solve the above inequality for D̃ and P̃ , and then since inverse of P̃

exists due to P̃ being a positive definite matrix, K can be obtained using

K = D̃P̃−1. (2.19)
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Finally we can obtain P by solving the following LMI

(A+BK)TP + P (A+BK) � 0, (2.20)

P � CTC. (2.21)

Thus it follows that by defining

u(t) = κ(x, t) = Kx+ v(t), (2.22)

ψ(x, x′) is indeed a control autobisimulation function (see Definition 2.10) for any

choice of the control signal v(t) and the closed loop system

Σlin−cl :





dx

dt
= (A+BK)x+Bv(t) + c, x ∈ X ⊆ Rn, v(t) ∈ Rm,

y = Cx, y ∈ Y ⊆ Rm,

(2.23)

has the property of trajectory robustness.

Based on Proposition 2.16 and consequently Corollary 2.17, one can directly

deduce that for any x′0 ∈ X and any control signal v(t),

ξ̄κ(τ, x
′
0, t) ∈ Bψ(ξ̄κ(τ, x0, t), ψ(x0, x

′
0)). (2.24)

This is illustrated in Fig. 2.1.

The nominal output trajectory ξ̄κ(τ, x0) is designed such that it is a valid

trajectory (see Problem 2.8) of the system implying that the following conditions

holds,

ξ̄κ(τ, x0, T ) ∈ Goal and, ξ̄κ(τ, x0, t) 6∈ Unsafe, for 0 ≤ t ≤ T < Tmax ≤ τ.

(2.25)

Then the robust neighborhood Bψ(x0, δ) around this nominal trajectory can be
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Figure 2.1: Illustration of how the CAF is used in controller synthesis.

found as,

δ = min(δGoal, δUnsafe),

δGoal = sup
x′∈Goal

ψ(ξ̄κ(τ, x0, T ), x′),

δUnsafe = inf
0≤t≤T

inf
x′∈Unsafe

ψ(ξ̄κ(τ, x0, t), x
′).

(2.26)

Since the nominal trajectory is assumed to solve the motion planning problem for

satisfaction of safety/reachability specifications defined in Problem 2.8, the following

is obvious

δGoal > 0 and δUnsafe > 0 =⇒ δ > 0.

Therefore, if an appropriate reference input signal v(t) can be obtained for the

nominal initial state x0, it can also be used for the ball of initial conditions Bψ(x0, δ)

around x0.

Intuitively the concept of trajectory robustness guarantees that if a trajectory

is initiated within the robust neighborhood of some nominal valid trajectory of the

system then given the same input as the nominal trajectory will result in keeping the

former trajectory near the nominal one for all future times, resulting in making that
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trajectory a valid trajectory of the system as well. Since, it is shown that the notion

of trajectory robustness is valid irrespective of the nature of the reference input

signal v(t), one can design v(t) to be anything. But to solve Problem 2.8 the new

control input v(t) is designed to steer the trajectory of the system from the given

initial condition x0 ∈ Init to Goal within Tmax amount of time, without entering

Unsafe at any time. This can be essentially done by any motion planning algorithm

that addresses the property of obstacle avoidance. However, in the approach

presented in this dissertation, the reference input v(t) is obtained from

human demonstration. The overall idea to solve Problem 2.9 is to obtain multiple

reference input signals v for multiple initial conditions (by solving multiple motion

planning problem), such that the corresponding “robust neighborhoods” cover the

set Init. As shown in Fig. 2.2 two human generated nominal valid trajectories

were required to cover the entire Init with the corresponding robust neighborhoods

around the nominal initial conditions.

Figure 2.2: Covering Init with multiple human generated trajectories.

This idea was first presented in [37] and later generalized for nonlinear systems

in [38]. In this dissertation we are going to use this technique for formal controller

synthesis of multi-link robots with elastic joints, exploiting the fact that such robots

are input-output feedback linearizable to synthesize the controller.
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2.1.4 Controller Synthesis for Feedback Linearizable Systems

Feedback linearization is a classical controller design technique used for nonlin-

ear systems [108]. If the dynamical system with input (2.5) is input-output feedback

linearizable, then one can introduce a new control input w(t) ∈ Rm and design a

(nonlinear) feedback law

u = κ(x, t) = κ(x) + Υ(x)w(t), (2.27)

such that the closed-loop system, with the new input w and output y, is a linear

system. This is denoted by the box in Fig. 2.3.

Figure 2.3: Control block diagram showing the linearizing feedback and

linear feedback.

Here we present a general approach for obtaining the feedback linearized form

of the nonlinear dynamics in (2.5) based on [93],[108]. In the following we use the

notations fi(·), hi(·) and gi(·) to denote the ith element of the vector valued functions

f(·) and h(·) and the ith row of the matrix valued function g(·) respectively.

Notation 2.18 ([108]). For a smooth scalar valued function hi : X → R, the Lie
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Derivative of hi with respect to f or along f is denoted by:

L0
fhi(x) = hi(x),

Lkfhi(x) = LfL
k−1
f hi(x) =

∂(Lk−1
f hi(x))

∂x
f(x),

LgjL
k
fhi(x) =

∂(Lkfhi(x))

∂x
gTj (x).

Definition 2.19 ([93]). A multi-input multi-output dynamic system (2.5) has a

vector relative degree {r1, r2, · · · , rm} at a point x0 ∈ X if

(i) the following holds

LgjL
k
fhi(x0) = 0, j ∈ {1, · · · ,m}, ∀k < rj − 1, i ∈ {1, · · · ,m}, (2.28)

(ii) and the matrix Λ(x0) defined as

Λ(x0) = {Λi,j(x0)} = {LgjLri−1
f hi(x0)}, (2.29)

is non-singular.

If the dynamical system (2.5) has a uniform relative degree {r1, r2, · · · , rm},
in the entire state space, then we have [114]




dr1
dtr1

y1

...

drm

dtrm
ym


 =




Lr1f h1(x)
...

Lrmf hm(x)




︸ ︷︷ ︸
, Φ(x)

+Λ(x)u (2.30)

Comparing (2.30) with the feedback law (2.27), we obtain

κ(x) = −Λ−1(x)Φ(x),

Υ(x) = Λ−1(x).
(2.31)

Thus the input-output feedback linearized dynamics in the form of chain of integra-
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tors become

Σlin :




dr1
dtr1

y1

...

drm

dtrm
ym


 =




w1

...

wm


 . (2.32)

Remark 2.20 ([38]). For most cases, one has that [93]

r1 + r2 + · · ·+ rm = ρ ≤ n.

When this inequality is strict, a part of the nonlinear dynamics of Σinp (2.5) becomes

unobservable from the linear dynamics of Σlin (2.32), obtained after application of the

feedback law. This unobservable dynamics of the original nonlinear system is called

zero dynamics. Typically it is desired to have asymptotically stable zero dynamics,

however, in this dissertation we ignore the possibility of unstable zero dynamics

since they are unobservable from the system output, and hence not relevant to the

safety/reachability control problem (Problem 2.9).

We introduce a new state variable ζ to denote a minimal representation of the

linearized system Σlin (2.32) as

Σ′lin :





dζ

dt
= Aζ +Bw, ζ ∈ Rρ, w ∈ Rm,

y = Cζ, y ∈ Y ,
(2.33)

where A ∈ Rρ×ρ, B ∈ Rρ×m, C ∈ Rm×ρ. Note that there exists a (nonlinear)

mapping from the original state variables x to the new state variable ζ. Since a

linear system Σ′lin representing the dynamics of the originally nonlinear system is

obtained, we can apply the controller synthesis technique described in Section 2.1.3

for linear affine systems to design the safety controller for the feedback linearizable

system.

Remark 2.21 ([38]). For any nonlinear system that is differentially flat [115], one

can similarly obtain a linear system that represent the dynamics of the originally

nonlinear system. Therefore, the same approach of synthesizing a safety controller
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for a linear affine system presented in Section 2.1.3 can also be applied for such

nonlinear systems with differentially flat dynamics.

2.1.5 Controller Synthesis for Discrete-Time Systems

In this section, we present the controller synthesis approach for a discrete-

time system using the concept of control autobisimulation function. We consider a

dynamical discrete-time system of the form:

Σd :




xk+1 = Fd(xk, uk), xk ∈ X ⊆ Rn, uk ∈ U ⊆ Rm,

yk = hd(xk), y ∈ Y ⊆ Rm.
(2.34)

where, xk, uk and yk are the state, control input and output signals at the time index

k ∈ N respectively. Assuming that for a suitably chosen discretization step-size ∆t,

the control input signal of the continuous-time system (2.5) is a step-wise function

of time of the form u(t) = uk for k∆t ≤ t < (k + 1)∆t, the continuous-time system

will also have a corresponding discrete-time formulation given by (2.34).

Notation 2.22. We denote the system/execution trajectory of the discrete-time

system (2.34) at any time index k with initial states x0 = x(0) under the control

input uk = {u1, u2, · · · , uk} by x(uk, x0) = {x0(uk, x0), x1(uk, x0), · · · , xk(uk, x0)},
where xk(u

k, x0) is the state at time index k. The output trajectory at any time index

k is denoted by y(uk, x0) = {y0(uk, x0), y1(uk, x0), · · · , yk(uk, x0)}, where yk(u
k, x0)

is the output at time index k.

We now present the motion planning and controller synthesis problems, as well

as, the Control Autobisimulation Function (CAF) for the discrete-time system:

Problem 2.23 (Motion Planning Problem for Safety/Reachability specifications

for Discrete-Time Systems). Design a sequence of control input signals uk, k ∈
{1, · · · ,H} such that for an initial state x0, the output trajectory of the system

enters Goal before time horizon k = H, and remains safe until it enters Goal.

Problem 2.24 (Safety/Reachability Controller Synthesis for Discrete-Time Sys-

tems). Design a feedback control law uk = κd(xk, k) such that for any initial state
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x0 ∈ Init, the output trajectory of the closed loop system enters Goal before time

horizon k = H, and remains safe until it enters Goal.

Definition 2.25. A continuously differentiable function ψ : X × X → R+ is a

control autobisimulation function of (2.34) if for any xk, x
′
k ∈ X ,

ψ(xk, x
′
k) ≥ ‖hd(xk)− hd(x′k)‖ , (2.35)

and there exists a feedback function κd : X × N→ U such that

ψ(Fd(xk, κd(xk, k),Fd(x′k, κd(x′k, k)) ≤ ψ(xk, x
′
k). (2.36)

Assuming a linear affine discrete-time system with dynamics

Σlin,d :




xk+1 = Adxk +Bduk + cd, xk ∈ X ⊆ Rn, uk ∈ U ⊆ Rm,

yk = Cdxk, yk ∈ Y ⊆ Rm,
(2.37)

where Ad ∈ Rn×n, Bd ∈ Rn×m, Cd ∈ Rm×n and cd ∈ Rn, we propose a CAF of the

form

ψ(xk, x
′
k) =

[(
xk − x′k

)T
Pd
(
xk − x′k

)] 1
2

,

Pd = P T
d ≥ CT

d Cd.

(2.38)

We also propose a control of the form

uk = κd(xk, k) = Kdxk + vk, (2.39)

where Kd ∈ Rm×n is the state-feedback controller gain and vk ∈ Rm is the new input

signal at time index k. Substituting the expression of the CAF (2.38) and the new

control law (2.39) in (2.36) we obtain that ∀xk, x′k ∈ X ,

(xk − x′k)(Ad +BdKd)
TPd(Ad +BdKd)(xk − x′k) ≤ (xk − x′k)TPd(xk − x′k). (2.40)
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Rearranging the terms we get,

Pd − (Ad +BdKd)
TPd(Ad +BdKd) ≥ 0. (2.41)

A controller gain Kd satisfying (2.41) can always be found if (Ad, Bd) is stabilizable

[116]. We can solve the following Linear Matrix Inequality to find the values of Dd

and Pd:

Pd � CT
d Cd

 Pd AdPd +BdDd

AdPd +BdDd Pd


 � 0,

(2.42)

where Dd , KdPd. Since P−1
d always exist due to Pd being a positive definite matrix,

the controller gain can be found to be

Kd = DdP
−1
d . (2.43)

Therefore ψ(xk, x
′
k) is indeed a control autobisimulation function for any choice of

the control signal vk and the closed loop system

Σlin,d−cl :




xk+1 = (Ad +BdKd)xk +Bdvk + cd, xk ∈ X ⊆ Rn, vk ∈ Rm,

yk = Cdxk, yk ∈ Y ⊆ Rm,
(2.44)

has the property of trajectory robustness. It then directly follows that for any

x0, x
′
0 ∈ X and controller gain Kd with reference control signal vk,

y(u′,k, x′0) ∈ Bψ(y(uk, x0), ψ(x0, x
′
0)), (2.45)

where

u′k = Kdx
′
k + vk, u′,k = {u′0, u′1, · · · , u′k},

uk = Kdxk + vk, uk = {u0, u1, · · · , uk}.
(2.46)

Thus similar to the situation with continuous-time systems, for discrete-time systems
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as well, if an appropriate reference input signal vk can be obtained which steers the

discrete-time system starting from the nominal initial state x0 ∈ Init to solve the

motion planning problem 2.8, it can also be used for the ball of initial conditions

around x0.

2.2 Metric Temporal Logic Specifications

Temporal logic specifications allow us to express system behaviors that are

more complex than safety/reachability specifications. For example, instead of re-

quiring that the system just reaches some desired configuration eventually while

avoiding all the unsafe configurations, the system might be required to reach a cer-

tain safe configuration only if some pre-condition is satisfied. With temporal logic

these specifications can be easily expressed, with the added benefit of being able to

incorporate timing restrictions on the system behaviors as well. For example, the

system must always be in a desired configuration from time t0 to t1. In Metric Tem-

poral Logic (MTL) specifications, metric time intervals or singletons are used for

specifying the time ranges over which such specifications of the system is required

to hold. Formally, the MTL syntax is given as follows

Definition 2.26 ([117]). The set of all well-formed MTL formulas over the set

AP of all disjoint atomic propositions of the system is inductively defined using the

following grammar:

ϕ ::= p | ¬p | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | �Iϕ | ♦Iϕ | ϕ1UIϕ2, (2.47)

where p ∈ AP, I is an interval of time indices ranging over the set of non-negative

integers Z≥0, eventually (♦I), always (�I) and until (UI) are the temporal operators,

conjunction (∧), disjunction (∨), and negation (¬) are the logical operators and ϕ

is an MTL formula. We only consider MTL formulas in the positive normal form,

such that all negations only appear in front of the atomic propositions.

The atomic propositions are defined by means of an observation map O :

AP → 2X , mapping each atomic proposition p ∈ AP into a subset of the state-

space of the system, O(p) ⊆ X . We assume that the set O(p) associated with each
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predicate p is polyhedral, defined by fp faces. In this case, we can represent the set

of points in the set uniquely by O(p) = {x | Apx ≤ bp, Ap ∈ Rfp×n, n = nc+nl, bp ∈
Rfp}, with rows of Ap normalized to unit vectors. We also assume that the atomic

propositions are disjoint, such that O(pi) ∩ O(pj) = ∅,∀pi, pj ∈ AP, pi 6= pj.

The negation, conjunction and disjunction operators have their usual meaning. To

express the property, that formula ϕ should always be true for the time interval I,

we use the globally operator to define the specification �Iϕ. The eventually operator

can be used to express the property, that the formula ϕ should be true sometime

within the time interval I, by defining the specification ♦Iϕ. Intuitively, one uses

the until operator, as in the specification ϕ1UIϕ2, to express the property, that the

formula ϕ1 is true until the formula ϕ2 becomes true at some time t′ within the time

interval I. Using the logical operators negation, conjunction and disjunction one

can build up expressions for other logical operators, such as implication (→) and

bijective implication (↔).

Notation 2.27. We use the symbol ξ̃(τ, x0) to denote a trajectory of a continuous-

time system initialized at x0 in the general sense. It can refer to the execution

trajectories of the open-loop system (2.5) or the closed-loop system (2.9) or the

output trajectories of those systems as well.

We are interested in verifying whether a given trajectory ξ̃(τ, x0) satisfies a

given MTL specification. One can perform this evaluation utilizing the boolean

valuation function 〈〈·〉〉(ξ̃(τ, x0), t) that produces boolean values true or false, cor-

responding to a trajectory ξ̃(τ, x0), indicating if the trajectory satisfies the MTL

specification or not respectively, at time t.

Definition 2.28 ([117]). Let ϕ be an MTL formula, p ∈ AP (the set of all atomic

propositions), O an observation map, and ξ̃(τ, x0) a trajectory of the continuous-

time system. Boolean values true and false be denoted by > and ⊥ respectively,

with ordering ⊥ < >. The continuous-time boolean semantics of ϕ at time t is then
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defined by

〈〈>〉〉(ξ̃(τ, x0), t) := >,

〈〈p〉〉(ξ̃(τ, x0), t) :=




> if ξ̃(τ, x0, t) ∈ O(p)

⊥ otherwise
,

〈〈¬p〉〉(ξ̃(τ, x0), t) := −〈〈p〉〉(ξ̃(τ, x0), t),

〈〈ϕ1 ∧ ϕ2〉〉(ξ̃(τ, x0), t) := inf

(
〈〈ϕ1〉〉(ξ̃(τ, x0), t), 〈〈ϕ2〉〉(ξ̃(τ, x0), t)

)
,

〈〈ϕ1 ∨ ϕ2〉〉(ξ̃(τ, x0), t) := sup

(
〈〈ϕ1〉〉(ξ̃(τ, x0), t), 〈〈ϕ2〉〉(ξ̃(τ, x0), t)

)
,

〈〈�Iϕ〉〉(ξ̃(τ, x0), t) := inf
t′∈t+I

〈〈ϕ〉〉(ξ̃(t′, x0)),

〈〈♦Iϕ〉〉(ξ̃(τ, x0), t) := sup
t′∈t+I

〈〈ϕ〉〉(ξ̃(t′, x0)),

〈〈ϕ1UIϕ2〉〉(ξ̃(τ, x0), t) := sup
t′∈t+I

(
inf

(
〈〈ϕ2〉〉(ξ̃(t′, x0)), inf

t<t′′<t
〈〈ϕ1〉〉(ξ̃(t′′, x0))

))
,

where t+ I := {t+ τ | τ ∈ I} represents the Minkowski sum of t and I.

Essentially the observation set O(p) ∈ X associated with each atomic propo-

sition p ∈ AP , is defined such that p is true at time t if and only if the state of the

trajectory at time t belongs to the set O(p), i.e. ξ̃(τ, x0, t) ∈ O(p)).

Remark 2.29. To evaluate whether a trajectory satisfies (falsifies) a specification

ϕ the valuation function 〈〈ϕ〉〉(ξ̃(τ, x0), t) is evaluated at time t = 0. For satisfaction

we have, 〈〈ϕ〉〉(ξ̃(τ, x0), 0) ≥ 0. Correspondingly, 〈〈ϕ〉〉(ξ̃(τ, x0), 0) < 0 implies that ϕ

is not satisfied by the trajectory ξ̃(τ, x0)).

Notation 2.30 ([118]). Let the set of output trajectories of the closed-loop continuous-

time system (2.9) that satisfy a given MTL specification ϕ at time t be denoted by

Ξt(ϕ) = {ξ̄κ(τ, x0) | 〈〈ϕ〉〉(ξ̄κ(τ, x0)) = >, x0 ∈ X , u(t) = κ(x, t) ∈ U, t ∈ [0, τ ],∀τ ≥ 0},

and the set of output trajectories of the system that satisfy the MTL specification ϕ

by Ξ(ϕ) = Ξ0(ϕ). Note that this definition considers all possible initial conditions

the system can be initialized from, as well as, all control laws that can be applied to
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the system.

The boolean semantics defined above only verifies whether a given output tra-

jectory satisfies or falsifies a given MTL specification. However, we are interested in

an quantitative measure of this satisfaction (falsification) so that from the knowledge

of the given trajectory we can argue about the properties of trajectories that are

arbitrarily close to it. If one can compute Ξ(ϕ), given an MTL specification ϕ, then

one can define robustness of a given output trajectory ξ̄κ(τ, x0) of the closed-loop

continuous-time system that satisfies ϕ by computing the distance of ξ̄κ(τ, x0) from

the set Ξ(¬ϕ), the complement of Ξ(ϕ). Informally, one can then a tube around the

output trajectory ξ̄k(τ, x0) of radius δ > 0 (say) such that if any other output tra-

jectory of the system ξ̄k(τ, x
′
0) (corresponding to the same control law u = κ(x, t))

is ε-close to ξ̄k(τ, x0) with ε < δ and is contained within the tube around it, then

ξ̄k(τ, x
′
0) also satisfies the specification ϕ. Distance from a set can be computed

using the notion of a metric defined as follows.

Definition 2.31 ([117]). A metric over a set X is a non-negative function d :

X × X → R≥0, such that for any x, x′, x′′ ∈ X the following properties hold

d(x, x′) = 0⇔ x = x′, (2.48)

d(x, x′) = d(x′, x), (2.49)

d(x, x′′) ≤ d(x, x′) + d(x′, x′′). (2.50)

Definition 2.32 ([119]). Let x ∈ X be a point, S ⊆ X be a set and d be a metric

on X . Then define,

• the distance from x to S to be

distd(x, S) := inf{d(x, y) | y ∈ S}, (2.51)

• the depth of x in S to be

depthd(x, S) := distd(x,X\S), (2.52)
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• and the signed distance from x to S to be

Distd(x, S) :=




−distd(x, S) if x 6∈ S,

depthd(x, S) if x ∈ S.
(2.53)

Intuitively, using the metric d, we define the shortest distance of x from all the

points in the set S. However, since the set Ξ(ϕ) “can not be computed or represented

analytically” [117], we use robust semantics for MTL formulae, defined in terms of

a metric and a distance function as follows, to provide an under-approximation of

the robustness degree of a system trajectory. Here, for a trajectory ξ̃(τ, x0) at any

time t the valuation function [[·]](ξ̃(τ, x0), t) provides a real number indicating the

degree of satisfaction (for positive valuation) or falsification (for negative valuation)

of the MTL formula.

Definition 2.33 ([117]). Let ϕ be an MTL formula, p ∈ AP be an atomic proposi-

tion, O an observation map, and ξ̃(τ, x0) a trajectory of the continuous-time system.

The continuous-time robust semantics of ϕ is then defined by

[[>]](ξ̃(τ, x0), t) := +∞,

[[p]](ξ̃(τ, x0), t) := Distd(ξ̃(τ, x0, t),O(p))

[[¬p]](ξ̃(τ, x0), t) := −[[p]](ξ̃(τ, x0), t),

[[ϕ1 ∧ ϕ2(ξ̃(τ, x0), t)]] := inf

(
[[ϕ1]](ξ̃(τ, x0), t), [[ϕ2]](ξ̃(τ, x0), t)

)
,

[[ϕ1 ∨ ϕ2(ξ̃(τ, x0), t)]] := sup

(
[[ϕ1]](ξ̃(τ, x0), t), [[ϕ2]](ξ̃(τ, x0), t)

)
,

[[�Iϕ]](ξ̃(τ, x0), t) := inf
t′∈t+I

[[ϕ]](ξ̃(t′, x0)),

[[♦Iϕ]](ξ̃(τ, x0), t) := sup
t′∈t+I

[[ϕ]](ξ̃(t′, x0)),

[[ϕ1UIϕ2]](ξ̃(τ, x0), t) := sup
t′∈t+I

(
inf

(
[[ϕ2]](ξ̃(t′, x0)), inf

t<t′′<t
[[ϕ1]](ξ̃(t′′, x0))

))
,

where t+ I := {t+ τ | τ ∈ I} represents the Minkowski sum of t and I.

The motion planning problem to satisfy MTL specifications can now be defined

as:
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Problem 2.34 (Motion Planning Problem for MTL specifications). Design a con-

trol input signal u(t) such that for an initial state x0, the output trajectory of the

continuous-time system satisfies the given MTL specification ϕ, with a desired ro-

bustness degree ρdϕ:

[[ϕ]](ξ̄u(τ, x0), 0) ≥ ρdϕ.

Note that the robust semantics of MTL is defined in terms of a metric d, which

one is free to choose and the Control Autobisimulation Function (CAF) defined

earlier in Section 2.1.2 can also be chosen as the metric for this purpose. We now

show that the CAF defined in (2.12) is indeed a metric. Recall that the CAF is

expressed as:

ψ(x, x′) =
[
(x− x′)TP (x− x′)

] 1
2 .

See that the first requirement (2.48) in the Definition 2.31 of metric is readily sat-

isfied since,

ψ(x, x′) = 0 ⇔ (x− x′)TP (x− x′) = 0 ⇔ x− x′ = 0 ⇔ x = x′,

where we use the property of positive definiteness of P . Satisfaction of the second

requirement (2.49) can be shown as

ψ(x, x′) =
[
(x− x′)TP (x− x′)

] 1
2 =

[
(x′ − x)TP (x′ − x)

] 1
2 = ψ(x′, x).
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Finally, we show that the triangle inequality requirement (2.50) is also satisfied as

ψ(x, x′′) =
[
(x− x′′)TP (x− x′′)

] 1
2

=
[
(x− x′ + x′ − x′′)TP (x− x′ + x′ − x′′)

] 1
2

=
[
(x− x′)TP (x− x′) + (x′ − x′′)TP (x′ − x′′) + 2(x− x′)TP (x′ − x′′)

] 1
2

=
[∥∥L(x− x′)

∥∥2
+
∥∥L(x′ − x′′)

∥∥2
+ 2
(
L(x− x′)

)T (
L(x′ − x′′)

)] 1
2

≤
[∥∥L(x− x′)

∥∥2
+
∥∥L(x′ − x′′)

∥∥2
+ 2
∥∥L(x− x′)

∥∥∥∥L(x′ − x′′)
∥∥
] 1

2

=
∥∥L(x− x′)

∥∥+
∥∥L(x′ − x′′)

∥∥

=
[
(x− x′)TP (x− x′)

] 1
2 +

[
(x′ − x′′)TP (x′ − x′′)

] 1
2

= ψ(x, x′) + ψ(x′, x′′).

In the above derivation we utilized the property that any positive definite matrix P

has a Cholesky Factorization [120], given by P = LLT , where L is an invertible lower

triangular matrix with positive diagonal entries. We also used the Cauchy-Schwarz

inequality in the fifth step [121] and the definition of norm, ‖a‖ =
√
aTa.

Definition 2.35 ([117]). Given an MTL formula ϕ, an observation map O, an

output trajectory ξ̄u(τ, x0), for any t ∈ R≥0 we have

−dist$(ξ̄u(τ, x0, t),Ξt(ϕ)) ≤ [[ϕ]](ξ̄u(τ, x0), t) ≤ depth$(ξ̄u(τ, x0, t),Ξt(ϕ)), (2.54)

where $ is a metric on the state-space X of the system defined as

$(ξ̃(τ, x0), ξ̃(τ, x′0)) = sup
t∈[0,τ ]

ψ(ξ̃(τ, x0, t), ξ̃(τ, x
′
0, t)), τ ∈ R≥0. (2.55)

Therefore, using the robust semantics of MTL, one can obtain a tube around

a nominal output trajectory satisfying(falsifying) a given MTL specification ϕ, such

that any other output trajectory contained within that tube also satisfies(falsifies)

the MTL specification ϕ.

Controller synthesis problem with MTL specifications can now be defined as

Problem 2.36 (MTL Controller Synthesis). Design a feedback control law u(t) =
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κ(x, t) such that for any initial state x0 ∈ Init, the output trajectory of the closed

loop continuous-time system (2.9) satisfies the given MTL specification ϕ:

[[ϕ]](ξ̄κ(τ, x0), 0) ≥ 0, ∀x0 ∈ Init.

Problem 2.36 can be achieved for a linear affine system (2.11) by first solving

Problem 2.34 to obtain a nominal output trajectory of the system satisfying the

desired MTL specification. Based on this nominal output trajectory one can then

use concept of trajectory robustness using the Control Autobisimulation Function

(CAF) to design the feedback control law u(t) = κ(x, t) = Kx(t)+v(t) following the

method described in Section 2.1.3. Note that, while the nominal output trajectory

can be designed to have a desired robustness degree of ρdϕ by solving Problem 2.34,

any other output trajectory contained within the tube around the nominal output

trajectory will satisfy:

0 ≤ [[ϕ]](ξ̄κ(τ, x
′
0), 0) ≤ ρdϕ.

Remark 2.37. Note that the safety controller synthesis defined in Problem 2.9 is

actually a subset of this MTL controller synthesis problem. Any safety/reachability

specification defined in terms of reaching Goal before Tmax time while avoiding

Unsafe at all time can be formulated as an MTL specification as

ϕ = �[0,Tmax]¬p Unsafe ∧ ♦[0,Tmax]p Goal,

where p Unsafe and p Goal are respectively the atomic propositions corresponding to

the Unsafe and Goal, such that for all output trajectories of the system denoted by

ξ̄κ(t, x0),

O(p Unsafe) = {ξ̄κ(t, x0) | ξ̄κ(t, x0) ∈ Unsafe, ∀x0 ∈ Init},

O(p Goal) = {ξ̄κ(t, x0) | ξ̄κ(t, x0) ∈ Goal, ∀x0 ∈ Init}.
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The same requirement can also be specified by

ϕ′ = ¬p Unsafe U[0,Tmax] p Goal.

The specification ϕ requires the system to reach the Goal eventually within 0 to Tmax

time and avoid the Unsafe from 0 to Tmax. This is exactly the safety/reachability

criteria we defined in Problem 2.8 and Problem 2.9. The other specification ϕ′

requires the system to reach Goal eventually some time before Tmax and until that

happens the system is required to avoid the Unsafe.

The extension to motion planning or controller synthesis problem for satis-

faction of MTL specifications for discrete-time systems is straightforward and is

analogous to the methods described in Section 2.1.5 for safety/reachability specifi-

cations. For completeness, we present the motion planning and controller synthesis

problem below along with the discrete-time robust semantics of MTL specifications.

Definition 2.38 ([117]). Let ϕ be an MTL formula, p ∈ AP be an atomic proposi-

tion, O an observation map, and x(uH, x0) an output trajectory of the discrete-time

system corresponding to the initial condition x0 and control input signal uH. The

discrete-time robust semantics of ϕ at any time-index k is then defined recursively
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as:

[[>]]D
(
x(uH, x0), k

)
:= +∞,

[[p]]D
(
x(uH, x0), k

)
:= Distd

(
xk(u

H, x0),O(p)
)
,

[[¬p]]D
(
x(uH, x0), k

)
:= −[[p]]D

(
x(uH, x0), k

)
,

[[ϕ1 ∧ ϕ2]]D
(
x(uH, x0), k

)
:= min

(
[[ϕ1]]D

(
x(uH, x0), k

)
, [[ϕ2]]D

(
x(uH, x0), k

))
,

[[ϕ1 ∨ ϕ2]]D
(
x(uH, x0), k

)
:= max

(
[[ϕ1]]D

(
x(uH, x0), k

)
, [[ϕ2]]D

(
x(uH, x0), k

))
,

[[�Iϕ]]D
(
x(uH, x0), k

)
:= min

k′∈k+I
[[ϕ]]D

(
x(uH, x0), k′

)
,

[[♦Iϕ]]D
(
x(uH, x0), k

)
:= max

k′∈k+I
[[ϕ]]D

(
x(uH, x0), k′

)
,

[[ϕ1UIϕ2]]D
(
x(uH, x0), k

)
:= max

k′∈k+I

(
min

(
[[ϕ2]]D

(
x(uH, x0), k′

)
,

min
k̄∈[k,k′]

[[ϕ1]]D
(
x(uH, x0), k̄

)))
,

(2.56)

where k + I := {k + τ | τ ∈ I} represents the Minkowski sum of k and I.

Problem 2.39 (Motion Planning Problem for MTL specifications for Discrete-Time

Systems). Design a sequence of control input signals uk, k ∈ {1, 2, · · · ,H} such that

for an initial state x0, the output trajectory of the discrete-time system satisfies the

given MTL specification ϕ, with a desired robustness degree ρdϕ:

[[ϕ]]D
(
x(uH, x0), 0

)
≥ ρdϕ.

Problem 2.40 (MTL Controller Synthesis for Discrete-Time Systems). Design a

feedback control law uk = κd(xk, k) such that for any initial state x0 ∈ Init, the

output trajectory of the closed loop discrete-time system satisfies the given MTL

specification ϕ:

[[ϕ]]
(
x(uH, x0), 0

)
≥ 0, ∀x0 ∈ Init.

While we have defined Definition 2.38 and Problems 2.39 and 2.40 in terms of
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the output trajectories (x(uH, x0)) of the discrete-time system (2.34), the same can

be done in terms of the state trajectories (x(uH, x0)) of the system as well.

2.3 Real-Time Trajectory Generation

In this section we deal with the problem of generating output trajectories of

a system such that the system passes through a sequence of waypoints. Recall

the safety/reachability control problem example presented in the beginning of the

Section 1.1. Consider given the scenario, a human operator, is asked to generate a

nominal trajectory of the system satisfying the safety/reachability requirements in

order to solve the motion planning problem. For a small-scale system with simple

dynamics it might be easy for a human operator to directly provide control input

signals to a simulation model of the system and steer it from Init to Goal while

avoiding Unsafe to generate a valid nominal trajectory. However, if the system

under consideration has complicated dynamics then the task of providing the control

inputs directly to generate the valid nominal trajectory becomes quite challenging

even for a human operator. As a result, in this dissertation the human operator is

only required to provide a sequence of waypoints, such that if the output trajectory

of the system passes through those waypoints then the corresponding trajectory is

a valid nominal trajectory of the system. In the safety/reachability control problem

presented in Fig. 1.1 we are interested in the 2D position of the car and hence, it

is very easy for a human operator to provide us with the waypoints as shown by

the ’grey’ circles in Fig. 2.4. The objective is now to generate a trajectory of the

car such that the car travels through this sequence of waypoints. Fig. 2.5 shows

the resulting trajectory of the car. This problem is comparatively harder to solve if

information about the waypoints are available in real time and we have to generate

the trajectory of the system on the fly. On the other hand, we also consider the case

where all the waypoints are known apriori, and then the problem is easier to solve.

Problem 2.41. Denoting the sequence of waypoints to be visited by the system ini-

tialized at x0 ∈ Init as ξ̄des(t, x0), we want to formulate an algorithm that generates

a feasible output trajectory ξ̄κ(t, x0) of the closed-loop system (2.9) satisfying the un-

derlying system dynamics, such that
∥∥ξ̄des(t, x0)− ξ̄κ(t, x0)

∥∥ ≤ ε, where ε is a small
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Figure 2.4: Sequence of waypoints to solve the safety/reachability control
problem example.

Figure 2.5: Trajectory generated from sequence of waypoints to solve the
safety/ reachability control problem example.

number.

Note that in this dissertation ξ̄des(t, x0) in most cases will not be a feasible

trajectory of the system that satisfies the system dynamics, since we do not take the

system dynamics into account while generating the waypoints. Also the systems for

which real-time trajectory generation problem is considered in this dissertation are

either feedback linearizable or differentially flat, implying the system outputs belong

to the class of `-times differentiable functions, denoted by C`, where ` depends on

the system dynamics. Also since the systems belong to the above-mentioned classes,

we can obtain state trajectory of the systems and inputs to the systems from just the
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output trajectory and its higher order derivatives. In the following we present the

trajectory generation approaches in terms of a single-output system. The extension

to multi-output system is straight forward since the trajectory generation method

can be decoupled for each output trajectory.

We parameterize the open-loop system output ξ̄u(t, x0), in terms of basis func-

tions γ(t) = {γj(t)}ρj=1 as [122]

ξ̄u(t, x0) =

ρ∑

j=1

Vjγj(t) = VTγ(t), (2.57)

in order to reduce the problem of finding feasible output trajectory ξ̄u(t, x0) into

finding the finite set of parameters V = {Vj} ∈ Rρ. With this parameterization we

can obtain the `th derivative of the output as

ξ̄[`]
u (t, x0) =

ρ∑

j=1

Vjγ[`]
j (t) = VTγ[`](t). (2.58)

Notation 2.42. Let us denote the set of a signal z(t, x0) and its higher order deriva-

tives up to order ` at time t as

z(t, x0, `) =




z(t, x0)

z[1](t, x0)
...

z[`](t, x0)



, (2.59)

and the same for the set of time instants T = {t0, t0 + ts, · · · , t0 +Nts}, where ts is

the sampling time and N + 1 is the number of elements in the set as

z(t, x0, `, N)T =
[
zT (t0, x0, `) zT (t0 + ts, x0, `) · · · zT (t0 +Nts, x0, `)

]T
. (2.60)

As the objective is to navigate the system through the sequence of waypoints,

we want ξ̄u(tk, x0) = ξ̄des(tk, x0) to hold at the sampling instant tk = t0 + kts.

If we have information about any higher derivative ` of ξ̄des(t, x0), then we want

ξ̄
[`]
u (tk, x0) = ξ̄

[`]
des(tk, x0) to hold as well. However, since generating the waypoints
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ξ̄des(t, x0) is independent of system dynamics the above equalities are hard to satisfy

and as such we want to solve the following problem,

min
V

∥∥∥ξ̄des(t, x0, ˜̀, N)− ξ̄u(t, x0, ˜̀, N)
∥∥∥ . (2.61)

In (2.61) we assume that information about derivatives up to ˜̀th order is available

corresponding to the waypoints and in most cases ˜̀ < `, where ` is the required

number of derivatives in order to extract the state and input information from the

output trajectory of the system. Once we have computed the parameter values

V , we can use (2.57) and (2.58) to generate a reference trajectory of the system

ξ̂(t, x0) which we feed to a trajectory tracking controller (see Section 3.3.2.3 for

details of this process) that stabilizes the system around the reference trajectory

and we obtain a feasible closed-loop output trajectory ξ̄κ(t, x0). This method is

applicable when information about all the waypoints is available prior to obtaining

the feasible output trajectory of the system and hence can be termed as offline

trajectory generation procedure. Formally, this method in presented in Algorithm

1.

Algorithm 1 Trajectory Generation

Input := ℵ = ξ̄des(t, x0, ˜̀, N) or ξ̄′des(t, x0, ˜̀, N) and γ(t)

1: Compute V = arg min
∥∥∥ℵ − ξ̄u(t, x0, ˜̀, N)

∥∥∥
2: for j = 0, · · · , ` do
3: Compute ξ̂(t, x0, `, N) using

ξ̂
[j]

(t, x0) = VTγ[j](t)

4: end for
5: Use ξ̂(t, x0, `, N) as reference trajectory in a trajectory tracking controller to

obtain feasible closed-loop system output trajectory ξ̄κ(t, `, N).

Output := ξ̄κ(t, x0, `, N)

If instead, information about the waypoints to be visited is available during

run-time of an execution of the system dynamics, then slight modification is required

to the approach detailed earlier. In this approach we implement the trajectory

tracking controller to steer the system from its current state to a final state given
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by the waypoint to be visited at the next time instant. Without loss of generality

let us assume the current time instant is t0 and we have received information about

the next waypoint where we want the system to reach at t0 + ts. In this case we

consider the set of time instants to be T = {t0 −N ′ts, · · · , t0, t0 + ts}, such that we

utilize information about the system trajectory for the last N ′ time instants into

account when generating the reference trajectory ξ̂(t, x0) to be followed. Once again

we obtain the parameter values V as explained earlier by solving

min
V

∥∥∥ξ̄′des(t, x0, `, N)− ξ̄u(t, x0, `, N)
∥∥∥ . (2.62)

Note that the problem being solved in (2.62) is quite different from the one being

solved in (2.61). Firstly, the term ξ̄′des actually only uses waypoint information for

the time instant t0 + ts. For all other time instants, values of the actual system

output trajectory are used instead. Formally, ξ̄′des is defined as

ξ̄′des(t, x0, `, N) =




ξ̄u(t0 −Nts, x0, `)

ξ̄u(t0 − (N − 1)ts, x0, `)
...

ξ̄u(t0, x0, `)

ξ̄des(t0 + ts, `)




. (2.63)

Once V is computed we choose a time τ ∈ [t0, t0 + ts], and compute ξ̂(τ, x0) using

(2.57) and (2.58), which is then used as a reference trajectory to be tracked using

a trajectory tracking controller (see Section 3.3.2.3 for details of this process). The

process is repeated in the next time instant. Since, in this method the system dy-

namics executing, as information about the waypoints is received we generate the

trajectory online in real time. Unlike the offline trajectory process, where Algorithm

1 has to be executed only once for the inputs of ξ̄des(t, x0, `, N) and γ(t), the Algo-

rithm 1 has to be executed at each time instant, for the online trajectory generation

with the inputs of ξ̄′des(t, x0, `, N) and γ(t), till the task at hand is completed.



CHAPTER 3

Trajectory-Based Formal Controller Synthesis Method for

Multi-Link Robots with Elastic Joints

In this chapter, we apply formal safety controller synthesis approach to ensure tra-

jectory robustness property of multi-link robots with elastic joints, so that we can

synthesize a controller to perform repetitive tasks with such robotic systems. In

Section 3.1 we present research methods that are well-documented in literature for

synthesizing controllers for multi-link robots with elastic joints, as well as explore the

shortcomings of such methods that we are able to address in this work. In Section

3.2.1 we explain the dynamic modeling of the system. In Section 3.2.3 we use the

method detailed in Section 2.1.4 to generate a Control Autobisimulation Function

(CAF) for this system for synthesizing the safety controller exploiting the fact that

multi-link robots with elastic joints can be input-output feedback linearized, which

is shown in Section 3.2.2. We present our human-robot interface, to be used for

generating nominal valid trajectories by human operators controlling the robot arm

virtually, in Section 3.3.2. The results presenting efficacy of the proposed method

and the performance of the interface are detailed in Section 3.4. Finally in Section

3.5 we present some theoretical results that can handle uncertainties in modeling

the system and in Section 3.6 we draw conclusions from our research and present

future research directions.

3.1 Motivation and Related Research

Manipulation control of robot arms, considering the whole system as a rigid

body has been quite well researched in the robotics community. However, the inter-

est in designing controllers for multi-link robots with elastic joints in the robotics

community, can be attributed to the rising necessity of high performance robots, as

well as the need for having human operators in close proximity of robots. Arguably

Portions of this chapter previously appeared as: S. Saha and A. A. Julius, “Trajectory-based
formal controller synthesis for multi-link robots with elastic joints” in Proc. Conf. Decision and
Control, Los Angeles, CA, IEEE, 2014, pp. 830 – 835.
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almost all industrial robots have joints with some flexibility, because of the presence

of the gear trains, harmonic drives in the actuators. Therefore, taking this aspect

into account improves the accuracy of a mathematical model of the robotic system

[123], [124], [125]. Second, in advanced manufacturing, robots with flexible joints

are safer as co-robots, i.e. in deployment scenarios where the robots have to have

close interaction with humans [126], [127]. Here, we discuss the notion of formal

controller synthesis for such robots in the context of a motion planning problem

presented in terms of a Reach/Avoid specification. This is relevant, for example,

in applications where the robots need to operate in the presence of obstacles in the

workspace. Earlier work in this area can be found in a comparative study between

different globally stable controller strategies using backstepping and passivity based

approaches, for tracking a suitable trajectory for the reduced model of a N -link

robot arm with elastic joints [128]. A semi globally stable tracking controller and

an adaptive controller, both based on implementing specific Lyapunov function can-

didates, for the same reduced model were presented respectively in [129] and [124].

An adaptive tracking control law based on singular perturbation was established

in [130]. Designing feed-forward and feedback tracking control laws using feedback

linearization was explored in [131]. More recently, the focus has shifted to designing

controllers for the full model with added model complexities like variable parame-

ter values [132], [133]. However, none of this articles discuss about the generation

of the suitable trajectory to accomplish the specific tasks in the Reach/Avoid sit-

uations. One might argue that path planning algorithms such as gradient based

methods [134], Rapidly-exploring Random Tree (RRT) methods [32] or Probabilis-

tic Roadmap (PRM) [29], which have been successfully employed for path planning

of rigid robot arms, can be used for trajectory generation for the robots with elastic

joints as well. Sub-optimal trajectory planning and tracking based on concatenating

control primitives for rigid joint robots using RRT is presented in [135]. However,

such methods are yet to be applied for robots with elastic joints, for which the state-

space dimension is twice that of the rigid robot arms, thereby expanding the search

space resulting in increasing computational complexity. Moreover, one can approx-

imate a robot arm with flexible link as N link robot arm with elastic joints, where
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N is some large finite value [136], [137]. Indeed, increasing number of links will

also add to the state-space dimension, for which the above mentioned path planning

algorithms might not produce satisfactory results. It is to be noted as well that the

results presented in the above mentioned articles are mainly limited to simulations

of one or two link robot arms.

As a means of determining such nominal trajectories, we present a human-

robot interface, using which a human operator can manipulate any robot arm in

its task-space virtually. The idea behind introducing such an interface is so that a

human operator can guide the robot arm through its task space if the task at hand

is trivial or repetitive in nature. Moreover, the method is computationally far less

expensive if the robot has many links as compared to the path planning algorithms,

we have referred to thus far.

3.2 Safety Controller Synthesis

We are interested in solving the problem:

Problem 3.1. Design a feedback control law u = k(x, t), such that starting from

any initial state x0 ∈ Init, the end-effector of the robot arm reaches the Goal within

the time Tmax, with no parts of the robot arm ever entering the Unsafe.

3.2.1 Dynamic Modeling of the System

Consider an open kinematic chain robot arm with N rigid links, interconnected

by N elastic revolute joints, each of which is being actuated by an electrical motor

drive. We assume that the motors are located at a position preceding the link being

driven by the motor, as shown in Fig. 3.1 for a representative two-link model.

Let q ∈ RN be the link positions, θm ∈ RN be the rotor positions of the

motors, and θ ∈ RN be the rotor positions as reflected though the gear reduction

ratios, given by θmi = θiri, (i = 1, 2, · · · , N), with gear ratios ri. For proceeding

with the Euler-Lagrangian formulation of the dynamics of the system we choose q

and θ as the generalized coordinate vectors.

Under the assumption that the ith joint deformation represented by (qi − θi)
is small, the elastic properties of each joint can be modeled to be same as that of
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Figure 3.1: Model of a two-link robot arm with elastic joints [138].

an undamped linear torsional spring [137].We also assume that the rotors of the

motors are modeled as uniform bodies of rotation having their center of mass on

the rotation axis [139], resulting in both the inertia matrix and the gravity term in

the dynamic model being independent of the motor position θ. The kinetic energy

of the system can be computed to be

T =
1

2


q̇
θ̇



T 
M(q) M1(q)

MT
1 (q) J




︸ ︷︷ ︸
,B(q)


 q̇
θ̇,


 (3.1)

where B(q) is the symmetric positive definite inertia matrix for the whole system and

each block constructing B(q) is in the RN×N space. M(q) represents the inertial

properties of the rigid links, M1(q) represents the inertial couplings between the

links and the actuator motors, and J is a constant diagonal inertia matrix of the

effective motor inertias, with the ith element being Ji = Jmir
2
i , where Jmi is the

inertial moment of the ith motor.

Potential energy of the whole system has two contributing factors. One is the

gravitational potential energy U1(q) of the rigid links due to gravity. The other is
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the elastic potential in the joints U2(q, θ) defined as

U2 =
1

2
(q − θ)TKe(q − θ) =

1

2


q
θ



T 
 Ke −Ke

−Ke Ke




︸ ︷︷ ︸
,KE


q
θ


 , (3.2)

where, Ke = diag{Ke1, Ke2, · · · , KeN} is a constant diagonal matrix, with the ith

element being the ith joint stiffness Kei, which we assume to be not varying.

Defining the Lagrangian for the whole system to be L = T − U , the dynamic

model of the robot arm can then be computed to be [137]

B(q)


q̈
θ̈


+


C(q, q̇) + C1(q, θ̇) C2(q, q̇)

C3(q, q̇) 0




︸ ︷︷ ︸
A(q,q̇,θ̇)

+KE


q
θ


+

∂U1

∂q︸︷︷︸
,g(q)

+


fr,q
fr,θ


 =


0

u


 , (3.3)

where A(q, q̇, θ̇) consists of the Christoffel symbols matrices corresponding to the

Coriolis and Centrifugal terms arising from the Euler-Lagrangian dynamics and

fr(α, α̇) represents the dissipative torques experienced by the links and the motors.

Assuming the dissipative forces to be due to only viscous friction in the motor and

the links, the corresponding torque terms can be modeled as


fr,q
fr,θ


 =


Fq q̇
Fθθ̇


 , (3.4)

where both Fq and Fθ are constant symmetric positive semi-definite matrices. u ∈
RN is the column vector of the torque inputs provided by the motors defined as,

u =
[
u1 u2 · · · uN

]T
. (3.5)

By assuming that the angular part of the kinetic energy of each rotor is due

to only its relative rotation [139], one can set M1 = 0. This condition is also true,

if the inertial couplings between the links and rotors vanish for some specific joint

axes or the gear reduction ratios become large (in excess of hundred motor turns per
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link turn) [140]. This assumption also leads to C1,2,3 = 0 resulting in the reduced

2N second-order differential equations governing the motion of the links and motor

positions as

M(q)q̈ + C(q, q̇)q̇ + g(q) +Ke(q − θ) + Fq q̇ = 0, (3.6)

J θ̈ +Ke(θ − q) + Fθθ̇ = u. (3.7)

3.2.2 Feedback Linearization

We choose the link positions q as the system output. For the state space

representation we define

x1 = θ, x2 = q, x3 = θ̇, x4 = q̇,

where, xi ∈ RN , i = (1, 2, 3, 4). From (3.6)-(3.7), by defining xT =
[
xT1 xT2 xT3 xT4

]
,

the system dynamics can be written as

ẋ =




x3

x4

−J −1(Fθx4 +Ke(x2 − x1))

−M−1(C + Fqx3 +Ke(x1 − x2))




+




0

0

J −1

0



u, (3.8)

= f(x) + g(x)u, x ∈ Rn, u ∈ Rm, n = 4N,m = N, (3.9)

y = x1 = h(x), y ∈ Rm. (3.10)

Here, we omitted the dependence of the variables on the system states for brevity.

Defining η(q, q̇) = C(q, q̇)q̇ + g(q) and differentiating (3.6) once with respect

to time we obtain,

Ṁq̈ +Mq[3] + η̇ +Ke(q̇ − θ̇) + Fq q̈ = 0. (3.11)

Continuing the differentiation one more step,

M̈q̈ + 2Ṁq[3] +Mq[4] + η̈ +Ke(q̈ − θ̈) + Fqq
[3] = 0. (3.12)
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Notice that, by expressing all the variables in terms of the state-space variables and

re-arranging the terms, the above equation can be written as,

y[4] = q[4].

= −M−1
(

(2Ṁ+ Fq)x
[3]
1 + M̈ẍ1 + η̈ +Ke(ẍ1 − ẍ2)

)
, (3.13)

where, ż, z̈ and z[n] represent the first, second and n-th order time-derivatives of the

dummy variable z. Using the chain rule of differentiation, derivatives of the system

variables can be found analytically as,

η̈ = C̈q̇ + 2Ċq̈ + Cq[3] + g̈,

Ċ =
dC

dt
=
∂C

∂q
q̇ +

∂C

∂q̇
q̈,

C̈ =
∂2C

∂q2
q̇2 +

∂2C

∂q̇2
q̈2 + 2

∂2C

∂q∂q̇
q̇q̈ +

∂C

∂q
q̈ +

∂C

∂q
q[3],

Ṁ =
dM
dt

=
dM
dq

q̇,

M̈ =
d2M
dq2

q̇2 +
dM
dq

q̈,

g̈ =
d2g

dq2
q̇2 +

dg

dq
q̈.

(3.14)

Substituting, ẍ2 = ẋ4 from (3.8) in (3.13) and defining

σ(x1, x2) = ((2Ṁ+ Fq)x
[3]
1 + (M̈+Ke)ẍ1 + η̈),

the output can be expressed in terms of the input as,

y[4] =M−1(KeJ −1(u−Ke(x2 − x1)− Fθx4)− σ). (3.15)

We thus conclude that the relative degree of the system is 4 and that the torque

inputs given by

u = (JK−1
e M)w + (JK−1

e σ +Ke(x2 − x1) + Fθx4),

= λ(x)w + κ(x),
(3.16)
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leads to the input-output feedback linearized system in the form of a chain of inte-

grators as

y[4] = w, w ∈ RN . (3.17)

Also notice that, the whole state space of the system is observable from the knowl-

edge of the output y, since relative order of the system is same as the order of the

actual nonlinear system, implying that the linearized system does not have any zero

dynamics.

One can then obtain a minimal representation of the whole system as a set

of N decoupled linear subsystems with each subsystem describing the dynamics of

each link-motor pair. We denote the new state-space vector ζi ∈ R4 for the ith

subsystem in terms of a nonlinear mapping from x to ζi as

ζTi =
[
qi q̇i q̈i q

[3]
i

]T
=
[
x2i ẋ2i ẍ2i x

[3]
2i

]T
, i = 1, 2, · · · , N, (3.18)

where qi and consequently x2i denotes the ith link position. With slight abuse of

notation we will denote this mapping as ζ(x). The new state-space representation

of the linearized subsystems then become

dζi
dt

=




0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0



ξi +




0

0

0

1



wi,

= Aζi +Bwi, A ∈ R4×4, B ∈ R4,

yi = qi =
[
1 0 0 0

]
ζi = Cζi, C ∈ R1×4,

(3.19)

where, i = (1, 2, · · · , N). We design the new input w = {wi}Ni=1 in such a way that

the system follows a valid trajectory.

3.2.3 Controller Design

Once the system is feedback linearized, we can apply the controller synthesis

approach presented in Section 2.1.3 and propose to construct a feedback law of the
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form

wi = Kiζi + vi, Ki ∈ R1×4, (3.20)

for each linearized subsystem in (3.19). Provided, Ki is chosen such that (A+BKi)

is Hurwitz, one is free to design the new input signal vi(t) by solving the motion

planning problem (see Problem 2.8), such that the trajectories of the closed loop

system are steered from a given initial condition x0 ∈ Init to be a valid trajectory.

We propose to generate vi(t) using the human-robot interface introduced in

this dissertation, from the knowledge of the desired trajectory ζdesi of the ith lin-

earized subsystem, for each link of the robot arm. As will be explained in Section

3.3, we present two methods to generate this desired trajectory ζdesi : in one of which,

we do not account for the dynamics of the robot arm to alleviate the difficulty of

controlling the robot arm, and hence ζdesi cannot be considered as the valid nominal

trajectory of the system itself. However, for the other method, in which the actual

dynamics of the robot arm is simulated, the resulting trajectory obtained from the

interface is itself a valid nominal trajectory of the system. For the former method, in

order to generate the valid nominal trajectory, we then design a trajectory tracking

controller such that the output of the closed loop system stabilizes at the desired

trajectory, which requires stabilizing ζi at ζdesi for each of the linearized subsystems.

This control problem can be solved by designing a state feedback controller such

that the error in tracking the desired trajectory for the ith subsystem

ėi = Aei +Bvei , ei ∈ R4, (3.21)

goes to zero asymptotically, where,

ei = ζi − ζdesi , (3.22)

vei = ζ̇i4 − ζ̇desi4
= wi − (qdesi )[4]. (3.23)

We now propose the state feedback law of the form

vei = K ′iei, K ′i ∈ R1×4, (3.24)
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so that (A+BK ′i) is Hurwitz. From the requirements of (3.20) and (3.24), one can

always choose K ′i = Ki = K̃. Combining (3.20), (3.23) and (3.24), see that,

vei = K̃ei

or, wi − (qdesi )[4] = K̃ζi − K̃ζdesi

or, wi − (qdesi )[4] = (wi − vi)− K̃ζdesi

or, vi = (qdesi )[4] − K̃ζdesi .

(3.25)

It is to be taken into account at this point that, the feedback control law

designed this way should belong to the class of admissible controller satisfying the

control autobisimulation function (CAF) ψ in order to guarantee robust neighbor-

hoods around the valid trajectories. For each subsystem, we assume the CAF to be

of the form

ψi(x, x
′) =

[
(ζi(x)− ζi(x′)TPi(ζi(x)− ζi(x′))

] 1
2 , (3.26)

where, Pi ∈ R4×4 is a symmetric positive definite matrix. Note that because of the

dynamics of each of the linearized subsystem (3.19) one will have Pi = P̃ ,∀i. One

can then synthesize P̃ and K̃ by solving (2.20)-(2.21). For the whole system, the P

matrix is computed as P = diag{P1, P2, · · · , PN}.

3.3 Generating Valid Trajectory

The new input w required for synthesizing the safety controller, is generated

from the knowledge of a valid trajectory obtained from a human operator. One of

the main ideas of this dissertation is to explore the use of user-friendly and intuitive

methods for a human operator to manipulate a robotic arm. In this regard, we

introduce a human-robot interface that captures hand gestures and movement of

the operator, allowing the operator to navigate the robot arm move through its

workspace to reach the desired Goal while avoiding all the Unsafe. The interface is

primarily designed to accomplish two tasks:

• capture hand motion of the operator,

• move the robot arm in accordance with hand motion of the operator.
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To accomplish the first task we use the Leap Motion Controller and the OptiTrack:

Motion Capture System to accomplish different end goals. The first one is used so

that the interface can be used by anyone at the comfort of their home, Leap Motion

Controller being quite affordable. Since we are interested in synthesizing a controller

for the robot arm that solves the Problem 2.9, we will require finitely many human

generated trajectories to cover the whole Init as explained in Section 2.1.4. To this

end, ensuring that the interface can be accessible by a large group of people is the

main motivation in choosing the Leap Motion Controller. The OptiTrack system

on the other hand is very expensive but provides high precision and accuracy in

tracking any movement and can provide better results in manipulating the robot

arm. We also use the graphical user interface provided by the Robotics Toolbox

[141], in order to draw a comparison study of the interfaces in terms of ease of

usability and performance of all the interfaces.

3.3.1 Slider-based User Interface

The interface in the Robotics Toolbox, only allows the human operator to

manipulate the link positions (q) of a rigid-body robot arm. The GUI provides

Figure 3.2: GUI used for incorporating human input.

the user with sliders, as shown in Fig. 3.2, one for each link in the robot arm to

rotate the corresponding link about its joint axis in clockwise (counter-clockwise)

direction by sliding the slider in left (right) direction. We consider the link positions

at different instances, to be way-points to be navigated through, in order to satisfy
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Algorithm 2 Trajectory Generation with Slider-based Interface.

1: Initialize t = 0 and q ∈ Init.
2: while pN(q) 6∈ Goal do
3: Use sliders for each link to move the link. At a time only one slider can

be used and correspondingly at any time instant only one link angle qi, i =
{1, · · · , N} is changed.

4: Store yd(t) = q.
5: Set t = t+ ts.
6: Compute pN(q).
7: end while
8: Use Algorithm 1 with yd(t) as input to generate valid nominal trajectory of the

robot arm.

the given task specification. Keeping in mind that the relative degree of the system

is 4, we fit a spline of order 5 through these initial way-points generated by the

user and choose this resultant new trajectory as our desired trajectory ζdes to be

followed by the robot arm, in order to generate the valid nominal trajectory of

the system. Note that, with this method we do not have a timescale associated with

the evolution of the way-points; instead, we assume that the way-points are to be

visited within a user-specified time-step value. We choose this value to be ts = 0.1

seconds throughout Chapter 3.

3.3.2 Human-Robot Interface

dx
dt

= f(x) + g(x)u h(x)
u x y

κ(x)

λ(x)

+

+×w

ξ(x)K
ξ

v +

+

Trajectory tracking
Controller for
Elastic Joint
robot arm

Human
Operator(s)

Motion
Capture

System

Optimizer
Block

trajectory
reference

trajectory
valid nominal

Figure 3.3: Block diagram showing the flow of data in the human-robot
interface.
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3.3.2.1 Leap Motion Controller

The Leap Motion Controller, using two infrared cameras, can detect the pres-

ence of 3− 6 hands in the volume of 2 cubic foot directly above it and read the 3D

position and orientation of the fingers and hands within the cube. This allows any

application using a Leap Motion Controller to pick up on translational and rota-

tional movements of hands, pinching of fingers and other hand gestures which can

potentially turn the volume of 2 cubic foot above the device into a 3D touchscreen.

Instead of using this interface to manipulate an actual robot arm, we manipulate

a virtually simulated robot arm in this dissertation to make testing and collecting

data easier. We use the Virtual Robot Experimentation Platform (V-REP) [106] as

the simulator to design the virtual robot model. The basic idea of the interface is to

manipulate a robot arm in V-REP via hand gestures detected by the Leap Motion

Controller, to direct the end-effector of the robot arm as close as possible to the

center of Goal while dodging/avoiding Unsafe.

Currently the interface between the Leap Motion Controller and V-REP uses

the leap motion SDK 1.2 and V-REP libraries. The interface is implemented in

Java and uses V-REP’s remote application program interface to communicate to

the simulated robot environment.

Figure 3.4: Screenshot of Leap Motion interface.

Basic controls are such that the operator can use the foremost finger on the



64

right hand to select different options, such as, moving the joints or recording the

robot motion. The red colored tracking dot (see Fig. 3.4), following the position

of the index finger of the right hand (referred to as the pointer finger) is displayed

on the application window to help the operator choose an option. To select an

option, from one of the four corners of the application window the operator must

move the pointer finger to a deeper depth while the tracking dot is hovering on

an option. The selected option will flash green confirming a selection. In order to

undo a selection the operator can create a circle gesture with his or her pointer

finger. The application window also contains a main message box, displaying the

currently selected option and if the Leap Motion Controller can detect the operator’s

hands or not. To manipulate the robot arm, either record or move joint option

must be selected. Interfacing the Leap Motion with MATLAB in order to solve an

optimization problem (see Section 3.3.2.3) to generate the trajectory of the robot

arm from the hand motion of the operator is a part of future research directions.

3.3.2.2 OptiTrack:Motion Capture System

The OptiTrack system uses multiple synchronized cameras to detect infrared

light reflected by markers (shown in Fig. 3.5) in order to determine the position of

the markers. A set of markers can be grouped together to represent a rigid body

and the center of mass of the markers can be considered to be the position of the

rigid body, which can then be tracked using the OptiTrack. In our interface, we

placed three markers on the index fingers of a pair of gloves so that the set of

three markers on each index fingers can be tracked to follow the hand motion of the

human operator wearing the gloves. For accurate tracking the markers has to be

asymmetrically placed as can be seen from Fig. 3.5. Once we obtain the tracking

data for each index fingers the data are sent to MATLAB running on a computer

through a TCP connection for solving an optimization problem as will be explained

in the next section. In this interface the virtual robot arm was created in MATLAB

using the Robotics Toolbox [141] and as in the case with the Leap Motion interface

the central idea is that the human operator will move his hand so that the virtual

robot arm in MATLAB will be steered to the center of the Goal as closely as possible
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while not entering the Unsafe in its workspace.

(a) (b)

Figure 3.5: Markers used to track hand movements of the operator.

As the objectives of the Leap Motion Controller and the OptiTrack system are

essentially the same, i.e. , to capture hand motion of the human operator, from here

on we are going to refer to them as motion capture system. The following section

describing the procedure for generating robot arm motion based on hand motion of

the operator by solving an optimization problem is applicable to both the systems.

3.3.2.3 Trajectory Generation

An intuitive and natural approach for the operator is to specify the desired

joint locations (3 dimensional coordinates) of the end-effector and one or more of

the intermediate joints, using the motion capture system by using the position of

their two index fingers. The position of the end-effector is the most important, as

this is location of the tool or grip that will be performing whatever task is at hand;

so naturally the position of one of the index fingers is used to provide the set point

for the end-effector location. Keeping in mind that in an over-actuated system there

is one or more degrees of freedom in the positioning of the remaining links, and that

this positioning is important for avoiding obstacles in the task space of the robot, if

any, we propose to use the position of the other index finger as a set point for one or

more of the intermediary links to give the operator the ability to draw the interme-

diary links away from any obstacle. In other words, as the operator moves his/her

index fingers, the set-points corresponding to the end-effector and one or more in-
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termediary links also moves in accordance. However, for a redundant robot arm (as

is the case for our system) it is not possible to derive an unique mapping between

these 3-dimensional link locations and the required joint angle actuations, i.e. ,

the inverse kinematics, since the system is under-determined if only the end-effector

position is known. Thus to implement this approach, an optimization problem is

solved at each time-step to determine the configuration of the robot given the index

finger positions of the operator. Ideally this optimization problem should run in

real time, to provide feedback to the human operators about the configuration of

the robot as they move their index fingers.

Let Ip be the set of link indices for which one wants to minimize the sum-

of-square errors relative to some corresponding set-points, and let Ic be the set of

link indices that one wants to constrain to be located exactly at some corresponding

set-points. Denoting pdesi as the desired set-point location for the ith link and pi(q)

as the current location of the ith link corresponding to the link positions q, the

optimization problem can be expressed for a robot arm with N links as,

minimize
q

J(q) =
∑

i∈Ip

wi‖pi(q)− pdesi ‖2

subject to hj(q) = pj(q)− pdesj = 03×1, for j ∈ Ic,

gl(q) = qmin − q ≤ 0N×1,

gh(q) = q − qmax ≤ 0N×1,

(3.27)

where, wi are positive weighting factors and qmin and qmax are respectively the lower

and upper actuation bounds of the individual links limiting the rotation of the

corresponding joints as is the case in general. The problem given in (3.27) is a

very general problem that allows the specification of a desired set-point location for

one or more links, such that some of the specifications will be strictly enforced as

a constraint (corresponding to set Ic), whereas, the rest are treated as a penalty

function to be minimized and thereby will be non-strictly enforced (corresponding

to set Ip). Further, the penalty terms in the objective can be weighted to allow

larger errors for some links relative to other links. Since the objective is to ensure

that the end-effector reaches the Goal while no portion of the robot arm enters the
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Unsafe, in our formulation we want to constrain the location of only the end-effector

at its desired location, given by the operator, exactly. Whereas, all the other links

are included in the objective, and not as a constraint, because it is not important

to match the set-point exactly, but rather to use the degrees of freedom to orient

the arm away from the obstacles. Therefore, we only include the end-effector in

the set Ic while all the other links are included in the set Ip. Since we set up the

optimization problem such that the position of the end-effector is a constraint, the

tracking accuracy of the end-effector will be very high. But special care must be

taken if the operator generated set-point is infeasible because of system dynamics

and configuration of the robot arm. In this case no satisfying configuration can be

found. One can then project the set-point onto the feasible region for the arm, but

this is in general a non-trivial problem. We however, continue to use the last feasible

set-point provided by the operator until the operator provides a set-point that can

be feasibly reached by the end-effector. We track the motion of two index fingers

of the operator and consider the positions of the two fingers at any time instant to

be the set-points provided to the optimization problem. As such, instead of having

as many set-points as the number of links in the robot arm as is presented in the

optimization problem (3.27), in our formulation we only have two set-points pdesend

for constraining the position of the end-effector and pdesobs for orienting the robot arm

away from any obstacle by moving one or more intermediary links towards pdesobs (see

equation (3.28)).

Finally, there is one other modification to consider. It is possible that the

arm may drastically jump from one configuration to the other if the optimization

moves into the attraction well of a different local minimum. To keep successive

solutions of the optimization problem from jumping around, and thus ensuring a

certain amount of smoothness in the resulting trajectory, we include a quadratic

penalty on the deviations from the current configuration of the robot arm which

would prevent the optimization from such local minimas. This can be done by

adding a w‖q− qcur‖2 term to the objective, where, qcur is the current configuration

of the robot arm.

In this way, we formulate the inverse kinematics problem of the robot arm
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Algorithm 3 Offline Trajectory Generation with Human-Robot Interface

1: Initialize t = 0, q0 ∈ Init, qcur = q0.
2: while pN(qcur) 6∈ Goal do
3: Get set-points pdesend and pdesobs using motion capture system.
4: Solve the optimization problem

minimize
q

J(q) =
∑

i∈Ip

wi
∥∥pi(q)− pdesobs

∥∥2
+ w ‖q − qcur‖2

subject to h(q) = pN(q)− pdesobs = 03×1,

gl(q) = qmin − q ≤ 0N×1,

gh(q) = q − qmax ≤ 0N×1,

(3.28)

5: Store ξ̄des(t, q0) = qcur.
6: Set t = t+ ts and qcur = q.
7: Compute pN(qcur).
8: end while
9: Use Algorithm 1 with ξ̄des(t, q0) as input to generate offline valid nominal tra-

jectory of the robot arm.

as an optimization problem, to generate the link actuation angles that steers the

robot arm from an initial configuration q0 ∈ Init to a desired configuration in Goal

while avoiding Unsafe. But nowhere in the optimization process, we have taken the

dynamics of the robot arm into account and hence the obtained trajectory, which

is defined in terms of link actuation angles of the arm, might not be a feasible

trajectory of the system. We employ two different methods in order to generate

the valid nominal trajectory of the arm. In the first method, in order to make the

process of manipulating the robot arm relatively easier for the human operator, we

view the link actuation positions as waypoints to be visited, and fit a spline of 5th

order in order to generate an offline reference trajectory for the elastic joint robot

arm and employ a trajectory tracking controller based on the dynamics of the elastic

joint robot arm as detailed in Algorithm 1 to generate the valid nominal trajectory

of the system, that is stabilized around the reference trajectory. This approach is

similar to the approach taken to generate valid nominal system trajectories using

the slider based user interface, as in we have information about all the waypoints

prior to designing the nominal system trajectory of the robot arm and is presented

in Algorithm 3.
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Algorithm 4 Online Trajectory Generation with Human-Robot Interface

1: Initialize t = 0, q0 ∈ Init, qcur = q0.
2: while pN(qcur) 6∈ Goal do
3: Get set-points pdesend and pdesobs using motion capture system.
4: Solve the optimization problem

minimize
q

J(q) =
∑

i∈Ip

wi
∥∥pi(q)− pdesobs

∥∥2
+ w ‖q − qcur‖2

subject to h(q) = pN(q)− pdesend = 03×1,

gl(q) = qmin − q ≤ 0N×1,

gh(q) = q − qmax ≤ 0N×1,

5: Use Algorithm 1 with q as the new waypoint to visit at t + ts, to generate
online valid nominal trajectory of the robot arm.

6: Compute the current link actuation angles at t+ts from output of Algorithm
1 to be q̃cur.

7: Set t = t+ ts and qcur = q̃cur.
8: Compute pN(qcur).
9: end while

In the second method we instead incorporate the trajectory tracking controller

based on the dynamics of the elastic joint robot arm, as a human operator uses the

interface to manipulate the robot arm in its workspace such that once we obtain

the set-points based on the operator’s inputs, an optimization problem is solved

to generate the corresponding link actuation angles online. Considering these link

actuation angles as waypoints for the next time instant, we then use Algorithm 1

to generate the valid nominal trajectory at each time-step and steer the robot arm

towards that waypoint. The whole process presented in Algorithm 4 is repeated at

the next time instant.

3.4 Example

In order to evaluate the performance of the controller, we consider the control

problem related to motion planning of two robot arms with elastic joints such that

starting from a set of initial conditions defined by Init, the end-effector of the arm

reaches a set of desired states defined by Goal, while avoiding some obstacles in

the task space defined by Unsafe. One of the robot arm is a 5 link planar robot
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arm with all joints being revolute joints. The other arm is also a 5 link arm that

is free to move in 3-dimensions. All the joints for this arm has one degree-of-

freedom except for the last one which has two degree-of-freedom. A detailed study

of the performance of the three interfaces discussed here has been left as a future

research direction. Interfacing the Leap Motion with MATLAB in order to solve the

optimization problem will also be explored in the future. In this dissertation, we

have used the slider-based interface for the planar arm and the OptiTrack interface

for the 3-dimensional arm.

3.4.1 Computing System Parameters

Here we provide a general outline of the process to obtain all the necessary

system parameters of any general robot arm. Even though, we present a generalized

procedure for all robot arms, as an example demonstration we use a planar robot

arm here for ease of pictorial demonstration. To determine the various system

parameters, we follow a coordinate frame based approach, by rigidly attaching the

ith coordinate frame, defined as the pair (Ei,Oi), where Ei consists of the unit vectors

representing the ith coordinate frame and Oi is the point where the ith coordinate

frame is being affixed, at the joint location i (see Fig. 3.6). We also present the Fig.

3.1 in a modified fashion, to facilitate a better understanding of the approach taken

here.

The inertia matrix corresponding to the inertial properties of rigid links,M is

computed from the generalized inertia matrices Mi,Mri of the ith link-motor pair

as [142]

M(q) =
N∑

i=1

Ji(q)MiJi(q) +
N∑

i=2

Ji−1(q)MriJi−1(q). (3.29)

Ji(q) is the ith partial Jacobian represented in the (Ei,Oi) frame, computed as

Ji(q) = ( ~Ji(q))i =
[
(~µ1)i (~µ2)i · · · (~µi)i 0 · · · 0

]
,

where,

(~µk)i =


 Ri,k−1

~hk

(Ri,k−1
~hk)

×(~pk,i)i


 .
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Figure 3.6: Model of a two-link robot arm in the coordinate frame ap-
proach.

The representation of the kth frame in ith frame, denoted by Ri,k is given by

Ri,k = (Ri,i−1)(Ri−1,i−2) · · · (Rk+1,k),

where,

Rk,k+1 = I3 + sin(qk+1)(hk)
× + (1− cos(qk+1))((hk)

×)2.

The (×) operation on a vector results in converting it to a skew-symmetric matrix

as 


d1

d2

d3




×

=




0 −d3 d2

d3 0 −d1

−d2 d1 0


 . (3.30)

The kth rotational axis is denoted by a three-dimensional direction vector ~hk. (~pk,i)i

is the geometric position vector joining kth frame to ith frame represented in ith

frame as

(~pk,i)i = Ri,kpk,k+1 +Ri,k+1pk+1,k+2 + · · ·+Ri,i−1pi−1,i,

where, pk,k+1 is a constant three-dimensional column vector and can be interpreted
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from the Fig. 3.1 as pk,k+1 =
[
lk,k+1 0 0

]T
. The ith generalized link inertia matrix

is calculated as

Mi =


 Ii mi(pic)

×

−mi(pic)
× miI3


 , (3.31)

where, Ii is the inertia of the ith rigid body represented in the ith frame as Ii =

Ici −mi(pic)
×(pic)

×, where pic is the geometric position vector of the center of mass

of the ith rigid link with respect to Oi and Ici is the moment of inertia of the ith link

about its center of mass. The mass of the ith link is denoted by mi. Similarly, the

ith generalized motor inertia matrix is calculated as

Mri =


 Jmi mri(li−1)×

−mri(li−1)× mriI3


 . (3.32)

li is the ith link length, mri represents the ith motor mass and I3 is the third order

identity matrix. The term arising due to Coriolis and Centrifugal forces can then

be computed directly from the inertia matrix M(q) as [142]

Ci,j(q, q̇) =
1

2

N∑

k=1

(
∂Mi,j

∂qk
+
∂Mi,k

∂qj
− ∂Mk,j

∂qi

)
. (3.33)

Finally, the gravitational force g(q) can be computed by determining the total grav-

itational potential energy U1(q) corresponding to all the links as,

g(q) =
∂U1(q)

∂q
, U1(q) =

N∑

i=1

PEi, (3.34)

where the potential energy of the ith link is computed as,

PEi = −mig~z
T ( ~pC0,i)0

. (3.35)

In the above expression ~z =
[
0 0 1

]T
is the z-axis in a 3-dimensional coordinate

system and ( ~pC0,i)0
is the geometric position vector joining the center of mass of the

ith link to the base frame, represented in the base frame, where 0th frame is the base
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frame as shown in Fig. 3.1.

3.4.2 5R Planar Arm

We simulated a 5 link robot arm to evaluate the performance of our controller

design. Fig. 3.7 illustrates the valid nominal trajectory obtained from human input

for a given initial state in q0 ∈ Init as explained in Section (3.2.3). The figure

Figure 3.7: Valid Nominal Trajectory obtained from human input.

shows the motion of each of the 5 link tips to illustrate that no part of the robot

arm ever crosses into the Unsafe, represented by the red circles in the figure, and the

end-effector reaches the Goal, represented by the green rectangle, validating that

the trajectory is indeed a valid nominal trajectory of the system. Once we obtained

the nominal trajectory we find the robust neighborhood around it by using (2.26).

Fig. 3.8 and 3.9 show two instances of the optimization procedure for finding

the robust neighborhood around the nominal trajectory. In the figures, the robot

arm represented in black corresponds to the nominal trajectory, whereas, the arm in

blue represents the maximum deviation allowed from the nominal trajectory, such

that the resulting trajectory is still a valid one, giving us a sense of the robust

neighborhood around the nominal trajectory. In the Fig. 3.8, since the end-effector

is yet to reach the Goal region, the robust neighborhood is limited by the location

of the Unsafe region, however, for Fig. 3.9 the robust neighborhood is limited by
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Figure 3.8: Robust neighborhood around the nominal trajectory in terms
of Unsafe.

Figure 3.9: Robust neighborhood around the nominal trajectory in terms
of Goal.

the Goal region itself. A video of the whole experiment is uploaded at [143]. An

interesting thing to note in the video is that, for the nominal trajectory the robot

arm displays somewhat oscillatory motion, as expected due to presence of elastic

joints, unlike the rigid-body like motion of the robot arm in case of the initial

trajectory generated from human inputs using the GUI, where we do not take the

actual system dynamics into account.
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3.4.3 3-dimensional 6R Arm

We simulated a 3-dimensional 5 link robot arm to evaluate the performance

of our controller design as well. All the joints in this arm has single degree-of-

freedom except for the last one which has two degree-of-freedom. In the figures,

the green rectangular region represents the Goal, whereas, the Unsafe regions are

represented by the brown cylinders. Once we obtained the nominal trajectory by

using the interface we presented in this dissertation (see Fig. 3.3), we find the robust

neighborhood around it by using (2.26).

Figure 3.10: Robust neighborhood around the nominal trajectory in
terms of Unsafe.

We again show two instances of the optimization procedure for finding the

robust neighborhood around the nominal trajectory in Fig. 3.10 and 3.11. In the

figures, the robot arm represented in blue corresponds to the nominal trajectory,

whereas, the arm in black represents the maximum deviation allowed from the nom-

inal trajectory in terms of the CAF function, such that the resulting trajectory is

still a valid one, giving us a sense of the robust neighborhood around the nominal

trajectory. Fig. 3.12 presents a measure of how the robustness radius varies over

time. Note that the robustness radius is very high at the start since, the given initial
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Figure 3.11: Robust neighborhood around the nominal trajectory in
terms of Goal.

Figure 3.12: Measure of robustness with time.
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configuration of the robot arm is far off from the Unsafe regions. However, with

time the robot arm moves much closer to the Unsafe regions and as expected the

radius decreases to a small value as it enters the Goal since the value gets limited

by the small size of the Goal. But as the robot arm moves towards the center of

the Goal, the robustness radius increases. In the Fig. 3.10, since the end-effector is

yet to reach the Goal region, the robust neighborhood is limited by the location of

the Unsafe region, however, for Fig. 3.11 the robust neighborhood is limited by the

Goal region itself. A video of the whole experiment is uploaded at [144].

3.5 Issues in Practical Implementation

3.5.1 Viscous Damping in Joints

In Section 3.2.1 we considered that only frictional forces contribute to the

dissipative torques experienced by the links and motors. Here we consider joint

viscosity as well, since neglecting even small joint viscosity might result in erroneous

tracking of a reference trajectory [145]. The dissipative torques in (3.4) are now

modified to include joint viscosity represented by a constant positive definite matrix

D as


fr,q
fr,θ


 =


D(q̇ − θ̇) + Fq q̇

D(θ̇ − q̇)Fθ + θ̇


 . (3.36)

The differential equations governing the system dynamics thus now become

M(q)q̈ + C(q, q̇)q̇ + g(q) +D(q̇ − θ̇) +Ke(q − θ) + Fq q̇ = 0, (3.37)

J θ̈ +D(θ̇ − q̇) +Ke(θ − q) + Fθθ̇ = u. (3.38)

Defining the state-space variables as

x1 = θ, x2 = q, x3 = θ̇, x4 = q̇,
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the system dynamics for undamped joint dynamics, (D = 0) can be written as,

ẋ =




x3

x4

J −1[Ke(x2 − x1)− Fθx3]

f̂4(x)




+




0

0

J −1

0



u

= f̂(x) +Gu

(3.39)

Notation 3.2. Consider the system without any joint damping to be the nominal

model. When joint damping is considered in the system dynamics note that only

the contribution of the state-space variables x to the system evolution, i.e. , the free

response dynamics of the system is affected. We denote this contribution for the

nominal system model as f̂(x). For the subsequent discussion, whenever we use the

notation (̂·), we will be referring to the nominal model without the joint damping.

We break down the free response dynamics of the system into a linear and

nonlinear part as

f̃(x) =


 Âx

f̂4(x)


 ,

where

Â =




0 0 I 0

0 0 0 I

−J −1Ke J −1Ke −J −1Fθ 0


 , (3.40)

corresponds to the linear part and the nonlinear part is represented by

f̂4(x) =M−1(x2) [Ke(x1 − x2)− Fqx4 − C(x2, x4)x4 − g(x2)] . (3.41)

Similarly,one can write the state-space equations for the multi-link arm model by
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considering joint damping (D 6= 0) in the system as

ẋ =




x3

x4

J −1[Ke(x2 − x1) +D(x4 − x3)− Fθx3]

f4(x)




+




0

0

J −1

0



u

= f(x) +Gu.

(3.42)

We view this system as a perturbation to the nominal system dynamics given in

(3.39) due to presence of joint damping. Again we write free-response dynamics of

the system as

f(x) =


 Ax

f4(x)


 ,

where

A =




0 0 I 0

0 0 0 I

−J −1Ke J −1Ke −J −1(D + Fθ) J −1D




= Â+




0 0 0 0

0 0 0 0

0 0 −J −1D J −1D


 = Â+ δA. (3.43)

represents the linear dynamics in the free-response. All the non-linearities in the

system dynamics are represented by

f4(x) =M−1(x2) [Ke(x1 − x2) +D(x3 − x4)− Fqx4 − C(x2, x4)x4 − g(x2)]

= f̂4(x) +M−1(x2)D(x3 − x4) = f̂4(x) + δf4(x). (3.44)

Assumption 3.3. Assume a feedback law of the form u = k(x, t) exists for which the

nominal model (3.39) is exponentially stable at the origin. Then by converse theorem
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[108] we have a Lyapunov function V (x) : X → R satisfying the inequalities

c1||x||2 ≤ V (x) ≤ c2||x||2,

V̇ (x) =
∂V

∂x

(
f̂(x) +Gu

)
≤ −c3||x||2,

∣∣∣∣
∣∣∣∣
∂V

∂x

∣∣∣∣
∣∣∣∣ ≤ c4||x||.

(3.45)

Let us now consider the Lyapunov function V (x) for the nominal system (3.39)

as a Lyapunov function candidate for the perturbed system with joint damping

(3.42). Time derivative of the Lyapunov function candidate along the system tra-

jectories of (3.42) is then

V̇ (x) =
∂V

∂x

(
f(x) +Gu

)

=
∂V

∂x


f̂(x) +


 δAx

δf4(x)


+Gu




=
∂V

∂x

(
f̂(x) +Gu

)
+
∂V

∂x


 δAx

δf4(x)




≤ −c3 ‖x‖2 + c4 ‖x‖

∥∥∥∥∥∥


 δAx

δf4(x)



∥∥∥∥∥∥
.

(3.46)

In order to show that V (x) is a valid candidate for a Lyapunov function for the

perturbed system (3.42) we are required to show that V̇ (x) is negative definite.

This can be done by bounding the perturbation terms in the expression (3.46) of



81

V̇ (x). Observe that,

∥∥∥∥∥∥


 δAx

δf4(x)



∥∥∥∥∥∥

=

∥∥∥∥∥∥


 δA

0N×4N


x+


03N×1

δf4(x)



∥∥∥∥∥∥

≤

∥∥∥∥∥∥


 δA

0N×4N


x

∥∥∥∥∥∥
+

∥∥∥∥∥∥


03N×1

δf4(x)



∥∥∥∥∥∥

≤

∥∥∥∥∥∥∥∥∥∥∥




0 0 0 0

0 0 0 0

0 0 −J −1D J −1D

0 0 0 0




∥∥∥∥∥∥∥∥∥∥∥

‖x‖+
∥∥δf4(x)

∥∥

=
√

2
∥∥J −1D

∥∥ ‖x‖+
∥∥δf4(x)

∥∥

≤
√

2
∥∥J −1

∥∥∥∥D
∥∥ ‖x‖+

∥∥δf4(x)
∥∥

(3.47)

Since the mass inertia matrix of the robot arm M(q) is bounded by the inequality

[146]

LmI ≤M(q) ≤ UmI, (3.48)

where the values of Lm and Um are assumed to be known, we can find a bound on

the perturbation δf4(x) as

‖δf4(x)‖ =
∥∥M−1(x2)D(x3 − x4)

∥∥

≤
∥∥M−1(x2)

∥∥ ‖D‖ ‖(x3 − x4)‖

≤ L−1
m ‖D‖ (‖x3‖+ ‖x4‖)

≤ L−1
m ‖D‖ ‖x‖ .

(3.49)

In the last expression we use the inequality that,

‖x‖ =

∥∥∥∥
[
x1 x2 x3 x4

]T∥∥∥∥ ≥ ‖x3‖+ ‖x4‖ . (3.50)
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Substituting (3.49) in (3.47) we obtain

∥∥∥∥∥∥


 δAx

δf4(x)



∥∥∥∥∥∥
≤
(√

2
∥∥J −1

∥∥+
∥∥L−1

m

∥∥
)
‖D‖ ‖x‖ (3.51)

Finally, substituting everything for the expression of the time derivative of the Lya-

punov function candidate V (x) we have:

V̇ (x) ≤ −c3 ‖x‖2 + c4

(√
2
∥∥J −1

∥∥+
∥∥L−1

m

∥∥
)
‖D‖ ‖x‖2

≤ −
[
c3 − c4

(√
2
∥∥J −1

∥∥+
∥∥L−1

m

∥∥
)
‖D‖

]
‖x‖2

≤ −β2||x||2
(3.52)

where β2 =
[
c3 − c4

(√
2 ‖J −1‖+ ‖L−1

m ‖
)
‖D‖

]
. Hence, to ensure that the Lya-

punov function V (x) has a negative definite time-derivative we require β2 > 0. This

condition can be satisfied if

c3 − c4

(√
2||J −1||+ 2||L−1||

)
||D|| > 0

or, ||D|| < c3

c4

(√
2||J −1||+ 2||L−1||

) (3.53)

So ensuring (3.53) makes the robot arm with damping exponentially stable at the

origin even with the control law u = k(x, t) obtained from the nominal undamped

model.

3.5.2 Observer Design

In feedback linearizing the robotic arm, we considered the outputs of the sys-

tem to be the link positions. However, in practical applications the sensors are

placed at the joints and the only information available to the designer is the motor

positions and their velocities based on the motor encoder readings. In this section,

we therefore design an observer to estimate the state-space variables in order to

feedback linearize the whole system.
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With system outputs now defined as,

y =


y1

y2


 =


θ
θ̇


 =


x1

x3


 =


I 0 0 0

0 0 I 0







x1

x2

x3

x4




= Cx, (3.54)

the corresponding observer is constructed to be

˙̃x =


Â

0


 x̃+Gu+ L(y − Cx̃). (3.55)

The error dynamics for the observer is

ė = ẋ− ˙̃x =


 Ax

f4(x)


−


Âx̃

0


− LC(x− x̃)

=


Ax− Âx̃

0


+


 0

f4(x)


− LCe

=


Âe

0


+


δAx

0


+


 0

f4(x)


− LCe

=




Â

0


− LC


 e+


 δAx
f4(x)




= Aobse+ ∆′(x)

(3.56)

Now, let us consider we can find linear bounds on the state variable x for the terms

f̂4(x) and δf4(x) denoted by b1 and b2 respectively. In order to do that we look

at the system parameters in the expressions of f̂4(x) and δf4(x) and find an upper

bound on those terms. It is well-known that the coriolis term can be bounded as

[147]

‖C(q, q̇)q̇‖ ≤ Cb(q) ‖q̇‖2 . (3.57)
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Considering the robot arm to be consisting of only revolute joints, the scalar function

Cb(q) becomes a constant represented simply as Cb. If the rate of change of the link

angles q̇ is bounded, then we have a linear bound on the Coriolis Term as

‖C(q, q̇)q̇‖ ≤ Cbqb ‖q̇‖ ≤ Cbqb ‖x‖ , ∀ ‖q̇‖ ≤ qb (3.58)

Since the gravity term is Lipschitz continuous with some Lipschitz constant α [137]

‖g(q1)− g(q2)‖ ≤ α ‖q1 − q2‖ , ∀q1, q2 ∈ Rn, (3.59)

we can always bound the gravity term in the robot dynamics by a linear bound on

q as

‖g(q)‖ ≤ αg ‖q‖ ,∀q ∈ Rn. (3.60)

Then the nonlinear portion of the free response dynamics of the nominal system

dynamics can be upper bounded as

∥∥∥f̂4(x)
∥∥∥ =

∥∥M−1(x2) [Ke(x1 − x2)− Fqx4 − C(x2, x4)x4 − g(x2)]
∥∥

≤
∥∥M−1

∥∥ ‖[Ke(x1 − x2)− Fqx4 − C(x2, x4)x4 − g(x2)]‖

≤ L−1
m

(
‖Ke‖+ ‖Fq‖+ αg + Cbqb

)
‖x‖

= b1 ‖x‖ .

(3.61)

Similarly the perturbation term due to presence of joint damping has a bound of

‖δf4(x)‖ =
∥∥M−1(x2)D(x3 − x4)

∥∥

≤
∥∥M−1

∥∥ ‖D‖ ‖(x3 − x4)‖

≤ L−1
m ‖D‖ ‖x‖

= b2 ‖x‖ .

(3.62)
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Finally we can bound the nonlinear term in (3.56) as

‖f4(x)‖ ≤
∥∥∥f̂4(x)

∥∥∥+
∥∥δf4(x)

∥∥

≤ b1 ‖x‖+ b2 ‖x‖

= b3 ‖x‖ .

(3.63)

Further observe that,

‖∆′(x)‖ =

∥∥∥∥∥∥


 δAx
f4(x)



∥∥∥∥∥∥
≤

∥∥∥∥∥∥


δA

0


x

∥∥∥∥∥∥
+

∥∥∥∥∥∥


 0

f4(x)



∥∥∥∥∥∥

≤
√

2
∥∥J −1

∥∥ ‖D‖ ‖x‖+ ‖f4(x)‖

=
(√

2
∥∥J −1

∥∥ ‖D‖+ b3

)
‖x‖

= b4 ‖x‖ .

(3.64)

Let us choose a Lyapunov function candidate for the observer to be W (e) = eTPoe,

where Po is a symmetric positive definite matrix, such that the following Lyapunov

equation is satisfied

ATobsPo + PoAobs = −Qo, (3.65)

where Qo is a symmetric positive definite matrix. Noting that the pair




Â

0


 , C




is always observable, one can design the observer gain L, so as to make Aobs Hurwitz,

such that one can always find the pair (Po, Qo) satisfying (3.65). The closed loop

system with the controller-observer pair then has a Lyapunov function candidate

V ′(x, e) = V (x) + W (e). Time derivative of this combined Lyapunov function
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candidate along the system trajectories is then

V̇ ′(x, e) = V̇ (x) + Ẇ (e)

≤ −β2 ‖x‖2 + ėTPoe+ eTPoė

= −β2 ‖x‖2 +
(
Aobse+ ∆′(x)

)T
Poe+ eTPo

(
Aobse+ ∆′(x)

)

= −β2 ‖x‖2 + eT
(
ATobsPo + PoAobs

)
e+ 2eTP∆′(x)

≤ −β2 ‖x‖2 − λmin(Qo) ‖e‖2 + 2 ‖e‖ ‖Po‖ ‖∆′(x)‖

≤ −β2 ‖x‖2 − λmin(Qo) ‖e‖2 + 2b4 ‖e‖ ‖Po‖ ‖x‖

= −β2

2
‖x‖2 − λmin(Qo)

2
‖e‖2 +

(
2b4 ‖e‖ ‖Po‖ ‖x‖ −

β2

2
‖x‖2 − λmin(Qo)

2
‖e‖2

)

(3.66)

Now, one can observe from (3.66) that,

‖e‖
‖x‖ ≤

β2

4 ‖Po‖ b4

=⇒ 2b4 ‖e‖ ‖Po‖ ‖x‖ −
β2

2
‖x‖2 ≤ 0 (3.67)

‖e‖
‖x‖ ≥

4 ‖Po‖ b4

λmin(Qo)
=⇒ 2b4 ‖e‖ ‖Po‖ ‖x‖ −

λmin(Qo)

2
‖e‖2 ≤ 0 (3.68)

Thus, if the following condition holds,

4 ‖Po‖ b4

λmin(Qo)
≤ β2

4 ‖Po‖ b4

, (3.69)

then in (3.66)

2b4 ‖e‖ ‖Po‖ ‖x‖ −
β2

2
‖x‖2 − λmin(Qo)

2
‖e‖2 ≤ 0. (3.70)

Thus the time derivative of the Lyapunov function candidate becomes,

V̇ ′(x, e) = −β2

2
‖x‖2 − λmin(Qo)

2
‖e‖2 (3.71)

Clearly, the combined Lyapunov function has a negative definite time-derivative,

provided β2 > 0, implying the perturbed system dynamics with joint damping is

exponentially stable at the origin with the observer designed in (3.55).
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If we consider the nominal system model without joint damping then the

observer error dynamics in (3.56) will be given by

ė = Aobse+


 0

f̂4(x)


 = Aobse+ ∆′′(x). (3.72)

Proceeding as before, keeping the Lyapunov function candidate for the controller-

observer pair the same, the time-derivative of the candidate function can be deter-

mined to be

V̇ ′(x, e) ≤ −β2 ‖x‖2 − λmin(Qo) ‖e‖2 + 2 ‖e‖ ‖Po‖ ‖∆′′(x)‖

≤ −β2 ‖x‖2 − λmin(Qo) ‖e‖2 + 2 ‖e‖ ‖Po‖
∥∥∥f̂4(x)

∥∥∥

≤ −β2 ‖x‖2 − λmin(Qo) ‖e‖2 + 2b1 ‖e‖ ‖Po‖ ‖x‖

= −β2

2
‖x‖2 − λmin(Qo)

2
‖e‖2 +

(
2b1 ‖e‖ ‖Po‖ ‖x‖ −

β2

2
‖x‖2 − λmin(Qo)

2
‖e‖2

)

(3.73)

Thus the time derivative of the Lyapunov function candidate becomes negative

definite, provided β2 > 0 if the following condition holds,

4 ‖Po‖ b1

λmin(Qo)
≤ β2

4 ‖Po‖ b1

. (3.74)

Note that the result is similar to what we obtained for the perturbed system dy-

namics scenario.

3.5.3 Adaptive Feedback Linearization

One of the main limitations in implementing controllers based on feedback lin-

earization is accurately determining the system dynamics since the nonlinear control

law defined in (2.27) that renders the nonlinear system into a linearized system is

dependent on the dynamics of the system (see (3.16)). Therefore in this section, we

extend the results in [148] for rigid body joints to implement an adaptive feedback

linearization controller to elastic joint robot arms.

Consider the nominal system dynamics without damping, which can be re-
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written in terms of the torque inputs as,

u = (JK−1
e M)q[4] + JK−1

e σ +Ke(θ − q) + Fθθ̇, (3.75)

where

σ = (2Ṁ+ Fq)q
[3] + (M̈+Ke)q̈ + η̈,

with

η = C(q, q̇)q̇ + g(q).

Then the linearizing control law is given by,

u = (JK−1
e M)w + JK−1

e σ +Ke(θ − q) + Fθθ̇, (3.76)

and the linearized system is

w = q[4] = (qdes)[4] −Ke,

where, K = diag{Ki}Ni=1 ∈ RN×4N and e = {ei}Ni=1. Assume that,

(JK−1
e M)q[4] + JK−1

e σ +Ke(θ − q) + Fθθ̇ = Y
(
q, q̇, q̈, q[3], q[4], θ, θ̇

)
Ω,

where, Ω is the vector of parameters. Let us denote the estimates of the various

coefficients by (ˆ), such that with knowledge of the nominal values of the parameters

the control law is,

u = (Ĵ K̂−1
e M̂)w + Ĵ K̂−1

e σ̂ + K̂e(θ − q) + F̂θθ̇. (3.77)
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Substituting (3.77) in (3.75),

(JK−1
e M︸ ︷︷ ︸
,S

)q[4] + JK−1
e σ︸ ︷︷ ︸
,T

+Ke(θ − q) + Fθθ̇ =

(Ĵ K̂−1
e M̂︸ ︷︷ ︸
,Ŝ

)w + Ĵ K̂−1
e σ̂︸ ︷︷ ︸
,T̂

+K̂e(θ − q) + F̂θθ̇

or, Sq[4] + T +Ke(θ − q) + Fθθ̇ + Ŝq[4] − Ŝq[4] =

Ŝw + T̂ + K̂e(θ − q) + F̂θθ̇

or, Ŝq[4] + Ŝ(−q[4]
des + Ke) =

(Ŝ− S)q[4] + (T̂−T) + (K̂e −Ke)(θ − q) + (F̂θ − Fθ)θ̇

or, Ŝ
(
q[4] − (qdes)[4] + Ke

)
= S̄q[4] + T̄ + K̄e(θ − q) + F̄θθ̇

or, Ŝ
(
q[4] − (qdes)[4] + Ke

)
= YΩ̄,

(3.78)

where, (̄·) = (̂·)− (·). The error dynamics is then,

or, q[4] − (qdes)[4] + Ke = Ŝ−1YΩ̄ = ΦΩ̄,

Noting that

e =




e1

...

eN


 =




q1 − qdes1

q̇1 − q̇des1

q̈1 − q̈des1

q
[3]
1 − (qdes1 )[3]

...

qN − qdesN

q̇N − q̇desN

q̈N − q̈desN

q
[3]
N − (qdesN )[3]




(3.79)
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we can write the error dynamics in the state-space form as

ė =




q̇1 − q̇des1

q̈1 − q̈des1

q
[3]
1 − (qdes1 )[3]

q
[4]
1 − (qdes1 )[4]

...

q̇N − q̇desN

q̈N − q̈desN

q
[3]
N − (qdesN )[3]

q
[4]
1 − (qdesN )[4]




=






[
03×1 I3

]

K


 04×4 · · · 04×4

04×4



[
03×1 I3

]

K


 · · · 04×4

...
...

. . .
...

04×4 04×4 · · ·



[
03×1 I3

]

K







e+





03×1

1


 0 · · · 0

0


03×1

1


 · · · 0

...
...

. . .
...

0 0 · · ·


03×1

1







ΦΩ̄

(3.80)

or, ė = Aee+BeΦΩ̄, (3.81)

where Ae ∈ R4N×4N and Be ∈ R4N×N . Given the form of Ae matrix we can find a

symmetric positive definite matrix Pe such that, there exist a symmetric negative

definite matrix Qe satisfying the relation ATe Pe + PeAe = Qe. We now choose the

Lyapunov function candidate to be

Ve = eTPee+ Ω̄TΓΩ̄, (3.82)
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such that its time derivative along the system trajectories of (3.81) is given by

V̇e = (Aee+BeΦΩ̄)TPee+ eTPe(Aee+BeΦΩ̄) + ˙̄ΩTΓΩ̄ + Ω̄TΓ ˙̄Ω

= (eTATe + Ω̄TΦTBT
e )Pee+ eTPe(Aee+BeΦΩ̄) + 2Ω̄TΓ ˙̄Ω

= eT (ATe Pe + PeAe)e+ 2Ω̄TΦTBT
e Pee+ 2Ω̄TΓ ˙̄Ω

= eTQee+ 2Ω̄T
(

ΦTBT
e Pee+ Γ ˙̄Ω

)
.

(3.83)

Now choosing the parameter update law as,

˙̄Ω = −Γ−1ΦTBT
e Pee, (3.84)

the time-derivative of the chosen candidate Lyapunov function will be negative def-

inite

V̇e = eTQee ≤ 0,

indicating that the function in equation (3.82) is indeed a Lyapunov function of the

system. The feedback control law given by equation (3.76) in conjunction with the

parameter update law given by equation (3.84) can then be used to stabilize the

system around a reference trajectory to generate a valid nominal trajectory of the

system.

3.6 Discussion

We synthesize a formal trajectory based safety controller for multi-link robots

with elastic joints, by utilizing our prior theoretical results which allow us to ex-

tend the concept of trajectory robustness property of linear systems to nonlinear

systems, if the system is feedback linearizable. The key concept presented here is to

first obtain valid nominal trajectories of the robot arm by solving motion planning

problems to satisfy safety/reachability specifications for the robot arm. Finding

such robust neighborhoods allow us to design the safety controller for the whole

Init set, in terms of finitely many valid nominal trajectories. In this dissertation,

we demonstrate that such valid trajectories can be obtained by a human operator
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manipulating the robot arm and present a human-robot interface that allows the

operator easy control over the robot arm for such manipulation tasks. We further

provided some theoretical formulations addressing the issues that one might run

into while practically implementing our approach, such as inability to measure link

positions or obtaining an accurate system model. An observer based on motor po-

sitions which is the most commonly measured variable in a robot arm and adaptive

feedback linearization approaches were presented to address such issues.

The results presented here, can be further improved locally by optimizing the

human generated trajectory based on some desired cost function as presented in

[149]. The idea presented here for exploiting the feedback linearizable structure

of the multi-link robot arm with elastic joints to design safety controllers can be

also implemented for a broader class of feedback linearizable or differentially flat

nonlinear systems [38]. One particular application in this regard can be synthesizing

controllers for multi-link planar manipulators actuated with 1 or 2 drives, utilizing

their differential flatness property [150], [151]. A further extension of this idea can

be synthesizing such safety controllers for under-actuated robot arms with elastic

joints, which can then be used to approximate the behavior of robot arms with

flexible links.



CHAPTER 4

Motion Planning and Controller Synthesis for Metric

Temporal Logic Specifications

The fundamental idea presented in this chapter is to synthesize reactive motion

planners such that closed-loop execution trajectories of the system satisfies desired

specifications given in terms of Metric Temporal Logic (MTL) formulae that en-

sure correct system behaviors, while optimizing a desired performance criteria. In

Section 4.1 we present research methods that are most closely related to the our

approach, and motivate the importance of our work by addressing the shortcomings

in those other methods. In Section 4.2 we present the specifications for expressing

the desired system behaviors. The two proposed approaches to solve the motion

planning problem for satisfaction of MTL specifications are presented in the Section

4.3 and we extend that to account for non-deterministic environment by introducing

a receding horizon planner in Section 4.5. In Section 4.6 we present some simula-

tion results that show the improvements achieved as compared to other currently

available controller synthesis approaches as well as we present a practical implemen-

tation of this work. Finally in Section 4.7 we draw conclusions from our research

and present future research directions.

4.1 Motivation and Related Research

We consider MTL specifications, which augment the temporal operators with

a metric interval or time bounds over which the operator is required to hold [117],

[97], [118] in order to express desired system behavior of the system. We present

two approaches to solve this problem: one by casting it as a Mixed-Integer Linear

Programming (MILP) problem and solving the problem using off-the-shelf solvers

Portions of this chapter previously appeared as: S. Saha and A. A. Julius, “An MILP approach
for real-time optimal controller synthesis with Metric Temporal Logic specifications” in Proc.
Amer. Control Conf., Boston, MA, IEEE, 2016, pp. 1105 – 1110.

Portions of this chapter has been submitted to: S. Saha and A. A. Julius, “Motion Planning
for Multi-Agent Systems with Metric Temporal Logic Specifications” in Int. J. of Robotic Res..
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and the other by solving an optimization problem using gradient search. The first

procedure involving solving an MILP problem is applicable to systems for which

the dynamics is linear or belongs to the class of Mixed Logical Dynamical (MLD),

differentially flat or feedback linearizable systems such that the underlying dynamics

has a linear representation (with an appropriate feedback control law). On the other

hand, the later approach utilizing the gradient descent optimization based algorithm

is applicable for motion planning of any system with general nonlinear dynamics.

The concept of casting the motion planning problem for temporal specifica-

tions has been previously applied in [100], [101] by encoding a Signal Temporal

Logic (STL) specification ϕ in terms of an MILP, where a variable is associated

with each time step and predicate, indicating the degree by which that predicate

is satisfied by the associated output trajectory point of the system. The temporal

operators and logical operators in the given specification are then broken down into

a set of boolean operators, each of which are assigned a boolean variable along with

a set of constraints that guarantee the variable is true when the boolean operator

is satisfied, and the boolean variable is false when the operator is not satisfied. In

all, this formulation introduces O(H·‖ϕ‖) boolean variables and constraints, where

‖ϕ‖ denotes the number of operators in the STL specification and H is the horizon

length over which the input signal is to be determined. We expect that linearly

increasing the length of the trajectory or length of the STL specification will cause

the time-complexity to grow exponentially since solving a MILP is exponential in

the number of binary decision variables in the worst-case scenario [152]. This can

quickly render the MILP intractable even for the relatively small problems. Our

work in this dissertation is motivated to circumvent this issue, such that the mo-

tion planning problem can be solved in real-time and can be applied in practical

applications of robot motion planning with temporal specifications. We propose a

method whereby we dynamically identify the critical time-points over the simulation

horizon, where the system trajectory violates the given MTL specification most and

introduce boolean variables and constraints only for those critical time-points iter-

atively and resolve the problem till the system trajectory satisfies the specification.

This leads to a much smaller MILP problem to be solved leading to a significant
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reduction in the time required to generate the control input signal. This approach

is very closely related to the formulation presented in [153] for generating trajec-

tories to avoid obstacles. We show the effectiveness of our algorithm by running

experiments on a m3pi robot to plan a trajectory through a dynamically changing

environment in real-time for three different MTL specifications (see Section 4.6.2).

While this approach is capable of handling any system with underlying linear

dynamics, for a general nonlinear system this approach falls short. This is because

the system dynamics can not be encoded in terms of integer-linear variables and

constraints. We instead formulate a nonlinear constrained optimization problem for

such systems. The authors in [149] synthesized optimal safety controller that re-

sults in closed-loop trajectories of the system, meeting certain desired performance

criteria. The idea was further extended by [154], where the objective was to falsify

(satisfy) given MTL specifications. Both of these works deal with unconstrained

optimization problems. In this dissertation, we propose to combine both the ideas

to formulate a constrained optimization problem, such that the desired MTL speci-

fications of the systems are considered as constraints to the optimal control problem

that must be satisfied at all time, to generate ascent (descent) directions that max-

imize (minimize) a certain performance criteria.

4.2 MTL Robustness and Satisfaction

An MTL formula is a formal language, that can be used to express desired

properties that a system must satisfy with certain timing requirements. Consider

the temporal operators eventually (♦[I]), always (�[I]) and until (U[I]), and logical

operators, such as, conjunction (∧), disjunction (∨), negation (¬), and implication

(→), that can be used to combine atomic propositions to form the MTL formula.

Using MTL one can easily express a desired system behavior that “the system

trajectory should never be inside some atomic proposition pj from time t1 to t2” as

�[t1,t2]¬πj, where πj := Ajx ≤ bj represents the specification that the system state

x is within the observation map of the proposition pj, O(pj) = {x|Ajx ≤ bj, Aj ∈
Rfj×n, bj ∈ Rfj}. Using the logical operators one can also define more complex

system behaviors, like, “the system trajectory should never enter some unsafe set
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O(pUnsafe) and terminate in some desired set O(pGoal) within time t3 to t4 and should

pass through the set O(pW) within the time frame t1 to t2 and must stay in O(pW)

once the trajectory enters it for s units of time” as

ϕ = �¬pUnsafe ∧ ♦[t3,t4]pGoal ∧ ♦[t1,t2]�[0,s]pW .

Definition 4.1. We define a state (output) trajectory that satisfies the dynamics

given in (2.5) or (2.34) to be an (in)feasible trajectory of the continuous-time sys-

tem or the discrete-time system respectively, if it (falsifies)satisfies the given MTL

specification defined for the state (output) trajectories of the system.

The robustness measure (see Definition 2.38), [[·]]D(x(uH, x0), 0) of a discrete-

time system trajectory x(uH, x0) defines how robustly the system trajectory satisfies

or falsifies the given MTL specification. The measure takes positive values if the

trajectory satisfies the specification, and negative values otherwise. Intuitively, the

robustness degree of an (in)feasible trajectory is the largest distance that one can

independently perturb the points along the trajectory and maintain (in)feasibility.

This defines a tube around the original trajectory such that any trajectory within

this tube is guaranteed to satisfy (or falsify) the specification.

This concept is demonstrated in Fig. 4.1. In this figure we consider the MTL

specification

ϕ = �[t0,t2]¬pB ∧�[T,T ]pA,

which states that between times t0 and t2 the trajectory should avoid the set B and

at time T the trajectory is in set A. Two trajectories for a discrete-time system are

shown:

• x(uH1 , x0) : an infeasible trajectory;

• x(uH2 , x0) : a feasible trajectory.

Note that the trajectory x(uH1 , x0) has a large negative robustness, determined by

the distance between the trajectory at time t0, i.e. , xkt0 (uH1 , x0) (kt represents the
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Figure 4.1: Illustration of robustness degree for MTL specification.

time index corresponding to the time t), and the boundary of the atomic proposition

B. We call this time t0 the critical time and the atomic proposition B the critical

predicate. The corresponding time index kt0 is referred to as the critical time index.

By moving the critical point xkt0 (uH1 , x0) on the trajectory by any amount greater

than absolute robustness value
∣∣[[ϕ]]D(x(uH1 , x0), 0)

∣∣, one can push the trajectory

x(uH1 , x0) outside of B in order to try to satisfy the specification. Analogously, the

other trajectory x(uH2 , x0) has a smaller positive robustness, determined by the dis-

tance between the trajectory at time t1 and the boundary of the atomic proposition

B. This is because the trajectory at t1 is closest to falsifying the specification, and

would need to be moved by at least
∣∣[[ϕ]]D(x(uH2 , x0), 0)

∣∣ in order to do so. We will

use the values of critical time index and atomic propositions to determine which

constraints to add at each iteration of our method, presented later in this section.

We also formally define the notion of such critical points on the system trajectories

for both discrete-time and continuous-time systems later.

4.3 Motion Planning for Linear/MLD Systems

Recall we consider discrete-time systems of the form:

Σd :




xk+1 = Fd(xk, uk), xk ∈ X ⊆ Rn, uk ∈ U ⊆ Rm,

yk = hd(xk), y ∈ Y ⊆ Rm.



98

where, xk, yk and uk are the continuous state, output and control input signals at

the time index k ∈ N respectively. Moreover, we consider Mixed Logical Dynamical

(MLD) systems ([92]), which also has the discrete-time system dynamics as (2.34),

but with continuous and binary/logical states and control inputs as

xk =


xc
xl


 ∈ X ⊆ Rnc × {0, 1}nl , n = nc + nl,

uk =


uc
ul


 ∈ U ⊆ Rmc × {0, 1}ml , m = mc +ml.

(4.1)

Linear hybrid systems, constrained or unconstrained linear systems and piece-wise

affine systems belong to the class of MLD systems and the approaches presented in

this paper are applicable to all such systems as well. Differentially flat and feedback

linearizable systems [108], [38] can also be considered if the temporal logic specifi-

cations are in terms of the flat and observable outputs respectively, since nonlinear

systems belonging to these two classes have an equivalent linear representation.These

types of systems provide a set of constraints that can be easily formulated in terms

of an MILP problem.

As before, we assume that there is a given compact set of initial states Init ⊆
X , where the system is initiated from at k = 0. We denote the initial state of the

system by x(0) ∈ Init. For the subsequent analysis we keep the initial state x0

of the system unchanged. The trajectory duration T depends on the bound of a

bounded-time temporal specification (does not contain any unbounded operator),

which is computed to be the “maximum over the sums of all nested upper bounds

on temporal operators” [100]. This total trajectory duration T is also assumed to

be fixed in this dissertation. In terms of time-steps we denote the trajectory length

by H, such that T = H∆t holds. Here we modify the motion planning problem

defined in 2.39 to find a trajectory for the system such that an objective function

can be minimized (maximized) in conjunction with satisfaction of desired MTL

specification.

Problem 4.2. Given a discrete-time system of the form (2.34), initial state x0 ∈
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Init, trajectory length H, correct system behavior defined in terms of an MTL

specification ϕ, a desired robustness measure ρdϕ and a performance objective J , find

arg min
uH

J
(
x(uH, x0),uH

)
,

subject to [[ϕ]]D
(
x(uH, x0), 0

)
≥ ρdϕ.

We propose a heuristic approach, presented in Algorithm 5 to solve the mo-

tion planning problem. The basic idea is to formulate MILP(J, C) where J is the

performance objective in Problem 4.2 and C is the set of constraints. We initialize

C first with only the system dynamic constraints denoted by Csys (i.e. without MTL

constraints denoted by Cmtl). This formulation only contains boolean and continu-

ous variables associated with the system dynamics in (2.34). If the resulting system

trajectory after solving MILP(J, C) in step 5, already satisfies the MTL specification,

then we are done. Note that this problem will always be feasible since only system

dynamics constraints are added to the MILP.

If MTL specification is not satisfied, we find the trajectory point that in some

sense corresponds to the largest violation of the MTL specification, and require

this point to satisfy the corresponding atomic proposition (MTL constraint) in step

21 of Algorithm 5 using GetMTLconstraints. Let APϕ denote the set of all atomic

propositions appearing in the MTL specification ϕ. Then, for any atomic proposition

p ∈ APϕ, if it is not preceded by the negation operator (¬) in the specification ϕ, the

system can safely visit the atomic proposition p. On the other hand, if ¬ appears in

front of p, then the atomic proposition is unsafe for the system to visit. We present

a modification to the Proposition 3.1 in ([155]) to identify such critical time index

and atomic proposition pair (k̃, p̃) below.

Proposition 4.3. Given an MTL specification ϕ and the set of atomic atomic

propositions APϕ, consider a system trajectory x(uH, x0). Then there exists a critical

atomic proposition p̃ ∈ APϕ appearing in ϕ and critical time index k̃ ∈ [0,H] such
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Algorithm 5 Open Loop MTL Motion Planner for a System

1: Initialize solved = false, feasible = true.
2: Initialize T = [0], P = [0], NF = [ ], Cmtl = [ ].
3: Initialize MILP(J, C) with continuous and boolean state and input variables and

constraints (Csys) enforcing the linear dynamics in (2.34)

MILP(J, C) :=





arg min
uH

J(x(uH, x0),uH),

s.t. xk+1 =Fd(xk, uk).

4: while solved is false and feasible is true do
5: Solve MILP(J, C).
6: while MILP(J, C) is not feasible do
7: (C, Cmtl,NF , T ,P) = HandleInfeasibility(C, Cmtl,NF , T ,P).
8: Resolve MILP(J, C).
9: end while

10: Determine [[ϕ]]D
(
x(uH, x0), 0

)
, [[ϕ]]NFT

(
x(uH, x0), 0

)
, critical time-index and

predicate pair (k̃, p̃) based on the resulting system trajectory.
11: if [[ϕ]]NFT

(
x(uH, x0), 0

)
= −∞ then

12: NF = NF ∪ Cmtl.
13: c̃ = GetMTLconstraints(T (end),P(end)).
14: Remove the last elements from the sequences T and P .
15: if T is empty then
16: Prompt “No feasible trajectory exists.”
17: feasible = false.
18: end if
19: Cmtl = Cmtl\c̃.
20: C = Csys ∪ Cmtl.
21: else
22: if [[ϕ]]D

(
x(uH, x0), 0

)
< 0 then

23: Update the sequences T and P with the (k̃, p̃) pair.
24: Cmtl = Cmtl ∪ GetMTLconstraints(k̃, p̃).
25: C = Csys ∪ Cmtl.
26: else
27: Prompt “Feasible trajectory found.”
28: solved = true.
29: end if
30: end if
31: end while
32: Return feasible, x(uH, x0),uH.
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that

[[ϕ]]D
(
x(uH, x0), 0

)
=





Distd
(
xk̃(u

H, x0),O(p̃)
)
, if p̃ is safe,

−Distd
(
xk̃(u

H, x0),O(p̃)
)
, if p̃ is unsafe.

(4.2)

To satisfy the desired robustness degree ρdϕ, we shrink the size of all the safe

atomic propositions and bloat all the unsafe ones as:

O(p) = {x|Apx ≤ bp, bp = bp − ρdϕ1fp}, if p is safe,

O(p) = {x|Apx ≤ bp, bp = bp + ρdϕ1
fp}, if p is unsafe,

where, 1fp is a column vector of ones of size fp. Then, if the critical atomic propo-

sition p̃ chosen using the Proposition 4.3 is a safe atomic proposition, we add the

linear constraints for the critical time index k̃:

Ap̃xk̃ ≤ bp̃. (4.3)

These constraints ensure that the system trajectory at time index k̃ lies inside the

observation map O(p̃). Conversely, if p̃ is an unsafe atomic proposition, we add

the following constraints using the big-M formulation method by introducing a new

binary decision vector z as

Ap̃xk̃ +Mz ≥ bp̃,M ∈ R+, z ∈ {0, 1}fp̃ ,
∑

i

zi ≤ fp̃ − 1,
(4.4)

where M is a value large enough to make the corresponding constraint hold for any

allowable value of xk̃. These constraints ensure that the system trajectory is outside

of the unsafe critical atomic proposition p̃ at time index k̃.

The motivating idea behind this approach is that we do not require to put the

constraints given by (4.3)-(4.4) at every time points of the trajectory; constraining

only a few critical time points will result in the whole system trajectory to satisfy

the MTL specifications in most cases. For instance (see Fig. 4.2), if we want

the infeasible trajectory x(uk1) to satisfy the MTL specification ϕ, we first identify
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(a) Initial infeasible trajectory x(uH
1 , x0): critical con-

straint corresponds to t0.

(b) Infeasible solution trajectory x(uH
1′ , x0) after solving

the MILP first time: critical constraint corresponds to
t1.

(c) Feasible solution trajectory x(uH
1′′ , x0) after solving the

MILP second time.

Figure 4.2: Illustration of iterative addition of critical constraints in
MILP formulation.
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Algorithm 6 GetMTLconstraints(k̃, p̃)

1: if critical predicate p̃ is a safe predicate then
2:

c := Ap̃xk̃ ≤ bp̃.

3: else
4:

c :=





Ap̃xk̃ +Mz ≥ bp̃, M ∈ R+, z ∈ {0, 1}fp̃ ,∑

i

zi ≤ fp̃ − 1.

5: end if
6: Return c.

that the critical time and predicate are the time t0 and B. The critical constraint

corresponding to the time t0 is then added to the MILP formulation in step 25, such

that the trajectory point at t0 is now constrained to lie outside the critical predicate

B and the new MILP is solved in step 5 of Algorithm 5. Assume, the solution of

the MILP is x(uH1′ , x0). Since this resulting trajectory is still infeasible as found in

Step 22, we repeat the process once again by adding constraints corresponding to the

time t1. After resolving the newer MILP, assume we obtain the trajectory x(uH1′′ , x0),

which turned out to be a feasible trajectory and hence the Algorithm 5 terminates.

Note that for this example scenario, we only added constraints for two time instances

and do not need to introduce the additional binary variables associated with the

trajectory point at time t2. The goal is to reduce the computation time by iteratively

solving much smaller MILPs, rather than the one large MILP.

Let T denote the sequence of the time indices and P denotes the sequence

of the corresponding atomic propositions where the MTL constraints have been

added to the MILP. We initialize these two sequences with 0 to represent that a

constraint corresponding to the initial state of the system is already added to the

MILP. Note that at any iteration of Algorithm 5 there might exist more than one

pair of critical time index and atomic proposition pair (k̃, p̃) that satisfy Proposition

4.3. In those cases one of the pairs is chosen at random to enforce the corresponding

MTL constraint. However, iteratively identifying critical time-index and atomic
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Algorithm 7 HandleInfeasibility(C, Cmtl,NF , T ,P)

1: feasibility = 1.
2: Ciis = GetIIS(Csys, Cmtl).
3: NF = NF ∪ Ciis.
4: c̃ = Ciis{end}.
5: C = C\c̃.
6: Cmtl = Cmtl\c̃.
7: (k̃, p̃) = GetTimePred(c̃).
8: Remove the pair (k̃, p̃) from the sequences T and P .
9: Return C, Cmtl, NF , T , P .

proposition (k̃, p̃) pairs in this manner and adding constraints to ensure that the

system trajectory at k̃ lies inside (outside) of p̃ might eventually lead to infeasibility.

In the following we present Algorithm 7 to address such situations.

Definition 4.4. For an infeasible MILP(J, C) an IIS of MTL constraints Ciis ⊆ Cmtl
is such that MILP(J, Ciis) is infeasible and ∀c ∈ Ciis, MILP(J, Ciis\c) is feasible.

If MILP(J, C) becomes infeasible in step 6 of the Algorithm 5, we obtain an

Irreducibly Inconsistent System (IIS) ([156]) of MTL constraints Ciis, representing

a minimal set of inconsistent MTL constraints using GetIIS in step 2 of Algorithm

7. Let NF denote the set of all MTL constraints that should not be satisfied

together. This set NF obtained so far in the Algorithm 5, is updated in step

3 of the Algorithm 7. Our GetIIS method, presented in Algorithm 8, is based

on the elastic filtering (steps 2 to 22) followed by deletion filtering (steps 24 to 28)

methodologies of determining IIS ([157]). Each MTL constraint c ∈ Cmtl corresponds

to a particular time index-atomic proposition (k, p) pair, which can be obtained using

GetTimePred from the equations (4.3) - (4.4) in step 3 of Algorithm 8. In steps 4

to 8, we form a relaxed version of those MTL constraints. If c ∈ Cmtl was originally

of the form (4.3), then we relax the constraint as in (4.5). On the other hand, if c

was originally of the form (4.4), then we relax the constraint as in (4.6). In (4.5,

4.6) ε are the slack variables representing how much the corresponding constraint

needs to be stretched/relaxed to obtain a feasible solution. In step 12 we solve

an MILP problem to minimize the sum of the slacks to satisfy the relaxed MTL

constraints and the system dynamics constraints. If the problem is feasible then
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Algorithm 8 GetIIS(Csys, Cmtl)
1: Initialize done = 0, Cε = Csys, Ciis = [ ].
2: for c ∈ Cmtl do
3: (k, p) = GetTimePred(c).
4: if predicate p is a safe predicate then
5:

cR =

{
Apxk − ε(p,k)1

fp ≤ bp,

0 ≤ ε(p,k).
(4.5)

6: else
7:

cR =





Apxk +Mz + ε(p,k)1
fp ≥ bp, M ∈ R+, z ∈ {0, 1}fp ,∑

i

zi ≤ fp − 1, 0 ≤ ε(p,k).
(4.6)

8: end if
9: Cε = Cε ∪ cR.

10: end for
11: while done = 0 do
12: Solve

MILP(Jε, Cε) :=

{
min
ε
Jε =

∑
ε

such that the constraints in Cε are satisfied.

13: if problem is infeasible then
14: Set done = 1.
15: else
16: for each cR ∈ Cε with ε(p,k) 6= 0 do
17: c = cR without the slacks ε(p,k) (equations (4.3) - (4.4)).
18: Ciis = Ciis ∪ c.
19: Cε = Cε\cR ∪ c.
20: end for
21: end if
22: end while
23: C = Csys ∪ Ciis.
24: for each c in Ciis do
25: if MILP(J, C\c) is infeasible then
26: Ciis = Ciis\c, C = C\c.
27: end if
28: end for
29: Return Ciis.
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some of the slacks will be non-zero, implying the corresponding MTL constraints

have been stretched and are part of the IIS. In step 17 the set Ciis is updated by

adding the forced version (equations (4.3) - (4.4)) of the relaxed MTL constraints.

The constraint set Cε is also updated by removing the relaxed MTL constraints with

non-zero slacks and adding their corresponding forced versions. Then the steps 11

to 24 of Algorithm 8 are repeated as long as an infeasible MILP problem is not

obtained. This happens when all the members of an IIS of the current Cmtl have

been forced. If Cmtl contains multiple IISs, then deletion filtering is implemented

to obtain Ciis containing exactly one IIS. This algorithm is based on identifying the

constraints from a set, which when removed does not change the feasibility of the

rest of the constraints in the set. We could have employed only deletion filtering

to identify the IIS, however, the method usually is slow since each constraint has

to be removed and feasibility of the resulting MILP has to be evaluated. Using the

elastic filtering prior to deletion filtering speeds up the process of determining an

IIS, by quickly eliminating large number of constraints that are not part of the IIS.

Note that the constraint set Csys is not relaxed while determining the IIS set, since

the system dynamics constraints are required to hold at all times and can not be

changed. Since Ciis is an infeasible set of MTL constraints that become feasible if

any one of those MTL constraints is removed, in steps 14 and 15 of Algorithm 7 we

remove the MTL constraint c̃ = Ciis{end}. The set of constraints C returned from

the method HandleInfeasibility in step 7 of Algorithm 5 does not include the

constraint c̃. However, if the MTL constraint set Cmtl contains multiple IISs then the

resulting MILP(J, C) will still be infeasible, since GetIIS only returns one IIS from

Cmtl. Therefore, the steps 6 to 9 of Algorithm 5 have to be repeated multiple times

to identify multiple IISs present in Cmtl and consequently remove one constraint

from each of the IISs.

Definition 4.5. Let ϕ be an MTL formula, p ∈ APϕ be an atomic atomic proposi-

tion, O an observation map, x(uH, x0) a trajectory of the system, T the set of time

indices where MTL constraints have been added and NF the set of MTL constraints

that should not be satisfied together. At any time-index k, the valuation function
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[[·]]NFT (x(uH, x0), k) is then recursively defined as:

[[>]]NFT
(
x(uH, x0), k

)
:= +∞,

[[p]]NFT
(
x(uH, x0), k

)
:=





Dist∞
(
xk(u

H, x0),O(p)
)

if ∃ Ccnf,i, such that ∀c̄ ∈ Ccnf,i\c, c̄ ∈ Cmtl,

c = GetMTLconstraints(k, p),

Dist
(
xk(u

H, x0),O(p)
)

R(k)
, otherwise,

[[¬p]]NFT
(
x(uH, x0), k

)
:= −[[p]]NFT (x(uH, x0), k),

[[ϕ1 ∧ ϕ2]]NFT
(
x(uH, x0), k

)
:= min

(
[[ϕ1]]NFT

(
x(uH, x0), k

)
, [[ϕ2]]NFT

(
x(uH, x0), k

))
,

[[ϕ1 ∨ ϕ2]]NFT
(
x(uH, x0), k

)
:= max

(
[[ϕ1]]NFT

(
x(uH, x0), k

)
, [[ϕ2]]NFT

(
x(uH, x0), k

))
,

[[�Iϕ]]NFT
(
x(uH, x0), k

)
:= min

k′∈k+Id

(
[[ϕ]]NFT (x(uH, x0), k′)

)
,

[[♦Iϕ]]NFT
(
x(uH, x0), k

)
:= max

k′∈k+Id

(
[[ϕ]]NFT (x(uH, x0), k′)

)
,

[[ϕ1UIϕ2]]NFT
(
x(uH, x0), k

)
:= max

k′∈k+I

(
min

(
[[ϕ2]]NFT

(
x(uH, x0), k′

)
,

min
k̄∈[k,k′]

[[ϕ1]]NFT
(
x(uH, x0), k̄

)))
,

(4.7)

where,

Dist∞
(
xk(u

H, x0),O(p)
)

=∞ · sign
(

Dist
(
xk(u

H, x0),O(p)
))

(4.8)

and R(k) = (k+ − k−) with

k+ :=





min{k̄ ∈ T | k̄ ≥ k},

k if ∀k̄ ∈ T , k̄ < k,
k− :=





max{k̄ ∈ T | k̄ ≤ k},

k if ∀k̄ ∈ T , k̄ > k,
. (4.9)

If for some k, R(k) = 0 then we replace it by a small number 0 < ε� 1.

Note that for any MTL constraint c, there can be multiple sets of MTL
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constraints (including the constraint c) that can not be satisfied together. Let

Ccnf ⊆ NF denote the set of all such sets of MTL constraints corresponding to

the constraint c and Ccnf,i denote the ith element of Ccnf . To ensure c̃ is not added

back to the set of MTL constraints Cmtl as long as all the other components of

any of the elements of C c̃nf (c̄ ∈ C c̃nf,i\c̃) are already enforced (c̄ ∈ Cmtl), we intro-

duce a new valuation function in Definition 4.5 to find the critical time index and

atomic proposition pair (k̃, p̃), by considering the set NF . We also consider the

previously assigned critical time index set T , as well as, the current set of MTL

constraints Cmtl, while evaluating this valuation function. This valuation function

[[·]]NFT
(
x(uH, x0), k

)
provides a real number indicating how much the system trajec-

tory x(uH, x0) needs to be modified per unit time in order to try to satisfy (falsify)

the MTL specification, as well as, penalizes choice of any critical time index and

atomic proposition pair that will lead to a set of MTL constraints that should not

be satisfied together.

Proposition 4.6. Given a MTL specification ϕ and the set of atomic atomic propo-

sitions APϕ, consider a system trajectory x(uH, x0) after some MTL constraints have

been added at the time indices in T corresponding to the predicates in P and a set

NF , each element of which is a set of MTL constraints that should not be satisfied

together, has been identified. Then there exists a critical atomic proposition p̃ ∈ APϕ
appearing in ϕ and critical time index k̃ such that if p̃ is a safe atomic proposition

then

[[ϕ]]NFT
(
x(uH, x0), 0

)
=





Dist∞
(
xk̃(u

H, x0),O(p̃)
)
,

if ∃ C c̃nf,i, such that ∀c̄ ∈ C c̃nf,i\c̃, c̄ ∈ Cmtl,

c̃ = GetMTLconstraints(k̃, p̃),

Dist
(
xk̃(u

H, x0),O(p̃)
)

R(k̃)
, otherwise,

(4.10)
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and if p̃ is an unsafe atomic proposition then

[[ϕ]]NFT
(
x(uH, x0), 0

)
= −





Dist∞
(
xk̃(u

H, x0),O(p̃)
)
,

if ∃ C c̃nf,i, such that ∀c̄ ∈ C c̃nf,i\c̃, c̄ ∈ Cmtl,

c̃ = GetMTLconstraints(k̃, p̃),

Dist
(
xk̃(u

H, x0),O(p̃)
)

R(k̃)
, otherwise.

(4.11)

Proposition 4.6 is a modification of Proposition 4.3 in terms of the valua-

tion function used to determine the critical time index and atomic proposition.

Intuitively, in Definition 4.5 and Proposition 4.6 the choice of a time index and

proposition pair (k, p) as the critical point is penalized if the MTL constraint c

corresponding to that pair (obtained using GetMTLconstraints) is part of a set of

MTL constraints, that has been already identified by Algorithm 5 to be not satisfied

together and all the other constraints in that set are already enforced in the MILP.

This is because adding c to the set of constraints C will obviously lead to a set of

MTL constraints that should not be satisfied together. By penalizing the choice

of (k, p) as critical points in step 17 of Algorithm 5, a different (k′, p′) pair can be

chosen which possibly does not belong to any elements of NF obtained so far.

MTL constraints enforced in the MILP form a partially ordered set (poset).

The maximal element represents the MILP with only system dynamics constraints

Csys and no MTL constraints. For two sets of MTL constraints C1
mtl and C2

mtl, the

relation C2
mtl ≺ C1

mtl holds if C1
mtl ⊂ C2

mtl. Following this partial ordering, we have

that

(
C2
mtl ≺ Cmtl2

)
∧
(
C1
mtl ∈ NF

)
=⇒ C2

mtl ∈ NF .

The above implication holds, because if C1
mtl is a set of MTL constraints that have

been obtained by Algorithm 5 to not to be satisfied together, then since C2
mtl contains

all the constraints in C1
mtl, the set of constraints in C2

mtl should not be satisfied

together as well. Fig. 4.3 presents an example Hasse diagram ([158]) where each
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node shows the MTL constraints enforced in the MILP. Now assume that Algorithm

5 has choices of constraints c and d to add to Cmtl = {a, b}. Based on the valuation

function [[ϕ]]NFT
(
x(uH, x0), 0

)
(defined in Definition 4.5), suppose constraint c is

chosen. This however leads to an infeasible MILP, since the set {a, b, c} is found

to be an IIS. {a, b, c} is then added to the set NF as the constraints a, b and c

can never be satisfied together. This also implies that there is no need to go down

from the node {a, b, c} in the structure shown in Fig. 4.3, as all the children nodes

will also belong to NF because of partial ordering of set of MTL constraints. The

algorithm then removes the constraint c from the MILP and since choice of c will

now be penalized by the valuation function, constraint d is chosen to be added to

the MILP. Suppose {a, b, d} is also an IIS and the algorithm removes the constraint

d from the MILP after updating NF . Since both the constraint choices (children

nodes) from Cmtl = {a, b} leads to infeasible MILPs, [[ϕ]]NFT
(
x(uH, x0), 0

)
will return

−∞. Consequently, the constraint set {a, b} is also added to the set NF in step

12 of Algorithm 5, because constraints a and b should not be satisfied together.

Otherwise, an infeasible MILP will always result. The last MTL constraint b is then

removed following the steps from 13 to 20. The sequences T and P storing the values

of critical time-index and atomic propositions where MTL constraints have been

added are also updated in step 14. The MTL constraint set becomes Cmtl = {a}.
Assume that subsequent iterations of Algorithm 5 finds that constraint sets {a, d}
and {a, c} also belong to the set NF because eventually going down the structure

shown in Fig. 4.3 from the nodes corresponding to those MTL constraint sets also

result in infeasibility of the MILP. The MTL constraint set is again Cmtl = {a} and

[[ϕ]]NFT
(
x(uH, x0), 0

)
= −∞ since all the children nodes of the node corresponding

to the constraint set a belong to the set NF . This implies the constraint a should

not be satisfied either and is added to NF . Subsequently the algorithm removes

a from the MILP, goes up the lattice structure to the root node and picks say

constraint b to be added to the MILP. Note that, for Cmtl = {b} the algorithm will

not pick constraint a to be added since {a, b} is already in NF . The algorithm

will instead pick a different constraint to explore more of the search space. As

shown in Fig. 4.3, the set NF contains two types of sets of MTL constraints. One
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which are IIS implying the MTL constraints can never be satisfied together and the

other where the MTL constraints can be satisfied together but doing so will always

result in obtaining an IIS of MTL constraints eventually. Hence, the later set of

MTL constraints should not be satisfied together as well. Algorithm 5 finally stops

execution if either a feasible trajectory satisfying the MTL specification is obtained

or if the sequence T becomes empty. The latter happens when the algorithm is back

at the maximal element (root node in Fig. 4.3) of the lattice and all the children

nodes of the root node are in NF .

Figure 4.3: Hasse diagram showing partial ordering of set of MTL con-
straints.

4.3.1 Completeness, Optimality and Complexity

Theorem 4.7. Algorithm 5 is complete.

Proof. Given an MTL specification ϕ in positive normal form, where the negation
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(¬) operator appears only in front of atomic atomic propositions, a feasible trajec-

tory of the system will lie inside the safe atomic propositions and outside the unsafe

atomic propositions at certain time indices. Algorithm 5 determines the set of safe

(unsafe) atomic propositions and the corresponding time indices where the system

trajectory is constrained to lie inside (outside) the atomic proposition. Starting

from the root node of the structure shown in Fig. 4.3 the algorithm goes down by

adding one MTL constraint at a time. If at any iteration, the algorithm reaches a

node belonging to NF , then the algorithm goes up the structure by removing the

last added constraint. Because of partial ordering of sets of MTL constraints we

know that any children of a node belonging to NF will also be in NF and hence

there is no need to explore the structure down from any NF node. Selection of any

time index and atomic proposition pair is then penalized for the subsequent choices

of critical time index and atomic proposition pair if adding the corresponding MTL

constraint leads to one of the sets of MTL constraints included in NF . This whole

cycle of adding and removing MTL constraints as needed, continues until a feasible

system trajectory satisfying ϕ is obtained or the sequence T becomes empty. The

later happens only when all possible combination of MTL constraints corresponding

to various pairs of time index and atomic proposition has been found to be part of

NF . In such a case the Algorithm 5 ends up with a MILP problem containing no

MTL constraints and the set NF is such that adding any MTL constraint leads to

infeasibility eventually. This results in adding the root node to NF and concluding

the search. Moreover, the algorithm always terminates in a finite number of steps,

since there are only finitely many time index and atomic proposition pairs and the

algorithm has to evaluate finitely many combinations of their corresponding MTL

constraints for feasibility. Thus the Algorithm 5 explores all possible ways to con-

strain the system trajectory to satisfy the given MTL specification ϕ and therefore

is a complete algorithm.

The performance objective J
(
x(uH, x0),uH

)
can be any linear function of the

system trajectory x(uH, x0) and control inputs uH. For the numerical examples,
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presented in Section 4.6 we consider the performance criteria

J =
H∑

k=1

‖diag(R)uk‖1 , (4.12)

to minimize the control effort, where diag(R) is a diagonal matrix consisting of the

elements of the non-negative weighting row-vector R. Introducing slack variables

skj, with k = 1, . . . ,H, j = 1, . . . ,m, m = mc + ml, the objective function can be

reformulated as

J =
H∑

k=1

Rsk, (4.13)

with an added set of constraints,

−skj ≤ ukj ≤ skj (4.14)

where, ukj denotes the j-th component of the control input uk at time index k,

resulting in a linear optimization problem.

Theorem 4.8 ([103]). If the MTL specification consists of only conjunctions (∧)

and the globally operator (�), then if Algorithm 5 finds a feasible trajectory then it

is the optimal trajectory.

Proof. A full-scale optimization approach for solving Problem 4.2 with MTL spec-

ifications consisting of only conjunctions (∧) and the globally operator (�), will

require the MTL constraints given in either (4.3) or (4.4) to hold at all the time

indices, mentioned in the specification, for all the atomic propositions in the speci-

fication. Whereas, Algorithm 5 requires only a subset of those constraints to hold.

Let us denote the search-spaces explored in full-scale optimization and in the final

iteration of Algorithm 5 by U∗ and U ′ respectively. Since, any feasible trajectory

for the full-scale optimization problem is also a feasible trajectory for Algorithm 5

we have that, U∗ ⊆ U ′. Now, if Algorithm 5 returns a feasible solution optimal over

U ′, it should also be a feasible solution in the U∗ space, according to construction

of Algorithm 5, implying it is also the optimal solution.
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Remark 4.9. If the MTL specification involves disjunction (∨) or other temporal

operators (such as, eventually (♦), until (U)) that can be broken down in terms

of disjunction (either this holds or that holds), then U∗ 6⊆ U
′
. This is because, if

some disjunction is the critical portion of the specification that defines the valua-

tion function, Algorithm 5 will require the trajectory to satisfy one particular atomic

proposition in the disjunction, however the full-scale optimization will require the

trajectory to satisfy any of the atomic proposition in the disjunction. Only when

the MTL specification is infeasible, the Algorithm 5 explores the entire search-space

before stating that the MTL specification is infeasible. However, if the specification

is feasible, Algorithm 5 stops exploring as soon as a feasible system trajectory is

obtained. Since the choice of critical time index and atomic proposition is not guar-

anteed to be unique, Algorithm 5 can return sub-optimal results for a feasible MTL

specification. However, as the choice of the critical points is motivated by modify-

ing the current system trajectory the minimal amount per unit time, which can be

translated towards minimizing control effort, in simulation results we have obtained

optimal results even with the disjunction operator (see Section 4.6).

MILP problems are NP-hard and in general the computational complexity of

any MILP problem are reported in terms of the number of variables and constraints

in the MILP problem being solved. However, since our method introduces new

constraints and binary variables (only for unsafe propositions) iteratively, it is not

possible to provide a concrete number of constraints and variables in the final itera-

tion of the MILP. Here we provide a general idea on the numbers of constraints and

variables added in our MILP based on some assumptions. Adding constraints for

k1 safe atomic propositions results in adding 4k1 linear constraints (assuming rect-

angular atomic propositions), adding constraints for k2 unsafe atomic propositions

results in adding 4k2 binary variables, 4k2 mixed integer-linear constraints and k2

integer constraints to the MILP. In addition, (H · (nc + mc)) continuous variables

and (H · (nl +ml)) logical variables are introduced for encoding the constraints for

the system dynamics. Values of k1 and k2 are of the order O(H · ‖APϕ‖), where the

number of atomic propositions in the specification ϕ is denoted by ‖APϕ‖.
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4.4 Motion Planning for General Nonlinear Systems

One limitation of the above-mentioned MILP based approach, is that apart

from linear systems, we can only handle a specific class of nonlinear systems, such as

feedback linearizable, differentially flat or mixed logical dynamical systems as only

for these systems, one can represent the system dynamics with linear constraints. In

this section, we present an approach where optimal controllers for general nonlinear

systems for correct system behaviors defined in terms of MTL specifications, can

also be synthesized. This approach is based on finding the gradients of the objective

and constraint functions based on the critical time and is an extension of the works

by the authors in [149] and [154].

We again consider continuous-time dynamical systems of the form (2.5):

dx

dt
= f(x) + g(x)u = F(x, u), x ∈ X ⊆ Rn, u ∈ U ⊆ Rm. (4.15)

We assume a step-wise linear control input signal u(t) with time-step ∆t, such that

for (k − 1)∆t ≤ t ≤ k∆t, u(t) = uk. As before, we assume the system is initialized

from some initial condition x0 ∈ Init and the entire trajectory duration denoted by

T is fixed. We denote the corresponding time index by H, T = H∆t. We again use

the notation ξu(T, x0) to denote a trajectory of the system (4.15) initialized from x0

corresponding to a control input signal u(t), t ∈ [0, T ]. ξu(T, x0, t) denotes the state

of the system at time t. We introduce the notation uk to denote the entire control

input signal for k time-steps. Observe that uk specifies the control input signal u(t)

for 0 ≤ t ≤ k∆t. The modified motion planning problem for the continuous-time

system is then:

Problem 4.10. Given a continuous-time system of the form (4.15), initial state

x0 ∈ Init, trajectory duration T and corresponding time index H, correct system

behavior defined in terms of an MTL specification ϕ, a desired robustness measure

ρdϕ and a performance objective J , find

arg min
uH

J
(
ξu(T, x0),uH

)
,

subject to [[ϕ]] (ξu(T, x0), 0) ≥ ρdϕ.
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Recall from Section 4.2, that given a MTL specification ϕ, there exists a critical

atomic proposition O(p̃) and a critical time t̃ ∈ [0, T ] that defines the robustness

measure of a system trajectory with respect to the given specification ϕ. We now

present a modification to proposition 4.3 for continuous-time robust semantics of

MTL specifications and continuous-time system trajectories to identify such critical

time and atomic proposition (t̃, p̃) pairs.

Proposition 4.11. Given an MTL specification ϕ and the set of atomic atomic

propositions APϕ, consider a system trajectory ξu(T, x0). Then there exists a critical

atomic proposition p̃ ∈ APϕ appearing in ϕ and a critical time t̃ ∈ [0, T ] such that

[[ϕ]] (ξu(T, x0), 0) =





Distd
(
ξu(T, x0, t̃),O(p̃)

)
, if p̃ is safe,

−Distd
(
ξu(T, x0, t̃),O(p̃)

)
, if p̃ is unsafe.

(4.16)

We assume the metric d to be the euclidean metric for this section so that

d(x, y) = ‖x− y‖ .

For ease of representation, let us denote the constraint in our optimization problem

4.10 as

g(uH) = [[ϕ]]
(
ξu(T, x0), 0

)
− ρdϕ, g(uH) ≥ 0, (4.17)

since in the optimization problem only the control input u(·) is varied. Note that

this function g(uH) is in general non-differentiable and non-convex. We follow the

approach presented by [154] in order to solve the problem 4.10, however here we

are interested in increasing the robustness of the system trajectory instead of min-

imizing it, as was done in [154]. We generate a sequence of control input signals

uH,i ∈ U such that g(uH,i+1) > g(uH,i), implying that if the control input sig-

nals uH,i at the ith iteration produces an infeasible system trajectory, the control

inputs generated in the next iteration drives the system trajectory towards feasibil-

ity, The goal here is to find the control input signal uH satisfying g(uH) ≥ 0 such

that the resulting system trajectory has a robustness of ρdϕ. In addition we also
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want J(ξu(T, x0),uH,i+1) ≤ J(ξu(T, x0),uH,i) to hold to optimize the performance

objective. Both these requirements can be achieved by using any optimization al-

gorithm capable of solving constrained optimization problems. In this dissertation,

we utilize the interior-point algorithm [159], [160] to solve this optimization prob-

lem as detailed in Algorithm 9, which requires computation of a critical proposition

O(p̃i), critical time t̃i and the corresponding critical point on the critical proposition

z(t̃i,u
H,i) (closest point on the critical proposition from the system trajectory) at

each iteration i. The critical point on the critical proposition is computed as

z(t̃,uH) =





arg min
z 6∈O(p̃)

∥∥ξu(T, x0, t̃)− z
∥∥ , ξu(T, x0, t̃) ∈ O(p̃),

arg min
z∈O(p̃)

∥∥ξu(T, x0, t̃)− z
∥∥ , ξu(T, x0, t̃) 6∈ O(p̃).

(4.18)

We now define the function

G(uH,i) =
∥∥z(t̃i,u

H,i)− ξu(T, x0, t̃i)
∥∥ · sign

(
[[ϕ]] (ξu(T, x0))

)
. (4.19)

Theorem 4.12 ([154]). Suppose for the system (4.15), initialized at x0 ∈ Init there

are two control inputs uH,1,uH,2 ∈ U, with robustness measure g(uH,1) and g(uH,2).

Then if G(uH,2) > G(uH,1) holds, so does g(uH,2) > g(uH,1).

Proof. Using (4.17) - (4.19) we have that g(uH,2) = G(uH,2)− ρdϕ > G(uH,1)− ρdϕ =

g(uH,1).

Our optimization technique utilizes the functional derivative of the function

G(uH,i), in the control input signal space U to compute an ascent direction for

increasing G(uH,i), which in turn increases g(uH,i) leading to a feasible trajectory of

the system. Gradient of the constraint function at the ith iteration can be evaluated

as

dG(uH,i)

du
=
∂G

∂x

∣∣∣∣
ξu(T,x0,t̃)

S(t̃), (4.20)

where, S(·) is the sensitivity function of the trajectory with respect to the control
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Algorithm 9 Open Loop Nonlinear Motion Planning for MTL Specifications

1: Initialize iteration counter i = 0.
2: Generate an initial control input signal uH,0 and the corresponding trajectory
ξu(T, x0).

3: Determine robustness [[ϕ]] (ξu(T, x0), 0), critical time t̃i, critical atomic proposi-
tion p̃i and constraint function G(uH,i) corresponding to t̃i.

4: while [[ϕ]] (ξu(T, x0), 0) ≤ ρdϕ do

5: Compute objective function gradient dJ(u)
du

∣∣∣
u=uH,i

.

6: Compute constraint function gradient dG(u)
du

∣∣∣
u=uH,i

, corresponding to the crit-

ical time t̃i.
7: Generate next iteration’s input uH,i+1 by utilizing the gradient informa-

tion using a gradient descent optimization algorithm for example, interior-point
method.

8: Generate next iteration’s system trajectory ξu(T, x0).
9: Re-compute new robustness, critical time and atomic proposition.

10: if robustness [[ϕ]] (ξu(T, x0), 0) does not improve anymore then
11: Report MTL specification ϕ can not be satisfied and finish execution of

the algorithm.
12: end if
13: end while
14: Report the system trajectory ξu(T, x0) satisfies the MTL specification ϕ and

return the control input signal uH,i, system trajectory ξu(T, x0).

input signal u(·) defined by the solution of the sensitivity equation ([108]) as

Ṡ(t) =
∂F
∂x

∣∣∣∣
(t,ξu(T,x0,t),u(t))

S(t) +
∂F
∂u

∣∣∣∣
(t,ξu(T,x0,t),u(t))

, S(0) = 0. (4.21)

For details regarding the derivation of the above results the readers can consult [149]

and [154]. Any differentiable function can be chosen as the performance objective

J for this approach. We again want to minimize the overall control effort, like we

did in Section 4.3 and choose the performance objective to be

J(ξu(T, x0),uH) =
H∑

k=1

uTk diag(R)uk. (4.22)

Here, we consider the 2-norm of the control signal, unlike the MILP formulation in

(4.12) so that the objective function is differentiable everywhere.
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Algorithm 10 Reactive Motion Planning

1: Set initial condition to be: x0.
2: Run Algorithm 5 for trajectory length H with initial condition x0.
3: for i = {1, · · · ,H + 1} do
4: Set past system trajectory: {x0, · · · , xi−1}.
5: Compute the (Ap, bp) pair defining the new/changed atomic proposition
p, p ∈ APϕ.

6: Obtain new system trajectory by running Algorithm 5 for trajectory length
(H− i+ 1): {xi−1, x̂i · · · , x̂H−i+1}.

7: Set initial condition for the next iteration to be: x̂i.
8: end for

4.5 Reactive Motion Planning

In this section, we present a receding horizon framework to make the MILP

based motion planning approach presented in Section 4.3, reactive to dynamically

changing environment. In this dissertation, we consider the environment to be

represented in terms of various atomic proposition sets, which might get added,

removed or updated dynamically as the system execution takes place. At each

iteration i = {1, 2, · · · ,H} of this receding horizon framework, we keep track of

the system trajectory for time indices {0, 1, · · · , (i − 1)} and search for a system

trajectory of length (H − i + 1), starting from the initial condition xi−1, such that

the combined system trajectory satisfies the given MTL specification ϕ with the

desired robustness degree ρdϕ. We denote this new trajectory by {xi−1, x̂i, · · · , x̂H}.
While computing for the system trajectory at step 6 of the Algorithm 10, we use the

open loop motion planning method presented in the Algorithm 5, with one slight

modification: searching for the critical time index and critical atomic proposition

is based on the combined system trajectory {x0, · · · , xi−2, xi−1, x̂i, · · · , x̂H}. Also

since, each atomic proposition p ∈ APϕ can be defined uniquely in terms of the

(Ap, bp) pair, the MILP planner takes the (Ap, bp) pair as arguments, instead of

constant matrices, to account for any proposition sets that might change through

the execution of the whole control plan. This way we can also handle any new atomic

propositions that might be added to the environment or any atomic proposition that

might be removed from the environment.

As the end goal of this work is real-time implementation of the motion plan,
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once the environment is changed ideally it is desired that the steps 3 to 8 of the

Algorithm 10 be executed within the time-step (∆t) of the system dynamics, such

that at each time-step the system has a control input signal to execute. However,

this is usually not the case in the experiments we have performed. Step 6 is the rate

limiting step of the process, since it involves iteratively solving an MILP problem

if the atomic propositions are dynamically changing and the upper bound to the

number of iterations required to find a feasible system trajectory is O(H · ‖APϕ‖)
in the worst-case scenario. But the incremental nature of Algorithm 5 allows us to

execute the steps 3 to 8 only for the duration of the time-step of the system dynamics.

Consider the example presented in Fig. 4.7, where instead of waiting for a feasible

trajectory to be found in a single iteration (time for which may exceed the time-step),

the motion planner iteratively finds a system trajectory that approaches towards a

feasible one and requires 3 iterations to find a feasible trajectory after a new unsafe

region was introduced in the environment. Thus, obtaining a feasible trajectory with

the desired robustness may take a few iterations, but the Algorithm 10 can essentially

be run in real-time for this example. More formally let at any time step k ∈ [0,H],

ςϕ(x0, k) be the set of all possible trajectories of length (k+1) of the system initialized

at x0, such that there exists a trajectory of length (H − i + 1) initialized from xk,

so that the given MTL specification ϕ is satisfied for the combined trajectory with

the desired robustness degree,

ςϕ(x0, k) = {x(uk, x0) | ∃{xk, x̂k+1, · · · , x̂H} such that

[[ϕ]]D ({x0, · · · , xk, x̂k+1, · · · , x̂H}, 0) ≥ ρdϕ}.

Therefore, in the steps 3 to 8 of Algorithm 10, even if the obtained trajectory of

length (H+1) is infeasible for the specification ϕ at any iteration k, if the trajectory

of length (k + 1) already executed by the system is in the set ςϕ(x0, k) then at the

next iteration, Algorithm 10 can still find the rest of the trajectory of lengthH−k+1

initialized at xk such that ϕ is satisfied for the combined trajectory of length H+ 1.

In Fig. 4.7c - Fig. 4.7e, note that even if the entire trajectory of length H + 1

violates the specification ϕ, at the time-steps corresponding to the time values 7.5, 8
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and 8.5 seconds, the portion of the trajectory already executed by the system does

not violate ϕ.

4.6 Examples

4.6.1 Motion Planning Numerical Example

For numerical simulations, we consider two different MTL specifications for

motion planning of a mobile robot with unicycle dynamics, and compare our results

by running the same examples with the BluSTL [161] toolbox developed using the

ideas in [100], [101]. We chose the BluSTL toolbox since the authors encode the entire

system dynamics and the specification in terms of linear-integer constraints and

solve a full-blown MILP problem. Since our objective is to reduce the computational

complexity of solving such a big MILP problem by only adding the MTL constraints

incrementally to solve multiple smaller MILP problems, BluSTL serves as a great tool

to compare performances with. All the simulations were performed on a computer

with a 3.4 GHz Intel core i7 processor with 16 GB of memory using YALMIP [162] to

encode the MILP problem and Gurobi [163] to solve the problem. For the gradient

descent based approach we used MATLAB’s gradient descent optimization algorithm

fmincon by providing the objective and constraint functions and their gradient

functions to the algorithm.

We first consider a simple reach-avoid scenario (see Fig. 4.4), where the system

has to avoid an unsafe area in its workspace (environment) at all times and reach

the goal area and stay there from 8.5 to 10 seconds. These requirements can be

represented using a MTL specification as,

ϕ1 = (�¬pUnsafe) ∧
(
�[8.5,10] pGoal

)
.

For the second example we consider both the eventually and globally operator in

a nested fashion to show that our approach can handle complex task specifications

as well. In this scenario the requirement is still to avoid the unsafe region always

and to eventually reach the goal region sometime within 5.5 to 7.5 seconds and stay
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there for 1.5 seconds. Formally, the specification is

ϕ2 = (�¬pUnsafe) ∧ ♦[5.5,7.5]

(
�[0,1.5] pGoal

)
.

Denoting the position of the robot in a 2D plane to be (x, y), the equations of

motion governing the unicycle system dynamics are

ẋ =
vr + vl

2
cos(θ) = v cos(θ),

ẏ =
vr + vl

2
sin(θ) = v sin(θ),

θ̇ =
vr − vl

2d
= ω,

(4.23)

where, θ denotes the orientation of the robot with respect to the coordinate frame of

reference and vr and vl are the wheel speeds of the right and left wheels respectively

and are the control input signals to the robot. Linear and angular velocities of the

robot are denoted by v and ω respectively for ease of notation and d is the distance

of any one wheel from the center of the robot base. In order to implement the MILP

method to design a motion planner for the unicycle system we utilize a well-known

theory from nonlinear control called differential flatness [108] so that the state-space

variables (x, y, θ) and the control inputs (v, ω) for (4.23) can be expressed in terms

of some flat outputs and their time-derivatives. We choose the position of the robot

to be the flat outputs f1 = x and f2 = y. Differentiating the flat outputs once with

respect to time we obtain,


ḟ1

ḟ2


 =


cos(θ) 0

sin(θ) 0




v
ω


 .

Noting that the conversion from control inputs to the flat outputs is singular, we

extend the dynamics in (4.23) by considering the linear velocity of the robot v to

be a new state and introducing a new control input uv such that,

v̇ = uv.



123

Differentiating the flat outputs twice with respect to time we now obtain,


f̈1

f̈2


 =


cos(θ) −v sin(θ)

sin(θ) v cos(θ)




︸ ︷︷ ︸
Q


uv
ω


 .

The mapping Q from the control inputs to the flat outputs is no longer singular,

unless v = 0. All the state-space variables for the robot can now be expressed in

terms of the flat outputs and their time derivatives as,

x = f1, y = f2,

θ = tan−1

(
f1

f2

)
, v =

√
ḟ1

2
+ ḟ2

2
.

(4.24)

Similarly the control inputs to the robot can also be obtained using,


uv
ω


 =

1

v


v cos(θ) v sin(θ)

− sin(θ) cos(θ)




︸ ︷︷ ︸
Q−1


f̈1

f̈2


 . (4.25)

Since Q is a singular matrix if v = 0, we require v 6= 0 to hold to obtain uv and

ω back from the flat outputs. The constraint v 6= 0 is a result of non-holonomicity

of the unicycle model and can be taken care of by satisfying the following safety

specification in conjunction with ϕ1 or ϕ2:

ϕnon-holonomic = �¬p vel−unsafe, p vel−unsafe := |ẋ| ≤ δ ∧ |ẏ| ≤ δ,

where δ ∈ R is a small positive value close to zero. Satisfaction of ϕnon-holonomic

ensures that velocity of the mobile robot in x and y direction (first time derivatives

of the flat outputs) should never be zero, which in turn satisfies the non-holonomic

constraint v 6= 0.

In terms of the flat outputs we have a linearized system corresponding to
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second order particle dynamics in the form of a chain of integrators as,


f̈1

f̈2


 =


ux
uy


 , (4.26)

where the new control inputs ux and uy are then generated using the MILP approach

presented in Section 4.3. Finally the original control inputs, left and right wheel

speeds, can be obtained as

vr = v + dω and vl = v − dω,

so that the resulting system trajectory of the system satisfies the given MTL speci-

fication. The linearized system dynamics in the state-space form can be represented

as

Ẋ =




0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0




︸ ︷︷ ︸
A

X +




0 0

0 0

1 0

0 1




︸ ︷︷ ︸
B

U, (4.27)

Y =


x
y


 =


1 0 0 0

0 1 0 0




︸ ︷︷ ︸
C

X. (4.28)

where the state-vector X and control input vector U are given by

X =
[
x y ẋ ẏ

]T
, U =

[
ux uy

]T
.

As this is a continuous-time system, we discretize this system with a time-step of

∆t = 0.5 seconds to obtain a linear affine discrete-time system with dynamics of the
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form (2.37)

Xk+1 =




1 0 0.5 0

0 1 0 0.5

0 0 1 0

0 0 0 1




︸ ︷︷ ︸
Ad

Xk +




0.125 0

0 0.125

0.5 0

0 0.5




︸ ︷︷ ︸
Bd

Uk, (4.29)

Yk =


1 0 0 0

0 1 0 0




︸ ︷︷ ︸
Cd

Xk. (4.30)

For both the cases the system is simulated for T = 10 seconds, resulting in a

trajectory length of H = 20. We consider the metric d for evaluating the robustness

degree (see Definition 2.38) to be the euclidean norm,

d(z, z′) = ‖z − z‖ , z, z′ ∈ R2.

For the two MILP methods we simulate the discrete-time linear dynamics

in (4.29), whereas, for the gradient-search method we simulate the actual nonlinear

dynamics in (4.23). For both the MILP based methods we minimize the control effort

in terms of x and y accelerations, whereas, in the gradient-search based method, we

minimize the wheel speeds of the mobile robots directly. As expected, based on

Theorem 4.8, both BluSTL and our approach produce the same optimal path for

the specification ϕ1 with an optimal value of 7.31 as shown in Fig. 4.4. However,

for the task specification ϕ2, our MILP method produces a slightly better result

than the BluSTL method, with an optimal value of 8.71 compared to 9.65 obtained

using BluSTL, even though both the solutions satisfy the specification ϕ2 with the

desired robustness as shown in Fig. 4.5. The difference in objective functions in the

MILP based methods and the gradient-search based method lead to the different

nature of the trajectories once the mobile robots enter the goal region. For the

two MILP based methods, minimizing acceleration effort corresponds to the mobile

robot moving with constant velocity as can be seen from both the figures, as the
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Figure 4.4: Illustration of path planning of mobile robot with the simple
reach-avoid specification ϕ1. The unsafe and the goal regions
are colored red and green respectively. The unsafe set is
bloated and the goal set is shrunk by the desired robustness
degree, chosen to be 0.5 (trajectory points should not be in-
side the bloated unsafe set and outside of the shrunk goal
set at the relevant time-instants). The system starts from
the cyan colored position on the left side of the figure. Both
BluSTL and our approach produce the same solution trajec-
tory.
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Figure 4.5: Path planning solutions of the mobile robot with complex
task specification ϕ2. The workspace is same as before.

positions of the robot are almost equally spaced once it enters the goal region. With

the gradient based method the robot stops moving as it enters the goal region instead

as we minimize the net wheel speed. In Table 5.1, we present the results obtained

for the motion planning problems in ’mean ± standard deviation’ format obtained

over 50 independent runs of the same problem. YALMIP Time represents the time

taken to encode the controller and Open Loop Time and RHC Time are the times

required to generate the feasible path in the open loop fashion and by using the
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reactive planning approach respectively for the MILP based methods, i.e, our MILP

approach and BluSTL toolbox. However, for the reactive planning the environment

was kept unchanged for this time comparison experiment. For our gradient descent

based method we only report the Open Loop Time for when solving for an optimal

performance objective and when solving for only a feasible trajectory of the system.

The huge difference in computation time for these two cases is because the objective

function of minimizing the control effort and the constraint function of satisfying the

MTL specification are opposing each other when solving for optimality and hence

leads to increased computation time. On the other hand, when we are solving for

only a feasible trajectory, the algorithm does not consider the objective function and

a feasible solution is relatively quickly found. The timing results also clearly shows

that our MILP approach is an order of magnitude faster in obtaining the solution

trajectory as compared to BluSTL. As our end goal is to implement this proposed

motion planning in a practical situation, being able to plan the path in a short

amount of time is of a great importance. While such conclusions can not be drawn

for the gradient-search based method, which requires same order of magnitude of

time as BluSTL to obtain just feasible solutions, in the next chapter we show that

the method is capable of solving motion planning problems for high-dimensional

systems in reasonable amount of time.

Table 4.1: Time taken to solve the motion planning problem for a single

agent.

Method MTL spec YALMIP Time (s) Open Loop Time (s) RHC Time (s)

MILP Approach ϕ1 3.45 ± 0.1 0.61 ± 0.03 10.002 ± 0.003

ϕ2 3.56 ± 0.14 0.61 ± 0.04 10.001 ± 0.001

BluSTL ϕ1 33.52 ± 4.25 8.71 ± 0.67 23.27 ± 0.81

ϕ2 34.24 ± 2.17 4.52 ± 0.28 36.61 ± 1.25

Gradient-Search ϕ1-feas 5.36 ± 0.03

ϕ1-opt 162.22 ± 1.37

ϕ2-feas 6.88 ± 0.13

ϕ2-opt 143.40 ± 3.56
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4.6.2 Motion Planning Practical Example

Experimentally, we determine the efficacy of our MILP approach for reactive

motion planning using a m3pi robot with a differential drive system dynamics. The

m3pi robot consists of a 3pi robot base connected to a m3pi expansion board that

allows us to communicate with the robot using XBee wireless communication module

to send control input signals from a workstation to the robot.

Figure 4.6: Experimental Setup for motion planning of m3pi robot.

The workspace environment for running the experiments is shown in Fig. 4.6.

We use an overhead webcam to obtain images of the environment, which are then

processed to determine the locations of the atomic propositions, represented by the

papers laid on the floor. The OptiTrack system is used to track the position of the

m3pi robot accurately. A video of three different experiments is uploaded at [164].

Here, we present a simulated version of one of the practical experiments in Fig. 4.7.
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(a) Known environment configu-
ration.

(b) New unsafe region appears.

(c) Due to limited computational
time a feasible trajectory is not
found yet.

(d) Still searching for a feasible
trajectory.

(e) A feasible trajectory is found
at the third time-step after the
new unsafe region appeared.

(f) Final path taken by the robot
to execute its task specifica-
tion.

Figure 4.7: Real-time path planning in a non-deterministic environment.
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The desired task specification is again a reach-avoid criteria

ϕ3 = (�¬pUnsafe1) ∧
(
�[17.5,20] pGoal

)
,

where Unsafe1 is a previously known unsafe region in the workspace of the robot

as shown in Fig. 4.7a. We assume that the workspace is changing dynamically

such that as the mobile robot is navigating through the workspace towards the

goal region, it might come across another unsafe region all of a sudden. With this

knowledge we encode our MILP motion planner with one safe propositions and

two unsafe propositions as detailed in Section 4.3. Since, we pass the (Ap, bp) pair

defining any atomic propositions as parameters to the MILP planner we do not need

to know the exact location of the Unsafe2 at the beginning of the motion planning

problem. When the system becomes aware of the new unsafe region it updates the

corresponding (Ap, bp) pair values and solves for a new feasible trajectory from its

current position using Algorithm 10. As shown in Fig. 4.7, a previously unknown

unsafe area pops up at 7.5 seconds and as can be seen from Fig. 4.7c - Fig. 4.7e the

robot finds a feasible trajectory in 3 time-steps, due to the reason that we limit the

duration of steps 3 to 8 of the Algorithm 10 to time-step of ∆t = 0.5 seconds.

4.6.3 Controller Synthesis Numerical Example

Here we present a numerical example for synthesizing controllers for linear/MLD

systems with dynamics of the form (2.34) to satisfy a desired MTL specification ϕ.

We first utilize the concepts detailed in Section 4.3 to find a feedback control law

to generate a feasible system trajectory satisfying ϕ. We use the discrete-time lin-

earized linear unicycle dynamics given by (4.29). Following the approach detailed

in Section 2.1.5, we propose a feedback control law of the form

Ud = KdXd + Vd, Kd ∈ R4×4, Vd ∈ R2, (4.31)

such that the closed-loop system dynamics is of the form

Ẋ = (Ad +BdKd)X +BdVd. (4.32)
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After solving the LMI given in (2.42), we found controller gain to be

Kd =


−1.25 0 −2.39 0

0 −1.25 0 −2.39




and the Control Autobisimulation Function (CAF) incorporating the property of

trajectory robustness to this discrete-time system to be

ψ(xk, x
′
k) = (xk − x′k)TPd(xk − x′k), (4.33)

with

Pd =




5.34 0 −2.78 0

0 5.34 0 −2.78

−2.78 0 4.66 0

0 −2.78 0 4.66



.

Fig. 4.8 presents the result of employing the concept of trajectory robustness

for controller synthesis to satisfy MTL specifications. We chose the specification ϕ2

for this case:

ϕ2 = (�¬pUnsafe) ∧ ♦[5.5,7.5]

(
�[0,1.5] pGoal

)
.

We used the proposed MILP approach to obtain the control input signals Vk for the

closed loop system (4.32) initialized from

x0 =
[
−8 1.5 0 0

]T
.

We chose the metric d in Definition 2.38 to be the euclidean norm as before. With

a desired robustness measure of 0.5, the nominal trajectory obtained is same as the

one we obtained in Section 4.6.1 for specification ϕ2. However, robustness measure

of the nominal trajectory when evaluated using the CAF (4.33) as the metric d, was

computed to be approximately 0.96. We then simulated the system (4.29) with the
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Figure 4.8: Application of controller synthesis for MTL specifications.
The nominal trajectory is obtained by solving the motion
planning problem for ϕ2. The other trajectory is obtained by
applying the control law corresponding to the nominal one.

control law (4.31) and the control input signal Vk from a different initial condition

x′0 =
[
−8.5 2 0 0

]T
.

As shown in Fig. 4.8 the resulting closed loop trajectory also satisfies the specifi-

cation ϕ2 with a smaller robustness degree. Similar to Chapter 3, if a controller is
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to be synthesized for a given compact set of initial conditions Init, then multiple

nominal trajectories initialized from different initial conditions and corresponding

control input signals have to be found, such that the union of the tubes around the

nominal trajectories completely contain the Init set.

4.7 Discussion

In this work, we consider the problem of optimizing the inputs to a linear/MLD

system such that it satisfies a desired MTL specification ϕ. We accomplish this by

finding the trajectory points that most violate the specification ϕ, constraining them

to satisfy the corresponding atomic proposition, and resolving the resulting MILP

optimization problem. Although this problem can be fully formalized as an MILP

optimization problem and solved directly, doing so introduces a number of binary

variables and constraints that are linear in the length of the trajectory and size

of the MTL specification. Our approach iteratively adds constraints, and require

solving smaller MILPs multiple times rather than solving once but can yield a low-

cost feasible solution much faster by considering the smaller MILPs, instead of one

large MILP.

We present the efficacy of our approach by finding feasible trajectories corre-

sponding to two different MTL specifications by solving the optimization problem

for a mobile robot in a few seconds. The numerical results show that this approach

can generate feasible trajectories by adding only a few of the binary variables and

constraints that would otherwise have been added. This motivates the current use

versus the full MILP which would have included hundreds of binary variables and

constraints. We also show the reactiveness of the proposed approach by implement-

ing the motion planner in real-time on a m3pi robot in a dynamically changing

environment.

We also present a gradient-search based optimization approach to handle sys-

tems with general nonlinear dynamics. This approach also finds the trajectory points

where the MTL specification is most violated and uses the gradient information at

that trajectory point to find a feasible system trajectory satisfying the specification

ϕ. The MILP method can not be used for such systems since the system dynamics
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can not be represented with linear and integer variables and constraints. On the

other hand, while the gradient-search based approach can also be used to solve the

motion planning problem for linear systems, using the MILP approach will find a

solution much faster as shown by the numerical results.

Furthermore, we also demonstrated a numerical simulation experiment where

using the concepts of trajectory robustness we synthesized a controller for satis-

faction of MTL specifications, based on nominal trajectories found employing the

MILP method. Similar to the MILP motion planner, this controller synthesis ap-

proach is applicable to any system with a linearly representable system dynamics

(e.g. nonlinear systems which are feedback linearizable or differentially flat).

Future work involves exploring heuristic approaches so as to use a linear com-

bination of the time-points at which the MTL specification is violated to add the

constraint, rather than just using the critical time-points. This might lead to solving

fewer iterations of the MILP problem resulting in a speed up of the solution time of

the motion planning problem.

One possible way to implement the MILP based motion planner for any general

nonlinear system is to linearize the system dynamics about a trajectory and then

use the MILP motion planner for the linearized system dynamics. This approach

will also need additional locality constraints to ensure that the system states do

not deviate largely from the trajectory around which the linearization is performed,

as then the linearized system dynamics will not be a proper representation of the

actual nonlinear dynamics. This work has also been left as a future extension.

Throughout this dissertation we only considered space-robustness semantics

where the robustness of a system trajectory to an MTL specification is defined in

terms of the state-space of the system. There is also a different semantics for evalu-

ating time-robustness [165] of a system trajectory which measures how robustly an

MTL specification is satisfied in terms of the timing values in the specification. An-

other extension of the proposed approach can be to incorporate the time-robustness

semantics along with the space-robustness semantics as well, while solving the mo-

tion planning problem.



CHAPTER 5

Task and Motion Planning for Manipulator Arms with

Metric Temporal Logic Specifications

We build on the concepts presented in the Chapter 4 regarding motion planning of

systems to satisfy desired Metric Temporal Logic (MTL) specifications, to present

an application of such motion planning techniques for a manipulator robot arm to

solve Task and Motion Planning (TMP) problems. In Section 5.1 we present related

research approaches to solve such Task and Motion Planning (TMP) problems for

manipulator arms and motivate our contribution to this field of work by addressing

the shortcomings in those other methods. In Section 5.2 we present important

definitions before we formalize the problem and present our proposed approach for

solving TMP problems in Section 5.3. In Section 5.4 we present some simulation

results showing efficacy of the proposed approach in solving the task at hand for two

MTL specifications. Finally in Section 5.5 we draw conclusions from our research.

5.1 Motivation and Related Research

Given a task specification in terms of moving manipulable objects in the

workspace of a manipulator arm, the Task and Motion Planning (TMP) problem for

the arm deals with finding the control input signals to generate a collision-free trajec-

tory of the arm in the obstacle filled workspace to complete the desired task. Motion

planning for manipulator arms has been well researched in the robotics community

[142], [22], [24], [29], [32], [166]. Solving the task planning problem to accomplish the

specification can be done independently of the motion planning problem [167], [168].

However, integration of TMP involves a hierarchical formulation of first proposing

a candidate sequence of tasks to satisfy the desired task specification, followed by

determining if a motion plan exists to achieve the candidate task sequence [169],

[170], [171], [172], [173], [174].

This chapter previously appeared as: S. Saha and A. A. Julius, “Task and Motion Planning
for Manipulator Arms with Metric Temporal Logic Specifications” in Robot. Autom. Lett., IEEE,
2017, pp. 379 – 386.

136
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As described in Section 1.2, temporal logics [53] allow us to express complex

task specifications, by requiring the systems to satisfy timing constraints for correct

behavior. The common controller synthesis approach to satisfy the linear variant

of temporal logics, namely Linear Temporal Logic (LTL) is to follow a hierarchi-

cal procedure of creating a finite abstraction of the dynamical system, followed by

synthesizing controllers using automata based techniques [64], [58]. This approach,

however, results in high computational complexity due to the quantization of the fi-

nite abstraction model. Moreover, the size of the automaton can also be exponential

in the length of the specification [68]. Since the state-space of the manipulator arm

is high dimensional, this abstraction-based method might become intractable for a

fine quantization method. Authors in [172] introduced a novel abstraction technique

to obtain a coarse representation of all possible motions of the manipulator arm in

its workspace to alleviate the state-space explosion problem. To our knowledge, this

is the only article using temporal logic specifications (LTL to be specific) to define

TMP problems for manipulator arms. We presented a more detailed description of

approaches to solve motion planning problems for general systems to satisfy tem-

poral logic specifications in Section 1.2. However, none of those methods have been

applied for manipulator arms with high dimensional state-space yet.

In this dissertation, we express the task specifications for manipulating objects

in the workspace of the robot arm using Metric Temporal Logic (MTL) formulae,

which extends LTL by augmenting the temporal operators (see Section 1.2) with a

time interval [117]. We propose a hierarchical control synthesis framework, where

at the top-level a Mixed-Integer Linear Programming (MILP) problem, based on

the concept presented in Section 4.3, is solved to find a candidate low-level MTL

task specification describing how the end-effector of the robot arm moves in the

workspace, based on a knowledge map of the workspace. At the lower level, we pro-

pose a method for computing descent (ascent) directions for minimizing (maximiz-

ing) a cost function, based on the concept presented in Section 4.4, while satisfying

the candidate task specification. This process of iteratively changing the motion

plan of the manipulator arm in each step of the optimization algorithm, produces a

optimal motion plan resulting in moving the arm through a feasible task sequence
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to satisfy the candidate task specification. If, however, the candidate specification is

not satisfiable then the knowledge map is modified based on the cause of unsatisfia-

bility of the specification and a new candidate specification is proposed. Thus, the

low-level gradient-search based motion planner guides the high-level MILP problem

to solve the task plan, similar to the approaches in [172], [173], [174]. The work

presented in [171] is similar to ours in the sense that the authors use a Satisfiabil-

ity Modulo Theory (SMT) solver at a high-level to search over a placement graph

to find a feasible path satisfying the task plan. At the low-level sampling-based

motion planning is employed to create the placement graph representing all possi-

ble motions of the manipulator arm between locations of interest in the workspace.

However, there is no feedback from the motion planning layer to the Satisfiability

Modulo Theory (SMT) solver to aid the search process unlike the proposed ap-

proach. Moreover the task specifications considered in that work do not include any

temporal operators or timing constraints.

5.2 Preliminaries

5.2.1 System Dynamics Modeling

Consider an open kinematic chain manipulator arm with N rigid links, inter-

connected by N actuated rigid revolute or prismatic joints. Note that, unlike the

manipulator arm with elastic joints considered in Chapter 3, in this chapter we con-

sider manipulator arms with rigid joints only. Extension of the approach presented

here for manipulator arms with elastic joints has been left as a future work. Let

N = {1, 2, · · · , N,T} denote the set of all the links, including the end-effector T.

We denote the joint angles by q(t) ∈ RN and the positions of the end-points of each

link by pi(q) ∈ R3 for i ∈ N , where pT(q) ∈ R3 denotes the end-effector position.

We assume that the initial joint angles q(0) = q0 are given. Let T denote the

finite trajectory duration, which is fixed. We consider the joint angle velocities q̇(t)

to be the control input signal u(t) to the manipulator arm system at time t. We

consider this control input signal to be piecewise linear with a time-step ∆tL such
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that,

u(t) = uk, k∆tL ≤ t ≤ (k + 1)∆tL, k ∈ {0, 1, · · · ,H}, T = H∆tL.

Let the control input signal applied to the entire arm till time-step k be denoted by

uk. For the ith link, denoted as li, we denote the continuous state trajectory (change

in link position with time) till time τ as ξu,i(τ, x0), where x0 is the link positions at

time t = 0 corresponding to the initial joint angles q0. We use qu(τ, q0) and ξu(τ, x0)

to denote the joint-angle trajectory and the entire trajectory of the arm till time τ ,

respectively. Fig. 5.1 shows the block diagram for the system dynamics evolution

of the manipulator arm under consideration.

q(t) =
∫
u(t)dt Forward Kinematics

u(t) = q̇(t) q(t) pi(q(t))

pi(q(t)) = F (q(t), u(t)) i ∈ N

Figure 5.1: Block diagram for system dynamics of the manipulator arm.

5.2.2 Workspace

We consider a workspace consisting of a set of obstacle locations Obs, a set of

manipulable objects Obj, and a set of object locations Loc where the objects can

be placed. We assume that each location can hold at most one object and the end-

effector can only grasp one object at a time. Let, λo(t) ∈ Loc denote the location of

object o at time t and λo,τ denote the location trajectory (change in location with

time) of the object o till time τ .

5.2.3 Task Specification

Task specifications considered in this chapter are manipulation of objects in

Obj between locations in Loc by the manipulator arm. We assume that motion

primitives for grasp and place already available. Let tplace and tgrasp denote the

maximum amount of time required to execute the motion primitives for place and

grasp respectively. An estimate for the values of tplace and tgrasp can be based on the

low-level implementation of the place and grasp primitives [175], [176]. Then the
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motion primitives performs the necessary actions if the following conditions hold:

• if the end-effector is holding an object at an unoccupied location, then it can

place the object at that location within tplace seconds;

• if the end-effector is not holding any object and is at a location containing an

object, then it can grasp that object within tgrasp seconds.

One example of a task specification that we consider is for the arm to place an

object o ∈ Obj at some location B ∈ Loc, which is currently unoccupied. To do so,

the arm needs to pick o from its current location (say, A ∈ Loc). In addition, the

arm also needs to avoid the obstacles Obs present in the workspace. In the following,

we assume tplace = tgrasp = 0.5 seconds. We express such task specifications for the

manipulator arm in terms of Metric Temporal Logic (MTL) formulae [117]. Recall

from Section 1.2, we consider the temporal operators eventually (♦[I]), always (�[I])

and until (U[I]), and logical operators, such as, conjunction (∧), disjunction (∨),

and negation (¬), that can be used to combine atomic propositions to form the MTL

formula. For this chapter, we consider atomic propositions in terms of the location of

the objects and the position of the end-effector. We associate a set O(π) ⊆ R3 with

an atomic proposition π, such that π is true at time t if and only if pT(q) ∈ O(π)

at time t.

In terms of an MTL formula expressing manipulation of objects, the task

specification example presented earlier, can be expressed as

ϕo = ♦[0,T ]

(
λo = B

)
, (5.1)

which reads “at some point in the time interval [0, T ], object o is in location B”. To

accomplish ϕo, we need to translate this high-level task specification to a motion

specification that describes the motion of the end-effector. In this case, the arm

needs to grasp the object from location A, stay there for tgrasp = 0.5 seconds to

grasp the object, and then within some time, say t1, move to location B and place

the object. Let πA and πB represent the 3D subsets corresponding to the locations

A and B respectively. This specification can be expressed using an MTL formula in
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terms of end-effector position as

ϕc = ♦[0,T ]

(
�[0,0.5](pT ∈ πA) ∧ ♦[0,t1]�[0,0.5](pT ∈ πB)

)
. (5.2)

5.3 Task and Motion Planning

In order to achieve the MTL task specification ϕo defined in terms of the

manipulable objects, we first find a candidate task specification ϕc defined explicitly

in terms of the end-effector location by solving a Mixed-Integer Linear Programming

(MILP) problem (high-level task planning). We then employ a gradient-descent

based search in the control input space to satisfy ϕc (low-level motion planning

problem). If ϕc is not satisfiable, we update the MILP problem to address the

reason of unsatisfiability of ϕc and generate a new candidate task specification ϕc.

5.3.1 Generate Candidate MTL Task Specification

At the high-level, we are interested in solving the problem:

Problem 5.1. Given a desired task specification expressed by an MTL formula

ϕo specifying manipulation of objects in Obj within the locations in Loc, find the

location trajectories of the objects (λo,T , ∀o ∈ Obj), such that ϕo is satisfied.

To solve this problem, we formulate an MILP problem describing the evolution

of positions of the objects as a discrete-time system, with a time-step ∆tH . We

consider that the manipulator arm moves over a location graph L = (Loc, E),

consisting of L + 1 nodes corresponding to the L object locations in Loc and the

initial location of the end-effector. Here we assume that the end-effector is not

initialized to be at any of the locations in Loc. We also assume that the graph L
is fully connected, and therefore has M , 2

(
L+1

2

)
directed edges in E. We use and

update a knowledge map of the workspace as we explore it. The knowledge map

captures the number of time steps ∆tH , needed for the end-effector to traverse the

edges of the graph. For an edge j ∈ E, we denote this quantity as δj.

We denote the presence of the end-effector at the node ` at time-index k

(corresponding to time t = k∆tH) by z`(k) ∈ {0, 1} taking the value 1 if the end-

effector is present at the node ` at time-index k, otherwise 0. Denoting the motion



142

of the end-effector through edge j at time-index k as vj(k) ∈ {0, 1} taking the value

1 if the end-effector moves along edge j at time-index k and 0 otherwise, we can

write

z0(k) = z0(k − 1) +
∑

j∈In(0)

vj(k − δj)−
∑

j∈Out(0)

vj(k),

...

zL(k) = zL(k − 1) +
∑

j∈In(L)

vj(k − δj)−
∑

j∈Out(L)

vj(k),

(5.3)

where, we respectively denote the set of all edges that enter and come out of node `

as In(`) and Out(`). Eq. (5.3) is initialized at k = 0 using the initial position of the

end-effector. The end-effector can only traverse edge j at time-index k if it starts

at the origin node of edge j, denoted as js. Therefore we have the constraint

∀j ∈ E, ∀k ≥ 0, vj(k) ≤ zjs(k). (5.4)

To ensure that there is sufficient time to execute the motion primitives (grasp or

place) we add the constraints for any edge j ∈ E,

vj(k) = 1 =⇒ ∀j, vj(k̄) = 0, k̄ ∈
[
k + 1, k + δj +

⌈
0.5

∆tH

⌉]
(5.5)

implying once the end-effector reaches a certain node via the edge j, it stays there

for atleast 0.5 seconds to execute the desired motion primitive.

The locations of the objects are given by the Boolean/binary variables Po,`(k),

where Po,`(k) = 1 = true if object o is at node ` at time-index k. Otherwise,

Po,`(k) = 0 = false. We also define the variables Vo,j(k) ∈ {0, 1}, where Vo,j(k)

is 1 if the object o is moved across edge j at time-index k. We then formulate the
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following constraints ∀` ∈ Loc, o ∈ Obj, k ≥ 0,

(Po,`(k) ∧ Po,`(k + 1))⇒
∧

j∈Out(`)

(Vo,j(k) < 1) ,

(Po,`(k) ∧ ¬Po,`(k + 1))⇒
∨

j∈Out(`)

(Vo,j(k) > 0) ,

(¬Po,`(k) ∧ Po,`(k + 1))⇒
∨

j∈In(`)

((Vo,j(k) > 0) ∧ Po,js(k − δj)) ,

(¬Po,`(k) ∧ ¬Po,`(k + 1))⇒
∧

j∈In(`)

(V`,j(k) < 1) .

(5.6)

The first constraint ensures that if an object o stays at a node ` for two consecutive

time indices (k and k + 1), then there should not be any movement of the object o

through any of the outgoing edges from node ` at time index k. On the other hand,

if an object o is moved from a node ` at any time index k, then it should happen

through at least one of the outgoing edges from node ` at that time index. This

is ensured by the second constraint above. The third constraint states that, if an

object o is move to a node ` at time index k+ 1, then the object o should be moved

through at least one of the incoming edges to node `. Also, the object o should

have been located at the origin node of that particular incoming edge prior to the

object’s movement through the edge. Finally the requirement that, if an object o

is not present at a node ` for two consecutive time indices, then the object o can

not be moved through any of the incoming edges of the node ` at time index k, is

represented by the fourth constraint.Since the end-effector can only grasp one object

at a time, we also add the constraint,

∀k ≥ 0, ∀j ∈ E, vj(k) ≥
∑

o∈Obj

Vo,j(k). (5.7)

Additionally, since each location can hold at most one object, we have

∀k ≥ 0, ∀` ∈ Loc,
∑

o∈Obj

Po,`(k) ≤ 1. (5.8)
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The location of an object o at time t ∈ [k∆tH , (k + 1)∆tH ] is given by:

λo(t) =





`, for Po,`(k) = 1,

0, for
∑

l

Po,l(k) = 0.

λo(t) = 0 implies that the object is grasped by the end-effector and is being moved

between locations. We also minimize the total number of times the objects are

manipulated by minimizing Σo,j,kVo,j(k) over the entire trajectory duration.

Finally we follow the approach detailed in Section 4.3 to generate additional

constraints such that the location trajectories of the objects λo,T satisfy the task

specification ϕo. If for satisfaction of ϕo, the object o is supposed to be at location

` at time-index k then we add constraint Po,`(k) = 1. Conversely, if object o should

not be at location ` then the constraint Po,`(k) = 0 is added. Solving the MILP

problem provides a candidate solution zc(k), 0 ≤ k∆tH ≤ T indicating the time

intervals during which the end-effector is at any particular object location to pick

or place the objects to satisfy ϕo. As before, we utilized YALMIP [162] to encode

the MILP problem and solved it with the GUROBI [163] solver in MATLAB. Using

this candidate solution we obtain a candidate motion specification ϕc defined in

terms of end-effector location of the form (5.2). Observing that the end-effector can

only sequentially visit the different object locations and is required to stay at that

location for at least 0.5 seconds so that either the grasp or place primitive can be

implemented, ϕc is of the form

ϕc = ♦[t1,t2]�[0,0.5](pT ∈ π1)︸ ︷︷ ︸
ϕc
1

∧ . . . ∧ ♦[t2n−1,t2n]�[0,0.5](pT ∈ πn)︸ ︷︷ ︸
ϕc
n

, (5.9)

where t1 ≤ t2 < · · · < t2n−1 ≤ t2n = T and πn is the predicate corresponding to the

n-th location (node) to be reached by the end-effector.

We employ Algorithm 12 (detailed later) to find the control signal uH to satisfy

ϕc. Since our knowledge map (i.e., the time-steps δj, j ∈ E) may not be accurate, ϕc

may not be implementable. As we solve for the sequential motion of the end-effector

from one node to another, if any ϕci , i = 1, 2, · · · , n becomes infeasible, we update
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Algorithm 11 High-level Task Planning

1: Input : ϕo, T , ∆tH , ∆tL.
2: Initialize joint-angle trajectory as end-effector moves along edge j, denoted by
Qj = [ ]; solved = False.

3: Formulate and solve an MILP problem representing ϕo to obtain candidate
specification ϕc.

4: while solved is False do
5: Initialize count = 0.
6: while MILP problem is feasible do
7: for ϕci : move along edge j̄ from node ī to ĩ do
8: Use Algorithm 12 to find control inputs uj̄ satisfying ϕci .
9: if ϕci is feasible then

10: Increment count by 1 and store uj̄.
11: else
12: break
13: end if
14: end for
15: if count == n: number of components in ϕc then
16: Solved = True. ( ϕo is feasible.)
17: Return uH by combining all the component control input signals uj̄.
18: else
19: for ϕci : move along edge j̄ from node ī to ĩ do
20: Use bisection search with Algorithm 12 to find the minimum time

Dmin to traverse edge j̄ and corresponding joint-angle trajectory Q∗j̄ .

21: if Qj̄ is empty or
⌈
Dmin

∆tH

⌉
≤ δj̄ then

22: Update map: δj̄ =
⌈
Dmin

∆tH

⌉
, Qj̄ = Q∗j̄ .

23: end if
24: end for
25: end if
26: Reset count = 0.
27: Update MILP problem of ϕo using new knowledge map and resolve the

new MILP problem.
28: end while
29: Update knowledge map: δj = max

(
1,
⌈
δj
2

⌉)
, Qj = [ ], ∀j ∈ E .

30: Update MILP problem of ϕo using new knowledge map and resolve the MILP
problem.

31: end while
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the knowledge map by correcting the value of δj following Algorithm 11 in steps 19

to 24 and an updated MILP problem is solved. The knowledge map for an edge j̄ is

updated only if the corresponding joint-angle trajectory Qj̄ has not been determined

yet or if a better trajectory (in terms of lesser time) is found for traversing the edge

j̄. If for the new motion specification ϕc, the end-effector is required to move along

an edge j̄ for which the value of joint-angle trajectory Qj̄ is already determined, then

we can use Algorithm 12 initialized with that joint-angle trajectory Qj̄ to aid the

local optimization process, thereby reducing time to find a trajectory satisfying ϕci .

Incorrect value of some δj might also lead to an infeasible MILP problem, implying

the timing constraints on the manipulation of the objects specified by the MTL task

specification can not be satisfied. In such scenarios, the knowledge map is updated

as in step 29 by halving all the δj, j ∈ E and resetting their joint-angle trajectory

to be empty. The MILP problem is updated accordingly and solved in step 30. This

results in producing a new candidate solution ϕc consisting of possibly new edges

to traverse to satisfy the given MTL task specification.

5.3.2 Handling Candidate MTL Task Specifications

In this section, we explore the low-level motion planning approach to move the

end-effector in order to satisfy the candidate MTL task specification obtained using

the high-level MILP problem. We apply the optimization technique presented in

Section 4.4, by formulating the following constrained optimization problem, based

on the assumptions made in Problem 5.2 :

Problem 5.2. Given a manipulator arm with dynamics as shown in Fig. 5.1, with

initial joint angles q0 ∈ RN , maximum and minimum joint limits (qmax, qmin ∈ RN),

a candidate task specification expressed by an MTL formula ϕc, a desired robustness

measure ρdϕc and and a performance objective J for a trajectory duration T , find

arg min
uH

J(ξu,i(T, x0),uH), i ∈ N

subject to





[[ϕc]](ξu,T(T, x0), 0) ≥ ρdϕc ,

no collision of arm with obstacles ∈ Obs.
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The objective of the proposed optimization problem is to generate control

inputs uH for the manipulator arm, that minimizes the chosen performance criteria

J , while satisfying the motion specification ϕc and ensures that the manipulator

arm avoids all obstacles in the workspace.

Following the concepts from the Section 4.4, the robustness degree for the

manipulator arm end-effector trajectory and the candidate MTL specification can

be expressed as

[[ϕc]](ξu,T(T, x0), 0) =





inf
z 6∈O(π̃)

∥∥pT(q(t̃T))− z
∥∥ , pT(q(t̃T)) ∈ O(π̃),

− inf
z∈O(π̃)

∥∥pT(q(t̃T))− z
∥∥ , pT(q(t̃T)) 6∈ O(π̃),

(5.10)

where, π̃ and t̃T are respectively the critical atomic proposition and time. Note

that, unlike the MTL specifications considered in Section 4.4 which can include

both safe and unsafe atomic propositions, the candidate MTL specification ϕc only

includes safe atomic propositions π, such that the end-effector of the manipulator

arm will visit the atomic proposition π some time for satisfaction of ϕc. Then for

satisfaction of specification ϕc, the end-effector at the critical time is required to be

inside the critical atomic proposition
(
pT(q(t̃T)) ∈ O(π̃)

)
. If this holds then, the

robustness degree is defined by how much the end-effector position can be changed

without going outside of the critical proposition. If, on the other hand, the end-

effector is outside of the critical proposition at critical time
(
pT(q(t̃T)) 6∈ O(π̃)

)
,

then the robustness degree is defined by how much the end-effector position needs

to be changed to enter the proposition. Indeed for this case, the robustness will be

negative since the specification is not satisfied. Note that by definition of the state

trajectories, the system state at time t for the end-effector trajectory ξu,T(T, x0) is

pT(q(t)).

In order to satisfy the MTL specification ϕc, we define the following constraint

function

∥∥z(t̃T,u
H)− pT(q(t̃T))

∥∥ sign

(
[[ϕc]](ξu,T(T, x0), 0)

)

︸ ︷︷ ︸
GT(uH)

≥ ρdϕ, (5.11)
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where, z(t̃T,u
H) denotes the critical point (closest point on the critical proposition

from the system trajectory) on the critical proposition and is computed as

z(t̃T,u
H) =





arg min
z 6∈O(π̃)

∥∥pT(q(t̃T))− z
∥∥ , pT(q(t̃T)) ∈ O(π̃),

arg min
z∈O(π̃)

∥∥pT(q(t̃T))− z
∥∥ , pT(q(t̃T)) 6∈ O(π̃).

(5.12)

5.3.3 Generating Collision-free Trajectory

The second constraint in Problem 5.2 ensuring collision-free trajectory of the

manipulator arm has to take into account all the link positions of the arm, not just

the end-effector position. Similar to the robustness degree defined in (5.10), we use

a safety radius to measure how safe the manipulator arm trajectory is with respect

to the obstacles obsk ∈ Obs, in the workspace as illustrated in Fig. 5.2 for a time

t. The safety radius for any obs ∈ Obs and any link l is defined as:

%̄s(obs, l(t)) =





min
z∈obs,y∈l(t)

‖y − z‖ , obs ∩ l(t) = ∅,

−
(

min ‖d‖ : obs ∩ (l(t) + d) = ∅
)
, otherwise,

where, l(t) denotes the space occupied by link l at time t. Note that %̄s(obs, l(t)) is

the separation distance for no collision between the obstacle-link pair, and penetra-

tion depth between the pair otherwise. In Fig. 5.2, both the lthj and lthj+1 links of the

manipulator arm has negative safety radii as the links collide with obsk, whereas,

the lthj+2 link has a positive safety radius with respect to obsk+1. The overall safety

radius of the manipulator arm trajectory for this time t is then defined in terms

of the lthj link (critical link) and obsk (critical obstacle) as the ball formed by this

link-obstacle pair is the largest and the lthj link has to be moved by atleast the size

of the corresponding ball in order to try to ensure the arm does not collide with

any obstacle. The safety radius %s(ξu(T, x0)) for the entire trajectory is then the

minimum of all such radii over the entire time:

%s(ξu(T, x0)) = min
0≤t≤T

(
min
obs, l

%̄s
(
obs, l(t)

))
. (5.13)
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For satisfaction of the second constraint we desire

%s(ξu(T, x0)) ≥ 0. (5.14)

Let us denote the critical time, the obstacle, and the link that minimize (5.13) as t̃s,

˜obs, and l̃, respectively. The critical points on the critical obstacle and the critical

link denoted as zc(t̃s,u
H) ∈ ˜obs and yc(t̃s,u

H) ∈ l̃(t̃s) are such that the following

holds:

%s(ξu(T, x0)) =




−
∥∥yc(t̃s,uH)− zc(t̃s,uH)

∥∥ , ˜obs ∩ l̃(t̃s) 6= ∅,
∥∥yc(t̃s,uH)− zc(t̃s,uH)

∥∥ , ˜obs ∩ l̃(t̃s) = ∅.
(5.15)

Then we can re-write the second constraint function in a form similar to (5.11) as

∥∥yc(t̃s,uH)− zc(t̃s,uH)
∥∥ sign

(
%s(ξu(T, x0))

)

︸ ︷︷ ︸
Gs(uH)

≥ 0. (5.16)

We use the Minkowski formulation, which is also used in the Gilbert-Johnson-Keerti

(GJK) algorithm [177] in order to find the critical point corresponding to the critical

obstacle-link pair. As a result, we only consider convex shapes for the manipulator

arm links and obstacles. Other specialized collision checker algorithms, such as

Flexible Collision Library (FCL) [178], providing separation distances between non-

overlapping objects and penetration depths between overlapping objects can also be

used to determine the critical points.

5.3.4 Satisfying Joint Limits

We express the requirement of keeping the joint angles within specified limits

by formulating another MTL formula

ϕlimit = �[0,T ]πlimit, (5.17)
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pj−1(q)

pj(q)

pj+1(q)

˜obs
i
= obsk

x

y

obsk+1

pj+2(q)

zc(t̃s,u)

yc(t̃s,u)

l̃i = lj

Figure 5.2: Illustration of safety radius for collision with obstacles at t =
t̃l.

where, the predicate πlimit is defined as

πlimit : Aq ≤ b, A =


 IN

−IN


 , b =


 qmax

−qmin


 . (5.18)

IN is the identity matrix of order N . Unlike the previous MTL formulae, this

formula is to be evaluated with respect to the joint angle trajectory defined by

qu(T, q0) since we want to ensure that the joint angles are within the joint angle

limits defined by qmax, qmin ∈ RN for the entire trajectory duration T . Following,

the method described in Section 4.4, another constraint function Gq(u
H) ≥ 0 can

be added to the optimization algorithm to satisfy the formula ϕlimit.

5.3.5 Optimization Problem Formulation for Low-level Motion Planning

We consider optimizing the performance metric J , so that the resulting se-

quence of control input signals should also satisfy J(uH,i+1) ≤ J(uH,i), where the

control input signals for the ith iteration of Algorithm 12 is denoted by uH,i. Thus,

we have a constrained optimization problem in hand, similar to the problem in

Section 4.4, which can be solved by any optimization algorithm capable of solving

constrained optimization problems with (non)linear objective and constraint func-

tions. As done in Section 4.4, we utilize the interior-point algorithm [159] to solve

this optimization problem as detailed in Algorithm 12.

Similar to the optimization process in Section 4.4, the Algorithm 12 also uti-
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Algorithm 12 Low-level Motion Planning

1: Input : ϕc, T , q0
u(T, q0).

2: Initialize counter i = 0.
3: if q0

u(T, q0) is not provided then
4: Generate an initial joint angle trajectory qiu(T, q0).
5: end if
6: Compute the link position trajectory ξiu(T, x0).
7: Determine robustness, critical times t̃ij, critical atomic propositions and con-

straint functions Gj(u
H,i) corresponding to t̃ij for j = T, q.

8: Determine the critical obstacle ˜obs
i
, the corresponding critical time t̃is and the

second constraint Gs(u
H,i).

9: while min
(
Gj(u

H,i)
)
, j = {T, s, q}) < 0 do

10: Compute objective function gradient dJ(u)
du

∣∣∣
u=uH,i

.

11: Compute constraint function gradients
dGj(u)

du

∣∣∣
u=uH,i

, j = {T, s, q}, corre-

sponding to the critical times.
12: Employ a gradient descent (non)linear constrained optimization algorithm

to generate next iteration’s input uH,i+1. Here, we have used the interior-point
method.

13: Generate next iteration’s joint angle trajectory qi+1
u (T, q0) and then the link

position trajectory ξi+1
u (T, x0).

14: Rerun Steps 7 and 8.
15: if min

(
Gj(u

H,i)
)

does not improve anymore then
16: Report task specification can not be satisfied and finish execution of the

algorithm.
17: end if
18: Increase counter : i = i+ 1.
19: end while
20: Report specification is satisfied; return uH,i, ξiu(T, x0), qiu(T, q0).

lizes the functional derivative of the constraint functions Gj(u
H,i), in the control

input signal space to compute an ascent direction for increasing Gj(u
H,i) leading to

a feasible trajectory of the system. Gradient of the first constraint function can be

evaluated as

dGT(uH)

du
=
∂GT

∂x

∣∣∣∣
pT(q(t̃))

ST(t̃), (5.19)

where, ST(·) is the sensitivity function of the end-effector trajectory ξu,T(T, x0) with

respect to the control input signal u(·) defined by the solution of the sensitivity
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equation [108] as

ṠT(t) =
∂F

∂x

∣∣∣∣
(t,pT(q(t)),u)

ST(t) +
∂F

∂u

∣∣∣∣
(t,pT(q(t)),u)

, ST(0) = 0. (5.20)

Gradients for the other two constraint functions can be evaluated similarly as

dGs(u
H)

du
=
∂Gs

∂x

∣∣∣∣
pl̃(q(t̃l))

Ss(t̃l),

dGq(u
H)

du
=
∂Gq

∂x

∣∣∣∣
q(t̃q)

Sq(t̃q),

(5.21)

with

Ṡs(t) =
∂F

∂x

∣∣∣∣
(t,pl̃(q(t)),u)

Ss(t) +
∂F

∂u

∣∣∣∣
(t,pl̃(q(t)),u)

, Ss(0) = 0.

Ṡq(t) =
∂Fq
∂x

∣∣∣∣
(t,q(t),u)

Sq(t) +
∂Fq
∂u

∣∣∣∣
(t,q(t),u)

, Sq(0) = 0, Fq(q, u) =

∫
udt.

(5.22)

Note that the gradient of the constraint functions Gj, j = T, s, q are evaluated with

respect to position trajectory of the end-effector, position trajectory of the critical

link and joint angle trajectory at any iteration of the Algorithm 12, respectively.

While any differentiable function can be chosen as the performance objective J , in

order to minimize the overall control effort we minimize

J(uH) =
1

2

H∑

k=1

uTk uk. (5.23)

5.3.6 Completeness

At low-level the gradient-descent algorithm searches in the neighborhood of

the initial trajectory to find a feasible trajectory that satisfies the candidate MTL

task specification. One disadvantage is that the search process might get trapped

at a local minima in the neighborhood of the initial trajectory. To circumvent this

problem, we therefore propose to execute the search process from different initial

trajectories to broaden the search space of the optimization. Since the state-space

is compact, the probability of failure to find a feasible trajectory at the low-level,
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approaches zero with time as more and more different new trajectories are explored.

At the top-level, the MILP framework takes into account all possible arrangements

of the objects as well as time required for the arm to move an object from one

location to another. Therefore, if a feasible trajectory exists satisfying the MTL

task specification ϕo, the MILP framework will find it since it considers all possi-

ble ways of manipulating the objects infinitely often. Consequently the gradient-

descent optimizer also searches for the low-level implementations of all such ways

of manipulating objects infinitely often. Therefore, the proposed hierarchical struc-

ture, combining the MILP framework and gradient-descent optimization algorithm,

is probabilistically complete.

5.4 Examples

The task and motion planning framework for manipulator robot arms, pre-

sented in this dissertation is currently entirely implemented in MATLAB. We con-

sider an object manipulation MTL task specification for motion planning of a 7-DOF

dual arm industrial robot, Baxter [179], [180]. The task specification is, however,

only defined in terms of the left arm of the Baxter. Fig. 5.3 shows the workspace

environment of the Baxter, involving 5 tables (object locations) of different heights,

where 3 different objects can be placed. The tables act as obstacles since the arm

can not pass through the tables and should avoid them. We consider two MTL task

specifications:

ϕ1
o = ♦[0,9](λob = D) ∧ ♦[0,9](λor = E),

ϕ2
o = ♦[0,9](λob = D) ∧ ♦[0,9](λor = E) ∧ ¬(λob = D)U(λor = E),

where or, og, ob is used to denote the objects colored red, green and blue respectively

and the five tables are labeled A,B,C,D and E. The first specification ϕ1
o states that

within 9 seconds the manipulator arm must eventually place the objects ob and or

on the tables D and E respectively. ϕ2
o extends this specification by also requiring

that ob can not be placed on table D before object or is placed on table E. The

total trajectory duration for both cases was chosen to be 9 seconds, since that is the

minimum time required to evaluate satisfaction of the specifications.
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(a) Initial configuration. (b) Arm moves og first.

(c) ob is moved next. (d) Finally arm moves or.

Figure 5.3: Motion planning for specification ϕ1
o.

We present the results of the task and motion planning problem for ϕ1
o and

ϕ2
o in Fig. 5.3 and Fig. 5.4 respectively. We have also uploaded a video of the

experiments at [181], showing different viewing angles of the environment. Observe

that for satisfaction of ϕ1
o, to place ob on table D, the object og needs to be moved

from D to vacant D. Once the end-effector picks up og there is a choice of placing

it either on the table B or E as the other ones are occupied. However, since ϕo

requires moving or to E, the MILP problem from Section 5.3.1 correctly chooses

table B to place og. As otherwise, the end-effector would have to move or from E
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(a) Initial configuration. (b) Arm moves or first.

(c) og is moved next. (d) Finally arm moves ob.

Figure 5.4: Motion planning for specification ϕ2
o.

to make space for placing or increasing the number of times the objects are moved

around. Thus, the MILP problem is also capable of finding a sequence of movements

that do not require backtracking in terms of placing objects at locations. In this

case the algorithm automatically moves ob before moving or to satisfy ϕ1
o. On the

other hand, the MILP algorithm chooses the correct sequence of moving or to E, og

to C and ob to D, as shown in Fig. 5.4 to satisfy ϕ2
o. Clearly, these sequences of end-

effector motion are not explicitly stated in the task specifications but the hierarchical

framework combining the MILP problem with the gradient-descent optimization
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algorithm automatically selects the sequence. The work presented in [172] is closely

related, in the sense that the method presented also handles such task specifications

with temporal constraints, which the other TMP methods can not handle. However,

unlike [172] our proposed method can produce optimal motion plan to complete

the desired task. Moreover, [172] does not handle specific timing restrictions on

manipulating objects, which our algorithm does take into account as can be seen

from both Fig. 5.3 and Fig. 5.4, presenting that indeed the objects ob and or are

moved respectively to the tables D and E within 9 seconds, satisfying the MTL

specifications.

Table 5.1: Time taken to solve the motion planning problem.

MTL spec Time (s) (min, 25%, median, 75%, max)

ϕ1
o 23.93 56.32 68.75 86.62 507.92

ϕ2
o 71.45 138.70 167.23 188.79 325.24

Table 5.1 presents the time required for solving the task and motion planning

problem for 50 independent runs with randomly generated initial configuration for

the arm, in a 64-bit Linux machine with Intel Core i7 3.4-GHz CPU and 16GB

RAM. For each initial configuration of the arm, we executed the proposed motion

planning algorithm for different random initial trajectories until a trajectory satis-

fying the specification was found, to broaden the search space of the optimization

algorithm. In all of those 50 trials the algorithm successfully found trajectories for

the manipulator arm to satisfy the specification. The results showcase, that even

though the low-level optimization algorithm searches locally to the initial trajectory

of the arm, executing the search process in neighborhood of different initial trajec-

tories embeds the property of probabilistical completeness in the motion planner by

broadening the search space of the low-level optimization algorithm.

5.5 Discussion

This chapter serves as an application of the approaches proposed in Chapter

4, for motion planning of (non)linear systems to satisfy desired task specifications

given in terms of MTL formulae. We have combined those concepts to generate
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control input signals for a manipulator robot arm so that the closed loop execution

trajectory of the arm satisfies a desired object manipulation task specification. Our

approach is based on utilizing MILP to determine the sequence of movements for

the end-effector, followed by computing descent (ascent) vectors using the functional

gradient of the objective and the constraint functions for minimization (maximiza-

tion) of the objective value, utilizing the method of calculus of variations. We utilize

the optimization framework to determine trajectories and their durations between

different object locations and update the MILP problem accordingly to aid determin-

ing the sequence of movements. Even though the gradient method only guarantees

locally optimal solutions based on the initial trajectory of the manipulator arm,

executing the method from different initial seeds broadens the search space of the

optimization algorithm thereby also making the method probabilistically complete.

In addition to solving the TMP problem by following the hierarchical method, we

also can update the information about the workspace of the manipulator arm. On

the other hand, the MILP problem is limited to the specific workspace domain con-

sidered in this paper. This is similar to the concept of plan outline in [171] that

helps the SMT solver to ignore implausible actions (such as trying to place an object

before picking it up). One might need to add more constraints or relax some, in

order to completely represent a different workspace.



CHAPTER 6

Motion Planning for Multi-Agent Systems with Metric

Temporal Logic Specifications

We extend the ideas presented in Chapter 4 for single-agent systems to a group of

agents in this chapter. The fundamental idea presented here is to formulate reactive

motion planners for multi-agent systems such that a group task specification defined

in terms of Metric Temporal Logic (MTL) formulae can be realized. In addition,

trajectory of each agent in the group is also required to satisfy a local MTL specifi-

cation, while optimizing a desired performance criterion. In Section 6.1 we present

research methods for solving the motion planning problem for multi-agent systems

to satisfy temporal specifications. We also motivate our contribution to this field

of research by addressing the shortcomings of those methods. Section 6.2 presents

important definitions and concepts for multi-agent systems. We formally define the

motion planning problem for multi-agent systems in Section 6.3 and present the

solution in Section 6.4. Similar to the single-agent system, we extend the motion

planning framework to account for non-deterministic environment by introducing a

receding horizon planner for multi-agent systems in Section 6.5. Section 6.6 details

the collision avoidance methodology required to ensure safety of each individual

agent operating in the group. The efficacy of our approaches is detailed in Section

6.7, by simulating scenarios involving multiple mobile robots for planning paths in

a dynamically changing environment with desired task specifications in VREP[106].

Finally in Section 6.8 we draw conclusions from our research and present future

research directions.

6.1 Motivation and Related Research

In recent years, a lot of attention has been given to temporal logic constraints,

which have been used extensively for expressing reach-avoid specifications, safety

This chapter has been submitted to: S. Saha and A. A. Julius, “Motion Planning for Multi-
Agent Systems with Metric Temporal Logic Specifications” in Int. J. of Robotic Res..
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requirements, coverage and sequencing of tasks to be performed [182]. These allow

the designer to specify time-dependent constraints. Complex system behaviors and

timing requirements, such as the output trajectory of a system (agent) must pass

through a number of way-points within a certain time frame before terminating

in the goal set, can be expressed by such temporal logic specifications. We have

already explored approaches for motion planning of single-agent systems with such

specifications in Chapter 4. With multi-agent systems such requirements can be

further extended to scenarios, where, for example, different waypoints have to be

visited by different agents simultaneously to achieve a certain task. Using temporal

logics allows much greater expressivity in defining desired system behaviors than

their non-temporal counterparts, but at the cost of additional difficulty in satisfying

the constraints.

To achieve such task specifications for a group of agents, co-operation between

all the participating agents is required and the authors in [183] achieve this require-

ment by ensuring each agent in the multi-agent system only moves synchronously.

This process, however, introduce delays because of synchronization as until all the

agents has completed their movement at some instant, none of the agents can move

again. The authors in [184] model a group transition system to capture the asyn-

chronous motion of the team, based on forming individual transition systems for each

agent in the group and then use the automata-based approach to find a group trajec-

tory satisfying the LTL specification. A performance criterion defined as minimizing

the completion time of the task at hand is also considered in this work. The authors

in [185] introduce a sampling-based probabilistically complete and asymptotically

optimal algorithm for finding a group plan to satisfy global LTL task specifications

by a group of agents. To circumvent the computational complexity of building a

synchronous product automata for the group, the authors approximate the product

automata by incrementally building a tree, which also leads to improving the scala-

bility of the algorithm. In [82] control inputs for each agent in a group are obtained to

satisfy a group task specification given in terms of Computational Tree Logic (CTL).

The authors in [186], [96] use MTL and LTL specifications, respectively, to solve

multiple vehicle routing problems by casting the controller synthesis process as a big
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MILP problem. The authors in [187] and [188] follows the automata-based approach

for generating motion plans satisfying Metric Interval Temporal Logic(MITL). The

methods presented in these papers involve constructing local Büchi weighted tran-

sition system (BWTS) by combining the individual transition systems, capturing

system dynamics of each agent and timed Büchi automata (TBA), representing the

local MITL specifications. A global BWTS is then formed by taking the product

of the local BWTS and a TBA representing the global MITL specification. Finally

solution of the motion planning problem is to find an accepting timed run for the

global BWTS. Most of these works can be classified as top-down approach where a

global task specification is provided for the multi-agent system, along with local task

specifications for each agent and motion plans for each agent have to be computed

in order to satisfy the global specification, as well as, all the local specifications. On

the other hand, in bottom-up approaches ([189], [190], [191]) no global task speci-

fication is provided. Instead, each agent in the multi-agent system is assigned its

local LTL task specification, some of which can be dependent in the sense that one

agent might require collaboration from other agents to satisfy its own local task.

Most of these methods, however, are based on either automata based approaches or

solving MILP problems, both of which suffer from high computational complexity.

We again consider MTL specifications, which augment the temporal operators

with a metric interval or time bounds over which the operator is required to hold

([97], [118], [117]) to specify desired tasks for the multi-agent systems.We consider

the task of determining control input signals for a multi-agent system so that the

output trajectories of the agents satisfy a given MTL specification for that group

of agents. In Section 4.3, we have already demonstrated a lazy encoding scheme for

solving MILP problems by dynamically identifying the critical time-points over the

simulation horizon, where the system trajectory violates the given MTL specification

most. We resolve the problem till the system trajectory satisfies the specification

by introducing boolean variables and constraints only for those critical time-points

iteratively. This leads to a much smaller MILP problem to be solved leading to a

significant reduction in the time required to generate the input signal. This proce-

dure is applicable to agents for which the system dynamics is linear or belongs to
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the class of Mixed Logical Dynamical (MLD), differentially flat or feedback lineariz-

able systems such that the underlying dynamics has a linear representation (with an

appropriate feedback control law). In this chapter, we extend this motion planning

approach from a single-agent system to a multi-agent system such that some desired

task specification can be achieved by the group of agents comprising the multi-agent

system. We consider two types of MTL specifications for a multi-agent system. One

where the agents required for satisfaction of the specification are explicitly assigned

and the other one, where no such assignment is provided. For the specification of

the second type, we solve an assignment problem to identify the agents that have to

be assigned to satisfy the specification prior to solving the motion planning process.

The motion planning process, presented in this work, is semi-decentralized allowing

each agent to synthesize its own motion plan locally in parallel with the others.

Synchronization between the agents is still required and is handled by a central hub

that identifies the critical time-points for satisfaction of the global group task spec-

ification and exchanges that information to all the agents in the system to aid in

their motion planning process.

6.2 Preliminaries

6.2.1 System Dynamics

Consider a group of L(≥ 2) (possibly nonlinear) continuous-time dynamical

systems (agents), each with states x` ∈ X ⊆ Rn,

Σ` : ẋ` = F `(x`, u`), ` ∈ L = {1, 2, · · · , L}, (6.1)

where the flow F ` is locally Lipschitz in the state x` and continuous in the control

input signals u` ∈ L2[0, T ] which take values in bounded subsets U ⊆ Rm. We

assume that for a suitably chosen discretization step-size ∆t, the control input signal

is a step-wise function of time of the form u`(t) = u`k for k∆t ≤ t < (k+1)∆t. Then

the `-th continuous-time system has a corresponding discrete-time formulation Σ`
d
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of the following form:

x`k+1 = F `d(x`k, u`k), (6.2)

where, x`k and u`k are the continuous state and control input signals at the time

index k ∈ Z≥0 respectively. Note that, the system dynamics in (6.2) is same as the

one considered in Section 4.3. Naturally, we also consider mixed-logical dynamical

(MLD) systems [92], which also have the discrete-time system dynamics as (6.2),

but with continuous and binary/logical states and control inputs as

x` =


x

`
c

x`l


 ∈ X ⊆ Rnc × {0, 1}nl , n = nc + nl,

u` =


u

`
c

u`l


 ∈ U ⊆ Rmc × {0, 1}ml , m = mc +ml.

(6.3)

Linear hybrid systems, constrained or unconstrained linear systems and piece-wise

affine systems belong to the class of MLD systems and the approaches presented in

this paper are applicable to all such systems as well.

We denote the initial state of the `-th agent initiated at k = 0, by x`(0) ∈ X .

The total trajectory duration length T is assumed to be fixed for the entire group

of agents. The corresponding number of steps, denoted by H (T = H∆t) is also

fixed naturally. We denote the system trajectory of the `-th agent at any time

index k with initial states x`0 = x`(0) under the control input u`,k = {u`1, u`2, · · · , u`k}
starting from a given initial condition x`0, by x`(u`,k, x`0) = {x`0, x`1, · · · , x`k}. Let us

also denote the system states at time index k corresponding to the system trajectory

x`(u`,k, x`0) by x`k(u
`,k, x`0). Let Ξ(uk,Ξ0) denote the joint system trajectory at the

time index k, obtained by combining the individual agent trajectories of all the L



163

agents forming the group as

Ξ(uk,Ξ0) =




x1
0 x1

1 · · · x1
k

x2
0 x2

1 · · · x2
k

...
...

. . .
...

xL0 xL1 · · · xLk




T

. (6.4)

Ξ0 represents the combination of all the individual initial states. For the subsequent

analysis we keep the initial state Ξ0 of the group of agents unchanged. In the follow-

ing we will use the notation x(uk, x0) to denote any system trajectory. Whether it

will represent the `-th agent trajectory or the entire system trajectory for the group

of L agents will be clear from the context.

6.2.2 Metric Temporal Logic Specifications and Robustness

Recall from Section 1.2 that we use the temporal operators eventually (♦I),

always (�I) and until (UI), and the logical operators conjunction (∧), disjunction

(∨), and negation (¬) to combine the atomic propositions p ∈ AP to form an MTL

formula. AP is the set of all disjoint atomic propositions of the system. As before,

we only consider MTL formulas in the positive normal form, such that all negations

only appear in front of the atomic propositions. The atomic propositions are defined

by means of an observation map O : AP → 2X , mapping each atomic proposition

p ∈ AP into a subset of the state-space of the system, O(p) ⊆ X . We assume that

the set O(p) associated with each predicate p is polyhedral, defined by fp faces.

Using MTL formulae one can easily express a desired system behavior for

the `-th agent that “the system trajectory should never be inside some atomic

proposition pj from time t1 to t2” as �[t1,t2]¬π`j, where π`j := Ajx
` ≤ bj represents

the specification that agent ` is within the observation map of the proposition pj,

O(pj) = {x|Ajx ≤ bj, Aj ∈ Rfj×n, bj ∈ Rfj}. MTL formulae can also be used to

specify tasks of certain kinds, for example surveillance, that can be more efficiently

performed by a group of agents rather than a single agent. For example, a high-

level task objective such as “eventually within the time-interval [t1, t2] agents 1 and

2, should be respectively inside atomic propositions p1 and p2 at the same time”
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can be specified using the MTL specification ♦[t1,t2]

(
π1

1 ∧ π2
2

)
. We will denote the

MTL specifications of the first kind as local MTL specifications corresponding to

the individual agents. Whereas, the specifications of the later kind will be denoted

as group MTL specifications, as coordination or cooperation between L ≥ 2 agents

is required to satisfy those specifications.

Definition 6.1. We define the joint system trajectory of the group of agents to be

an (in)feasible trajectory if it (does not) satisfies the given group MTL specification.

6.3 Problem Definition

We consider the following motion planning problem for satisfaction of a given

group MTL specification for a group of agents, as well as, given local MTL specifi-

cations for each individual agents in the group:

Problem 6.2. Given a multi-agent system comprising L dynamical systems, each

of the form (6.2), indexed by ` ∈ L = {1, 2, · · · , L}, with their corresponding initial

state x`0 ∈ X , finite trajectory duration length H, correct system behavior for each

agent defined in terms of a local MTL specification ϕ`L, correct group behavior defined

in terms of a group MTL specification ϕG, a desired robustness measure ρdϕ > 0 and

a performance objective J ` for the `th agent, find

arg min
u`,H

J `
(
x`(u`,H, x`0),u`,H

)
,

subject to [[ϕlL]]D
(
x`(u`,H, x`0), 0

)
≥ ρdϕ,





for each individual agent,

subject to [[ϕG]]D
(
Ξ(uH,Ξ0), 0

)
≥ ρdϕ,

}
for the group.

We explore group MTL specifications of two types: first one where agents

involved in satisfaction of the group MTL specification are explicitly assigned and

the second one where agents have to be assigned to satisfy the specification. For

example, consider the scenario involving a group of 3 agents and two group MTL
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specifications:

ϕG1 = ♦I
(
π1

1 ∧ π2
2

)
,

ϕG2 = ♦I
(
π1 ∧ π2

)
,

where, we use the notation πj to represent the proposition that at least one agent

is inside the observation map of the proposition pj. The specification ϕG1 states

that within the interval I agents 1 and 2 should be inside the observation maps of

propositions p1 and p2, respectively, at the same time. On the other hand, at least

one agent needs to be inside p1 and p2 at the same time in order to satisfy ϕG2 .

Clearly, for ϕG1 it is explicitly stated that cooperation between agents 1 and 2 is

required. Since O(p1) ∩ O(p2) = ∅, for ϕG2 any combination of 2 agents among the

3 agent group can satisfy ϕG2 . The authors in [185] deal with group LTL specifica-

tions of the first type, whereas, [192] consider LTL specifications of the second type.

MTL variants of the specifications of first type are considered in [187] and [188]. In

addition to satisfying a group MTL specification, we also consider that each agent `

may have its own local MTL specification ϕ`L to satisfy. These local-MTL specifica-

tions ϕ`L for each individual robots, such as safety/reachability requirements, can be

the same or different depending on the local tasks that each agent needs to satisfy.

The core idea presented in this chapter, to synthesize such motion planners for the

group of agents so that they can satisfy a group MTL specification of Type I, is to

decentralize the computation of finding the individual control input signals, so that

each agent can solve the motion planning problem on its own in parallel. However,

we do require a central hub in order to maintain synchronization between all the

agents, since cooperation between multiple agents is required to satisfy the group

MTL specification. For the group MTL specifications of Type II, we first solve an

assignment problem of finding out an explicit combination of agent-atomic proposi-

tion pair to convert the Type II specification into an equivalent Type I specification.

Then the individual control input signals for each agent is computed again follow-

ing the semi-decentralized approach. In this work, for group MTL specifications of

Type II, we consider 3 special templates, which have most applications in real-world
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scenarios:

• Reachability: ♦I1�I2

(∧M
j=1 πj

)
,

• Reach-avoidance:

(∧M
j=1 ¬πj

)
UI1�I2

(∧M
j=1 πj

)
,

• Sequencing: ϕG = ♦I1

(
πi ∧ ♦I2

(
πj ∧

(
· · ·
(
πk ∧ ♦IMπm

))))
,

For example, consider a surveillance scenario where 4 different regions (atomic

propositions) have to be inspected with a group of 3 mobile robots, with the re-

quirements: ”inspect regions p1 and p2 at the same time within the time interval

I1, also inspect regions p3 and p4 by entering those regions exactly at the same time

within the time interval I2 and inspect the region p3 after the region p1 has been

inspected”. Using the 3 templates of Type II MTL specifications, the group task

specification can be formally written as

ϕG = ♦I1
(
π1 ∧ π2

)∧(
¬π3 ∧ ¬π4

)
UI2
(
π3 ∧ π4

)∧
♦
(
π1 ∧ ♦π3

)
.

6.4 Multi-Agent Motion Planning

In order to solve the Problem 6.2 we build up on our earlier work, presented

in Section 4.3, detailing the motion planning approach for a single agent to satisfy

a given MTL specification (local specification in the context of this paper). We use

the basis of Algorithm 5 to solve the problem of finding feasible trajectories for a

group of agents satisfying a group MTL specification. We consider a group of L

agents, each indexed with L = {1, 2, · · · , L} and with system dynamics as in (6.1).

One can model all the agents of the group under consideration as a single agent

and solve the motion planning problem for that single agent following Algorithm

5. This centralized motion planning process, while it can be implemented for a

small number of agents, becomes exponentially expensive to solve as the number

of agents increases. This increase in computation is because the number of control

input signal variables and state variables to be solved increases linearly with the

number of agents required to satisfy the group MTL specification. Instead in this
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work, we present a semi-decentralized motion planning process, where each agent

solves a MILP problem to compute its own control input signals locally.

6.4.1 Type I : Group MTL Specification With Explicit Agent Cooper-

ation

In Algorithm 13 we present the MILP based motion planning approach for a

group MTL specification ϕG defined with explicit cooperation between a group of L

agents. In steps 1 to 3 of Algorithm 13, we first obtain individual agent trajectories

satisfying the local MTL specification ϕ`L for each agent ` using Algorithm 5. Gen-

eration of these initial trajectories can be done in parallel locally for each agent in a

completely decentralized way. In step 4, we initialize the sequence of critical time in-

dices TG, atomic propositions PG and the set NFG at the central hub combining the

data from the individual agents. Since we are considering group MTL specifications

of Type I, the condition in step 5 is not satisfied. Then, in step 9 of the Algorithm

13, we generate the group atomic propositions corresponding to the group MTL

specification ϕG using the method GetGroupAtomicPropositions. This method

produces new group atomic propositions for the joint system trajectory of the group

by taking into account the indexes of the agents that have to be within some atomic

propositions at the same time. In step 10 we initialize the flag noCollision and

[[ϕG]]
(
Ξ(uH,Ξ0), 0

)
. The flag noCollision takes the value 0 when any inter-agent

distance at any time step becomes less than a desired safety radius, implying there

is inter-agent collision. It takes a value of 1 otherwise. This check is done in step

14. We explain the collision avoidance procedure in Section 6.6 in details. In step

12 the joint system trajectory of the group is formed by combining the individual

agent trajectories following (6.4). In step 13 we evaluate the robustness value for

the specification [[ϕG]]D
(
Ξ(uH,Ξ0), 0

)
, the valuation function [[ϕG]]

NFG
TG

(
Ξ(uH,Ξ0), 0

)

and subsequently compute the group critical time index k̃G and the group critical

atomic proposition p̃G utilizing proposition 4.6. From the knowledge of the group

critical atomic proposition we can directly determine the critical atomic propositions

for each individual agent p̃`G. For example, assume the global critical atomic propo-

sition p̃G is determined to be π′ in (6.5). Then the critical atomic propositions for
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Algorithm 13 Motion Planner for group MTL specification ϕG

1: for each agent l ∈ L = {1, 2, · · · , L} do
2: Generate trajectory satisfying ϕL using Algorithm 5.
3: end for
4: Initialize TG =

⋃
`∈L
T `, PG =

⋃
`∈L
P`, NFG =

⋃
`∈L
NF `.

5: if group MTL specification ϕG is of type II then
6: Obtain an equivalent specification ϕ′G of type I (see Section 6.4.2).
7: Replace ϕG with ϕ′G.
8: end if
9:
(
ϕG, APϕG

)
= GetGroupAtomicPropositions(ϕG).

10: Initialize noCollision = 0, [[ϕG]]D
(
Ξ(uH,Ξ0), 0

)
= −∞.

11: while [[ϕG]]D
(
Ξ(uH,Ξ0), 0

)
< 0 or noCollision = 0 do

12: Form the joint system trajectory Ξ(uH,Ξ0) combining the individual agent
trajectories at the central hub.

13: Compute group MTL specification robustness [[ϕG]]D
(
Ξ(uH,Ξ0), 0

)
, valua-

tion function [[ϕG]]
NFG
TG

(
Ξ(uH,Ξ0), 0

)
, critical time index k̃ and critical atomic

propositions p̃`G corresponding to each individual agent ` ∈ L.
14: if inter-agent distance at any time-step is less than safety radius then
15: Set noCollision = 0.
16: Update MILPs of relevant agents to employ collision avoidance.
17: else
18: Set noCollision = 1.
19: end if
20: for each agent ` ∈ L do
21: C`mtl = C`mtl ∪ GetMTLConstraints(k̃, p̃`G).
22: Generate new trajectory using Algorithm 5.
23: if feasible` is false then
24: Report that the group MTL specification can not be satisfied and

finish the execution of the algorithm.
25: end if
26: end for
27: Update TG,PG,NFG based on T `,P`,NF `,∀` ∈ L.
28: end while
29: Report that the group of agents satisfy the group MTL and local MTL specifi-

cations and return the individual control input signals and system trajectories
for each agent.
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Algorithm 14 GetGroupAtomicPropositions(ϕG, AP )

1: Parse through the specification ϕG to obtain the set of atomic propositions that
have to hold (agents have to be within their observation map) at the same time,
i.e. , parts of ϕG of the form ϕ′ =

∧
j,` π

`
j, pj ∈ AP, ` ∈ L.

2: for each such set of atomic propositions do
3: Create a new group atomic proposition corresponding to the joint system

trajectory of the group of agents.
4: Assuming one such set of atomic propositions is of the form

ϕ′ =
(
π2

1 ∧ π1
2 ∧ · · · ∧ π`j ∧ · · · ∧ πLM

)
,

the corresponding group atomic proposition will be

π′ =




A2 0 · · · 0 · · · 0
0 A1 · · · 0 · · · 0
...

...
. . .

...
. . .

...
0 0 · · · Aj · · · 0
...

...
. . .

...
. . .

...
0 0 · · · 0 · · · AM







x1

x2

...
x`

...
xL



≤




b2

b1
...
bj
...
bM



. (6.5)

5: Replace ϕ′ =
∧
j,` π

`
j by ϕ′ = π′.

6: end for
7: Return the new group atomic propositions and the updated ϕG.

agents labeled 1, 2, · · · , `, · · · , L are respectively p2, p1, · · · , pj, · · · , pM . The critical

time-indices for all the agents however remains the same as k̃G. Once the data about

critical time index and atomic proposition is transmitted back to the agents, each

agent ` adds a new MTL constraint as shown in step 21 and solves the updated local

MILP based on Algorithm 5. If any one of the L agents fail to obtain a feasible

trajectory after solving the MILP, then execution of the Algorithm 13 is terminated

with a report stating that the given group MTL specification can not be satisfied

in conjunction with the individual local MTL specifications. Steps 21 to 25 of the

Algorithm 13 are executed in parallel, locally to each agent. Therefore, instead of

solving a huge MILP consisting of all the variables corresponding to all the agents in

the group, each agent only solves its own MILP locally. Synchronization for the co-

operation between agents for satisfaction of the group MTL specification is handled

at the central hub. Hence, Algorithm 13 is a semi-decentralized process developed
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to solve multiple smaller MILPs instead of a bigger one. Steps 12 to 27 are repeated

until the group MTL specification is satisfied or the algorithm terminates stating

that the specification is not satisfiable.

Figure 6.1: Solving group MTL specification with explicit agent cooper-
ation.

As an example of group MTL specifications of Type I, consider two agents

in a 1-dimensional task space shown in Fig. 6.1, where x1 and x2 corresponds to

the states of the two agents. Suppose that to complete some desired task these

two agents has to take values in the interval [z, y] at the same time during some

time-interval I:

ϕG = ♦I
(
π1

1 ∧ π2
1

)
,

where,

π`1 :
[
−1 1

]T

︸ ︷︷ ︸
A1

x` ≤
[
−z y

]T

︸ ︷︷ ︸
b1

, ` = 1, 2.

Assume that the joint trajectory of the two agents is as shown in Fig. 6.1 by the blue

line with the circles on the trajectory denoting the time-points within the interval I,
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such that the individual trajectories of both the agents satisfy their own local MTL

specifications ϕ`L. After forming the group proposition corresponding to the group

MTL specification as in (6.5), the critical time can be identified as shown by the

dark red colored circle in Fig. 6.1 for the joint trajectory of the two agents. Clearly,

in the given scenario the group MTL specification is not satisfied, but notice that,

if the individual trajectories of the two agents are constrained to lie within their

corresponding propositions π`1(` = 1, 2) at the critical time then the group MTL

specification will be satisfied.

6.4.2 Type II : Group MTL Specification Without Explicit Agent Co-

operation

In this section we deal with group MTL specification where agent indexes co-

operating with each other are not explicitly stated by the specification itself. Based

on the templates, mentioned in Section 6.3, we present procedures to determine

an equivalent group MTL specification of Type I, such that the agents requiring

collaboration are explicitly identified. This is done in step 6 of the Algorithm 13.

With the equivalent representation of the specification, the procedures mentioned

in the Section 6.4.1 can then be readily applied to solve Problem 6.2 for group MTL

specifications of Type II.

6.4.2.1 Reachability: Different Agents in Different Propositions Simul-

taneously

We consider the scenario where the group MTL specification requires different

agents to be present at different atomic propositions but at the same time. The

group MTL specification can be formally expressed as

ϕG = ♦I1�I2

( M∧

j=1

πj

)
, (6.6)

stating that, at least one agent must be present for an interval I2 at each one of all the

M atomic propositions πj at the same time within the time-interval I1. Clearly, for

the satisfaction of this group MTL specification we require at least M agents in the



172

group. This group MTL specification can be satisfied if from the group of L agents,

we choose M agents to be assigned to each one of the M propositions. This can be

done by choosing any of the L agents to be assigned to any of theM propositions, any

of the rest (L− 1) agents to be assigned to any of the rest (M − 1) propositions and

so on. The set Θ consists of all possible LPM = L!
(L−M)!

numbers of such assignments.

We represent each assignment h ∈ Θ by M number of (j, `) pairs denoting agent

` is assigned to atomic proposition j. For a particular assignment h̃, say, agent `

being assigned to atomic proposition ` denoted by h̃ = {(1, 1), (2, 2), · · · , (M,M)},
the given MTL specification ϕG can be re-written as:

ϕ′G = ♦I1�I2

( M∧

j=1

πjj

)
, πjj : Ajx

j ≤ bj.

Following (6.5) the corresponding group atomic proposition π(h̃) then becomes

π(h̃) =




A1 0 · · · 0

0 A2 · · · 0
...

...
. . .

...

0 0 · · · AM

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0







x1

x2

...

xM

xM+1

...

xL




≤




b1

b2

...

bM

0
...

0




.

The problem is now of determining the optimal assignment h∗ ∈ Θ so that

the sum of modifications of the individual trajectories required for all the agents

is minimal. Observing that for satisfaction of the group MTL specification, an

agent ` can be in any one of the M atomic propositions corresponding to the group

MTL specification, we evaluate the valuation function (see Definition 4.5) for the

individual agent trajectories with respect to each of those atomic propositions by

defining a new MTL specification for each agent ` as

ϕ`j = ♦I1�I2(π
`
j), ` ∈ L, j ∈ {1, 2, · · · ,M}, π`j : Ajx

` ≤ bj. (6.7)
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The atomic propositions π`j in the definition above are the atomic propositions πj,

corresponding to the group MTL specification in (6.6), defined in the state-space of

the agent `. The valuation function values obtained in this way provide a measure

of how much the current trajectory of agent ` needs to be changed per unit time

so that eventually the atomic proposition j can be visited by the agent ` for an

interval I2 within the time-interval I1. Once the pairwise values for the valuation

function have been evaluated between all the atomic proposition-agent pairs, we

can form a L ×M matrix Φ with (`, j)th element of the matrix defined by Φ(`,j) =

−[[ϕ`j]]
NF`

T `

(
x`(u`,H, x`0)

)
representing the valuation function measures obtained for

the assignment of agent ` to atomic proposition j. Now we have a linear assignment

problem in hand, to assign one agent to one atomic proposition, so that the sum

of modifications required for each agent trajectory (approximated by the valuation

function) is minimized. Formally, the problem is now to find the permutation h∗ ∈ Θ
such that,

h∗ = arg min
h∈Θ

∑

(j,`)∈h

Φ(`,j).

The Hungarian Method [193], [194] is used to solve this proposition-agent assignment

problem to obtain the optimal assignment h∗. The group MTL specification now is

modified to be

ϕ′G = ♦I1�I2

( ∧

(j,`)∈h∗
π`j

)
,

which following the method GetGroupAtomicPropositions becomes

ϕ′G = ♦I1�I2π(h∗). (6.8)

From the construction of this new MTL specification it is straightforward to verify

that,

[[ϕ′G]]D
(
Ξ(uH,Ξ0), 0

)
≥ 0 =⇒ [[ϕG]]D

(
Ξ(uH,Ξ0), 0

)
≥ 0
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With this modification, we have a MTL specification where the cooperating agents

are explicitly mentioned and hence Algorithm 13 can be applied to solve Problem

6.2 for the specification ϕ′G. Consequently, the resulting trajectories of agents will

also satisfy the original specification ϕG.

As an example, again consider two agents in a 1-dimensional task space with

x1 and x2 denoting their respective trajectories as shown in Fig. 6.2. Assume that

one agent needs to be within the interval [u, v] and the other one within [z, y] at the

same time during some time-interval I to accomplish some desired task. Formally

the specification is

ϕG = ♦I
(
π1 ∧ π2

)
,

where,

π1 :
[
−1 1

]T

︸ ︷︷ ︸
A1

x ≤
[
−u v

]T

︸ ︷︷ ︸
b1

,

π2 :
[
−1 1

]T

︸ ︷︷ ︸
A2

x ≤
[
−z y

]T

︸ ︷︷ ︸
b2

.

(6.9)

The group MTL specification can be satisfied if either agent 1 is in π1 and agent

2 is in π2 or agent 1 is in π2 and agent 2 is in π1 at the same time point within

the time-interval I. Thus for this example, the set of all possible proposition-agent

assignment is given by Θ = {{(1, 1), (2, 2)}, {(1, 2), (2, 1)}}. As before, we again

assume that each agent has already satisfied its own local MTL specification.

In Fig. 6.2 we consider the joint trajectory of the agents 1 and 2 with their

corresponding atomic propositions π1
1 and π1

2 for agent 1 and π2
1 and π2

2 for agent 2.

Clearly the critical time for visiting the atomic proposition π1 by agent 1 is obtained

to be first point on the trajectory as shown. The third point corresponds to the

critical time for agent 1 visiting the atomic proposition π2. Similarly, corresponding

to the agent 2, the critical times for the agent to visit atomic propositions π1 and

π2 are respectively the third and fifth time-points on the trajectory. The critical

times are actually only required to determine the values of the valuation function in
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Figure 6.2: Solving agent-proposition assignment by determining critical
proposition and times for the individual agents.

Table 6.1: Φ matrix for application of Hungarian Method.

π1 π2

Agent 1 -[[ϕ1
1]]D
(
x1(u1,H, x1

0), 0
)

-[[ϕ1
2]]D
(
x1(u1,H, x1

0), 0
)

Agent 2 -[[ϕ2
1]]D
(
x2(u2,H, x2

0), 0
)

-[[ϕ2
2]]D
(
x2(u2,H, x2

0), 0
)

each case. For ease of visualization, here we have used the valuation function from

(2.56) instead of the one in (4.7). Once the Φ matrix is formed using the values as

shown in Table 6.1 utilizing Hungarian Method provides an assignment to be that

of agent 1 with atomic proposition 1 and agent 2 with atomic proposition 2. From

visual comparison of the trajectories of the two agents it can be seen that

[[ϕ1
1]]D > 0, [[ϕ1

2]]D < 0, [[ϕ2
1]]D < 0, [[ϕ2

2]]D > 0.

As the possible assignment set Θ has only two elements in this example, it is clear

from the Φ matrix that

Φ(1,1) + Φ(2,2) < Φ(2,1) + Φ(1,2),

leading to the assignment that the agent 1 should be assigned to atomic proposition 1

and agent 2 should be assigned to atomic proposition 2 in order to change the current
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agent trajectories as minimally as possible. Actually, if we were only interested in

the specification that one agent visits one atomic proposition eventually within

the time-interval I, then we are already done in this given scenario. However, we

want a stronger specification that requires the agents to be present inside their

corresponding atomic propositions at the same time. Keeping this specification in

mind, once the agent-atomic proposition assignment is completed, the given group

MTL specification can be modified as was done in (6.8) as

ϕ′G = ♦I
(
π1

1 ∧ π2
2

)
. (6.10)

As shown in Fig. 6.2, we can obtain the critical time for the joint trajectory of the

two agents to be the first time-point on the joint trajectory and correspondingly, the

critical atomic propositions for agents 1 and 2 are the atomic propositions assigned

to them, i.e, the first and second atomic proposition respectively. We used π1,2 to

denote the joint atomic proposition for the joint trajectory of the two agents.

6.4.2.2 Reach-Avoidance: Different Agents Visit Different Atomic Propo-

sitions at Exactly Same Time

The group MTL specification template considered here is similar to the previ-

ous template in the sense that we still want different agents to be present at different

atomic propositions at the same time. The added restriction that we consider in

this specification is that none of the atomic propositions can be visited until all of

the atomic propositions are visited simultaneously. The previous task specification

in Section 6.4.2.1 can be satisfied if, for the example considered before, agent 1 vis-

its atomic proposition 1 at some time t0 and stays in the atomic proposition until

time t1 (both t0 and t1 are within the interval I), when agent 2 visits the atomic

proposition 2 assigned to it. In other words, the specification is satisfied at time t1

when both the agents are present in their respective assigned atomic propositions.

However, the task specification considered in this section will be falsified in such

a scenario as agent 1 visits its atomic proposition before agent 2 visits its atomic

proposition. Assuming M agents from a group of L agents visits M different atomic

propositions at exactly the same time within the interval I1 and stays there for I2
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interval, the group MTL specification is expressed as

ϕG =

( M∧

j=1

¬πj
)
UI1�I2

( M∧

j=1

πj

)
, (6.11)

Since by definition the specification ’¬a UI b’ implies that b must be true eventually

at some time-point within the interval I and until b is true a can not be true, we

follow the method presented in the Section 6.4.2.1 to first evaluate the valuation

function for the individual agent trajectories with respect to the specifications in

(6.7). Since agent ` has to be eventually present at the atomic proposition j, we again

solve a linear assignment problem to find a proposition-agent assignment h∗ ∈ Θ,

that leads to changing the individual agent trajectories the least. This assignment

operation also shows the similarity in the task specification in Section 6.4.2.1 and

the modified group MTL specification we are currently considering. Once h∗ is

determined a set of new group atomic propositions are formed for each (j, `) pair of

agent ` assigned to atomic proposition j in the assignment h∗, in the joint state-space

of all the agents as

π(h∗)j,` =




0 · · · 0 · · · 0
...

. . .
...

. . .
...

0 · · · Aj · · · 0
...

. . .
...

. . .
...

0 · · · 0 · · · 0







x1

...

x`

...

xL




≤




0
...

bj
...

0




. (6.12)

The group MTL specification can now be written as

ϕ′G =

( ∧

∀(j,`)∈h∗
¬π(h∗)j,`

)
UI1�I2π(h∗). (6.13)

This specification is then only satisfied as long as for all the atomic proposition-agent

pairs (j, `) in the optimal assignment h∗, the corresponding atomic propositions

π(h∗)j,` are not true until π(h∗) becomes true, or in other words, each agent ` has to

enter the atomic proposition j it has been assigned to, exactly at the same time for

the specification to hold. With this modified specification, again Algorithm 13 can
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be employed to solve Problem 6.2.

Again considering the example from Section 6.4.2.1, we can express the group

MTL task specification considered in this section formally as

ϕG = (¬π1 ∧ ¬π2)UI(π1 ∧ π2). (6.14)

Considering the example agent trajectories shown in Fig. 6.2 the assignment oper-

ation again leads to atomic proposition 1 and 2 being assigned to agents 1 and 2

respectively. The group MTL specification can now be expressed as

ϕ′G =
(
¬π{(1,1),(2,2)}1,1 ∧ ¬π{(1,1),(2,2)}2,2

)
UI (π{(1,1),(2,2)}), (6.15)

where,

π{(1,1),(2,2)}1,1 =


A 0

0 0




x

1

x2


 ≤


b

1

0


 ,

π{(1,1),(2,2)}2,2 =


0 0

0 A




x

1

x2


 ≤


 0

b2


 .

(6.16)

6.4.2.3 Sequencing: Different Atomic Propositions are Visited in a Spec-

ified Order

We now consider the group MTL specification template describing a predefined

sequence in which the agents should visit a set of atomic propositions. We again

consider we have L agents to satisfy the task specification of visiting M atomic

propositions in a given sequence. Formally the group MTL specification can be

expressed as

ϕG = ♦I1

(
πi ∧ ♦I2

(
πj ∧

(
· · ·
(
πk ∧ ♦IMπm

))))
, (6.17)

denoting that eventually within the time-interval I1 some atomic proposition πi must

be visited by some agent, followed by atomic proposition πj being visited by some

other agent within the time-interval I2 after atomic proposition πi is visited and so
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on until πm is visited by some agent within the time-interval IM after the atomic

proposition πk has been visited. Clearly, this specification represents a sequencing

or ordering in which the atomic propositions should be visited one after another and

also imposes timing restrictions on when each atomic proposition is to be visited.

Note that, the atomic proposition πi has to be visited within I1, atomic proposition

πj within I1 + I2, atomic proposition πM within ΣM
i=1Ii, so on and so forth. We

denote this time interval within which any atomic proposition πj has to be visited

by Ij. We then again follow the procedure detailed in Section 6.4.2.1 to evaluate

the valuation function for the trajectories of the individual agents once they have

satisfied the local MTL specifications with respect to the following new specifications

ϕ`j = ♦Ij(π
`
j), ` ∈ L, j ∈ {1, 2, · · · ,M}, π`j : Ajx

` ≤ bj.

The assignment h∗ of agents assigned to each of the M atomic propositions in

the specification (6.17) is then obtained by solving the linear assignment problem

using Hungarian Method as before. Assuming the assignment h∗ is denoted by

h∗ = {(i, i′), (j, j′), · · · , (k, k′), (m,m′)} such that agent i′ is assigned to atomic

proposition i and so on, the group MTL specification can be modified to be

ϕ′G = ♦I1

(
π(h∗)i,i′

∧ ♦I2
(
π(h∗)j,j′

∧
(
· · ·
(
π(h∗)k,k′

∧ ♦IMπ(h∗)m,m′

))))
, (6.18)

where the atomic propositions π(h∗)i,i′
are defined similarly as (6.12). Finally, we can

again use Algorithm 13 to obtain individual agent trajectories satisfying the group

MTL specification ϕ′G as well as the individual local MTL specifications ϕ`L.

We again consider the same example from Section 6.4.2.1 with the group MTL

specification expressed as

ϕG = ♦I1
(
π1 ∧ ♦I2π2

)
. (6.19)

The task specification in hand is to visit atomic proposition π2 by some agent within

the time-interval I2 after the atomic proposition π1 is visited eventually within I1

time-interval. Based on the example trajectories in Fig. 6.2 the linear assignment
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problem again assigns agent 1 to visit atomic proposition 1 and agent 2 to visit

atomic proposition 2, such that the modified group MTL specification becomes

ϕ′G = ♦I1
(
π{(1,1),(2,2)}1,1 ∧ ♦I2π{(1,1),(2,2)}2,2

)
, (6.20)

where the new atomic propositions are same as defined in (6.16).

6.4.2.4 Combination of the Templates

In addition to the 3 templates mentioned above, we can also handle any combi-

nation of the templates using the logical operators conjunction (∧) and disjunction

(∨). For each component of the group MTL specification belonging to any one of

the above 3 templates, we can implement the corresponding procedures to obtain

an assignment of agents to atomic propositions. Once the assignment is done, the

specification can be turned into a specification of Type I, following which Algorithm

13 can be used to solve the motion planning problem to satisfy the group MTL

specification.

6.4.3 Completeness, Optimality and Complexity

The Algorithm 13 when employed for group MTL specifications of Type I, is

also complete and the proof follows from the proof of Theorem 4.7 since Algorithm

13 utilizes Algorithm 5 as the backbone. Consequently, this algorithm also pro-

duces sub-optimal result when any operator other than conjunction and always are

involved in the group MTL specification. On the other hand, if the group MTL

specification only involves conjunction and always operators then breaking down

the group MTL specification to independent local MTL specifications for the agents

in the group is trivial and then Algorithm 5 can be used directly to obtain feasible

trajectories for the agents.

However, for group MTL specifications of Type II, the Algorithm 13 is not

complete. The reason is that the process to assign agents to atomic propositions is a

heuristic one. While the Hungarian Method does provide an optimal assignment for

linear assignment problems, in our case the assignment problem is performed after

individual trajectories, satisfying the local MTL specifications, have been obtained
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and does not take into account synchronization between the individual agents during

the assignment process. Therefore, even if Algorithm 13 states that a specific group

MTL specification of Type II is infeasible, there may exist a different assignment of

agents to atomic propositions leading towards satisfaction of the specification. Thus

instead of using the Hungarian Method, if we explore all possible agent-proposition

assignment to convert a Type II specification into an equivalent Type I specification,

then Algorithm 13 becomes a complete algorithm, albeit at the expense of time to

explore all such combinations of agent-proposition assignments.

The complexity analysis is similar to what was presented earlier in Section 4.3.1

as Algorithm 5 serves as the backbone of Algorithm 13. Both the algorithms have

same computational complexity, since in Algorithm 13 we are solving L different

MILPs locally to each one of the L agents in the group in parallel to each other.

6.5 Reactive Motion Planning

In this section, we present a receding horizon framework to make the motion

planning approaches presented so far for multi-agent systems, reactive to dynam-

ically changing atomic proposition sets. The central idea of this receding horizon

framework, detailed in Algorithm 15, is similar to what we have presented for a

single-agent system in Section 4.5.

The first 10 steps of the Algorithm 15 is the same as Algorithm 13 and gen-

erates feasible trajectories for each agent satisfying their local MTL specification.

Afterwards, the atomic propositions corresponding to the given group MTL specifi-

cation is formed using the methods described in Section 6.4. At each iteration i of Al-

gorithm 15, observation maps for all the atomic propositions are updated if required,

by updating the corresponding (Ap, bp) pairs. Consequently new agent-proposition

assignment is made in steps 13 to 16. These steps might lead to reassignment of

any agent to any proposition during run-time. In case of any such reassignment,

the corresponding agent’s MILP problem is updated to remove the MTL constraints

corresponding to satisfaction of the group MTL specification. Then new trajectories

for each agent are generated only for the remaining time length (H − i + 1), with

initial condition of `th agent given by x`i−1(uH, x`0), ensuring the complete trajecto-
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Algorithm 15 Reactive Motion Planning for Multi-Agent System

1: for each agent ` ∈ L = {1, 2, · · · , L} do
2: Generate trajectory satisfying ϕ`L using Algorithm 5.
3: end for
4: Initialize TG =

⋃
`∈L
T `, PG =

⋃
`∈L
P`, NFG =

⋃
`∈L
NF `.

5: if group MTL specification ϕG is of type II then
6: Obtain agent-proposition assignment.
7: Obtain an equivalent specification ϕ′G of type I and replace ϕG with ϕ′G.
8: end if
9:
(
ϕG, APϕG

)
= GetGroupAtomicPropositions(ϕG).

10: Initialize noCollision = 0, [[ϕG]]D
(
Ξ(uH,Ξ0), 0

)
= −∞

11: for i = {1, · · · ,H + 1} do
12: Compute (Ap, bp) for new/changed proposition p, p ∈ APϕG ∪

⋃
`APϕ`

L
.

13: if group MTL specification ϕG is of type II then
14: Obtain agent-proposition assignment, compute ϕ′G and replace ϕG.
15:

(
ϕG, APϕG

)
= GetGroupAtomicPropositions(ϕG).

16: If assignment is changed, update reassigned agent’s MILP to remove the
MTL constraints corresponding to the group MTL propositions.

17: end if
18: while [[ϕG]]D

(
Ξ(uH,Ξ0), 0

)
< 0 or noCollision = 0 do

19: Form the joint system trajectory Ξ(uH,Ξ0) combining the individual
agent trajectories at the central hub.

20: Compute group MTL specification robustness [[ϕG]]D
(
Ξ(uH,Ξ0), 0

)
, the

valuation function [[ϕG]]
NFG
TG

(
Ξ(uH,Ξ0), 0

)
, critical time index k̃ and critical

atomic propositions p̃`G corresponding to each individual agent ` ∈ L.
21: if inter-agent distance at next time-step < safety-radius then
22: Set noCollision = 0.
23: Update MILPs of relevant agents to employ collision avoidance.
24: else
25: Set noCollision = 1.
26: end if
27: for each agent ` ∈ L do
28: C`mtl = C`mtl ∪ GetMTLConstraints(k̃, p̃`G).
29: Obtain new system trajectory using Algorithm 5 for trajectory length

(H− i+ 1): {x`i−1, x̂
`
i · · · , x̂`H}.

30: if feasible` is false then
31: Report that the group MTL specification can not be satisfied and

finish the execution of the algorithm.
32: end if
33: end for
34: Update TG,PG,NFG based on T `,P`,NF `,∀` ∈ L.
35: end while
36: Set initial condition for the `th agent for the next iteration to be: x̂`i .
37: end for
38: Report that the group MTL and local MTL specifications are satisfied and return

the control input signals and system trajectories for each agent.
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ries of all the agents satisfies the group MTL specification. The complete trajectory

for agent ` is obtained by combining the past trajectory {x`0, x`1, · · · , x`i−1} of length

i of the agent ` that is already executed by the agent and the future trajectory

{x̂`i , x̂`i+1, · · · , x̂`H} of length H− i+1, as {x`0, x`1, · · · , x`i−1, x̂
`
i , · · · , x̂`H}. This is done

in steps 25 to 31 after the critical propositions for each agent and time index are

computed at the central hub in step 18. In step 20 the Algorithm 15 checks if there

are any inter-agent collision at the next time-step, based on the predicted location

of the agents and updates the corresponding agent’s MILP problem to implement

collision avoidance if required. Similar to the single-agent case, we limit the time

available for execution of steps 12 to 36 by the discretization time step. This is re-

quired for practical applications, where the individual agents needs a control input

at every time step. Consequently, if the atomic propositions change, then finding

feasible trajectories for all the individual agents may take a few iterations.

6.6 Collision Avoidance

In the multi-agent scenario where L agents are moving in the same workspace,

the synthesized motion plans for all the agents also have to ensure that there is

no inter-agent collision in addition to the satisfaction of the group and local MTL

specifications. In this section, we present the MILP based approach to implement

collision avoidance in a decentralized fashion for each agent.

The MILP motion planner for each agent is initialized with (L) unsafe atomic

propositions oj, j ∈ L corresponding to all the agents in the group. Assuming

a 2D workspace, each of this atomic propositions are initialized to be a square

centered at the origin of size equal to twice the desired safety-radius rs. For the

open loop case, the central hub checks if there are any collision at any time-step

k ∈ [1,H] between any agent. We assume that the agents are initialized in such

a way at k = 0 that there are no collisions at k = 0. Assume that the agent pair

(`, j) is separated by less than the safety radius rs at some time-step k. Then the

agent `’s atomic proposition corresponding to the agent j is updated to be centered

at the agent j’s predicted location at the time-step k. Also a MTL constraint

GetMTLConstraints(k, oj) is added to the MILP problem of agent ` to enforce the
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constraint that agent ` should avoid the atomic proposition corresponding to agent

j’s location at the time-step k. Since, ensuring agent ` is not within the safety

radius of agent j is sufficient for avoiding collision between the pair (`, j), the MILP

problem for agent j remains unchanged. The choice of whether to update the MILP

problem for agent ` or j is done by following a priority order based on each agent’s

local robustness measure. Once the central hub updates the MILP problem for the

agent that needs to implement collision avoidance, synthesizing the control inputs

is still done locally by that agent only. On the other hand, for the reactive motion

planning, at any iteration i of the Algorithm 15, the central hub computes the

inter-agent distances for every pair of agents based on the predicted location of each

agent at the next step. If there is a collision between agent pair (`, j) then either

a MTL constraint GetMTLConstraints(i + 1, oj) is added to agent `’s MILP or a

MTL constraint GetMTLConstraints(i + 1, o`) is added to agent j’s MILP, based

on their own robustness measures as explained earlier.

6.7 Examples

In case of motion planning for a multi-agent system, we consider three different

MTL specifications belonging to the three templates in Section 6.4.2, to be satis-

fied by a multi-agent system comprising a group of 3 mobile robots with unicycle

dynamics,

ϕG,1 = ♦[0,19]�[0,1](pWP1 ∧ pWP2),

ϕG,2 = (¬pWP1 ∧ ¬pWP2)U[0,20]�[0,1](pWP1 ∧ pWP2),

ϕG,3 = ♦[0,10]

(
pWP1 ∧ ♦[1,4]pWP2

)
.

Similar to Section 4.6 we first feedback linearized the unicycle dynamics to obtain

an equivalent linear continuous-time system, which was then discretized with a time

step of ∆t = 0.5 seconds. All the 3 group MTL specifications here are of Type II

and to satisfy each specification, at least two agents are required. The difference

between the first two specifications is that for the second one, both the waypoints

(violet colored in Fig. 6.3 - Fig. 6.5) has to be visited by the corresponding agents
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(a)
Known environment configuration. Agents
2 and 3 are within the waypoints 2 and 1,
respectively, from time 10 to 11 seconds.
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(b)
Environment changed run-time. Agents 1
and 2 are within the waypoints 2 and 1,
respectively, from time 6.5 to 7.5 seconds.

Figure 6.3: Path planning solutions for 3 mobile robots, labeled by 1, 2
and 3, with group MTL task specification ϕG,1. The unsafe
and the goal regions are colored red and green respectively
as before. Violet colored regions are the two waypoints. The
unsafe region is bloated and the goal and two waypoint re-
gions are shrunk by the desired robustness degree, chosen to
be 0.05 for this example. All the robots are initialized from
the left half of the figure and stops inside the goal region. The
‘cyan colored *’ and ‘yellow colored *’ mark, respectively, the
starting and end position of the robots. The marker ‘o’ rep-
resents the XY-position of the robots with time.

at exactly the same time but no such restriction is in place for the first specification.

Also, once the agents visit their corresponding atomic propositions they must stay in

the atomic proposition for at least 1 second before leaving the atomic propositions.

For the third group MTL specification ϕG,3 the waypoint pWP1 (in the left-half of

the figures) has to be visited first within 10 seconds and then within the interval

[1, 4] seconds the second pWP2 (in the right-half of the figures) has to be visited. In
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(a)

Known environment configuration. Agents
2 and 3 enter waypoints 2 and 1, respec-
tively, at 9.5 seconds and stay there beyond
10.5 seconds.
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(b)

Environment changed run-time. Agents 1
and 2 enter waypoints 1 and 2, respectively,
at 9 seconds and stay there beyond 10 sec-
onds.

Figure 6.4: Path planning solutions of 3 mobile robots with group MTL
task specification ϕG,2. The workspace is the same as the last
example.

addition each agent has to satisfy its own local MTL specification as,

ϕL = (�¬pUnsafe) ∧
(
�[18.5,20] pGoal

)
.

All the agents have the same local MTL specification stating that each one of them

has to reach the goal at 18.5 seconds and stay there till 20 seconds while avoiding the

unsafe area at all times, resulting in trajectory length of H = 40 for these examples.

For all the group MTL specifications, one of the three agents will be tasked with

only satisfying its own local MTL specification and ensuring collision avoidance

with the other agents, as opposed to the other two agents which need to satisfy

the group MTL specification together as well. We have simulated these scenarios

using unicycle dynamics based mobile robots in Virtual Robot Experimentation
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(a)
Known environment configuration. Agent
2 enters waypoint 1 at 8.5 seconds and then
agent 3 enters waypoint 2 at 9.5 seconds.
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(b)
Environment changed run-time. Agent 2
enters waypoint 1 at 8.5 seconds and then
agent 1 enters waypoint 2 at 9.5 seconds.

Figure 6.5: Path planning solutions of 3 mobile robots with group MTL
task specification ϕG,3. Same workspace as the previous two
examples is used.

Platform (VREP)[106]. The planning was carried out in MATLAB by using YALMIP

[162] to encode the MILP problem and Gurobi [163] to solve the problem and the

resulting control input signals were then used in VREP to simulate the actual physical

dynamical properties of the unicycle model. We used a single instance of MATLAB for

sequential motion planning of each agent instead of synthesizing the motion plans

parallely for these simulation experiments. See [195] for the video of these simulation

results. In the video, positions of the waypoint and goal regions were changed as

the robots were moving through the environment to present the reactiveness of our

motion planning approach. Fig. 6.3a, Fig. 6.4a and Fig. 6.5a show the paths

planned for each of the robots when the environment remains same throughout the

entire trajectory duration of 20 seconds. The final paths planned when some of the

components of the environment is dynamically changed as the robots are moving

through the environment are shown in Fig. 6.3b, 6.4b and Fig. 6.5b.
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To test the scalability of our proposed approach we also considered two more

MTL specifications for groups of 6 and 12 agents respectively:

ϕG,4 = ♦[0,10]

((
p1
WP1 ∧ p2

WP1 ∧ p3
WP1

)
∧ ♦[5,10]

(
p4
WP2 ∧ p5

WP2 ∧ p6
WP2

))
,

ϕG,5 = ♦[0,10]

(
p1
WP1 ∧ p2

WP1 ∧ p3
WP1

)
∧ ♦[0,10]

(
p4
WP2 ∧ p5

WP2 ∧ p6
WP2

)
∧ ♦[0,10]

(
p7
WP3 ∧ p8

WP3 ∧ p9
WP3

)

∧ ♦[0,10]

(
p10
WP4 ∧ p11

WP4 ∧ p12
WP4

)
∧ ♦[15,20]

(
p3
WP5 ∧ p4

WP5 ∧ p9
WP5 ∧ p10

WP5

)
.

Note that these two specifications are of the Type I, where all the agents are already

assigned. The specification ϕG,4 requires agents 1, 2 and 3 to be present in waypoint

1 at the same time within 10 seconds and then within 5 to 10 seconds agents 4, 5

and 6 have to be present in the waypoint 2 at the same time. Specification ϕG,5

requires cooperation between 12 agents such that agents (1, 2, 3), (4, 5, 6), (7, 8, 9)

and (10, 11, 12) have to be present within waypoints 1, 2, 3 and 4 respectively within

10 seconds. ϕG,5 also requires agents 3, 4, 9 and 10 to be present inside waypoint 5 at

the same time. For this two cases the agents did not have any local MTL specification

to satisfy. Fig. 6.6 presents the path planning results for these two specifications.

In Table 6.2, we present the results obtained for the path planning problems for

all the five group MTL specifications considered, in “mean ± standard deviation”

format obtained over 50 independent runs of the same problem. YALMIP Time

represents the time taken to encode the planner and Open Loop Time and RH Time

are the times required to generate the feasible path in the open loop fashion and

by using the reactive planning approach involving system-in-loop simulation using

VREP. However, for the reactive planning the environment was kept unchanged for

this time comparison experiment. Since we sequentially solve the motion plans for

each agent, the RH Time for all the cases is approximately close to (L · H · ∆t),
where L takes the value of 3 for the first 3 specifications and value of 6 and 12 for

the fourth and fifth one respectively and H = 40 and ∆t = 0.5 seconds for all the

5 specifications. These timing results show that the proposed approach can indeed

be applied in practice if the agents are capable of solving their own MILP problems

locally on their own.
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Table 6.2: Time taken to solve the path planning problem for a group of

agents.

MTL spec YALMIP Time (s) Open Loop Time (s) RH Time (s)

ϕG,1 16.40 ± 0.27 4.67 ± 0.05 60.99 ± 0.15

ϕG,2 16.76 ± 0.47 5.12 ± 0.1 60.96 ± 0.58

ϕG,3 16.62 ± 0.45 5.01 ± 0.1 60.81 ± 0.2

ϕG,4 26.2 ± 0.13 3.69 ± 0.03 120.004 ± 0.001

ϕG,5 78.02 ± 1.57 16.52 ± 0.7 240.57 ± 0.79
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Figure 6.6: Path planning solutions for group MTL task specifications of
Type I.

6.8 Discussion

In this chapter, we consider the problem of optimizing the control inputs to a

multi-agent system such that the group of agents forming the multi-agent system,

satisfy a group MTL task specification collaboratively. In addition, each agent has
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to satisfy its own local MTL specification. We considered group MTL specifications

of two types: one where each agent’s role is pre-determined by the specification and

the other where each agent is assigned its role in run-time. We proposed a semi-

decentralized approach to simultaneously synthesize each agent’s motion planner

locally at the agent itself after the agent has been assigned its role for completion

of the group MTL specification. Synthesizing the planners locally by each agent,

circumvents the computational complexity of synthesizing such planners centrally

all-together at once. A central hub is still required to co-ordinate the information

exchange between the agents and is responsible for synchronizing the motion plans of

all the agents. Similar to approach for the single-agent systems described in Section

4.3, the motion planners are synthesized by finding the agent trajectory points

that most violate the specification, constraining them to satisfy the corresponding

atomic proposition, and resolving the resulting MILP optimization problem. The

MILP based algorithm is applicable for any system for which the dynamics can be

represented by linear relations.

We present the efficacy of our approach by finding feasible trajectories corre-

sponding to three different MTL specifications of Type II by solving the optimiza-

tion problem for a group of three mobile robots. We also show the scalability of the

proposed approach by considering groups of six and twelve agents to satisfy MTL

specifications of Type I. The numerical results show that this approach can generate

feasible trajectories for all the agents in parallel, thereby reducing the time required

for overall plan generation for the multi-agent system. We also show the reactiveness

of the proposed approach by implementing the motion planner successfully for the

mobile robots in a dynamically changing environment.



CHAPTER 7

Final Remarks

In this dissertation, we presented a formal method to generate motion planners for

optimal and correct system behaviors such that the resulting closed loop system

trajectories satisfy some safety/reachability criteria and/or temporal logic specifi-

cations with desired robustness. When the system is only required to reach certain

desired states while avoiding all unsafe states, we use safety/reachability specifica-

tions to express the correct task specifications. With temporal logics, these simple

task specifications can be extended, by allowing timing constraints to be imposed on

the states to be reached or avoided. We motivated the use of these type of specifi-

cations in Chapter 1 and also presented practical applications of such specifications

in real-world scenarios throughout this dissertation.

The methods available currently for solving the task of safety/reachability cri-

teria mostly handles simpler system dynamics and is restrictive in the number of

state-space dimensions. Moreover, these methods are only applicable for a specific

initial condition of the system. These issues motivated us to use the concept of

trajectory robustness to synthesize controllers that are computationally tractable

even for systems with nonlinear dynamics (of some special classes, namely, feed-

back linearizable and differentially flat) or with many states-space dimensions. Our

method is particularly suitable for performing tasks that are repetitive in nature, for

example in manufacturing plants manipulator arms are used to move things from

a certain fixed initial location to a certain fixed end location. In Chapter 3 we

hence considered a multi-link robot arm with elastic joints to generate a controller

to satisfy such a safety/reachability task specification. The concept of trajectory

robustness also allow us to design the controllers to cover a compact set of initial

conditions, and not just a specific initial condition.

The core concept of our controller synthesis method is trajectory robustness,

which intuitively can be described as two trajectories of the system that are gener-

ated from arbitrarily close initial states, always remains close to each other. This
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allows us to compute a tube around a nominal trajectory, such that the control

law generated from the nominal one, can be applied even if the system in initiated

from a different initial condition but within the tube around the nominal trajec-

tory. The controller is then generated in an incremental fashion, by finding nominal

trajectories of the system satisfying the desired task specifications and finding the

robust tubes around them until the union of such tubes cover the entire set of initial

conditions. The nominal trajectories can in general be constructed by any means,

for example using path-planning algorithms used in robotics or by using human

operators to leverage the benefit of crowdsourcing and human intuition.

In Chapter 3 we formally conceptualize the synthesis of such a controller using

finitely many human generated trajectories for a multi-link robot arm with elastic

joints for which using the path-planning algorithms can be computationally complex

for high number of links. In the example we presented, we considered a 5 link robot

arm with task-space dimension 12 and state-space dimension 24. We exploited the

feedback linearizability of such robot arms in order to generate the controller and

presented a human-robot interface based on solving an optimization problem to ob-

tain the inverse kinematics, so that as a human operator moves his/her hand, the

robot arm moves in accordance to avoid all the unsafe regions in its workspace and

reach a desired goal set within a time-limit. We further explored issues that might

arise in a practical implementation of our method, such as designing an observer

as is the norm in most cases of manipulator arm control and adaptive feedback

linearization to take into account model mis-match that might occur while model-

ing the system. Note that, our controller synthesis method is also applicable for

any nominal trajectories generated by solving the motion planning problem by any

general method available in the literature.

In Chapter 4, we used temporal logic specifications to extend the safety/ reach-

ability specifications to more complex task specifications that involve timing con-

straints on reach/avoid states, or visiting multiple goals in a sequence. We also

considered non-deterministic environment unlike the one considered in Chapter 3

where the environment does not change during run-time. The main issue with cur-

rent approaches for solving these tasks are still the state-space dimensionality and
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inability to compute the controllers in real time. We presented a Mixed-Integer

Linear Programming (MILP) based approach, whereby, we encoded the task spec-

ification given as Metric Temporal Logic (MTL) specifications in terms of integer

and binary decision variables and solved an MILP to solve the motion planning

problem. We also implemented a receding horizon framework, where at each iter-

ation of solving the motion planning problem, we take into account components of

the environment that are changing dynamically at run-time and can be potentially

adversarial in nature, to ensure correct system behavior all the time. In our case,

we consider the changes in the environment is captured by the atomic propositions

and designed the receding horizon framework to update its knowledge of the atomic

propositions at each iteration. We also optimized over a performance criteria, the

1-norm or 2-norm of the control input in this dissertation to minimize the overall

control effort. We employed one of the several efficient off-the-shelf solvers available

for solving the MILP problem and show a speed-up of almost an order of magnitude

in synthesizing the motion plan for a given temporal logic specification, as com-

pared to another state-of-the-art motion planner for satisfaction of temporal logics

available currently.

As the proposed MILP method is applicable for systems with linearly repre-

sentable dynamics only, we also proposed a gradient-search based method for any

general nonlinear system. A desired performance criteria is also optimized for this

method. We again considered a manipulator arm system being used for an object

rearrangement task. Given a MTL formula defining such a task, we employed a hi-

erarchical framework combining the MILP method and the gradient-search method

to solve the task and motion planning problem respectively, in Chapter 5. Noting

that the manipulator arm system is a high-dimensional system, one can see that the

gradient-search method is particularly useful for systems with large state-space.

Finally, in Chapter 6 we consider the motion planning problem for a multi-

agent system, consisting of a group of agents. Collaboration between multiple such

agents is required to accomplish the group MTL task specifications considered in

this chapter. The motion planner for such multi-agent systems uses the MILP

motion planner for single-agent systems, described in Chapter 4 as a backbone. In
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this proposed semi-decentralized motion planner, each individual agent solves its

own MILP problem locally to itself. As a result, the speed-up that we achieved

using our proposed MILP planner single-agent systems, is also available for this

multi-agent motion planner. Consequently, using the receding horizon variant of

the proposed approach, we can solve the motion planning problem for multi-agent

systems in real-time as well, even in dynamically changing environment.

In conclusion, the approaches presented in this dissertation allow us to solve

the motion planning problem for any general system for a broad class of specifi-

cations, from simpler safety/reachability specifications to more complex temporal

logic specifications. One can also use the solutions of those motion planning prob-

lems, to design feedback controllers for all such specifications, if the environment

remains same. On the other hand, the motion planning approaches presented in

this dissertation are also capable of handling dynamically changing environments in

real-time as shown by various numerical and practical experiments. Moreover, these

proposed approaches can also be used in a hierarchical fashion to solve integrated

task and motion planning problems.
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[126] A. Albu-Schäffer, C. Ott, and G. Hirzinger, “A unified passivity-based
control framework for position, torque and impedance control of flexible joint
robots,” The Int. J. of Robot. Res., vol. 26, no. 1, pp. 23–39, Jan. 2007.

[127] T. Lens, J. Kunz, O. V. Stryk, C. Trommer, and A. Karguth, “Biorob-arm:
A quickly deployable and intrinsically safe, light-weight robot arm for service
robotics applications,” in Proc. 41st Int. Symp. Robotics and 6th German
Conf. on Robotics. Munich, Germany: VDE, 2010, pp. 1–6.

[128] B. Brogliato, R. Ortega, and R. Lozano, “Global tracking controllers for
flexible-joint manipulators: a comparative study,” Automatica, vol. 31, no. 7,
pp. 941–956, Jul. 1995.

[129] A. Loria and R. Ortega, “On tracking control of rigid and flexible joints
robots,” Appl. Math. Comput. Sci, vol. 5, no. 2, pp. 101–113, 1995.

[130] C. Ott, A. Albu-Schaffer, and G. Hirzinger, “Comparison of adaptive and
nonadaptive tracking control laws for a flexible joint manipulator,” in Proc.
Int. Conf. Intell. Robots and Syst., vol. 2. Washington, DC: IEEE, 2002,
pp. 2018–2024.

[131] A. De Luca, “Feedforward/feedback laws for the control of flexible robots,”
in Proc. Int. Conf. Robot. Automation, vol. 1. San Francisco, CA: IEEE,
2000, pp. 233–240.

[132] G. Palli, C. Melchiorri, and A. De Luca, “On the feedback linearization of
robots with variable joint stiffness,” in Proc. Int. Conf. Robot. Automation.
Pasadena, CA: IEEE, 2008, pp. 1753–1759.

[133] L. Zollo, B. Siciliano, A. De Luca, E. Guglielmelli, and P. Dario,
“Compliance control for an anthropomorphic robot with elastic joints: theory
and experiments,” J. of Dynamic Syst., Measurement, and Control, vol. 127,
no. 3, pp. 321–328, Sep. 2005.

[134] N. Ratliff, M. Zucker, J. A. Bagnell, and S. Srinivasa, “CHOMP: gradient
optimization techniques for efficient motion planning,” in Proc. Int. Conf.
Robot. Automation. Kobe, Japan: IEEE, 2009, pp. 489–494.



206

[135] M. Steinegger, B. Passenberg, M. Leibold, and M. Buss, “Trajectory
planning for manipulators based on the optimal concatenation of LQ control
primitives,” in Proc. Conf. Decision and Control and European Control
Conf. Orlando, FL: IEEE, 2011, pp. 2837–2842.

[136] P. Tomei and A. Tornambe, “Approximate modeling of robots having elastic
links,” IEEE Trans. Syst., Man, Cybern., vol. 18, no. 5, pp. 831–840, Sep.
1988.

[137] P. Tomei, “A simple PD controller for robots with elastic joints,” IEEE
Trans. Autom. Control, vol. 36, no. 10, pp. 1208–1213, Oct. 1991.

[138] A. De Luca and P. Lucibello, “A general algorithm for dynamic feedback
linearization of robots with elastic joints,” in Proc. Int. Conf. Robot. and
Automation. Leuven, Belgium: IEEE, 1998, pp. 504–510.

[139] M. W. Spong, “Modeling and control of elastic joint robots,” J. of Dynamic
Syst., Measurement, and Control, vol. 109, no. 4, pp. 310–318, Dec. 1987.

[140] A. De Luca, “Decoupling and feedback linearization of robots with mixed
rigid/elastic joints,” in Proc. Int. Conf. Robot. Automation, vol. 1.
Minneapolis, MN: IEEE, 1996, pp. 816–821.

[141] P. I. Corke, Robotics, Vision & Control: Fundamental Algorithms in Matlab.
Berlin, Germany: Springer, 2011.

[142] R. M. Murray, Z. Li, and S. S. Sastry, A Mathematical Introduction to
Robotic Manipulation. Boca Raton, FL: CRC press, 1994.

[143] S. Saha, “Trajectory-based formal controller synthesis for multi-link robots
with elastic joints - video submission,” Mar. 2014, accessed on: Dec. 7th,
2017. [Online]. Available:
https://www.youtube.com/watch?v=7rxLwWnq7PI

[144] ——, “Human-robot interface for multi-link robots with elastic joints - video
submission,” Mar. 2015, accessed on: Dec. 7th, 2017. [Online]. Available:
https://www.youtube.com/watch?v=azrqPq1PLJ4

[145] A. De Luca, R. Farina, and P. Lucibello, “On the control of robots with
visco-elastic joints,” in Proc. Int. Conf. Robot. Automation. Barcelona,
Spain: IEEE, 2005, pp. 4297–4302.

[146] Z. Qu and J. Dorsey, “Robust tracking control of robots by a linear feedback
law,” IEEE Trans. Autom. Control, vol. 36, no. 9, pp. 1081–1084, Sep. 1991.

[147] J. I. Mulero-Mart́ınez, “Uniform bounds of the coriolis/centripetal matrix of
serial robot manipulators,” IEEE Trans. Robot., vol. 23, no. 5, pp.
1083–1089, Oct. 2007.

https://www.youtube.com/watch?v=7rxLwWnq7PI
https://www.youtube.com/watch?v=azrqPq1PLJ4


207

[148] R. Ortega and M. W. Spong, “Adaptive motion control of rigid robots: a
tutorial,” Automatica, vol. 25, no. 6, pp. 877–888, Nov. 1989.

[149] A. Winn and A. Julius, “Optimization of human generated trajectories for
safety controller synthesis,” in Proc. Amer. Control Conf. Washington,
D.C.: IEEE, 2013, pp. 4374–4379.

[150] S. K. Agrawal and V. Sangwan, “Differentially flat designs of underactuated
open-chain planar robots,” IEEE Trans. Robot., vol. 24, no. 6, pp.
1445–1451, Dec. 2008.

[151] J. Franch, S. K. Agrawal, and V. Sangwan, “Differential flatness of a class of
n-DOF planar manipulators driven by 1 or 2 actuators,” IEEE Trans.
Autom. Control, vol. 55, no. 2, pp. 548–554, Feb. 2010.

[152] M. R. Garey and D. S. Johnson, Computers and Intractability. New York,
NY, USA: WH Freeman and Company, 2002, vol. 29.

[153] M. G. Earl and R. D’Andrea, “Iterative MILP methods for vehicle-control
problems,” IEEE Trans. Robot., vol. 21, no. 6, pp. 1158–1167, Dec. 2005.

[154] H. Abbas, A. Winn, G. Fainekos, and A. A. Julius, “Functional gradient
descent method for metric temporal logic specifications,” in Proc. Amer.
Control Conf. Portland, OR: IEEE, 2014, pp. 2312–2317.

[155] H. Abbas and G. Fainekos, “Computing descent direction of MTL robustness
for non-linear systems,” in Proc. Amer. Control Conf. Washington, DC:
IEEE, 2013, pp. 4405–4410.

[156] J. W. Chinneck, Feasibility and Infeasibility in Optimization: Algorithms and
Computational Methods. New York, NY: Springer Science & Business
Media, 2007.

[157] J. W. Chinneck and E. W. Dravnieks, “Locating minimal infeasible
constraint sets in linear programs,” ORSA J. on Computing, vol. 3, no. 2,
pp. 157–168, May 1991.

[158] R. Freese, “Automated lattice drawing,” in Proc. Int. Conf. Formal Concept
Analysis, vol. 2961. Sydney, Australia: Springer, 2004, pp. 112–127.

[159] R. H. Byrd, J. C. Gilbert, and J. Nocedal, “A trust region method based on
interior point techniques for nonlinear programming,” Mathematical
Programming, vol. 89, no. 1, pp. 149–185, Nov. 2000.

[160] R. A. Waltz, J. L. Morales, J. Nocedal, and D. Orban, “An interior algorithm
for nonlinear optimization that combines line search and trust region steps,”
Mathematical programming, vol. 107, no. 3, pp. 391–408, Jul. 2006.



208

[161] A. Donze and V. Raman, “BluSTL: controller synthesis from signal temporal
logic specifications,” April 2015, accessed on: Nov. 21st, 2017. [Online].
Available: http://terraswarm.org/pubs/544.html
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