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ABSTRACT 

The development of the flow field behind an internally-propelled vehicle 

in steady motion at supersonic speed is analyzed by the method of character

istics. The vehicle is simulated by a Chapman-Jouguet detonation propagating 

in an infinite duct. Friction and heat transfer are accounted for, and the 

friction factor is related to the heat transfer coefficient through the 

Reynolds analogy. The characteristic equations are integrated numerically 

employing a high-speed computer. 

In the inviscid adiabatic case the flow is nonsteady in all frames of 

reference. On the other hand, when the effects of friction and heat transfer 

are included, a region of flow is found to develop which is steady in a frame 

of reference moving with the detonation front. The steady-flow region starts 

directly behind the detonatiort and gradually grows to fill the entire flow 

field. The flow conditions far downstream from the detonation return 

asymptotically to their ambient values. 
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SYMBOLS 

Ol speed of sound 

A=- o../o...D nondimensional speed of sound 

~ specific heat at constant pressure 

c..~ : ~ +.TL/ u.lu..l friction factor 

+ friction force per unit weight 

~ gravitational constant 

Jh film coefficient of heat transfer 

\.. length 

~ Mach number 

4P pressure 

p =-~: I "T UJ 
Riemann variables Q, =~A-V 

'r-\ 

lb amount of heat transferred per unit mass 

l6 total amount of heat transferred in steady flow 

~ perfect gas constant 

Jl... tube radius 

J'l..: J"L nondimensionalized tube radius 
1-0 

entropy per unit mass 

nondimensionalized entropy 

T temperature 

time 

velocity relative to tube walls 

U : u.../o...onondimensionalized velocity 

NO velocity relative to detonation front(detonation velocity 
minus LA.. ) 
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dissipated frictional work 

distance 

ratio of specific heats 

'e -:. ~/L-~ _ nondimensiona1ized distance 

~ density 

"" =. ~ o...D/ Lo nondimensiona1ized time 

nondimensiona1ized friction force 

Subscripts 

o detonation 

L left side of interface 

D reference conditions 

~ right side of interface 

~ shock 

Superscript 

o stagnation conditions 

Reference Conditions 

0... " = 1240 ft. / sec. 

\.... Q 5.280 ft. 

= 



1. INTRODUCTION 

Considerable attention has recently been given to the gasdynamics of the 

flow in the air columns adjacent to a vehicle moving at high speed in a tube~-4 

In dealing with a vehicle traveling at constant speed in a tube of infinite 

length, it would seem logical that the flow could be treated as steady in the 

frame of reference of the vehicle. Attempts to treat the flow in this mannet- 3 

have, however, met with unexpected difficulties. It has been found that there 

are wide ranges of operating conditions (all of them subsonic) for which the 

steady-flow equations have no solution for the region behind the vehicle. 

In a nonsteady-f1ow analysis of one of these situations, Gijsels4 has con-

sidered tubes of increasing lengths and has examined the corresponding flow 

fields for any sign of a trend toward steadiness in the vehicle-fixed frame of 

reference. In Gijse1s' analysis the flow behind the vehicle is treated as 

4 

isentropic, and the observed decay of the pressure waves is too weak to be truly 

indicative of a trend toward steadiness. A similar attempt, but with full con-

sideration of friction and heat transfer effects in the wake of the vehicle, 

has recently been made at Rensselaer by Burr and Webster. When the entropy 

gradients due to friction and heat transfer are accounted for, a numerical 

iterative procedure is required. Unfortunately, in.the situations of practical 

interest which are considered in the Burr-Webster analysis, the temperature 

and velocity perturbations are so small that local friction and heat transfer 

effects are of the same order of magnitude as the round-off error in the 

numerical procedure. Thus, this approach cannot be relied upon even in the 

detection of dissipative processes whose integrated effects (over tubes of 

great length) may well be very large. It should also be noted that, even if 

credible results could be produced by this method of analysis, their experi-

mental verification would present special problems, not only because of the 

difficulty of generating and maintaining the required steady vehicular , 



motion for a sufficiently long time in a tube of reasonable length, but also 

because of the smallness of local effects that have to be measured. 

In the present study, the flow behind the vehicle is examined by a method 

which is designed to eliminate the difficulties that have just been mentioned. 

The method is based on the observation that the integrated conservation 

equations for the transfer flow of an internally propelled vehicle in steady 

level motion are qualitatively the same as those which govern the flow trans

formations across a plane flame. In both situations the entropy is increased 

as energy is added to the flow, while the mass flow rate and the stream force 

remain unchanged in .the frame of reference in which the flow is steady. There 

is, however, a significant quantitative difference between the two situations. 

The magnitudes of the temperature and velocity perturbations are very much 

greater in the case of the flame than in the case of the vehicle, and all 

transport rates are correspondingly greater. This fact suggests the possi

bility of studying the flow induced by a self-propelled vehicle in a tube by 

a new approach, in which the vehicle is simulated by a propagating flame. The 

advantages of this simulation are (a) a magnification (hence easier detection) 

of all the transport rates and dissipative effects that are to be calculated 

or measured, and (b) a much simpler and easier experimental verification of 

the theoretical predictions. 

This simulation procedure is developed and applied in the present study, 

which is made of three parts. The first part, which is presented in this 

report, deals specifically with the simulation of vehicles traveling at super

sonic speeds. As has been pointed out above, this is a situation for which 

steady-flow solutions exist and can be obtained directly by the methods 

developed in Ref. 1. The simulating flame is, in this case, a detonation. 

The remaining two parts deal with a subsonic simulation and with an experi

mental verification of the theoretical results, respectively. 
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Description of the Model 

The primary objective of this study is an understanding of the mechanism 

of transition to steady flow, rather than the evaluation of precise quantita

tive information for the specific case of a Chapman-Jouguet detonation. There

fore, the analysis is stripped of all secondary details that would not alter 

the essential features of the transition. 

The model considered is an infinite tube, one half filled with a deto

nable gaseous mixture and the other half filled with an inert gas. (Figure 1). 

On ignition of the mixture at the interface a detonation propagates through 

the mixture while a shock or "retonation wave" propagates through the inert 

gas (Figure 2). An interface between the burned and inert gas also travels 

through the duct. 

The following assumptions are made: 

1. The detonation is treated as a discontinuity across which the Chapman

Jouguet condition is established and maintained at all times. This assumption 

implies that the effects of friction and heat transfer are negligible in the 

thin reaction zone following the detonation front. 

2. The flow is one-dimensional, fully developed, and turbulent in the 

entire flow field between the detonation and shock. This assumption is justi

fied on the ground that the distance required for the flow to become fully 

developed is very much smaller than the distances that must be considered in 

the analysis. 
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3. The gases are ideal and the ratio of specific heats is constant through

out the flow field. 

4. Heat transfer in the axial direction and diffusion of the gases are 

negligible. 

5. The effect of dissociation of the products of combustion is negligible. 

6. The duct is of infinite length. This assumption is made so that wave 

reflections from the ends of the duct can be neglected. 



The flow field between the detonation and the retonation shock is 

analyzed by the method of characteristics for one-dimensional nonsteady flow, 

with full consideration of friction and heat transfer. 

Previous nonsteady flow analyses which have accounted for friction and 

heat transfer5 ,6,7 have dealt with situations in which the heat transfer 

rate was prescribed independently of the local flow conditions. In the flow 

field behind a detonation the heat transfer rate depends upon the stagnation 

temperature and the heat transfer coefficient is a function of the local 

instantaneous flow conditions. In the present analysis the heat transfer 

rate is treated as quasi-steady and the heat transfer coefficient is related 

to the friction factor by the Reynolds analogy. 

Although highly idealized, this model is capable of revealing the essential 

features of dissipation in the flow field behind a vehicle traveling super

sonically in a duct, and of determining the transition mechanism to steady 

flow. 
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2. EQUATIONS OF MOTION 

The equations of motion for one dimensional nonsteady flow areS 

d'~'? ':.. A. c5\:~ ~ tc - \) A l)S -+ 't -c5'~ cf't' 1)'1"' (2.1) 

d-Q -=- 1\ cl- .s +- ~-,) A. uS T. (2.2) 
cf'~ cf\"' ~'"' 

where 

are the Riemann variables. The derivatives dI~ are the directional 
cf"t'" 

derivatives in the characteristic directions i~ = U:! A. • 

or ) ::. d +lU-A.)~ 
c:> \'"' 2> .s 

'{) 
D'1-' is the substantial derivative, i.e., the directional derivative along 

the i 1 hli :2... -= ~ '" v .;) part c e pat ne, 'D'"l-' J"t" J"i 
A third expression relating 5 to the state and dynamical variables is 

needed for solution of these equations. , 

2.1 Friction 

The nondimensionalized friction force is 

If ~ , the friction force, is expressed in terms of a friction factor then, 

~:;. c...~ u...\u...\ /~A. 

Note that ~ is positive if the flow is in the positive and negative if the 

flow is in the negative direction. 

For steady flow c... ~ is independent of Mach number. For laminar flow 

in smooth pipes C. + is a function of Reynolds number, but for turbulent 

flow in rough pipes it is virtually independent of Reynolds numb~r.9 
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For nonsteady flow the time averaged values of C~ do not differ con-

siderab1y from the steady state values providing the flow pulsations are 

gradual and flow separation does not occur. 10 

The friction factor C~ is assumed constant for the nonsteady flow 

behind the detonation. Therefore the nondimensiona1 friction force is 11 

~ ':. - c.~ u \ u \ / YL (2.3) 

2.2 Entropy 

In order to integrate equations (2.1) and (2.2), an expression for the 

change of entropy along the particle path1ines is required. The entropy of 

a fluid element changes due to two effects, the heat transfer from the fluid 

element and the dissipated mechanical work due to friction. 

= ~~~J Friction (~~ )Heat Transfer 

Entropy Change Due to Friction 

The entropy change of a fluid particle due to the dissipated mechani-

cal work of friction W is 

,~ 

U;t: 

The work done on a fluid element by the force +' is 

therefore \)-.JooJ d~ u... - ::. "\)*. 

The entropy change therefore becomes12 

\)5 
~ c.~ U"\U\ 

1>Y .JL A.~ 

(2.4) 
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Entropy Change Due to Heat Transfer 

The entropy change of a fluid element due to the heat transferred to 

the element is 

For steady flow the heat transfer rate across a surface of area ';;>TTJ"L.L is 

J...:1." 6 1'-0 -) -::.-""",,-\ -\0 
J...*-

where Jh is the film coefficient of heat transfer. Therefore the rate of 

heat transfer per unit mass is 

It is assumed that for the nonsteady flow behind the detonation the 

heat transfer is quasi-steady, i.e., that the heat is transfe~red at each 

instant in the same manner as it would in a steady flow with the same 

instantaneous boundary conditions: 

~ ~ -~ l-\ 0_10 ) 
\)~ ~n.. 

Then the entropy change due to heat transfer is 

(2.5) 

For steady incompressible turbulent flow the Reynolds analogy yields 

the following relation between c..~ and j.. .13 

(2.6) 

It has been found experimentally that for subsonic compressible flow 

the Reynolds analogy is substantially independent of Mach number.14 

Since the flow behind the detonation is subsonic,l5 the Reynolds analo~ 

may be used. 
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Substitution of equation (2.6) into (2.5) yields 

(2.7) 

_0 1-
Using the relation \ = T ( \ .... T--=l f'.I\ ) and nondimensionalizing, equation 

~ 

(2.7) becomes 

(2.8) 

Note that where the flow comes to rest ( 0 = 0) the heat transfer is zero. 

Substituting equations (2.3), (2.4) and (2.8) into equations (2.1) and 

(2.2) the characteristic equations become 

- ~ ~ \ U \ l ~ .1 - t' ~\) U ~ i + U '" j ~ A cl'+.5 
JL A. cf'"t" 

(2.9) 

- c.. t \ U \ \" A." _ (~ \ U -4 - i - LJ A."""\ ~ A.. cf'-2 
;rcA '- \_J ~ ~\ 

(2.10 ) 

The total entropy change is 

uS 
= 

(2.11) 

Equations (2.9), (2.10) and (2.11) are the characteristic equations. They 

are integrated along their respective characteristics in order to determine 

the nonsteady flow field between the detonation and the shock. 



3. RESULTS 

Equations (2.9), (2.10) and (2.11) are numerically integrated using a 

finite difference technique on the IBM Systems 360 computer. They are 

solved for both the inviscid adiabatic case and for when friction and heat 

transfer are accounted for. In each case the flow immediately behind the 

detonation is assumed to be in the Chapman-Jouguet state at all times. 

The specific detonation studied is for the reaction 

where \0 = 3000 K, ~a = 1 atm and Uo = O. The flow conditions immediately 

behind the detonation front, as calculated by Taylor and Tankin,16 

i/!ifD ~ l S. g -\- =- .;2.'%'i)ook 

~1) '-\.a..I,\ ~ ::: .2l.4, ..... 0 
= (3.1) 

A. ::. .:2,'1'-'1 U ':. \.,\S'J 

? ::. \'--"'~o Q=- 1:I.."l'~ 

3.1 Results for Inviscid Adiabatic Flow 

When the flow is inviscid and adiabatic the right hand side of 

equations (2.9), (2.10) and (2.11) is zero. Therefore ~ and 0.. are con-

stant along their respective characteristics and S is constant along the 

particle pathlines. The solution for this case is outlined in appendix 1. 

The results are presented in Table 1. The wave diagram for this case is 

presented as Figure 3. 

An expansion wave trails directly behind the detonation. This ex-

pansion reduces the pressure ratio from 15.8 at the Chapman-Jouguet state 

to 3.41 at the tail of the wave. The velocity in turn decreases from 

1.951 to -0.983. The flow velocity is zero along the characteristic slope 

&.~ - = 2.58. 
c).."t' 

Between the tail of the expansion fan and the interface the flow field 
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does not change. Across the interface there is a decrease in entropy from 

3.46 on the right to 0.129 on the left. The speed of sound also decreases 

from 2.380 to 1.223. 

A shock propagates at ~ ; 1.751 into the inert gas. 

Since the flow is isentropic, the slopes of the expansion wave, the 

interface, and the shock remain constant. The Q characteristics which 

reach the shock all have the same value of the Riemann variable Gt , and 

therefore do not change the shock strength. The detonation, being of the 

Chapman-Jouguet type, is never reached by characteristics from behind. 

The pressure distribution in the expansion fan in a coordinate system 

fixed to the detonation is shown in Figure 4. In this diagram the Saxis 

represents distance from the detonation front. It should be noted that at 

different times a different pressure distribution is observed. Therefore 

the flow is nonsteady in this as in every other frame of reference. 

3.2 Results When Friction and Heat Transfer are Accounted For 

Equations (2.9), (2.10) and (2.11) are also solved when the effects of 

friction and heat transfer are included. In this case the equations are 

nonhomogeneous and P, Q and S vary along their respective characteristics. 

A finite difference technique is used to integrate these equations numeri

cally under the following conditions: 

"'=-I.y 

The details of the integration technique and the construction of the 

characteristic network are described in appendices 2 and 3. The wave dia

gram for this case is shown in Figure 5. 

At early values of time the effect of friction and heat transfer is 

small. As time progresses the dissipative effects become more important. 
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Both the magnitude of the flow velocity, \U\ , and the speed of sound are 

decreased by these effects, thus causing a gradual increase of the slope of 

the P characteristics in the expansion fan. On the other hand, due to the 

Chapman-Jouguet condition, the slope of the detonation does not change. 

Therefore the P characteristics move away from the detonation much faster 

than in the inviscid adiabatic case. The slope of the interface also 

increases due to the decrease in the magnitude of the flow velocity_ 

When friction and heat transfer are accounted for, the ~ character

istics which reach the shock from behind have different values of the 

Riemann variable ~ . The value of Gl behind the shock decreases with time, 

and consequently the shock strength decreases. 

The pressure distribution in the flow field, in a coordinate system 

fixed to the detonation, is compared to the inviscid adiabatic case on 

Figure 6. In this diagram ~ = 7.5 and ~ represents distance from the 

detonation front. 

Immediately behind the detonation the pressure gradient is found to be 

greater when friction and heat transfer are accounted for. This is because 

the pressure decreases due to the dissipative effects as well as due to the 

isentropic expansion wave. In this region the flow velocity and tempera

ture are both very high and friction and heat transfer are very significant. 

Near the tail of the expansion wave the pressure variation is about 

the same as in the inviscid adiabatic case. Due to the low flow velocity 

in this region the effect of friction and heat transfer is very small. The 

pressure far downstream from the detonation is gradually returning to 

ambient conditions. 
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The pressure distribution in the expansion wave at various times in a 

coordinate system fixed to the detonation is plotted in Figure 7. In this 

diagram 5 represents distance from the detonation front. From this plot it 

can be seen that a region of steady flow gradually develops directly behind 

the detonation. For example the pressure distribution between S = 0 and 

s = 5 becomes invariant with respect to time at ~ = 3. Therefore the 

flow is steady in this frame of reference. It can be seen that this region 

of steady flow increases as time progresses. 

The velocity and temperature distributions in the expansion wave in a 

coordinate system fixed to the detonation are plotted in Figures 8 and 9 res-

pectively. The growing region of steady flow can also be observed in these 

plots. 

In Figure 8 the velocity is relative to the detonation. The detonation 

velocity is 4.919. Therefore in a frame of reference fixed to the tube, 

values of ~ ~ 4.919 represent flow in the negative direction while values 
~. 

of ~ '- 4.919 represent flow in the positive direction. 
~~ 

The steady flow equations of Ref. 2 have recently been integrated by 

Cromack for the detonation considered in the present study, and with the 

same assumptions concerning viscous forces and heat transfer rates. These 

results are also shown on Figures 7, 8 and 9. 

The envelope of the curves for different ~ of the nonsteady solution 

coincides exactly with the results of Cromack's steady flow solution. From 

these figures it can also be seen that this envelope asymptotically approaches 

the downstream conditions predicted by the steady conservation equations. 
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4. CONCLUSIONS 

The flow field induced by a detonation propagating in an infinite tube 

is qualitatively similar to that induced by a supersonic internally propelled 

vehicle. Therefore the following conclusions apply qualitatively to the 

vehicle as well as to the detonation. 

A detonation traveling through a duct causes a sudden increase in pres

sure, temperature and flow velocity. These parameters are then decreased by 

two effects. The first effect is a nonsteady expansion wave which trails 

directly behind the detonation. The second effect is the retardation and 

cooling of the flow by friction and heat transfer. 

In the absence of friction and heat transfer the flow field never returns 

to ambient conditions. The pressure, temperature and velocity gradients in 

the expansion fan are very gradual and decrease with time. The flow field is 

nonsteady in all frames of reference. 

When the dissipative effects of friction and heat transfer are accounted 

for, the calculated gradients immediately behind the detonation are very steep. 

In this high temperature, high velocity region the dissipative effects are 

very significant in determining the flow field. In the low velocity region 

of the expansion wave the flow behavior approaches that of the inviscid 

adiabatic case. 

In the dissipative case, a region of flow develops which is steady when 

observed in a coordinate system moving with the detonation. This region 

starts directly behind the detonation, where the gradients are very steep, and 

extends further and further back into the expansion fan as time progresses. 

The retonation shock gradually decreases in strength and the flow con

ditions far downstream from the detonation asymptotically return to their 

ambient values. 
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5. APPENDICES 

5.1 APPENDIX I 

Solution for Inviscid and Adiabatic Flow 

The flow conditions immediately behind the detonation are: 

Between the detonation and interface Q and S are constant. There

fore, on the right side of the interface, 

Q,,- =- \~.""., 

Across the interface the following relations hold. 17 

Q 1..-- Q.0l.. ~ (71.. + Q. .... ') k~ (Sl../~'5!\) 

? a - ~ \..- " (7 \, -\- Q.~'J .t:.~ (os ~ : s \.. ) (A-I) 

Between the interface and the shock the flow field is uniform. 

If 71- and $ '- were known, equations (A-I) could be solved for ~I'.. and 

~'- and the flow field would be determined. Since the shock strength is 

not known a priori, ?L and S \.. are unknown. Therefore the following 

iterative procedure is used. 

As a first assumption let 'PI... 5 and OS L = O. Then equations (A-l) 

are solved to determine ?ot. and Q\,.. Behind the shock Q = ~'-. From 

the change "in ~ across the shock, the shock Mach number is calculated. 

Then a second approximation to the values of ~~ and S L. is made. This 

iteration procedure is continued until it converges to the desired accuracy. 

In order to calculate the shock Mach number a quasi-steady approxi

mation is made. The flow through the shock is considered to behave at each 

instant as a steady flow would under the same instantaneous boundary con

ditions. Therefore the steady flow equations are used to relate conditions 
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across the shock. 18 The steady flow equations are formulated in a frame 

of reference moving with the shock. These equations are then rewritten so 

that the velocities are expressed relative to a frame of reference fixed 

to the duct walls. Making use of the fact that before the shock U o = 0, 

~o = 1 and Sa = 0, these equations yield the following conditions behind 

the shock. \j =- \ -- M..~~ ! '5""\"\ M...3 
~ 

A .... ~ .1 lr l 'r - 'J ~ ~ ~ - <.. l' ':1_ l. '( -t \J 
l (b" .... \)~ ~~~ 

'5'-\ } + _.1_
;-::;-, "l '< - \) 

Therefore for ~ = 1.4 the relationship between the shock Mach number 

and Q behind the shock is 

(A-2) 

Equation (A-Z) cannot be solved directly for the shock Mach number, so 

the following iterative procedure is used. 

Let 
1-

D =. (~~'J.._ L~ tI\." Q" - \\ (A-3) 

Therefore equation (A-Z) becomes 

(A-4) 

A first approximation to the shock Mach number is guessed at. 

Equation (A-3) is then solved for D. Using this value of D, equation (A-4) 

is solved for ~~, by the quadratic formula. The iteration is then repeat

ed with this new value of M..~. 

Once the shock Mach number is known, a second approximation to ~?~ 

and 51... is made from the steady flow equations across the shock. This 

iteration procedure is then continued until the flow field is determined to 

the desired accuracy. 

18 
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5.2 APPENDIX 2 

Construction of the Characteristic Grid 

A sketch of the characteristic grid for when friction and heat trans-

fer are included can be found on Figure 10. 

At early values of ~ the effect of friction and heat transfer is 

negligible. Therefore the inviscid adiabatic solution can be used as 

initial conditions at points 1-6, I and S on Figure 10. The location of 

these points is arbitrary, providing that ~ is small. These pOints are 

chosen as follows: 

Point 1 is immediately behind the detonation 
Point 2 and 3 are in the expansion fan 
Point 4 is at the tail of the expansion fan 
Point 5 is between the expansion and interface 
Point I is at the interface 
Point S is immediately behind the shock 

The detonation is extended to point 1'. The distance between 1 and l' 

determines the grid size of the characteristic network. The flow conditions 

at l' are the same as at 1 since the detonation is of the Chapman-Jouguet 

type. 

The method of characteristics is used to calculate point 2' from the 

known conditions at l' and 2. This procedure is outlined in appendix 3A. 

Points 3' 4' and 5' are determined in a similar manner. 

In order to calculate point 6' the ? characteristic from point 6 

must cross the interface. This determines the flow conditions at point I' 

on the interface. The procedure used in this situation is outlined in 

appendix 3B. 

The shock is extended to pointS'. The distance between Sand 8' is 

chosen of the Same order of magnitude as the distance between 1 and 1'. 



8ince the ~ characteristic from point 6 does not intersect the shock 

between 8 and 8', the flow conditions at 8' are the same as at 8. The 

method of characteristics is used to determine point 7' from the known con

ditions at 6 and 8'. 

The procedure is then repeated to determine points 1"-7" and point I". 

Note that the Q characteristic from point 7' intersects the shock at 8 II. 

Therefore the flow conditions at 8" are not the same at 8'. The procedure 

used to determine the shock strength at point 811 is outlined in appendix 3C. 

It can be noted on figure 10 that characteristic 2 (points 2,2',2 11 , 

etc.) diverges from the detonation. Therefore it is necessary to decrease 

the grid size in order to accurately determine the region directly behind 

the detonation. This is done as follows: 

After the grid is constructed up to points 1" '-8"', point A is chosen 

along the Q characteristic between 1'" and 2"'. Point A is located 

very close to point 1"', and the flow conditions at point A are assumed to 

be the same as at point 1"'. Then the method of characteristics is used 

to calculate point A' from the known conditions at 1"" and A. In a 

similar manner point 2"" is determined from points 2'" and A'. This 

procedure decreases the grid size in the region directly behind the deto

nation and provides a more accurate determination of the flow field there. 
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5.4 APPENDIX 3 

Integration of Equations 

The equations of motion (2.9), (2.10) 

the characteristics, ~ :. 01" f>.. and i~:::: U 
d... '\'" . \ 

and (2.11) are integrated along 

Since the shapes of these 
I 

characteristics are not known a priori an iteration procedure is used. 

A. Solution in the absence of discontinuities along the 
characteristics (Figure 11) 

Points 1 and 2 are two points in the time-distance plane at which all 

flow conditions are known. Point 3 lies at the intersection of the 'P 

characteristic through 1 and the Q, characteristic through 2. The particle 

path1ine through 3 intersects line 1-2 at point 4. 

If the distance between points 1 and 2 is small it may be assumed that 

the flow properties along line 1-2 vary linearly. Therefore conditions at 

point 4 can be found by linear interpolation. 

The following iterative procedure is used in order to determine the 

flow conditions and location of point 3. 

As a first approximation assume that the slope of the P character-

istic between 1 and 3 is constant and equal to the slope at point 1. 

Similarly assume that the slope of the Q.. characteristic between 2 and 3 is 

constant and equal to the slope at point 2. Therefore the intersection of 

these two characteristics provides a first approximation to the location of 

point 3. 

A first approximation to the flow conditions at point 3 is obtained by 

assuming the Riemann parameter P is constant between 1 and 3 and the 

Riemann parameter ~ is constant between 2 and 3. 

The particle path line through point 3 originates from point 4 along 
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line 1-2. The location of point 4 depends upon the slope of the particle 

pathline between points 3 and 4, which in turn depends upon the velocity 

at point 4. The average velocity between points 1 and 2 is used as a first 

approximation to the velocity at point 4. Then using the average velocity 

between points 3 and 4, a first approximation to the slope of the particle 

pathline is made. The intersection of the particle pathline and line 1-2 

determines a first approximation to the location of point 4. A second 

approximation to the flow velocity at point 4 is then made by linear inter-

polation between points 1 and 2. This in turn provides a second approxi-

mation to the slope of the particle pathline and to the location of point 4. 

This iteration is continued until the location of point 4 is determined to 

the desired accuracy. 

A second approximation to the location and flow conditions at point 3 

is made in the follmving manner. Equations (2.9)' (2.10), and (2.11) are 

rewritten as follows: 

~ '7.)\ :::. 
\b - \ (A-5) 

Q ~ - Q.l ~ 1-:: l~ Il '" ;J._~;:I ) u L._ \ - U ~ r C'l-'2J -7-2.) + "LI~(5!,-5~kA_6) 
JL 01,,0 

$ 3 - 5 y :: ~ - c...p \ I,) L l'" J. - t:.:l) lY' - \ ~ ~ l 'l--' 0 - ~LJ 
1.:;JL"p.., ~ J3~L.j (A-7) 

The subscript 1,3 means that the flow parameters are averaged between 

points 1 and 3. 

Equation (A-7) is then solved for 'So.:> using the first approximation 

to evaluate the right hand side. Equations (A-5) and (A-6) are then 

solved for r:!> and C()in a similar manner. 

A second approximation to the location of point 3 can then be made 



using the average slopes of the characteristics between point 3 and the 

original points. 

This procedure is continued until the difference between any two steps 

of the iteration is within the accuracy desired. 

The above technique is only valid when there are no discontinuities 

along any of the characteristics. The following sections outline how the 

procedure must be changed when a characteristic crosses a shock or an 

interface. 

B. Solution for characteristic crossing interface (Figure 12) 

An interface is a discontinuity in the flow field across which there 

is a sudden jump in temperature and entropy. Across an interface there is 

no change in pressure or velocity. An interface propagates at local flow 

velocity relative to the duct walls. 

Points 1 and 2 are two points in the time distance plane at which all 

flow conditions are known. Point 3 is a point along the interface. The 

flow conditions are known at both sides of the interface at 3 (3~, and 3 L 

represent the right and left sides of the interface respectively). 

In this case the ? characteristic from point 1 must cross the inter

face at point 4 before it intersects the ~ characteristic from point 2. 

The following procedure is used to determine the location and flow con

ditions at point 4. 

Assume as a first approximation that the flow conditions at point 4 

are the same as at point 3. Then the ~ characteristic is extended with 

the average slope between points I and 4~. The interface is extended with 

the same slope as at point 3. The intersection of these two lines determines 

the first approximation to the location of point 4. 
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The G< characteristic through point 4 originates at point 5 along line 

2-3. If the distance between points 2 and 3 is small the flow conditions 

at point 5 can be linearly interpolated between 2 and 3 The location 

of point 5 is determined in the same manner as was point 4 in appendix 3A. 

A second approximation to the flow conditions at the interface is made 

in the following manner. Equations (2.9), (2.10) and (2.11) are rewritten 

7'-\ L -7 \ ~ 1- c:. ~u ~ [f\ ~-t~) u ~ ~ -'cut\j4 c..r--~-I'-,)-t~)~:L\L-S')(A_8) 
J \1"\ I... 

Q~~-QS-:1-~~\ [p--1.-t:')U L
- \- u~1]- C~ ... -I'--S')~ fl..s- (S .. qt .. -Sf» 

6") ~~ J'{~ (A-9) 

S It L-- SaL = 1-~ ~ \ [A-~- t:2 ) U L_ \ l} c.. 1V~ - \'"' ~) 
~ '-J 4 L.. 

'5 L\ R - S 3 tt- ::: \ -~ ~ \ l ~ L_~:.\) \"0)1"-\11 (t--~ - \'-'~) 
3 R,)4~ 

(A-lO) 

Equations (A-lO) and (A-ll) are solved for Sy '- andS y R using the first 

approximation to evaluate the right hand sides. Then equations (A-8) and 

(A-9) are solved for ~4 L.. and OYO! in a similar manner. The matching con

di tions across the interface, equations A-I, yield ~"a. and Q4L 0 

A second approximation to the location of point 4 is then made using 

the average slopes of the characteristics from the original points. 

This iteration can be continued until it converges to the desired 

accuracy. 

C. Solution for characteristic crossing shock (Figure 13) 

A shock propagates at supersonic velocity relative to the gas ahead 

of it, and at subsonic velocity relative to the gas behind. Therefore the 

shock will overtake all characteristics ahead of it, and be overtaken by " 

the similarly facing characteristic from behind. 
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In figure 13 a ~ shock is propagating into a gas at rest. The flow 

conditions in this gas are: 

7., =5, Q .. =5,S,,=0 

Point 1 is a point along the shock at which the shock Mach number is known. 

Therefore all flow conditions are also known immediately behind the shock 

at point 1. Point 2 is a point in the flow field behind the shock. All 

flow conditions are assumed known at point 2. Point 3 lies at the inter-

section of the shock and the ~ characteristic through 2. The following 

procedure is used to find the shock Mach number at point 3 and the flow con-

ditions immediately behind the shock at that point. 

As a first approximation assume that the shock Mach number and con-

ditions behind the shock are the same at points land 3. Therefore the Q 

characteristic can be extended with the average slope between points 2 and 

3, and the shock can be extended with the slope at point 1. The inter-

section of these two lines provides a first approximation to the location 

of point 3. 

A second approximation to the flow conditions at point 3 is made in 

the following manner. Equation 2.10 is rewritten 

Q b - Q '-- ~ 1-~ ~l [t--~-lr~) u2._ I-UA-11c. 1'~-~I.) + ~LP~~~;:)") 
01)3 

Equation (A-12) is solved for Q.~using the first approximation to 

evaluate the right hand side. From the change in ~ across the shock a 

second approximation to the shock Mach number is made as described in 

appendix 1. Using the quasi-steady assumption all flow conditions at point 

3 are then determined from the shock Mach number. 

A second approximation to the location of point 3 is then made using 



the average slope for the characteristic between points 2 and 3 and for 

the shock between points 1 and 3. 

This procedure is continued until it converges to the desired accuracy. 

26 



6. References 

1. Foa, J.V., IIPropulsion of a Vehicle in a Tube", Rensselaer Polytechnic 
Institute, TR AE 6404, Troy, New York (June 1964). 

2. Cromack, D.E. and Gijsels, L.F., "Analysis of the Wake of a 8e1£
Propelled Vehicle in a Duct with Consideration of Heat Transfer and 
Friction", Rensselaer Polytechnic Institute, Troy, N.Y. TR AE 6406 Sect.G 
(June 1964). 

3. Hagerup, H.J., "A Note on the Flow Induced by a Disturbance Traveling in 
a Tube ll

, Rensselaer Polytechnic Institute, TR AE 6405, Troy, N.Y. (June 
1964). 

4. Gijsels, L.F., "Propulsion of a Vehicle in a Tube of Finite Length", 
Masters Thesis, Rensselaer Polytechnic Institute, Troy, N.Y. (September 
1964) . 

5. Jenny, E., "Unidimensional Transient Flow With Consideration of Friction, 
Heat Transfer, and Change of Section1t , Brown Boverie Rev. 37, 447-461, 
(November 1950). --

6. Owczarek, J .A., "Theoretical Investigation of the Influence of Viscous 
Friction on a Plane Wave of Finite Amplitude in a Compressible Fluid", 
Quart. J. App. Math. 1, 143-163, (1956). 

7. Benson, R.S., Garg, R.D., and Woollatt, D., "A Numerical Solution of Un
steady Flow Problems", Int. J. Mech. Science~, 117-114 (1964). 

8. Foa, J.V., Elements of Flisht Propulsion, John Wiley and Sons, (New York 
1960), Chapter 6, p.92. 

27 

9. Schlichting, H., Boundary Layer Theory, McGraw-Hill, (New York 1960),p.598. 

10. Reference 9, p. 532. 

11. Rudinger, G., Wave Diagrams for Nonsteady Flow in Ducts, D. Van Nostrand 
Co. (New York 1955), Chapter V, p. 48. 

12. Reference 11, p.48. 

13. Rohsenow, W.M., and Choi, H.Y., Heat Mass and Momentum Transfer, Prentice 
Hall, (New York 1961), p.185. 

14. Shapiro, A.H., The Dynamics and Thermodynamics of Compressible Fluid Flow, 
Ronald Press (New York 1953), p.212. 

15. Reference 8, Chapter 11, p.255. 

16. Taylor, G.I., and Tankin, R.S., "Gas Dynamical Aspects of Detonationll
, 

Fundamental of Gas Dynamics, Princeton University Press (New Jersey 1958) 
Chapter 3, p.625. 

17. Reference 8, p.210. 

18. Liepmann, H.W., Roshko, A., Elements of Ga~dynamics, John Wiley and Sons, 
(New York 1957), p. 157. 



28 

TABLES AND FIGURES 



TABLE I 

Results for Inviscid Adiabatic Flow 

LOCATION U A -f /fa S SLOPE -

Tail of Expansion Wave -0.983 2.380 3.410 3.460 U+ A ... 1.397 

Right Side of Interface -0.983 2.380 3,410 3.4QO U F= -.983 

Left Side of Interface -0.983 1.223 3,410 0·129 Ll ... -.983 

Behind Shock -0.983 1.223 3.410 0.129 11s ... 1. 751 
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FIGURE 2 Wave motion after ignition 
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FIGURE 3 Wave diagram for inviscid adiabatic flow 
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Pressure distribution in a coordinate system fixed to the 
detonation front, for inviscid adiabatic flow 
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FIGURE 5 Wave diagram for flow with friction and heat transfer 
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Comparison of pressure distributions in a coordinate system 
fixed to the detonation front at 't' = 7.5 
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FIGURE 7 

T = I 
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Pressure distribution in a coordinate system fixed to the 
detonation front for flow with friction and heat transfer. 
(Dotted line is the extension of the steady flow solution 
from Ref. 2) 
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FIGURE 8 
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Velocity distribution in a coordinate system fixed to the 
detonation front for flow with friction and heat transfer. 
(Dotted line is the extension of the steady flow solution 
from Ref. 2) 
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FIGURE 9 
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Temperature distribution in a coordinate system fixed to 
the detonation front for flow with friction and heat 
transfer. (Dotted line is the extension of the steady flow 
solution from Ref. 2) 
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FIGURE 13 Solution for a characteristic crossing a shock 




