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ABSTRACT

Quasibrittle materials include concrete, rock, cemented sands, stiff clays, various

ceramics, and fiber composites. They are characterized by material heterogeneity,

and inelastic behavior that involves discontinuous displacement fields with strain

softening. Quasibrittle fracture can be simulated by either assuming the existence of

a discrete cohesive crack embedded in a continuous medium, or by adopting discrete

material models which capture the effect of heterogeneity on fracture. Regarding the

latter, significant improvements have been made in recent years, and their ability

to model quasibrittle fracture is well established. Their main disadvantage is that

when applied to simulate continuous media, the ability to calculate key aspects of the

elastic continuum is limited. These include the full range of Poisson effect, and the

magnitude and direction of principal stresses and strains. Significant improvements

have also been made regarding the ability of continuum models (finite element) to

embed cohesive cracks, but these methods typically involve complex, and therefore

very costly, computational procedures. An overall goal of this thesis is to provide a

uniform framework where the main advantages of discrete and continuum modeling

are available in one computational setting.

Herein, three different studies which advance the fields of discrete and quasib-

rittle modeling will be presented. First, the feasibility of using Bažant’s size effect

law to identify the cohesive fracture parameters of concrete is examined. The calcu-

lations will be continuum based, and a classical technique will be utilized where a

line of cohesive interface elements is inserted a priori into the mesh. Then, a recently

established mesostructural model for concrete, the Lattice Discrete Particle Model,

is advanced further by adding fiber reinforcing capability. This is a purely discrete

model, and to maintain that nature, individual fibers are randomly located within

the mesostructure. Their pullout evolution and crack bridging forces are modeled

for the entire length of a simulation. Finally, a discrete model is presented, which in

its initial 2D implementation, possesses the positive capabilities of both continuum

theory for elastic behavior and discrete modeling for quasibrittle fracture.

x



CHAPTER 1

INTRODUCTION AND HISTORICAL REVIEW

The assumption that solid matter is a homogeneous continuum has been the pre-

dominant approach for modeling the mechanical behavior of solids for over two

hundred years. For all classes of solids this assumption is not problematic if only

elastic behavior is being considered, and the well established Finite Element Method

(FEM) can provide very accurate solutions when the partial differential equations

of elasticity cannot be solved exactly. Regarding inelastic behavior, however, the

continuum assumption is not always valid. For ductile metals and similar materials,

behavior beyond the elastic regime can still be considered a homogeneous continuum.

In the branch of solid mechanics that deals with elasto-plastic behavior, the classi-

cal differential equations of equilibrium and the compatibility (strain-displacement)

conditions are still utilized, although with specialized constitutive (stress-strain) re-

lationships and consideration of the loading history. For brittle and quasibrittle

materials, however, displacement discontinuity is a defining characteristic.

Quasibrittle materials include concrete, rock, ice, cemented sands, stiff clays,

various ceramics, and fiber composites. When a “point” in a quasibrittle solid

reaches its elastic limit, partial discontinuities appear. Void formation may occur,

or pre-existing voids may form into micro-cracks. Partial transfer of tensile stress

around micro-cracks allow for these regions of discontinuity to grow in size. At the

scale of the structural response, this partial transfer of stress produces strain soft-

ening. For certain materials, even after voids and micro-cracks coalesce into larger,

more continuous cracks, various phenomena can produce crack-bridging forces (co-

hesive stresses). These include fibers embedded in solid material on opposite sides

of a crack, and friction or interlock between large aggregate pieces on opposite sides

of a crack. Implied here, is that quasibrittle materials, for the most part, tend to

be heterogeneous composites. In a typical three-phase example, the large aggregate

pieces, the cementitious mortar or “matrix” in which the large aggregate pieces

are embedded, and the interfacial zone between them may all have different tensile

1
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strengths and fracture energies.

Crack initiation and propagation in quasibrittle materials can be simulated by

either assuming the existence of a discrete cohesive crack embedded in a continuous

medium, or by adopting discrete material models which capture the effect of het-

erogeneity on fracture. The former approach is computationally effective where the

crack path is known a priori. The more general case, however, involves an unknown

crack path, or multiple crack situations. Although significant improvements have

been made in recent years regarding the ability of continuum models (i.e. FEM)

to embed cohesive cracks (see partial summary, Chap. 4), the adoption of discrete

material modeling is certainly more appropriate in these instances. As opposed to

FEM, discrete material models do not have the goal of approximating the continu-

ous displacement field, but rather to capture the heterogeneous material response.

In the discrete approach, a finite number of points or nodes are connected through

a system or framework of small structural elements. Displacements are determined

only at the nodes, and the load versus displacement characteristics of the structural

elements substitute for material stressing and straining.

Over the past sixty years, discrete material models have been developed for

various purposes. For particulate matter such as cohesionless soils, the material is

actually an assemblage of discrete elements in direct contact, and particle models for

such a situation have been in development since the 1970s [1]. For true solid mate-

rial, early discrete models were used to simulate the behavior of ordinary elasticity.

In a significant study from 1941 [2], the elastic behavior of small structural specimens

was modeled with truss frameworks (lattice models). The truss members transmit-

ted axial forces either alone, or with bending moment and shear. The spacing of

nodes, which determined the characteristic length of the members, was completely

arbitrary. In the rigid-body spring model [3], the structural domain is subdivided

into a finite number of rigid particles that interact through springs which have nor-

mal, tangential, and rotational stiffnesses. In addition to linear springs, Kawai [3]

also investigated the use of nonlinear springs, and accurate elasto-plastic simulations

were performed with a small fraction of the computational cost compared to FEM

solutions.
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As previously noted, however, the main motivation for the development of

discrete material models has been their ability to simulate the material heterogene-

ity, displacement discontinuities, and strain softening associated with quasibrittle

behavior. For the lattice-type approach, Schlangen and van Mier [4] model concrete

specimens by first subdividing the structural domain into regions corresponding to

both large aggregate and mortar. Members that lie completely within an aggregate

or a mortar zone are given the appropriate structural properties, and members which

extend from one zone to another are given the structural properties associated with

the interfacial transition. The members are elastic-perfectly brittle, and at the scale

of the structural response, accurate simulations of strain softening can be achieved.

Similarly, the rigid-body spring approach has been improved to model material het-

erogeneity and fracture. In Cusatis et al. [5, 6], the size and spacing of the rigid

particles correspond to the large aggregate structure, or mesostructure, of concrete.

The constitutive behavior of the mortar between the particles can represent tensile

softening, shear with friction or cohesion, and compressive hardening. The model

can simulate all essential aspects of concrete behavior including: direct tension and

multi-axial compression; shear failure and tensile fracturing; post peak softening

and crack localization; and size effect.

Despite the advances in discrete modeling capability, several disadvantages

exist, and to date, the adoption of discrete material models to simulate quasibrittle

fracture has been limited. A summary of these disadvantages is included at the

beginning of Chapter 4. The main drawback, however, is the inability of discrete

models to accurately calculate the key aspects of the elastic continuum. These

include: correct lateral straining over the entire range of permissible Poisson’s ratio,

and at both the global level (scale of the overall structural boundary), and the local

level (scale of the discrete elements); estimation of the stress or strain tensor at

discrete points in the domain, with the goal of being able to predict the magnitude

and direction of the maximum principal tensile stresses or strains; and more accurate

determinations of the stored elastic strain energy. A major goal of this thesis is to

develop a uniform framework where the main advantages of discrete and continuum

modeling are available in one computational setting.
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In the following chapters, three different studies which advance the field of

quasibrittle fracture modeling will be presented. These projects portray an evo-

lution of the discrete modeling of quasibrittle fracture from: 1) discrete cohesive

crack modeling to simulate size effect; to 2) a purely discrete material model of

concrete mesostuctural behavior; and to 3) a discrete material model which has the

advantages regarding fracture and fragmentation, but is also able to capture the key

aspects of elastic behavior noted above.

For the first project (Chapter 2), the relationship of Bažant’s size effect law

(SEL) to the size effect of laboratory sized specimens, which is simulated using the

cohesive crack model, is determined. As the field of fracture mechanics becomes

more integrated into basic concrete design, relatively simple laboratory techniques

will be required to determine a material’s fracture parameters. One attractive al-

ternative for identifying the initial fracture energy of concrete is to fit SEL to ex-

perimental size effect data using linear regression. The initial fracture energy is one

of two parameters, the other being the tensile strength, which characterize the first

part of a bilinear cohesive crack law (i.e. the relationship of decaying “cohesive”

stress versus increasing crack opening displacement). SEL is relevant to the large

size asymptotic limit of quasibrittle size effect, and so for laboratory sized speci-

mens the identified initial fracture energy is approximate. The feasibility of using

SEL to identify not only the initial fracture energy, but also the tensile strength of

concrete is examined through the analysis of several sets of experimental size effect

data gathered from the literature. To implement the cohesive crack model, a clas-

sical technique will be utilized. Size effect analysis utilizes pre-notched structural

specimens to control the crack location and direction. One of the simplest methods

to simulate cohesive (strain softening) fracture is to situate zero-thickness elements

in a line parallel to, and directly ahead of the notch. The constitutive behavior of

these elements are characterized by a very high elastic stiffness for computational

stability, an elastic limit corresponding to the material tensile strength, and then

the softening behavior of the cohesive crack law, as described above. In this way a

discrete line crack has been inserted a priori into a continuum setting.

In Chapter 3, a recently established discrete, mesostructural model for concrete
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is advanced further by adding fiber reinforcing capability. The Lattice Discrete

Particle Model (LDPM) is itself an improvement of the rigid-body discrete model

discussed above and formulated and validated in Cusatis et al. [5, 6]. To maintain

its discrete nature, LDPM will not model the effect of fiber reinforcing by modifying

the constitutive behavior of the cementitious mortar. Individual fibers are randomly

located within the mesostructure, and the evolution of fiber pullout and associated

crack toughening capabilities are tracked for each fiber over the entire duration of the

structural loading process. This second project presents a state-of-the-art discrete

model with all of the noted capabilities to simulate material heterogeneity and its

effect on damage evolution, including fracture and fragmentation.

Finally, a discrete material model is developed that provides a link between

elastic continuum theory and the discrete approach. Similar to other discrete mod-

els, the Discontinuous Cell Method (DCM) utilizes rigid-body kinematics, and

the lattice elements that connect the rigid particles are governed by their nor-

mal and tangential stiffnesses. The main difference is that DCM decomposes nor-

mal strain into its volumetric and deviatoric components, and the constitutive law

multiplies these components with appropriate values of the volumetric modulus,

EV = E/(1−2ν), and deviatoric modulus, ED = E/(1+ν), respectively, where E =

Young’s modulus and ν = Poisson’s ratio. For uniform stress/strain fields, DCM

structural elements reproduce exactly nodal displacements and the stress/strain ten-

sor at the contact points between rigid particles. Using the initially implemented 2D

version, DCM is shown to converge, with mesh refinement, to the exact continuum

elastic solution for a non-uniform stress/strain field. A refined mesh also allows

for an accurate calculation of the maximum principal tensile stress and, therefore,

an accurate determination of the point of crack initiation. In the inelastic regime,

cohesive fracture is easily handled without excessive additional computational effort.



CHAPTER 2

COHESIVE CRACK ANALYSIS OF SIZE EFFECT

2.1 Introduction

For quasibrittle materials, such as concrete, rock, or ceramics, the phenomenon

known in the literature as size effect is the dependence of the structural strength or

ultimate nominal stress σNu, on the structural size D. The ultimate nominal stress

is a normalized measure of the load carrying capacity (peak load), and its definition

depends on the structural geometry and loading configuration. For example, in

the cases of a prismatic panel subjected to uniaxial tension or three-point bending

(TPB) one has σNu = Pu/Dt or σNu = 1.5(S/D)Pu/Dt, respectively, where Pu =

peak load, D = panel depth, t = panel thickness, and S = beam span [7, 8].

According to the cohesive crack model, pioneered for concrete by Hillerborg [9],

the size effect for mode I fracture can be described through the following equation

[7, 10, 11]: (
f ′t
σNu

)2

= Φ(D/lch) (2.1)

where lch = EGF/f
′
t
2 is Hillerborg’s characteristic length [9], f ′t = tensile strength,

E = Young’s modulus, and GF = fracture energy (energy required to create a unit

area of stress-free crack). The exact analytical expression of the function Φ is not

known even for typical experimental test setups (such as the three-point bending

test), but its approximation can be obtained by carrying out numerical simulations

of cohesive crack propagation in geometrically similar structures of increasing size.

Hereinafter, size effect relationships represented symbolically by Eq. 2.1, and all

other similar relationships involving normalized ultimate nominal stress as a function

of normalized structural size, will be termed cohesive size effect curves, and denoted

as “CSEC”.

Previous analytical and numerical studies [10] have suggested that the CSEC

depends on structural shape, load configuration and boundary conditions, and the

nature of the cohesive stress versus crack opening relationship, or cohesive crack law

6
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(CCL). Also, for small sizes, the CSEC tends to its plastic limit: Φ(D/lch)→ Φp as

D/lch → 0, where Φp = (f ′t/σNp)
2 and σNp is the nominal stress calculated through

an elastic-purely-plastic analysis (Sect. 2.2.1). In addition, for specimens featuring

sharp notches, the CSEC tends asymptotically to a straight line,

lim
D→∞

[
Φ(D/lch)−

(
κ0
D

lch
+ κ1

)]
= 0 (2.2)

This asymptotic behavior of the CSEC hints at a possible relationship between

the CSEC and the classical Bažant’s size effect law (SEL) [12]. As discussed in more

detail in Appendix A, the SEL (Eq. A.1) can be recast in the following form:

(
f ′t
σNu

)2

= g0
D

lch
+ g′0

cF
lch

(2.3)

where g0 = g(α0), g(·) is the dimensionless energy release rate calculated according

to linear elastic fracture mechanics (LEFM), α0 = a0/D is the initial dimensionless

notch depth, a0 = initial notch depth, g′0 = g′(α0) is the first derivative of g(α) with

respect to α at α = α0, and cF = effective fracture process zone length (EFPZL),

which is generally considered to be a material property [7]. An important note is

that the SEL, first presented in the literature by Bažant in 1984 [13], was derived in

its current form (Eq. A.1) on the basis of equivalent LEFM [12], with no reference

to the cohesive crack model (see Appendix A).

By comparing Eq. 2.2 and Eq. 2.3 it can be concluded that the SEL is

equivalent to the asymptotic behavior of the CSEC if κ0 = g0 and κ1 = g′0cF/lch.

In addition, if cF is a material property (as assumed in the SEL derivation), then

the ratio cF/lch = κ1/g
′
0 needs to be invariant with structural configuration. The

condition κ0 = g0 has been already proven by previous analytical and numerical

studies [14, 15]. On the contrary, discordant results are available in the literature

regarding the cF/lch ratio. For a linear CCL, Planas and Elices [16], on the basis of

a numerical study dealing with the large-size behavior of cohesive fracture, reported

κ1/g
′
0 = 0.419. Bažant et al. [17] reported κ1/g

′
0 to be dependent on structural

configuration, with values ranging from 0.08 to 0.92. Cedolin and Cusatis [11]

reported values of 0.37 to 0.41 based upon numerical simulations of the CSEC for



8

three test configurations. For each configuration, the CSEC extended to D/lch ≈ 40,

and the CSEC asymptote was assumed as the straight line determined by the two

highest data points.

This range of differing values can be traced back to the fact that, in theory,

κ0 and κ1 should be calculated with reference to infinite-size specimens featuring

sharp notches (zero radius of curvature at the notch tip) [18]. The singularities

associated with the specimen size and the stress concentration at the notch tip

make these numerical calculations very challenging and have affected the accuracy

of previous numerical studies. Further complications arise from the fact that the

available analytical expressions for the LEFM energy release parameters, g0 and g′0,

are, for certain geometries, not sufficiently accurate for the purposes of such studies,

and need to be computed numerically [18].

In Schauffert [18], CSEC were generated to D/lch ≈ 270, and it was shown

that strong asymptotic behavior, i.e. where the CSEC displays negligible curvature,

begins at D/lch ≈ 50. This is also the point where the increase in size of the

fracture process zone (FPZ) at peak load begins to level off at its asymptotic limit.

The CSEC asymptotes were estimated using a linear regression to four data points

in the range 50 ≤ D/lch ≤ 270 . Although this was an improvement to the method

used in Cedolin and Cusatis [11], the conclusion of Schauffert [18] was that the linear

regression to four points was still statistically inadequate. The recommendations of

Schauffert [18] were to generate CSEC to much higher values of D/lch and include

many data points in the D/lch ≥ 50 range. This would then allow for a more reliable

statistical calculation.

The objective of this study is build upon the work performed in Cedolin and

Cusatis [11] and Schauffert [18] and provide a comprehensive study regarding the

equivalence between the CSEC asymptote and Bažant’s SEL, as well as the rela-

tionship between the EFPZL and the CCL parameters. The CSEC of five different

structural configurations will be investigated: direct tension on center crack panel

(CCP, Fig. 2.1a); direct tension on double and single edge notch panels (DEN,

SEN, Figs. 2.1b and c); and three-point bending with S/D = 3 and 8 (TPB3,

TPB8, Fig. 2.1d). Issues that will be addressed include: 1) approximating the
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size effect behavior of sharp-notched specimens; 2) estimating CSEC asymptotes

in a more statistically reliable manner; and 3) providing numerically determined

estimates of g′0 appropriate for the structural configuration being investigated. In

addition, the practical implications of the equivalence between the CCL and SEL

parameters will be explored. Recommendations will be provided regarding the use

of Bažant’s SEL to estimate the most relevant parameters of the bilinear CCL of

concrete, which are the tensile strength f ′t and the initial fracture energy Gf .

Figure 2.1: Test configurations and boundary conditions: a) center crack
panel (CCP); b) double edge notch panel (DEN); c) sin-
gle edge notch panel (SEN); d) three-point bending (TPB3,
TPB8).

2.2 Numerical Calculation of Cohesive Size Effect Curves

2.2.1 Approximating the Size Effect of Sharp-Notched Specimens

The stress singularity at the tip of sharp notches implies the initiation of

a cohesive crack under infinitesimal applied loads. This always leads to severe

numerical instabilities during cohesive crack analyses. Peak load behavior in the



10

presence of sharp notches, however, can be thought of as the limit of the peak load

behavior of elliptical notches as the elliptical aspect ratio a/b (ratio of the longer-

to-shorter dimensions), tends to infinity (Fig. 2.2).

Figure 2.2: Typical notches: a) semi-elliptical; b) sharp-notch; c) simu-
lated elliptical notch geometries.

To examine the change in size effect behavior for increasing a/b, the center

crack panel (CCP) geometry (Fig. 2.1a) was chosen, and the size effect curves

relevant to four aspect ratios were calculated: a/b = 1.0 (i.e. a circular notch),

2.0, 5.0, and 8.0 (Fig. 2.2). For each aspect ratio, the peak load was calculated

for twelve sizes from D = 80 mm, doubling 11 times up to D = 163840 mm.

In all cases, the ratio between the notch depth a, and the panel depth D, was

held constant at α = a/D = 0.125. The numerical analyses were performed with

standard finite element techniques. The bulk of the discretization (Fig. 2.3a) was

modeled by standard, eight-node, elastic, iso-parametric elements [19]. The crack

line was modeled with cohesive interface elements [20] governed by a linear CCL
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with arbitrarily chosen material properties: E = 24000 N/mm2; GF = 0.05 N/mm;

f ′t = 2.8 N/mm2; for an lch of 153 mm. The size of the interface elements ahead

of the notch tip, for the length of the fracture process zone (FPZ), was not scaled

upward with specimen size, but was kept within the relatively small range of 0.5 to

1.0 mm for all simulations (Figs. 2.3b and c). In general, for the smaller specimen

sizes the FPZ is modeled with no less than fifty interface elements, and for the larger

sizes there were typically over five hundred interface elements along the FPZ. This

ensured a similar resolution of the FPZ, which does not scale with specimen size

and asymptotically approaches a constant value as size increases [7].

Figure 2.3: Typical finite element mesh: a) notched specimen; b) ellipti-
cal notch; c) tip of elliptical notch; d) constant-width notch;
e) tip of constant-width notch.
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The calculated size effect curves are shown in a log-log scale in Fig. 2.4a. In

addition to the size effect curves, the plastic and LEFM limits, and the elastic limit

for each aspect ratio, are also shown. The elastic limit is defined as a stress state

where the normal stress at the tip of the notch first reaches the tensile strength,

f ′t (Fig. 2.5a). This corresponds to the initiation of a cohesive crack, or the very

first development of inelastic behavior. The nominal stress associated with the

elastic limit can be calculated using the stress concentration factor for the tip of an

elliptical hole in a CCP geometry (Fig. 2.1a). The equations for stress concentration,

which are valid for 1.0 ≤ a/b ≤ 8.0, are as follows [21]: σelatip = kσN ; k = (C1 +

C2α0 + C3α
2
0 + C4α

3
0)/(1 − α0); C1 = +1.109 − 0.188

√
a/b + 2.086(a/b); C2 =

−0.486 + 0.213
√
a/b − 2.588(a/b); C3 = +3.816 − 5.510

√
a/b + 4.638(a/b); and

C4 = −2.438 + 5.485
√
a/b− 4.126(a/b).

When the notch tip stress is set to f ′t , the nominal stress associated with the

elastic limit, σNe, can then be calculated as f ′t/k, and the normalized nominal stress

is then 1/k. For the aspect ratios 1.0, 2.0, 5.0 and 8.0, k equals 3.078, 5.054, 11.095,

and 17.198, respectively, and the respective normalized elastic limits are 0.325, 0.198,

0.090, and 0.058. As shown by the equations, the elastic limits are functions of the

constants α and a/b. As such they are independent of size, and so plot as straight

lines in Fig. 2.4a.

The plastic limit is defined as a stress state where the entire cross-section ahead

of, and collinear with, the original notch is at the tensile strength, f ′t (Fig. 2.5b).

The nominal stress associated with the plastic limit can be calculated by considering

a free-body of one half of the panel shown in Fig. 2.5b, and equating the forces acting

at each end: σN tD = f ′t(1−α)tD. Substituting σNp for σN and rearranging leads to:

σNp = f ′t(1 − α), and so the normalized nominal stress associated with the plastic

limit is (1−α) = 0.875 for this specific case. The plastic limit is independent of a/b

and size, and so in the log-log plot is a horizontal straight line common to the four

aspect ratios.

A positive geometry has a dimensionless energy release rate g(α) that increases

as the normalized crack length α increases. Practically, this means that the onset

of crack growth coincides with the peak load condition [7]. For such geometries,
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Figure 2.4: CCP Configuration: a) size effect curves for elliptically
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notch geometry.
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Figure 2.5: Stress limit states: a) Elastic; b) Plastic.

the size effect associated with LEFM can be derived from the LEFM expression for

the Mode I stress intensity factor [22]. The critical LEFM nominal stress can be

expressed as σN,LEFM =
√
EGF/g0D, which is essentially the SEL (Eq. A.1) with

a zero-sized FPZ, i.e. cF = 0. The energy release parameter g0 can be calculated

from the LEFM solution for the CCP geometry. With this value, and the values of

E and GF noted above, the LEFM size effect is plotted in Fig. 2.4a. As implied by

the equation and shown in the plot, σN,LEFM is inversely proportional to the square

root of the specimen size, and so plots with a slope of −1/2 in the log-log scale.

In Fig. 2.4a, all of the calculated size effect curves tend to the plastic limit

for D → 0. As size increases, they deviate from the plastic limit with slopes that

become increasingly negative. In addition, each curve then experiences an inflection

point where the slope begins to become less negative and tends back towards zero.

These changes in slope are portrayed in Fig. 2.4b where, for each curve segment

of Fig. 2.4a, the average normalized size and slope are plotted as [X,Y] pairs. The

inflection points of the Fig. 2.4a curves correspond to the minimum slope values in

the Fig. 2.4b plots.

Up to their individual inflection points, all curves in Fig. 2.4a are essentially

coincident, and this “common” curve, for large enough a/b values, tends to the

LEFM limit. Past their inflection points, each curve departs from the common
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location, and as D →∞, the size effect behavior tends to the corresponding elastic

limit.

Similar to Fig. 2.4b, the slopes of the Fig. 2.4a curve segments were also

plotted as a function of the normalized elliptical notch width, 2b/lch, and this is

shown in Fig. 2.4c. In this figure, one can see that the minimum value of slope,

which corresponds to the inflection point in the associated size effect curve, occurs

at 2b/lch ≈ 2.0.

The conclusions based on these observations are that the size effect behavior

for arbitrary a/b begins an asymptotic approach towards the LEFM limit, on a size

effect path common to all a/b. However, as the elliptical notch width, 2b, reaches an

approximate value of 2.0lch, the size effect behavior inflects away from the LEFM

limit. As a/b tends to infinity (i.e. a sharp-notched geometry), b ≈ 0 for all D, and

so the size effect behavior will never deflect from the common curve.

In order to approximate sharp-notched size effect behavior two primary options

exist. One method would be to use the maximum size that will be analyzed Dmax,

the known value of relative notch depth α, and bmax ≤ lch, to calculate a lower

limit for the aspect ratio: a/b ≥ αDmax/lch. Another method would be to choose

a constant notch width 2b less than 2.0lch, and utilize this width for each size D

analyzed in the size effect study. With b constant, and a increasing with D, the

resulting size effect curve would be essentially a collection of points taken from

different a/b curves.

Both methods have disadvantages in terms of having to produce complicated

and time consuming meshes. For the constant width option, one must generate

meshes with elliptical notches characterized by increasingly small radius of curvature

ρ, at the tip (ρ = b2/a; Fig. 2.3c). An alternative approach is to approximate the

elliptical notches with notches having parallel faces at some small distance apart,

and a tip with a small circular radius. Such a notch, and a typical surrounding

mesh, is shown in Figs. 2.3d and e. To ensure sharp-notch behavior, a width of 4

mm (� 2.0lfch ≈ 300 mm) was selected. The size effect curve obtained through this

constant-width notch is presented in log-log scale in Fig. 2.4d.

In Fig. 2.4d, no deviation from an asymptotic approach towards the LEFM
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limit can be visually detected. Quantitatively, this is also the case, since the slope

of the last three segments are -0.491, -0.495, and -0.498. This clearly suggests that

a/b = ∞ (i.e. sharp-notched behavior, with slope of -0.5 in a log-log plot) is being

approximated. Based on these results, the size effect curves utilized for the present

study will be generated using the constant notch width geometry shown in Figs.

2.3d and e.

2.2.2 Approximating the CSEC Asymptote

The CSEC calculated with a linear CCL for the three-point bending configu-

ration with S/D = 3 (TPB3) and α0 = 1/8 is shown in Fig. 2.6a (entire size range)

and Fig. 2.6b (small size range). The analysis of the numerical results shows that:

1) the CSEC approaches the plastic limit, Φp = (f ′t/σNp)
2 = [3(1− α0)2]−2 = 0.19,

as D/lch → 0 [17]; 2) the CSEC presents a negative curvature that vanishes with

increasing size; and 3) the curvature is negligible for D/lch > 100.
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Figure 2.6: Three-point bending (TPB3): a) CSEC, entire size range; b)
CSEC, small size range.

In previous works [11, 17, 18], estimation of the CSEC asymptote was per-

formed with a limited amount of peak load data, and the extent of this data was
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not sufficiently deep into the range of negligible CSEC curvature (D/lch > 100).

Such limited large-size data does not provide an accurate estimate of the asymp-

tote intercept (coefficient κ1 in Eq. 2.2), even though it may provide a reasonable

estimate regarding the asymptote slope (coefficient κ0 in Eq. 2.2).

For this present study, the large-size data consists of eleven points withD/lch ≥
100, which are shown as solid circles in Fig. 2.6a. Based on the visual lack of curva-

ture, a linear regression analysis of the large-size data was performed. Data fitting,

using the typical least-squares methodology [23], resulted in a linear correlation co-

efficient R = 0.999998. A value of R very close to unity indicates strongly that a

linear relationship exists. This justifies the use of a best fit straight line through the

large-size points as a reasonably accurate approximation of the CSEC asymptote.

The linear regression returned values of the slope, κ0 = 0.353, and intercept,

κ1 = 1.147. The slope is very close (2.5% difference) to the dimensionless energy

release rate calculated according to LEFM theory, which is g0 = 0.362 [22, 24]. In

addition, the linear regression allows for calculation of the coefficients of variation,

ω (one standard deviation divided by the value of the identified parameter) [23].

Those error quantities, ωκ0 = 0.04% and ωκ1 = 6.1%, provide an indication of the

accuracy by which the CSEC asymptote is calculated. The noted uncertainties are

associated with various sources of error and approximation implied by the numerical

analyses. In addition to issues discussed in Sect. 2.2.1, there is error associated with

finite element discretization and the overestimation of structural stiffness inherent to

that method [19]. Also, interface elements tend to underestimate structural stiffness

because in the elastic regime they should be rigid (infinitely stiff), but in practice

must have a certain compliance.

2.2.3 Energy Release Rate Parameters

The normalized energy release rate and its derivative, g0 and g′0 respectively,

are required for the comparison of a CSEC asymptote and Bažant’s SEL. They

can be calculated using the solution for the stress intensity factor provided in ei-

ther LEFM handbooks [22], or specific studies found in the literature [24]. This

method depends on the dimensionless functions of relative crack depth, F (α), typi-
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cally provided. For some structural configurations several expressions for F (α) may

be available, and for each expression an estimate of its accuracy, usually in the

range of 0.1% to 1.0%, is typically provided. Since g0 ∝ [F (α0)]2 [7], a 1.0% error

in F (α0) results, approximately, in a 2.0% error in g0. Such a minor error, and its

effect on the calculated value of the first derivative g′0, would be acceptable for the

purposes of this investigation. However, an alternate method to calculate g0 and

g′0 was considered since in certain cases the boundary conditions of the numerical

simulation were not in close enough conformance to those assumed by the LEFM

solution. An example is the single edge notch (SEN) geometry (Fig. 2.1c).

For softening behavior, stable numerical simulations (as well as experimental

testing) can only be obtained through displacement-controlled loading conditions.

However, LEFM solutions typically assume uniform far-field tractions, and the as-

sumption cannot necessarily be made that an applied uniform end displacement

produces a uniform end traction. Preliminary SEN simulations [18] revealed that

for the L/D = 3 configuration shown in Fig. 2.1c, a uniform end displacement

resulted in a trapezoidal stress distribution with a gradient of approximately 7%. A

stress gradient of 1.0% or less is not achieved until L/D is increased to approximately

20. For L/D = 3, the energy release rate characteristics are distinctly different for

a uniform end stress and a uniform end displacement [18]. Since the published

LEFM information regarding the SEN geometry is relevant to uniform end stress,

an alternate numerical method of calculating the energy release rate parameters was

explored.

The equivalence between the CSEC asymptote κ0 and g0 was discussed gen-

erally in Sect. 2.1. In the TPB3 example of Sect. 2.2.2, only a 2.5% difference was

noted. For the other four structural configurations shown in Fig. 2.1, the CSEC

asymptote was approximated in the same manner as TPB3. The resulting values

of κ0, the associated value of LEFM derived g0, and the percent difference of κ0

relative to g0 are shown in the first three columns of Table 2.1. For the geometries

with boundary conditions in relatively close conformance with those assumed by

the LEFM solutions (all except SEN), the κ0 values are within 2.5%. The difference

in the two SEN values is considered to be significant, and attributable to the dif-



19

fering energy release characteristics of applied uniform displacement versus applied

uniform traction.

Table 2.1: Energy release rates.

κ0 g0 % diff. g′0,NUM g′0,LEFM % diff.

CCP 0.400 0.400 0.0% 3.288 3.315 -0.8%
DEN 0.488 0.494 -1.2% 3.871 3.941 -1.8%
SEN 0.559 0.590 -5.3% 5.603 6.202 -9.7%

TPB3 0.353 0.362 -2.5% 2.735 2.732 0.1%
TPB8 0.398 0.404 -1.5% 3.046 3.115 -2.2%

Regarding g′0, its value can be estimated through a finite difference type of

calculation. The derivative of the g(α) curve, at α0, can be taken as [g(α + ∆α)−
g(α−∆α)]/2∆α, provided that ∆α is sufficiently small. Such a calculation can be

done with both LEFM derived values of g(α), or with estimates of g(α) relevant to

a corresponding CSEC asymptote. For all five geometries, the CSEC asymptotes

were determined for both α1 = 0.124 and α2 = 0.126, and the resulting estimates

of g′0 are shown as g′0,NUM in Table 2.1. The LEFM derived estimate, g′0,LEFM , and

the percent difference between the two estimates are also shown.

Similar to the g0 results, for the geometries with boundary conditions in rela-

tively close conformance with an LEFM solution, the two g′0 values are close, and so

serve as both a check on each other and as a validation of the calculation method.

For the SEN case, the numerical calculation of g′0 was essential for the purposes

of this study. This proposed procedure to calculate energy release rate parameters

is completely general, and so can also be used to compute numerically the stress

intensity factors needed for LEFM based analyses of arbitrary geometries.

2.3 CSEC Asymptotic Behavior and Bažant’s SEL

The CSEC asymptotes discussed in Sects. 2.2.2 and 2.2.3 are based on a linear

CCL. For all five structural configurations (Fig. 2.1) similar calculations were made

using a bilinear cohesive law. The results are discussed in Sects. 2.3.1 and 2.3.2,

respectively.
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2.3.1 Size Effect for Linear Cohesive Crack Law

A linear CCL can be defined by assigning the tensile strength f ′t (CCL peak

stress) and the fracture energy GF (area under the softening curve). Size effect

results for all geometries are shown for the entire size range and for the small size

range in Figs. 2.7a and b, respectively. The differences in the curves are a direct

representation of the differing boundary conditions and the distinct energy release

characteristics. In the large size range, all curves tend asymptotically to a straight

line. In the small size range, as D → 0, the curves tend to their theoretical plastic

limits: Φp = (f ′t/σNp)
2 = (1 − α0)−2 = 1.31 for CCP, SEN, and DEN [7]; and

Φp = 0.19 for TPB3 (as defined previously) and TPB8. The behavior in the vicinity

of the plastic limit differs for the various geometries. Near D = 0 the symmetric

configurations, CCP and DEN, exhibit low slope and positive curvature, whereas

SEN and the TPB geometries exhibit steep slope and negative curvature. The CCP

and DEN curves eventually reverse their curvature as D increases, and approach

their large size asymptotic limits from below.
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Figure 2.7: CSEC for linear softening: a) entire size range; b) small size
range.

For all geometries, the resulting parameters from the linear regression to large-
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size data, i.e. slopes (κ0) and intercepts (κ1) of the CSEC asymptotes, are reported

in Table 2.2. The linear correlation coefficients were all very close to unity. Table 2.2

also reports the values of κ1/g
′
0 which represent a measure of the EFPZL normalized

with respect to the material characteristic length: CF = cF/lch = κ1/g
′
0. The values

used for g′0 were the numerically determined values shown in Table 2.1. The values

of CF range from 0.42 to 0.47 with an average of 0.44 (calculated prior to rounding).

The accuracy of the CF values can be assessed through their coefficients of variation,

ωCF
, which can be calculated through the statistics of the regression analysis. The

uncertainties in both the κ1 and the g′0 calculations were accounted for with standard

propagation of error considerations [23]. For the different structural configurations,

ωCF
ranges from 5.6% to 6.8% with a mean value of 6.4%. From these results it can

be concluded that within the accuracy of the numerical calculations, the normalized

EFPZL is independent of structural configuration and has a value of 0.44± 0.03.

Table 2.2: CSEC asymptote parameters and normalized EFPZL for lin-
ear and bilinear softening.

κ0 linear κ0 bilinear κ1 linear κ1 bilinear CF linear CF bilinear
CCP 0.400 0.402 1.500 7.275 0.46 2.21
DEN 0.488 0.487 1.725 9.925 0.45 2.56
SEN 0.559 0.562 2.410 12.756 0.43 2.28

TPB3 0.353 0.355 1.147 6.092 0.42 2.23
TPB8 0.398 0.400 1.445 6.982 0.47 2.29

A visual confirmation of this conclusion can be obtained by plotting the size ef-

fect data in the parametric space given by X = (g0D)/(g′0lch) and Y = (f ′t/σNu)
2/g′0,

as shown in Fig. 2.8. In the small size range (Fig. 2.8b), the behavior is again

shown to be different for the various structural configurations, similar to Fig. 2.7b.

However, in the large size range, all the curves clearly converge to one asymptote

independently of the structural configuration. This common asymptote can be ex-

pressed as Y = X + 0.44 and represents Bažant’s SEL for linear softening.

Additional evidence that the common CSEC asymptote represents the SEL

comes from the analysis of FPZ length and notch tip stress at peak load. A plot of

the normalized FPZ length, lFPZ/lch, versus normalized size (Fig. 2.9a) shows that
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Figure 2.8: Normalized CSEC for linear softening: a) entire size range; b)
small size range.

the FPZ length increases with increasing size, but asymptotically tends to a con-

stant value of approximately 0.71lch for all structural configurations. Convergence

to the asymptote is very fast and lFPZ is basically constant (within the accuracy of

the numerical calculations) for X = (g0D)/(g′0lch) > 10. This size range is notewor-

thy because it corresponds approximately to D/lch > 100, which was identified in

Sect. 2.2.2 as the size range where strong asymptotic behavior is displayed by the

CSEC. The results shown in Fig. 2.9a provide further justification for using linear

regression to peak load values above D/lch = 100 for the CSEC asymptote determi-

nation. Figure 2.9b shows normalized notch tip stress as a function of normalized

size for peak load conditions. The tip stress decreases quickly and tends to vanish

as size increases. These two features, vanishing tip stress and constant FPZ length,

characterize the analytical derivation of the SEL [8].

2.3.2 Size Effect for Bilinear Cohesive Crack Law

As demonstrated by both experimental [25, 26] and numerical [27] analysis,

the actual fracturing behavior of most quasibrittle materials requires the adoption
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Figure 2.9: Linear softening: a) normalized FPZ length at peak load; b)
normalized notch tip stress at peak load.

of a nonlinear CCL. For concrete, the relationship between cohesive stress σ and

fictitious crack opening w is typically approximated with a relatively steep initial

segment and a tail segment of lower slope (Fig. 2.10a). Such a bilinear CCL can be

described through four parameters: tensile strength f ′t ; initial fracture energy Gf ,

which represents the area under the initial segment of the CCL; total fracture energy

GF , which is the total area under the entire CCL; and the change-of-slope stress

σint, which is the value of stress at the intersection of the initial and tail segments

(Fig. 2.10a). For this paper, a typical and reasonable value of σint = 0.25f ′t has

been assumed [28]. Also, for concrete, the ratio γ = GF/Gf has been reported in

the literature to be in a range from 1.5 to 2.5 [29]. Noting that different values of γ

do not alter significantly the qualitative characteristics of the resulting CSEC, the

value of γ = 2.0 was chosen for this study. For any bilinear CCL, two material char-

acteristic lengths can be defined: lch = EGF/(f
′
t)

2, the previously discussed value

that is associated with the total fracture energy; and l1 = EGf/(f
′
t)

2, a parameter

associated with the initial fracture energy [30]. It must be noted that l1 can be in-

terpreted as Hillerborg’s characteristic length for a linear CCL characterized by Gf ,

thus corresponding to the initial portion of the bilinear CCL under investigation.

For all structural configurations considered in this study, the CSEC asymptotes
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were numerically calculated using the same methodology described for the linear

softening case. The results are summarized in Table 2.2, which contain asymptote

slope (κ0), asymptote intercept (κ1), and normalized EFPZL (CF ), respectively.

The slopes coincide with those computed for linear softening, as required by the

condition κ0 = g0. The values of CF range from 2.21 to 2.56, with the average being

2.31. Within the accuracy of the numerical calculations, CF can be considered to be

independent of the structural configuration, with an approximate value of 2.31±0.06.

Note that this value is only relevant to the case of σint = 0.25f ′t and γ = 2.0.

The five calculated CSEC, in the normalized parametric space introduced in

the previous section, X = (g0D)/(g′0lch) and Y = (f ′t/σNu)
2/g′0, are shown in Figs.

2.10b and c for the entire size range and small size range, respectively. In those plots,

the straight lines Y = X+ 2.31 and Y = lchX/l1 + 0.44 = γX+ 0.44 are also shown.

They represent Bažant’s SEL with reference to the total fracture energy, SEL-GF ,

and the initial fracture energy, SEL-Gf . In addition, numerical data relevant to a

linear CCL characterized by Gf is shown.

Similar to the linear case, the assumption that the EFPZL associated with

bilinear softening is independent of structural configuration is confirmed visually

by the fact that the various CSEC clearly approach, in the large size range (Fig.

2.10b), a common asymptote, which is SEL-GF . In the small size range (X < 0.5),

the CSEC for each configuration coincides with the CSEC calculated with a linear

CCL characterized by the initial fracture energy. This result can be explained by

analyzing the cohesive stress profile in the FPZ at peak load. Figure 2.10d shows

such profiles for several normalized sizes from the TPB3 simulations. In that figure,

“X” continues to represent normalized structural size, while lower-case “x” is a

coordinate representing the distance into the FPZ from the notch tip. Therefore, the

cohesive stress at the notch tip at peak load, denoted as σtip, corresponds to x = 0,

or more appropriately x/D = 0, since the distance is normalized by the structural

size D in the figure. The stress profiles for sizes X < 0.5 have normalized cohesive

stresses greater than 0.25, which corresponds to the previously introduced σint, the

stress value at which the bilinear CCL changes slope (Fig. 2.10a). Consequently, in

this small size range, the various CSEC calculated using the bilinear CCL depend
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only on the initial segment, and so are controlled by the initial fracture energy [7].

In summary, for materials with bilinear softening characteristics, the peak loads of

smaller sized specimens are entirely determined by the initial fracture energy.

A final observation, regarding Fig. 2.10c, concerns the size range from X ≈
0.2 to X ≈ 0.7. Therein, the CSEC for all the various structural configurations,

including the curves corresponding to both the linear (Gf -controlled) CCL and

the entire bilinear CCL, are very close to SEL-Gf . Using the bilinear TPB3 data

as an example, the percent difference between an ordinate of SEL-Gf relative to

an ordinate of the CSEC, at any value of the abscissa X in the aforementioned

size range, is less than 20%. This difference is comparable to, and often smaller

than, the typical scatter associated with experimental size effect data for quasibrittle

materials. Since experimental data is typically obtained from small, laboratory-sized

structural specimens, SEL-Gf can be used to approximate the actual size effect

curves with reasonably good accuracy. This observation justifies the use of SEL-Gf ,

in lieu of the actual CSEC, to identify fracture parameters from experimental data,

as has been done in the past by many authors [31, 32, 33, 34, 35, 36, 37, 38, 39, 40].

2.4 Identification of the Initial Part of the Cohesive Crack

Law

This section contains a discussion of the use of both the SEL-Gf (herein re-

ferred to more simply as “SEL”) and the CSEC to identify the initial part of the

cohesive crack law from experimentally determined size effect data. Using numerous

sets of three-point bending size effect data gathered from the literature, the initial

fracture energy and the tensile strength will be determined using both SEL-based

linear regression analysis and CSEC-based nonlinear regression analysis. This will

build upon the similar but less extensive study discussed in Cedolin and Cusatis [11].

Herein, a total of 38 data sets are considered [11, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40].

They are characterized by concrete mixes with compressive strengths from approx-

imately 30-110 MPa, and specimen geometries with span-to-depth ratios from 2.5

to 4.0 and relative notch depths α0 from 1/6 to 1/2.

In order to facilitate the identification through the CSEC, an approximated
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analytical CSEC formula for TPB geometries was developed by interpolation of

numerical results obtained with the adoption of a linear cohesive law. This analytical

expression is designed to match both the small-size (plastic limit) and large-size

(asymptotic) behaviors discussed in previous sections, and can be expressed in the

following form:

f ′2t
g′0σ

2
Nu

=
g0D

g′0l1
+

(
1 + 11

√
g0D

g′0l1

)(
β0 + 25

√
g0D

g′0l1

)−1

(2.4)

where β0 = 9(1−α0)4g′0. A similar formula, but with a limited range of applicability,

was proposed in Planas et al. [10]. The associated SEL is:

f ′2t
g′0σ

2
Nu

=
g0D

g′0l1
+ 0.44 (2.5)

Both nonlinear and linear fitting of experimental size effect data with Eq. 2.4

and Eq. 2.5, respectively, provide estimates of the tensile strength, f ′t , and the

characteristic length, l1. Then, using the value of Young’s modulus reported with

the size effect data, an estimate for the initial fracture energy can be obtained as

Gf = l1f
′2
t /E.

Figure 2.11 reports the results for the 38 data sets in terms of initial fracture

energy (Fig. 2.11a) and tensile strength (Fig. 2.11b). The identified values of

initial fracture energy are normalized by the total fracture energy (estimated on

the basis of compressive strength, water-to-cement ratio, and maximum aggregate

size as per the formula given in Bažant and Becq-Giraudon [29]), and the identified

values of tensile strength are normalized by the experimentally determined values of

compressive strength. The normalization is performed in order to compare concrete

mixes characterized by different material properties. The various data sets are sorted

from left to right in terms of increasing “average normalized size”, X̄ = g0D̄/(g
′
0l1),

in which the material characteristic length l1 is the value from the nonlinear fit of

Eq. 2.4, and D̄ represents the average of the smallest and largest beam depths

from the experimental data. Values of X̄ are reported along the top horizontal

axis for every fifth data set. Vertical error bars indicate the standard deviation of
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the CSEC-identified values. As such, they represent measures of each estimate’s

reliability, which depends on the scatter of the experimental data.
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Figure 2.11: Identified cohesive crack parameters: a) initial fracture en-
ergy, normalized by estimate of total fracture energy; b)
tensile strength, normalized by compressive strength.

In addition, for data sets that included the results of splitting (Brazilian) tests,

the identification of the initial fracture energy was also performed using the notched-

unnotched method (NUM) [28]. For that technique, first the splitting test is used

to identify directly the tensile strength. Then this tensile strength value and the
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results of TPB tests of one size only are used to identify l1 (and consequently Gf )

through an inverse expression for the CSEC of the general form: l1/D = Ψ(f ′t/σNu).

An approximated expression for Ψ(f ′t/σNu), given in Planas et al. [28], was used for

these purposes. Each size effect data set examined herein includes peak load data

for several beam sizes. The NUM technique was applied to each beam size in the

data set and the results are reported with open squares in Fig. 2.11a.

Finally, 2.11b reports the normalized values of the splitting tensile strength

(shown with solid triangles) that were either obtained through the aforementioned

splitting tests or estimated from the compressive strength on the basis of the formula

reported in Arioglu et al. [41].

An analysis of the Fig. 2.11 data suggests the following observations:

1. The SEL estimate of the initial fracture energy is consistently lower than

the CSEC estimate. The difference between the two decreases, however, as

the average normalized size X̄ increases. For X̄ < 0.15 (Data Sets 1 - 10),

the difference between the CSEC and SEL initial fracture energy estimates is

significant (greater than 27%, with values up to 46%). For X̄ > 0.20 (Data

Sets 16 - 38) the difference is less than 20%. This is consistent with the fact

that the SEL is very close to the CSEC in this size range, as discussed in the

previous sections and shown in Fig. 2.10c.

2. For small X̄ (< 0.15), a majority of the CSEC estimates of initial fracture

energy, which theoretically should be the most accurate, have unrealistically

high values. (One note regarding Fig. 2.11a is that for clarity, the vertical

axis limit was set at 2.5. For Data Set 1, the CSEC-based value of Gf , and its

error bar, are above that limit.) In fact, values of Gf/GF greater than 1.0 do

not have a physical meaning since Gf is less than GF by definition. A typical

value for Gf/GF is 0.5, which corresponds to the value of γ = GF/Gf = 2

used in Sect. 2.3.2. In addition, for small X̄, the CSEC Gf estimates feature

very large coefficients of variation (up to 50%).

3. The NUM estimates of the initial fracture energy do not show a clear definite

trend and they are not always close to the CSEC values with which they
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should theoretically coincide. For some data sets, the value of the Gf estimates

corresponding to the several beam sizes are relatively close together and close

to the CSEC value (Data Sets 20 - 22, for example). For other data sets, there

is a relatively wide scatter among the several estimates, and most are not close

to the CSEC value (Data Sets 5 and 30, for example). This may be interpreted

as high sensitivity of the NUM to the scatter of the experimental data, caused

by the fact that the NUM requires bending tests of only one specimen size.

4. The SEL estimates of the tensile strength are consistently higher than the

CSEC estimates. From left to right in Fig. 2.11b, the difference is approxi-

mately 50% for small X̄, generally improves as X̄ increases, and is approxi-

mately 20% for large X̄.

5. The splitting (Brazilian) strength, which is generally considered the best ap-

proximation of the actual tensile strength, is characterized by values consis-

tently around the typical value of 0.1f ′c. On the contrary, the estimated tensile

strengths (both SEL and CSEC values) tend to increase with the normalized

size, X̄, and reach values above 0.1f ′c, with some above 0.2f ′c for very large X̄.

In summary, the analyzed experimental data shows that for specimen sizes

in the optimal normalized size range, 0.2 < X < 0.7, the fracturing parameters

identified through the size effect method (either SEL-based or CSEC-based), and

denoted herein as G∗f and f ∗t , appear to provide reliable estimates for the fracture

energy, G∗f ≈ Gf , but may overestimate the tensile strength, f ∗t ≥ f ′t . For small

specimen sizes (X < 0.2) the situation is reversed. The tensile strength appears

to be reasonably approximated, f ∗t ≈ f ′t , but the initial fracture energy may be

overestimated, G∗f > Gf , especially for very-low normalized sizes (X < 0.1).

This finding can be explained by recognizing that the initial part of the true

cohesive crack law is, in reality, nonlinear [42], and may feature a region with low

slope close to the peak (Fig. 2.12). In general, for relatively small specimen sizes,

cohesive stresses in the FPZ at peak load are close to the tensile strength. Conse-

quently, the experimental response is primarily influenced by the very first part of

the true cohesive law, whatever its slope. However, in cases in which this region
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of the CCL does exhibit low slope, a situation as depicted in Fig. 2.12a develops.

When experimental data of this nature is analyzed by assuming a linear model for

the true cohesive law, then this clearly leads to an overestimation of the initial frac-

ture energy while the tensile strength is well captured. On the contrary, for large

specimen sizes, peak load stresses in the fracture process zone develop more deeply

into the true cohesive law as depicted in Fig. 2.12b. In this case, data interpretation

based on a linear model of the cohesive law leads to a reasonable estimate of the

initial fracture energy, but the tensile strength may be overestimated.

Figure 2.12: Approximation of the CCL from size effect method results:
a) linear approximation for relatively small specimens; b)
linear approximation for appropriately sized specimens; c)
trapezoidal approximation employing Brazilian split cylin-
der results.

In conclusion, it appears that the most reliable identification of the initial

part of the cohesive crack law can be obtained by performing size-effect experiments

(ensuring that the experimental data is in the appropriate normalized size range:

0.2 < X < 0.7) along with splitting (Brazilian) experiments. The direct result from

a splitting test, f ′ts, can be used to identify the actual tensile strength, f ′t ≈ f ′ts.

The analysis of the size effect data will provide two additional parameters: fictitious

tensile strength, f ∗t ≥ f ′t , and initial fracture energy, G∗f ≈ Gf . These two param-

eters define the initial linear decay of the cohesive stress as a function of the crack

opening. The intersection of this straight line with a horizontal straight line char-
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acterized by the splitting tensile strength can be considered a good approximation

of the actual initial part of the cohesive crack law as shown in Fig. 2.12c.

2.5 Discussion and Conclusions

In this study, size effect has been analyzed by carrying out an extensive com-

putational analysis of the size effect implied by the cohesive crack law (CCL), with

the primary objective of comparing numerically generated size effect curves (CSEC)

with the classical Bažant’s size effect law (SEL). This study significantly expands

upon the findings reported in similar previous studies [11, 17, 43, 44] for the following

reasons:

1. The numerically generated CSEC curves cover a size range not previously

investigated: to X = (g0D)/(g′0lch) ≈ 120 for linear softening, and X ≈ 60 for

bilinear softening. In earlier studies [11, 17], size ranges of 0 < X < 8 were

considered.

2. A high level of accuracy was obtained by reducing to a minimum the various

approximations and assumptions in the numerical model.

3. The uncertainties associated with the various numerical solutions were quan-

tified through a rigorous error analysis.

4. The LEFM energy release parameters were calculated numerically, with a high

degree of accuracy, for each specific structural configuration being investigated.

In addition, the obtained analytical results from this study have been used to

analyze several sets of experimental data with the objective of assessing the accuracy

of the so-called size effect method for the identification of cohesive crack parameters.

On the basis of the obtained results, the following conclusions can be drawn:

1. The CSEC curves for specimens with sharp notches feature straight line asymp-

totes in the parametric space of (f ′t/σNu)
2 versus D/lch.
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2. These asymptotes are independent of structural geometry and boundary con-

ditions when normalized by the dimensionless energy release parameters corre-

sponding to any one particular geometry: X = (g0D)/(g′0lch), Y = (f ′t/σNu)
2/g′0.

These normalized asymptotes can be interpreted as Bažant’s SEL.

3. In general, the equivalence between SEL and the CSEC asymptotes is further

confirmed by the fact that both the peak load fracture process zone length

and notch tip cohesive stress converge to constant values: 0.71lch (for linear

softening) and zero, respectively, as structural size increases.

4. By virtue of the equivalence between the SEL and the asymptotic behavior

of CSEC, a direct relationship between the cohesive crack parameters and

the effective fracture process zone length can be established: cF = 0.44lch =

0.44EGF/f
′2
t for linear softening; and cF = 2.35lch = 2.35EGF/f

′2
t for bilinear

softening with σint = 0.25f ′t and GF/Gf = 2.0.

5. In a limited size range (0.2 < X < 0.7), the SEL associated with the initial

fracture energy, Gf , which characterizes the first segment of the bilinear co-

hesive law, can be considered a reasonably good approximation of the bilinear

CSEC.

6. Since the bilinear CSEC is considered to be a good representation of the be-

havior of typical concrete, and since the range of X associated with laboratory-

sized specimens and typical concrete mixes can be expected to be close to the

aforementioned normalized size range, the common practice of identifying the

initial fracture energy through size effect analysis is justified.

7. In the aforementioned normalized size range, the use of SEL to identify the

initial fracture energy is a valid alternative to the use of CSEC. The SEL

estimate can be expected to be within 20% of the CSEC value, which is com-

mensurate with the typical scatter of experimental data. Also, it will be lower

than the CSEC estimate, and so can be considered conservative. In addition,

SEL employs the use of the simpler linear regression analysis and can be ap-

plied to any specimen geometry without the need of computing numerically
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the size effect curve associated with the selected geometry.

8. Outside the size range 0.2 < X < 0.7, neither the CSEC nor the SEL can be

expected to provide reasonable estimates of the initial fracture energy.

9. In cases in which the actual cohesive law features a zone of low slope close to

the peak stress, the estimated tensile strength through the size-effect method

tends to overestimate the actual tensile strength.

10. The most reasonable and reliable identification of the initial part of the cohe-

sive crack law can be obtained by using a combination of size effect data and

splitting test data.

* Portions of this chapter previously appeared as: Cusatis, G. and Schauffert,
E. A. (2009). “Cohesive crack analysis of size effect.” Eng. Fract. Mech.,
76, 2163-2173.



CHAPTER 3

LATTICE DISCRETE PARTICLE MODEL FOR FIBER

REINFORCED CONCRETE (LDPM-F)

3.1 Introduction

In recent years the advantages of adding fiber reinforcing to concrete (FRC)

and related cementitious composites (FRCC), which contain only fine aggregate, has

been well documented in the literature. Benefits exist for many aspects of the archi-

tectural and transportation industries including durability improvements through

reduction in crack width and permeability, and potential cost savings where fiber

can be substituted for labor intensive steel reinforcing bars. Regarding structural re-

sponse, extensive experimental investigations have documented moderate increases

in structural strength, and most importantly, dramatic increases in ductility and

energy absorption. The latter are highlighted because of their potential to address

some of the most critical safety issues of today’s engineering community includ-

ing the retention of structural integrity during and after seismic events, and the

provision of reliable defenses against explosive impact and projectile penetration.

The experimental investigations have been accompanied by significant im-

provements in the modeling of fiber micromechanics and structural response. Begh-

ini et al. [45] extended the microplane model to include fiber reinforcing capability.

Most notable was the ability to simulate well the response of experimental speci-

mens subject to multiaxial loading, such as biaxial and triaxial compression, whereas

earlier models typically addressed well only uniaxial tension or compression. Yang

et al. [46] further refined the micromechanical model for fiber crack-bridging and

two-way pullout, developed by the earlier work of many, but first brought together

in one framework by Lin et al. [47]. The multiscale framework of Kabele [48] de-

veloped a material element that models the closely spaced multiple cracking typical

of FRCC. The overall constitutive law for the element is linked directly to the fiber

micromechanics.

Typical of these examples, and most other recently developed fiber concrete

35
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models, is that individual fibers are not modeled directly. Beghini et al. [45] utilize

a separate traction versus crack opening constitutive law for the fiber contribution,

in a parallel coupling with concrete softening. It is based on empirical parameters

dependent upon fiber characteristics and fiber density by volume. Yang et al. [46]

utilize probability density functions to represent the randomness of fiber location

and orientation. Kabele [48] utilizes a spatial averaging of the effects of individual

bridging fibers to develop a spatially uniform constitutive law.

Since the Lattice Discrete Particle Model (LDPM) is a discrete mesoscale

model of concrete, its extension to include fiber reinforcing capability (LDPM-F)

is achieved in a manner that retains this nature. Individual fibers are randomly

located within the mesostructure. Original orientations and embedment lengths on

each side of potential crack planes are stored. As a crack opens and slides, the crack-

bridging force and the pullout distances for both embedded segments are tracked

for each individual fiber. On each crack plane the summation of all fiber forces

are assumed to act in a parallel coupling with the cohesive stresses of the concrete

mesostructure.

Also of relevance is the adoption of the aforementioned fiber pullout model [46,

47] for simulating steel fiber concrete (SFRC). That model was developed for very

flexible synthetic fibers. It assumes that as fibers are pulled out of their embedment

in the cementitious matrix, the matrix at the exit point acts as a frictional pulley

causing the force in the crack-bridging segment of the fiber to be higher than the

force in the embedded segment. Bending stresses are ignored, just as they would be

in the analysis of a rope or cable being pulled around an unyielding circular post or

drum. Although Lin et al. [47] note that the model is applicable to steel fibers, no

information can be found in the literature regarding its use in this manner. Steel

fibers are characterized by a much higher bending stiffness than synthetic fibers, and

so this issue will not be ignored. Throughout the discussion herein on fiber-matrix

interaction, justification will be provided for model parameter values appropriate

for the simulation of SFRC.

The overall model is validated through simulation of the structural responses

of typical laboratory test specimens. The testing data, gathered from the literature,
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includes direct tension, and confined and unconfined compression. The values of the

fiber-matrix interaction parameters assigned during calibration are based on typical

value ranges reported in the literature.

Provided in this chapter are the following: a review of LDPM; a discussion of

fiber geometry; a discussion of the adopted fiber-matrix interaction model, including

typical values for the model parameters; details of the numerical implementation;

results of the model calibration and validation; and conclusions regarding the vali-

dated model.

3.2 The Lattice Discrete Particle Model

Since the mid-eighties, many discrete mesoscale models for concrete have ap-

peared in the literature. Their main advantage over classical continuum models is

their ability to simulate material heterogeneity and its effect on damage evolution

and fracture. Noteworthy examples include: Roelfstra et al. [49]; Wittmann et

al. [50]; Bažant et al. [51]; Schlangen and van Mier [4]; Bolander and Saito [52];

Bolander et al. [53]; Bolander et al. [54]; Carol et al. [55]; Lilliu and van Mier [56];

Cusatis et al. [5, 6]; Cusatis et al. [57]; and Cusatis and Cedolin [58].

The Lattice Discrete Particle Model (LDPM) simulates concrete mesostructure

by taking into account only the coarse aggregate, typically with characteristic size

greater than 3 - 5 mm. The mesostructure is constructed as follows: 1) coarse

aggregate particles, with assumed spherical shape, are introduced into the volume by

a try-and-reject random procedure; 2) zero radius particles are randomly distributed

over the external surfaces; 3) a three dimensional domain tessellation, based on a

Delaunay tetrahedralization of the particle centers, creates a system of polyhedral

cells (Fig. 3.1b) interacting through triangular facets. Each facet is associated with

a tetrahedron edge (lattice strut). A two dimensional representation is shown in

Fig. 3.1a.

A vectorial constitutive law governing the behavior of the model is imposed at

the centroid of the projection of each single facet (contact point) onto a plane or-

thogonal to the tetrahedron edge. The projections are used to ensure that the shear

interaction between adjacent particles does not depend on the shear orientation.
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a) b) c)

Figure 3.1: LDPM: a) Mesostructure tessellation (2D); b) three dimen-
sional discrete particle; c) definition of nodal degrees of free-
dom and contact facets (2D).

Rigid body kinematics, including nodal rotation, defines the displacement field

for each strut, which results in a discontinuity at the associated facet (Fig. 3.1c).

Defined at the facet centroid C, the discontinuity or displacement jump JuCK is the

spatial variable which determines the strain vector for the strut. With the center-

to-center particle distance defined as L, and a local reference system defined by

unit vector n orthogonal to the projected facet and unit vectors m and l mutually

orthogonal and located in the plane of the projected facet, one normal and two shear

strains are defined, respectively, as:

εN =
nTJuCK
L

; εM =
mTJuCK

L
; εL =

lTJuCK
L

(3.1)

The elastic behavior is described by assuming that the normal and shear

stresses are proportional to the corresponding strains:

σN = ENεN ; σM = ET εM ; σL = ET εL (3.2)

where EN = E0, ET = αE0, E0 = effective normal modulus, and α = shear-normal

coupling parameter. E0 and α are assumed to be material properties.

Regarding inelastic behavior, the LDPM formulation addresses three separate

physical mechanisms characterizing mesoscale failure: 1) fracturing and cohesive

behavior under tension and tension/shear; 2) pore collapse and material compaction
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under high compressive normal stresses; and 3) frictional behavior due to shear strain

in the presence of compression.

For tensile loading (εN > 0), fracturing behavior is formulated through a

relationship between the effective strain ε and the effective stress σ [5], defined as:

ε =
√
ε2
N + α(ε2

M + ε2
L); σ =

√
σ2
N +

(σM + σL)2

α
(3.3)

With their use, the relationship between normal and shear stresses versus

normal and shear strains can be calculated in a way similar to simple damage models:

σN = σ
εN
ε

; σM = σ
αεM
ε

; σL = σ
αεL
ε

(3.4)

An internal variable ω characterizes the coupling between normal strain εN

and total shear strain εT =
√
ε2
M + ε2

L, or the normal stress σN and total shear

stress σT =
√
σ2
M + σ2

L, as:

tanω =
εN√
αεT

=
σN
√
α

σT
(3.5)

The effective stress σ is incrementally elastic (σ̇ = E0ε̇ ), and must be less

than or equal to the strain-dependent boundary σbt(ε, ω):

σbt = σ0(ω) exp

[
−H0(ω)

〈εmax − ε0(ω)〉
σ0(ω)

]
(3.6)

in which the brackets 〈•〉 are used here, and elsewhere in this document, in the

Macaulay sense: 〈x〉 = max{x, 0}.
For pure tensile stress (ω = π/2), Eq. 3.6 represents exponential decay, or ex-

ponential strain-softening, characterized by: 1) an elastic limit of σ0(ω) = E0ε0(ω) =

σt, a material parameter termed the mesoscale tensile strength; and 2) an initial

slope of the exponential decay, or softening modulus, of H0(ω) = Ht. In order to

preserve the correct energy dissipation during mesoscale damage localization [59],

the softening modulus in pure tension is expressed as Ht = 2E0/ (Lcr/L− 1), where:

Lcr = 2E0Gt/σ
2
t ; L is the length of the tetrahedron edge under consideration; and
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Gt is the mesoscale fracture energy, a material parameter.

For pure shear stress (ω = 0), Eq. 3.6 represents perfectly plastic behavior

with an elastic limit of σ0(ω) = σs, a material parameter called the mesoscale shear

strength or cohesion, and H0(ω) = 0.

LDPM provides a smooth transition between pure tension and pure shear. For

the strength (elastic limit), there is a parabolic variation of σ0(ω), between σt and

σs:

σ0(ω) = σt
− sin(ω) +

√
sin2(ω) + 4α cos2(ω)/r2

st

2α cos2(ω)/r2
st

(3.7)

where rst = σs/σt represents the ratio between the shear strength and tensile

strength.

For the initial slope of the exponential decay there is a power law function for

H0(ω) between Ht and 0:

H0(ω) = Ht

(
2ω

π

)nt

(3.8)

where the material parameter nt allows for a nonlinear transition. For nt > 1.0,

the behavior will tend to be more plastic since the facets will generally have initial

softening slopes closer to zero. Conversely, setting nt < 1.0 will increase the amount

of softening.

Finally, regarding Eq. 3.6, the evolution of the boundary is a function of the

maximum effective strain, a history dependent variable expressed as:

εmax =
√
ε2
N,max + αε2

T,max (3.9)

where εN,max, and εT,max are the maximum normal and total shear strains, respec-

tively, attained during the loading history. In the absence of unloading εmax ≡ ε.

For compressive loading (εN < 0), the normal stress is computed by imposing

the inequality −σbc(εD, εV ) ≤ σN ≤ 0, where σbc is a strain-dependent boundary

depending on the volumetric strain εV and the deviatoric strain εD. The volumetric

strain is computed at the tetrahedron level as εV = (V−V0)/3V0 , where V and V0 are

the current and initial volumes of a tetrahedron, respectively. The current volume

is computed by neglecting the effect of nodal rotations, and assuming that all facets

belonging to each tetrahedron have the same volumetric strain. On the contrary,



41

each facet is characterized by a different value of deviatoric strain, calculated by

subtracting the volumetric strain from the normal strain (εD = εN − εV ).

For unconfined axial compression, tensile splitting and shearing typically con-

trol the peak load and post-peak response for concrete. However, for cases of sub-

stantial lateral confinement, the compressive yield stress and strain, and the com-

pressive boundary beyond this limit, play a significant role. The volumetric strain

representing the upper limit of elastic behavior is defined as εc0 = σc0/E0, where σc0

is a material parameter termed the compressive yield stress.

Disregarding the deviatoric-to-volumetric strain ratio, rDV = εD/εV , the com-

pressive boundary beyond the elastic limit is assumed to have an initial linear evo-

lution, modeling pore collapse, up to a value of volumetric strain denoted εc1. The

theoretical stiffness of this linear segment is some fraction of the elastic stiffness and

is expressed as κc0E0. In general, however, the deviatoric-to-volumetric strain ratio

can significantly affect the response. In order to simulate the observed horizontal

plateau featured by typical experimental data [60, 61], the stiffness of the pore col-

lapse segment must tend to zero for increasing values of rDV . This can be achieved

by setting:

Hc(rDV ) =
κc0E0

1 + κc2 〈rDV − κc1〉
(3.10)

where κc0, κc1, and κc2 are material parameters. The boundary for the pore collapse

phase (εc0 ≤ −εV ≤ εc1) can now be expressed as:

σbc = σc0 + (−εV − εc0)Hc(rDV ) (3.11)

For −εV ≥ εc1, pore collapse is substantially complete and the boundary is

then characterized by an increasing exponential evolution modeling material com-

paction and rehardening. Defining the stress at the transition from pore collapse to

rehardening as σc1(rDV ) = σc0 + (εc1 − εc0)Hc(rDV ), the exponential evolution can

be expressed as:

σbc = σc1(rDV ) exp [(−εV − εc1)Hc(rDV )/σc1(rDV )] (3.12)
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In the presence of compressive stresses, the shear strength increases due to

frictional effects. This effect can be simulated effectively through classical incre-

mental plasticity. Incremental shear stresses are calculated as σ̇M = ET (ε̇M − ε̇pM)

and σ̇L = ET (ε̇L − ε̇pL), where the plastic strain increments are assumed to obey

the normality rule: ε̇pM = λ̇∂ϕ/∂σM , and ε̇pL = λ̇∂ϕ/∂σL, where λ is the plastic

multiplier.

The plastic potential can be expressed as ϕ =
√
σ2
M + σ2

L − σbs(σN), in which

the shear strength σbs is formulated with a nonlinear frictional law:

σbs = σs + (µ0 − µ∞)σN0[1− exp(σN/σN0)]− µ∞σN (3.13)

where σs = cohesion, σN0 = is the normal stress at which the internal friction

coefficient transitions from its initial value µ0 to its final value µ∞. Finally, equations

governing the shear stress evolution must be completed by the loading-unloading

conditions ϕλ̇ ≤ 0 and λ̇ ≥ 0.

LDPM simulations are performed using an explicit dynamic algorithm, based

on a central difference scheme, similar to the procedures described in Cusatis et al.

[6].

3.3 Fiber Reinforcing

Herein, LDPM is extended to include the effects of randomly dispersed fibers

in order to simulate the behavior of FRC. Fiber reinforcing geometry is based on a

few primary parameters: fiber density by volume Vf ; fiber diameter df (or equivalent

diameter for non-circular cross-sections); length Lf ; and curvature. Fiber curvature

can be a fabrication type, such as a hook or bend at the end of a steel fiber, or

the random tortuousness that may occur when low bending resistance fibers are

mixed into wet concrete. Curvature can be modeled through the assumption that

each fiber consists of multiple straight line segments, each with varying orientation.

For simplicity, all of the modeling performed for this study assumed straight fibers,

and the effect that curvature may have had on the structural response is reflected

in the values assigned to the fiber-matrix interaction parameters, introduced in
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Sect. 3.4. The issue of non-circular fiber cross-section will also be handled in this

way. The debonding and frictional pullout laws presented in Sect. 3.4 are based

on a circular cross-section and the correspondng surface area. Currently LDPM-F

input requires fiber cross-sectional area, which is then converted to an equivalent

df and an equivalent circumference πdf . For non-circular fibers this procedure will

underestimate fiber surface area. LDPM-F simulations account for this through the

value assigned to the fiber-matrix interaction parameters.

During the preprocessing phase, individual fibers are inserted into the LDPM

volume with randomly generated positions and orientations. On a global level,

the distribution of intersections between fibers and LDPM facets is uniform. In

the spirit of the discrete, multiscale character of LDPM, the occurrences of fiber-

facet intersection are determined by computing the actual locations where fibers

cross inter-cell facets. This computation can require significant resources for large

models in terms of both time and memory. For each intersection, the fiber length

(embedment) on each side of the facet is computed. Since these two embedment

lengths generally will be different, they are denoted Ls and Ll, for the shorter and

longer values, respectively. Also computed is the relative orientation between the

fiber and the facet, provided by unit vector nf . This orientation is determined

using the local system of reference for the facet, with normal component N and two

tangential components M and L, in accordance with the discussion of LDPM in Sect.

3.2. All of these geometric entities are saved in the facet data structure and used

during the simulation for calculating the fiber contribution to the facet behavior.

Also required are two fiber material parameters, the ultimate tensile strength σuf ,

and elastic modulus Ef , which are discussed in further detail in Sects. 3.4.5 and

3.4.6, respectively

Based on the nature of LDPM, with its simulation of the large aggregate

mesostructure of concrete, this present study concerns FRC only. The majority of

the experimental test data found in the literature for FRC is based on steel fiber

reinforcing. A lesser amount of FRC test data exists for synthetic fibers. One study

discussed in Sect. 3.6 utilized synthetic fibers made of polyvinyl alcohol (PVA).

Therefore, discussions in the following sections with regard to fiber material proper-
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ties or fiber-matrix interaction properties will generally provide specific information

on steel and PVA fiber types only.

3.4 Fiber - Matrix Interaction

Prior to discussing the details of the two-way pullout model for a crack-bridging

fiber (Sect. 3.5), this section will present the components of the model relevant to

the pullout of one end of a fiber from a cementitious matrix.

3.4.1 Debonding

Prior to a purely frictional pullout stage, a fiber segment embedded in a ce-

mentitious matrix must completely debond from the surrounding matrix (Fig. 3.2a).

Yang et al. [46] describe the debonding stage as a “tunnel-type” cracking process

over the embedment length which is characterized by two fiber-matrix interface

parameters: 1) the debonding fracture energy Gd; and 2) for the portion of the

embedded segment that has debonded, a constant value of frictional stress τ0. Lin

et al. [47] provide mathematical derivations for the following key relationships.

The relative displacement v between the fiber and the crack face, also referred

to as fiber slippage, has a critical value vd which represents the extent of slippage

associated with full debonding. For a generic embedment length Le, it can be

expressed as:

vd =
2τ0L

2
e

Efdf
+

(
8GdL

2
e

Efdf

)1/2

(3.14)

For the debonding stage (v < vd), fiber load versus slippage is given as:

P (v) =

[
π2Efd

3
f

2
(τ0v +Gd)

]1/2

(3.15)

and is shown schematically in Fig. 3.3.

The bond energy between fiber and matrix can vary widely. For the steel/cement

interface it is typically reported to be relatively low, and often assumed to be zero

[62, 63]. No standardized procedures for measuring this parameter are known to

exist, however, and at least one study found in the literature [64] reported a Gd

range of 6 - 12 N/m for smooth steel wire in a conventional cementitious mortar.
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Figure 3.2: Single fiber pullout: a) debonding; b) frictional slip.

That study used a relatively thin wire with df = 0.19 mm, while most steel fiber

studies use df ≈ 0.5 mm. Other studies [65] show steel fiber pullout curves with

a shape similar to that shown in Fig. 3.3, but attribute the distinct early peak at

the point of full debonding to a higher value of “debonding friction” compared to

the effective friction, τ0, of the pullout phase. Whether it’s attributed to debonding

fracture energy or a distinct debonding friction, evidence does exist in the literature

for steel fiber pullout characterized by a distinct early peak load followed by an

abrupt drop, prior to the gradual decline of pure slip-friction.

Conversely, the PVA/cement interface is widely considered to have relatively

high bonding [62]. This is not attributed to a higher level of friction during debond-

ing, but to some degree of chemical adhesion. Based on single fiber PVA pullout

tests from a cementitious composite, Redon et al. [66] reported average values of

approximately 4 - 5 N/m, and Lin et al. [47] determined a Gd value of 6 N/m.

The frictional pullout resistance can be affected by many characteristics of the

fiber-matrix situation, such as fiber surface texture, strength and composition of

the cementitious matrix, and the possible existence of lateral compressive stresses

orthogonal to the embedded length of fiber. For smooth steel fibers in normal

strength matrix, reported ranges for τ0 include: 1.5 - 4.5 MPa [64]; 1 - 3 MPa

[67]; and 1.7 - 3.1 MPa [68]. For steel fibers that have hooked ends or surface
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deformations, or that are crimped along the length, the reported friction vales tend

to be higher. Reported τ0 ranges include: 3 - 7 MPa for hooked and deformed fibers

[67]; 2 - 8 MPa for hooked and crimped fibers [69]; and 5.9 - 7.1 MPa for hooked

fibers [68].

As opposed to debonding energy, the frictional resistance of PVA tends to be

similar to that of smooth steel. Some τ0 ranges reported in the literature include:

2.2 - 4.4 MPa [70]; 3 - 5 MPa [66]; and 2 - 3 MPa [47].

Figure 3.3: Single fiber pullout: typical load versus slippage relation-
ships.

3.4.2 Frictional Slip

After full debonding (v > vd) the resistance is entirely frictional (Fig. 3.2b)

and the fiber load is given as:

P (v) = P0

(
1− v − vd

Le

)[
1 +

β(v − vd)
df

]
(3.16)

where P0 = πLedfτ0. This relationship is shown schematically in Fig. 3.3.

Similar to the debonding stage, the nature of the frictional interface can vary

widely, and the differences can be accounted for with the dimensionless parameter β

in Eq. 3.16 [71]. If the interfacial frictional stress τ0 is independent of slip distance,

β has a value of zero, and the fiber load decays linearly with increasing slippage
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(Fig. 3.3).

Numerous experimental studies have characterized the pullout nature for var-

ious interfaces. For example, Wang et al. [72] report that for synthetic fibers, such

as PVA, interfacial friction can increase with slippage, i.e. slip-hardening. This

can be accounted for in a simulation by using β > 0 as portrayed in Fig. 3.3. Slip-

hardening is typically attributed to surface abrasion on a synthetic fiber coming into

increasing contact with the relatively unyielding surface of the cementitious tunnel-

crack. Redon et al. [66] found that the slip-hardening of PVA can be so extreme

that in single fiber pullout testing a majority of fibers ruptured prior to achieving

complete extraction from the matrix. They investigated the technique of coating

PVA with an oiling agent in order to avoid the brittleness of premature rupture and

attain the desired energy dissipation of complete pullout. Values of β for PVA can

vary significantly, and it would be inappropriate to provide a “typical” value. For

example, the two fiber types investigated in Redon et al. [66] had diameters df that

were an order of magnitude apart at 0.044 and 0.7 mm. Also, they had significantly

different surface textures due to different manufacturing processes, with the smaller

fiber being smoother and the larger fiber being rougher. The reported values of β

were 0.5 and 2.5, respectively.

Although information can be found in the literature regarding slip-friction

values (τ0) for steel fiber, these studies typically do not utilize the relationship of Eq.

3.16. Therefore, no experimentally determined values of β for steel fiber are known

to exist at this time. For smooth steel fibers the literature suggests that interfacial

friction typically decreases as pullout progresses, i.e. slip-softening [65, 72]. This

can be accounted for in a simulation by using β < 0 as portrayed in Fig. 3.3. For

steel, this behavior can be attributed to the relatively strong fiber breaking down or

“plowing through” the deformities located on the surface of the cementitious tunnel.

If Gd is assumed as zero for steel fiber, but experimental evidence indicates a distinct

early peak followed by a sudden load drop, similar to Fig. 3.3, this can be modeled

with a slightly higher value of τ0 and a value of β significantly less than zero, such

as β ≈ −0.4.

For steel fibers fabricated with surface deformities or hooked ends, there is
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experimental evidence [69] indicating a very gradual, or even negligible, decline in

load during frictional pullout. This suggests β values near zero, or possibly even

mild slip-hardening which can be achieved with β ≈ +0.05.

3.4.3 Spalling

Figure 3.4a portrays a situation where the orientation of the embedded seg-

ment of fiber and the free segment, with associated pullout force Pf , are different.

This is the general case for all cementitious products with randomly dispersed fibers,

but especially so for FRC where very tortuous crack paths form around randomly

located large aggregate pieces. The original deflection angle between the loaded end

and the embedded end is denoted as ϕf . At the point where the fiber exits the ma-

trix and changes orientation, bearing stresses are created in the underlying matrix

(Fig. 3.4b). When this localized stress field reaches a sufficient intensity, localized

fracture and fragmentation occurs. Small pieces of matrix, or spall, then break free

from the crack face, and the remaining embedment length of the fiber is reduced

by a corresponding length, denoted as sf in Fig. 3.4a. The force in the loaded

end typically experiences a sudden drop when the length sf becomes free, and the

deflection angle between the two fiber segments is reduced to a value denoted as ϕ′f .

Figure 3.4: Single fiber pullout: a) spalling; b) snubbing.

This micromechanism has been well documented in the literature for many
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fiber-matrix conditions [70, 73]. For the definition of spalling length sf , various

models have been proposed in the literature, including Cailleux et al. [74], Leung

and Li [75], and Hu et al. [76]. These models typically involve a detailed anal-

ysis of an assumed stress field in the matrix underlying the fiber bearing point.

Also, since spalling has been shown in the literature to occur in finite quantities

at distinct points in a loading process [63, 70, 74], these studies typically try to

model this discrete nature. Similar to LDPM, the modeling effort for LDPM-F is

at the mesoscale. For example, LDPM-F will not model the surface deformities of

a fiber and the surrounding mortar, but will utilize the parameter τ0 to represent

the frictional resistance to slip (Sect. 3.4.2). Similarly, LDPM-F will not calculate

distinct occurrences of spalling for each of the several thousand fibers that are typ-

ically tracked during the course of a numerical simulation. However, in order to fit

well experimental test results using generally accepted values for the fiber-matrix

interaction parameters (e.g. τ0), LDPM-F must provide a reasonable estimate of

the spalling likely to have occurred in the experimental specimens. Therefore, the

formula proposed by Yang et al. [46], with minor modifications discussed below, has

been adopted:

sf =
PfN sin(θ/2)

kspσtdf cos2(θ/2)
(3.17)

In Yang et al. [46], the expression is presented in the context of “crack opening”

situations, i.e. situations where the crack opening vector is normal to the crack face.

Crack openings tangential to the crack face (crack sliding) are not considered. So

for the general 3D simulations of LDPM-F, only the normal component PfN of the

total force Pf in the crack-bridging segment of the fiber is assumed to contribute

to spalling (Fig. 3.4a). The angle θ then denotes the deflection angle between the

embedded fiber segment with unit orientation vector nf , and the crack face unit

normal vector n, and is given as θ = arccos(nT
f n). Similar to Yang et al. [46],

σt represents an estimate of the mesoscale tensile strength of the matrix, and ksp

is a dimensionless material parameter which can be calibrated in accordance with

experimental evidence.

Implied by Eq. 3.17 is that for situations where fiber force increases, such as

debonding and slip-hardening frictional pullout, spalling length will increase contin-
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uously. This is not in accordance with the discrete nature of spalling as noted above.

However, at any one time step in a simulation, Eq. 3.17 will provide a reasonable

estimate of the expected spalling, and the associated loss of embedment length and

decrease in fiber force. After the fiber attains peak load, the spalling length remains

constant and the effects on embedment length and bridging segment orientation be-

come permanent, as they would be if spalling was calculated in discrete increments.

The modeling of spalling in this way can be expected to have an insignificant effect

on numerically simulated structural responses (Sect. 3.6).

In order to provide an approximate calibration for the spalling model, a review

of the literature for matrix spalling data was undertaken. Although a number of

studies can be found that include single fiber pullout testing on fibers with varying

embedment orientations (0 < θ < π/2), only three provided enough information to

assess Eq. 3.17. Average values of estimated spall length divided by fiber diameter

sf/df are shown in Fig. 3.5 for the three studies. Li et al. [77] tested two types

0 10 20 30 40 50 60 70 80
0

5

10

15

s f
/d

f

embedment inclination angle θ

 

 
Li et al. (1990)
Leung and Shapiro (1999)
Katz and Li (1995)

Figure 3.5: Spall data: sf/df versus embedment angle θ.

of synthetic fiber, nylon and polypropylene, each with df = 0.5 mm. Embedment

angles of 15o - 75o degrees were tested. Spall lengths were estimated from the load

versus pullout distance curves. Subtraction of the pullout distance at which the fiber

load drops to zero, from the original embedment length, provides an approximate

measure of spall. Negligible spall lengths were detected for θ = 15o and 30o, and
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Fig. 3.5 is in accordance with this finding. Leung and Shapiro [73] tested steel

fibers with different yield strengths, all with df = 0.5 mm, and embedment angles

of 30o and 60o. In addition to the pullout record, the authors also measured the

spall length with an electron microscope for a few specimens. Agreement between

the two methods was good. Katz and Li [78] tested carbon fibers of small diameter,

df = 0.046 mm, and embedment angles of 15o - 75o. Spall length was estimated

from electron microscope images. The forming and testing of specimens with θ = 75o

proved to be very problematic, and so no results were obtained for that embedment

angle. In general, the data shown in Fig. 3.5 suggests that spall length tends to be

on the order of several fiber diameters for normal pullout conditions.

These studies provided the peak loads experienced by the fibers during the

pullout. Leung and Shapiro provided the mean compressive strength of the cemen-

titious mortar, which was 36.5 MPa. For concrete or mortar, macroscopic tensile

strength is typically about 8 to 12 times less than compressive strength, and for

the present purposes the mesoscale tensile strength can be assumed equal to the

macroscopic value. Therefore, σt for the Leung and Shapiro data can be reasonably

assumed as 3.5 MPa. The mortar for the other two studies was of very similar

composition, and so σt = 3.5 MPa is again a reasonable estimate. Using all of these

values, the experimental data is plotted in Fig. 3.6 in the form of (sfσt)/(dfσf )

versus θ, where σf = 4PfN/(πd
2
f ). The fit shown for [sin(θ/2)/(ksp cos2(θ/2)] was

made with ksp = 6.2

The first observation regarding Fig. 3.6 is that no reasonable fit could be

achieved if the 75o data of Li et al. (Fig. 3.5) was included. The problem is

not with the data, but with the trigonometric terms in Eq. 3.17. Large spall

lengths would be expected if there was only a 15o sliver of mortar between the

embedded fiber and the crack face. A different function of embedment angle other

than f(θ) = sin(θ/2)/ cos2(θ/2) would enable a better fit. This issue, however, is

outside of the scope of work for this investigation. An acknowledgement is made

here that for the simulations performed in Sect. 3.6, spall lengths will likely be

underestimated for fibers oriented with high embedment angles (θ > 70o±).

The second observation regarding Fig. 3.6 is the use of ksp = 6.2. As noted in
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Figure 3.6: Spall data: fit of Eq. 3.17.

Sect. 3.3, the large majority of experimental data simulated for this study involves

steel fiber reinforcing, and all of that reinforcing had diameters or equivalent diam-

eters of approximately 0.5 mm. Therefore, the data points of Leung and Shapiro

(steel fibers, df = 0.5 mm) are of primary interest. These points also happen to lie

generally between the data points of the other two studies. Least squares mathe-

matics is not warranted for this very approximate study, and so by trial and error

the value of ksp = 6.2 allows the curve of Fig. 3.6 to pass through the two data

points of Leung and Shapiro.

Finally, in order to utilize these findings for numerical simulations, a simplified

procedure is proposed. Most studies provide the macroscopic compressive strength

σ′c of the concrete or mortar being investigated. Using a mid-range estimate, the

macroscopic tensile strength can be estimated as σ′t = σ′c/10. The macroscopic

tensile strength of concrete, with large aggregate and large voids and flaws, will in

general be different than the mesoscale tensile strength σt of the matrix, which only

has fine aggregate and smaller voids and flaws. However, for the present purposes

they can be assumed equal. This then allows for the approximate calculation of

kspσt as 6.2σ′c/10 ≈ 0.6σ′c.
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3.4.4 Fiber Orientation Change: Bending and Snubbing

Implied in the discussion on spalling (Sect. 3.4.3), is that the free (crack-

bridging) segment of fiber shown in Fig. 3.4a is collinear with its associated pullout

force Pf , and the free segment has no other internal forces (shear) or bending mo-

ments. The fiber must then be assumed to have no bending stiffness (perfectly

flexible), or to have yielded plastically. Also, if Pf is larger than the summation of

all slip-friction forces P acting parallel to the embedded segment, then consideration

of fiber equilibrium requires there to be some additional forces, not shown in Fig.

3.4a, acting on the embedded length. These two issues will be addressed in this

section.

The intention of the present study is to provide fiber reinforcing capability to

LDPM through the use of one fiber model with the widest applicability. Therefore,

the important issue of fiber bending stiffness must be addressed. The applicability

of neglecting it varies depending upon fiber type. Zhang and Li [62] note that, in

general, the crack-bridging segment is subject to forces associated with both the

pullout resistance of the embedded segments, and the bending of the fiber at the

point where it exits the matrix. For a very flexible fiber, such as PVA, the effects

of bending are negligible [79]. For fibers that are relatively stiff or brittle, including

carbon fibers, the additional fiber stress due to bending, in combination with the

axial stress, cannot be ignored [78].

In between these two extremes is, arguably, steel fiber. Micromechanical mod-

els that address steel fiber bending can be found in the literature [74, 78, 80].

The tangential (shear) forces, bending moments, and deflected shape of the crack-

bridging segment can certainly affect the microscale nature of the pullout, including

spalling. Also, fiber bending moment can be a significant contributor to conditions

that lead to fiber rupture. In an opposite sense, one must consider the elastic-

plastic nature of steel reinforcing, typically characterized by significant amounts of

strain-hardening.

Figure 3.4b portrays the frictional pulley model of Li et al. [77], often referred

to as a snubbing model, and associated primarily with flexible synthetic fibers. At

the point where it exits out of the tunnel crack (which has been shortened due to
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spalling), the fiber wraps around the intact matrix in a perfectly flexible manner. In

Fig. 3.4b the summation of all typical slip-friction and debonding forces acting along

the embedded length has been denoted as P , where P = P (v) given by either Eq.

3.15 or Eq. 3.16. The additional bearing and friction forces at the exit point, acting

both orthogonal and parallel to the embedded segment, are shown approximately.

The slip-friction forces P cannot be directly measured in the laboratory. The

peak value of slip resistance, however, is directly proportional to embedment length.

Effective embedment lengths can be estimated as the original embedment length

minus the spall length. For the single fiber pullout testing of Li et al. [77], the

measured loads Pf were normalized by the effective embedment lengths. In this

way the the normalized Pf corresponded, approximately, to equivalent values of P .

The results indicated an increase in Pf with increase in deflection angle ϕ′f , and Li

et al. modeled this with an exponential function given as:

Pf = eksnϕ′
fP (v) (3.18)

The factor ksn is a fiber-matrix interaction parameter termed the snubbing

parameter. The expression adopted by Li et al. (Eq. 3.18) is a well established

expression that relates the change in tensile load for a flexible tendon being pulled

around an unyielding circular surface. It can be found in the literature in a variety

of articles, including rope or cable guidelines and conveyor belt analyses. More

relevant to the civil engineering community, the American Concrete Institute utilizes

the expression in a slightly altered form to calculate posttensioning losses for curved

tendons. In all of these applications, the snubbing parameter is typically described

as the basic, Coulomb theory, static coefficient of friction between the two materials

of the system.

The use of the snubbing model is certainly appropriate for the simulation of

PVA fiber concrete. Regarding steel fiber, the assumption of zero bending stiffness

will not capture exactly the microscale phenomena occurring in the vicinity of the

exit point. However, LDPM-F is only interested in the overall net affect that the

crack-bridging fiber has on the surrounding mesostructure. Microscale bending and

shear are not the primary phenomena that arrest crack growth and increase strength
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and ductility at the structural scale. The axial force in the fiber is the predomi-

nant phenomenon. With the use of appropriate parameter values, the important

contributions that steel fibers make at the mesoscale, to the increased strength and

ductility at the structural scale, can be captured. Therefore, LDPM-F will consider

the snubbing model appropriate for the simulation of steel fiber concrete. The effect

that fiber bending stresses may have on fiber rupture are considered in Sect. 3.4.5.

In Li et al. [77], ksn was calculated to be 1.0 and 0.7 for nylon and polypropy-

lene fiber, respectively. For PVA, Lin et al. [47] note a generally accepted range

of 0.5 - 0.9, and use 0.5 for the investigation of two specific PVA types. For this

present study, simulations of PVA reinforced concrete assume ksn = 0.6.

Regarding steel, the issue of ksn is not as straightforward. Data for steel fiber

peak load versus embedment angle can be found in the literature [69, 81]. Not

enough of these studies, however, provide estimates of the spall length, and so the

normalization of Pf with effective embedment length cannot be done. The overall

general trend reported for smooth or mildly deformed fibers (hooked ends), is that

peak pullout loads stay level or increase mildly as ϕ′f varies from 0o to 45o. Beyond

ϕ′f = 45o, peak loads decrease. Banthia and Trottier [69] found that for steel fibers

crimped along the entire length, peak loads began to decrease by ϕ′f = 15o. Even

if the increased spalling for ϕ′f > 45o is considered, the evidence indicates that the

snubbing effect is not as strong for steel fibers compared to PVA.

For additional information, a search of the literature was made for macroscopic

values of the static coefficient of friction for the steel/concrete interface. Two stud-

ies were found that involved steel plates sliding across concrete surfaces. In Rabbat

and Russel [82] and Baltay and Gjelsvik [83], the coefficient of friction was reported

as 0.57 and 0.47, respectively. The applicability of such macroscopically measured

values of Coulomb friction at the smaller scale of the fiber-matrix interaction is un-

certain. They provide some justification, however, for using a ksn value for steel that

is similar to the 0.6 value used for PVA. Since the experimental evidence suggests

a milder snubbing effect for steel relative to PVA, this study has adopted a lower

value of ksn = 0.4 for SFRC simulation.
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3.4.5 Fiber Orientation Change: Apparent Strength

None of the contributions that fibers make to structural strength and ductility

will occur if the force in the crack-bridging segment Pf leads to fiber rupture. Thus,

any effect that orientation change ϕ′f may have on the ultimate tensile strength

must be considered. For PVA and other synthetic fibers, the possibility of high bond

strength or slip-hardening pullout can lead to relatively high fiber loads. In addition,

the surface abrasion that may occur along the embedded length during pullout, and

also as the fiber wraps around the matrix at the exit point, can create localized

zones of reduced effective cross-sectional area, thereby lowering the ultimate tensile

strength of the fiber. Using single fiber pullout testing, Kanda and Li [70] observed

lower rupture loads for increasing values of ϕ′f . The strength reduction relationship

proposed by that study has been adopted for LDPM-F, and is expressed here in

terms of the axial stress in the crack-bridging segment (σf = 4Pf/πd
2
f ):

σf ≤ σufe
−krupϕ′

f (3.19)

where krup is a material parameter and σuf is the ultimate tensile strength of the

fiber.

Kanda and Li [70] determined a value of krup = 0.3 for PVA fibers, and no

substantially different recommendations were found in the literature. Regarding

steel, the issue of strength reduction will be similar to the snubbing effect. An

appropriate parameter value must be adopted that accounts for, as best as possible,

the microscale bending and shear. In this way a different physical justification for

the use of Eq. 3.19 with steel fibers is provided.

In the snubbing model, the very important but highly uncertain parameter is

the fiber’s radius of curvature rc. The angular change ϕ′f is known, but the fiber

bending stresses are inversely proportional to rc. The fiber pullout investigation of

Leung and Shapiro [73] provides some insight regarding the conditions that might

be encountered by a typical steel fiber. That study examined fibers with df = 0.5

mm, Le = 12 mm, and σuf ≈ 1000 MPa. Many experimental investigations can be

found that utilize these df and σuf values, as well as a total fiber length of 30 mm,

and so the embedment length of 12 mm is relevant.
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One of the electron microscope images used in Leung and Shapiro [73] to

determine spalling length was included in the published article. The subject fiber

was embedded at 60o from the crack face normal, and the image suggests that rc

may have been on the order of a few spall lengths. Another image provided in the

paper shows the end of the pulled out fiber at a slightly larger scale. The curvature

can be directly measured at rc ≈ 5 mm which is approximately 2.5sf and 10df . For

pure bending, the maximum normal strain on a typical cross-section is one half of

the fiber diameter divided by rc, which for this example is 0.05 mm/mm. This is

a relatively large value of strain, likely to be well above any identifiable yield point

that may exist for the material.

The yield strength of steel fiber can vary widely [73], and the nature of the total

stress-strain curves are also expected to vary widely. Experimental studies typically

provide only the ultimate tensile strength. Some provide the elastic modulus which

is always near a typical value of Ef = 200 GPa. The value of strain at ultimate

tensile strength εuf is typically not known. Figure 3.7 shows a highly idealized

stress-strain curve assumed for typical steel fibers. The assumptions made in the

figure are: Ef = 200 GPa; yield stress σy = 0.002Ef = 400 MPa; σuf = 1000

MPa; onset of linear strain-hardening at ε = 0.015; and εuf = 0.09. The strains at

ultimate stress and onset of hardening are similar to values that are reported for

normal steel reinforcing bars.

Based on the idealized stress-strain curve, the fiber with strain due to curvature

of 0.05, would have a maximum fiber bending stress of σb ≈ 680 MPa. The peak

pullout loads for the 60o fibers were approximately 40 N, or in terms of axial stress

σf ≈ 200 MPa. If the minimum curvature was assumed to act at the same time as

the maximum pullout load the combined stress would be 880 MPa, or nearly 90%

of σuf .

This analysis, although elementary and approximate, provides a justification

and a physical basis for the use of the strength reduction expression (Eq. 3.19) for use

with steel fibers. Bending stresses are not ignored, but will be considered within the

context of the frictional pulley model. For a specific deflection angle ϕ′f , the radius

of curvature is unknown. However, as with any model, reasonable assumptions can
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Figure 3.7: Idealized stress-strain curve for steel fibers.

be made. When the fiber pullout force is collinear with the embedded segment

there will be no fiber curvature. As ϕ′f increases so will the potential for small rc.

At moderate values, such as ϕ′f = 30o, the probability of a tight wrap around the

matrix, or even a “kink” forming in the fiber, is lower than if the orientation change

is relatively high, such as ϕ′f = 75o for example.

If Eq. 3.19 was not used, and an estimate of σb was made, the criterion for

fiber rupture would be σf + σb ≤ σuf , which can be rearranged as σf ≤ σuf −
σb. The approximation utilized by LDPM-F for SFRC is that the ultimate stress

reduction shown on the right-hand side of the rearranged equation can be replaced

with σuf exp[−krupϕ′f ]. This translates into a bending stress estimate of σb = σuf (1−
exp[−krupϕ′f ]).

If sufficient data were available in the literature, an investigation could provide

the justification for an appropriate value of krup for steel fiber reinforcing. Such an

investigation could even suggest alternate functions of ϕ′f for steel versus PVA.

These issues are beyond the scope of this investigation, but could be addressed

in a future version of LDPM-F. For this first version, a krup value was desired

that acknowledges the existence of significant levels of bending stress, but that was

not overly conservative. The SFRC simulations summarized in Sect. 3.6 utilized

krup = 0.6. This is twice the value used for PVA concrete simulation.
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3.4.6 Fiber Stiffness

Figure 3.8 portrays a fiber in a typical two-way pullout situation, with a crack-

bridging segment and an embedded segment on each side. In the discussion of two-

way pullout (Sect. 3.5), one noted assumption is that the axial elongation of the

crack-bridging segment is negligible compared to the magnitude of the crack opening,

and so it is ignored. For the debonding of the embedded segments, however, axial

deformation must be considered. Right at the moment of full debonding, the far

end of the fiber has not moved relative to the matrix, but the loaded point near the

crack surface has displaced by an amount called the debonding slippage, given by

Eq. 3.14.

For steel fiber, two typical assumptions are zero debonding fracture energy

and no slip-hardening. In that case, the fiber’s peak load occurs at the end of the

debonding stage (Fig. 3.3), and equals P0, where P0 = πLedfτ0. Also, the debonding

slippage can be expressed as vd = 2τ0L
2
e/Efdf . These equations show that a steel

fiber’s peak load is independent of its elastic modulus Ef , but the debonding slippage

is inversely proportional to it. The aggregate effect of the many fibers attaining their

peak loads at certain levels of crack opening is the main factor affecting the initial

tangent stiffness of a structural response. If the fibers all attain identical peak loads,

but at twice the crack opening, the initial stiffness of the structural response will

be distinctly different. Therefore, a potential problem for the simulation of SFRC

is the highly uncertain nature of the entire stress-strain behavior for the steel fibers

used in an experimental investigation.

Figure 3.7 shows the idealized stress-strain curve used for the discussion of

fiber rupture in Sect. 3.4.5. If a fiber is nearly centered on a crack it will have

the maximum embedment length, Le = Lf/2, and a relatively high value of P0.

The elongation at full debonding could be affected by the strain-hardening range

of the fiber stress-strain relationship. If an adjacent fiber intersects the crack at its

quarter point it will have half the P0 value of the centered fiber, and may remain

in the linear elastic range for the entire debonding process. In order to account

for such uncertainties, LDPM-F utilizes a parameter termed the plastic factor and

symbolized as γp. With this parameter, an effective fiber modulus can be defined
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as γpEf for all of the fibers in a numerical simulation. This is portrayed in Fig.

3.7 as a secant modulus type of entity. The value of γp must be determined by the

fit of the numerical response to the experimental data, and Ef is the fiber’s elastic

modulus reported with the experimental data. If not provided, the elastic modulus

for steel fibers can be taken as the typical value of 200 GPa. Also, if not discussed

in Sect. 3.6, γp = 1.0 was used for model calibration.

3.5 Two-Way Fiber Pullout Model

Consider an initially straight fiber with orientation nf , subject to a random

crack opening of vector wf (Fig. 3.8a). The crack-bridging segment spans the

crack between Points A and B. Neglecting fiber bending stiffness, and assuming the

reduction of embedment length due to spalling sf is the same on both sides, the

vector for the crack-bridging segment can be computed as:

w′f = wf + 2sfnf (3.20)

Also, the bridging segment force vector is assumed to be coaxial with the fiber:

Pf = Pfn
′
f (3.21)

where n′f = w′f/‖w′f‖, and the symbol ‖ • ‖, used here and elsewhere in this docu-

ment, represents the Euclidean norm or length of a vector.

The frictional pulley model of Sect. 3.4.4 applies equally to both the shorter

and longer ends, with, respectively: initial lengths Ls, Ll; relative slippages vs,

vl; and pullout resisting forces Ps, Pl. Assuming that the axial deformation of

the bridging segment is negligibly small compared to the relative slippages [47],

consideration of equilibrium leads to the following expression:

Pf = eksnϕ′
fPs(vs) = eksnϕ′

fPl(vl) (3.22)

where ϕ′f is the deflection angle between the embedded and bridging segments, cal-

culated as arccos(nT
f n′f ) subsequent to the determination of spalling length. At each
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Figure 3.8: Crack-bridging fiber with random crack opening orientation.

end, the pullout state can be either debonding or pure slip-friction, so the resistance

P (v) is calculated in accordance with either Eq. 3.15 or Eq. 3.16, respectively.

In such calculations, L is the current effective embedment length, defined as either

L = Ls − sf or L = Ll − sf . Regardless of the pullout state, Eq. 3.22 implies that:

Ps(vs) = Pl(vl) (3.23)

In addition, compatibility between the length of the bridging segment and the slip-

pages is enforced, which can be expressed as:

‖w′f‖ = 2sf + vs + vl (3.24)

For a given value of sf , Eqs. 3.22, 3.23 and 3.24 can be used to compute vs,

vl, and Pf . Since the spalling length depends on the fiber force, and the force versus

slippage relationship is nonlinear, the problem of computing the fiber force for a

given crack opening vector is highly nonlinear and needs to be solved iteratively.

Figures 3.9 and 3.10 portray the two most common loading histories for a

fiber. Prior to their discussion, it is noted that LDPM maintains in memory the
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past maximum value of slippage vmax and corresponding load Pmax. When the

calculated slippage for either the short or long side of a fiber is less than the past

maximum (v < vmax), LDPM increases or decreases that sides pullout resistance

using the following power law function:

P (v) = Pmax

(
v

vmax

)γu

(3.25)

In this first version of LDPM-F, γu has been set at 1.0 and so unloading/reloading

is linear.

Figure 3.9: Fiber load path example: no slip-hardening.

The numbered stages shown in the figures are briefly summarized here. For

Fig. 3.9: 1) the short side has reached its maximum load at full debonding, and

the long side is still in debonding mode; 2) the short side has transitioned to slip-

frictional pullout without slip-hardening, and since the fiber force is decreasing the

long side unloads along the linear unload/reload curve. Since full debonding has not

occurred for the long side, the unloading corresponds to an elastic axial shortening,

and so γu = 1.0 is a reasonable assumption for this situation.

For Fig. 3.10: 1) the short side debonds first and transitions to slip-frictional

pullout with slip-hardening, and the long side unloads linearly; 2) during short side

slip-hardening, the long side reloads linearly and then continues loading along the

debonding curve until it reaches its point of full debonding; 3) the long side transi-
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tions to slip-hardening pullout, with the short side unloading and reloading linearly;

4) due to long side slip-hardening, the short side pullout resistance eventually begins

to decay.

Figure 3.10: Fiber load path example: with slip-hardening.

Not mentioned above is the possibility that at any point in the crack open-

ing process the bridging segment reaches the fiber rupture load, and the load path

drops abruptly to zero. Also not mentioned are situations where a crack opening

decreases. In general, embedded fibers produce a state of multiple, stable microc-

racking throughout regions of tensile strain, and it is this property that produces

ductility in the overall structural response. Accordingly, the above discussion re-

garded situations where a crack opening was growing monotonically, or remaining

constant. If, however, loading continues for a long time, or if the fiber volume frac-

tion is low, eventually the classic crack localization of unreinforced concrete will

occur, along with softening in the structural response. If so, crack openings adja-

cent to the localization will decrease. Linear unloading in this situation may not be

appropriate. This is because PVA fibers are very flexible, and although steel fibers

have more flexural stiffness, they too can be expected to have negligible buckling

resistance. A higher value of γu, enabling a steep decline in fiber force upon crack

closing, is probably a more reasonable assumption. This issue will be discussed

further in Sect. 3.6.
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The effect of fiber loads on LDPM behavior can now be considered. LDPM-

F assumes a parallel coupling between the fibers and the strain-softening of the

concrete matrix. Stresses on each LDPM facet can be computed as:

σ = σc +
1

Ac

∑
f∈Ac

Pf (3.26)

where Ac is the facet area, and the concrete stress components, [σNc σMc σLc]
T, are

computed in accordance with the LDPM constitutive law presented in Sect. 3.2.

Since LDPM is a discrete model based on rigid body kinematics, all LDPM

facets generally have a displacement discontinuity. When the displacement disconti-

nuity is a gap, this indicates a situation of tensile normal strain. If the displacement

discontinuity is in the form of an overlap, this indicates a situation of compressive

normal strain. Either situation can be accompanied by tangential displacements

indicating shear strain. Regardless of whether it is tensile or compressive, if the

facet has strained beyond the elastic limit of the stress-strain boundary (Sect. 3.2),

some portion of the discontinuity can be attributed to elastic behavior, and the rest

represents inelastic behavior.

The fiber model initiates when a tensile facet has strained beyond the elastic

limit, which represents a microcrack forming in the concrete mesostructure. The

crack opening magnitude utilized for the crack-bridging model is then the inelastic

portion of the displacement discontinuity. During elastic behavior, fiber-matrix in-

teraction is neglected. Also, fiber-matrix interaction is neglected for tangential crack

openings (crack sliding) in the presence of compressive normal stress. Theoretically

fibers could slow the evolution of such cracks, but they also could be subject to

significant bending stresses and possibly rupture due to shear. This issue will be

discussed further in Sect. 3.6.

3.6 Model Calibration and Validation

In this section, LDPM-F is validated through the comparison of numerical

simulations with the experimentally determined structural responses on which they

are based. The experimental data was gathered from the scientific literature, with a
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focus on multiaxial loading conditions. Typical laboratory sized structural test con-

figurations are examined, including direct tension, and uniaxial, biaxial and triaxial

compression. Prior to their presentation some general comments are required.

Each experimental data set provides the structural response for a plain con-

crete specimen, which can be signified as having a fiber volume percentage of

Vf = 0%. The model parameters of LDPM, i.e. the concrete parameters reviewed

in Sect. 3.2, are determined by fitting a numerical simulation to the experimental

response of the plain concrete. Since LDPM is not the main focus of this present

study, these parameter values are not analyzed or discussed in any detail, but are

shown in Appendix B. The figures which show the numerical simulations of fiber

reinforced specimens will also show the plain specimen simulation.

The experimental data is variable in that sometimes the reported response

curve (stress-strain or load-displacement) is described as a representative sample

from several tests, sometimes only one specimen was tested, and in other instances

this cannot be determined. For the LDPM-F simulations, three different random

LDPM tetrahedralizations are generated for each test configuration simulated. The

tetrahedralizations are all based on the same water/cement/aggregate information

provided in the paper, but are generated using different “seed” values for the random

number generator. A similar procedure is used for the random generation of the fiber

placement, and so the numerically generated curves presented herein are the average

response from three distinct mesostructural models.

One goal of this study was to determine if the experimental data could be fit

well using generally accepted values of the main fiber-matrix interaction parameters.

These are the debonding fracture energy Gd, the slip-friction stress τ0, and the slip-

hardening/softening parameter β. In order to be able to make useful conclusions

regarding this goal, the value for some fiber parameters were not varied arbitrarily in

order to affect the data fitting process. Specifically, the value of spalling parameter

ksp was taken to be approximately 60% of the experimentally determined compres-

sive strength as recommended in Sect. 3.4.3. The values used for the snubbing and

strength reduction parameters, ksn and krup, were the values recommended in Sects.

3.4.4 and 3.4.5, respectively. Also, if not specifically addressed, the fiber elastic
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modulus was not altered through the use of γp.

Some experimental reports provide no information on the mechanical proper-

ties for steel fiber. For the elastic modulus, Ef = 200 GPa is reasonably assumed.

The issue of ultimate tensile strength is treated differently. Based on the extensive

review of scientific and commercial literature undertaken for this present study, a

large majority of references specify σuf for steel fibers and wires in a higher range

of 800 - 1200 MPa. A lesser amount of specifications can be found for a lower range

of 400 - 800 MPa. The procedure adopted is to perform a model calibration with

the more typical average of σuf = 1000, and then rerun the simulation using the

lower average of σuf = 600 to see if fiber rupture is a concern. If not specifically

addressed, the responses obtained with σuf = 600 and 1000 MPa were identical.

Finally, experimental investigations typically present results for several values

of non-zero Vf . The decision made regarding which value to use for fiber parameter

calibration was to use the middle value if an odd number of Vf were investigated,

or one of the higher Vf values if an even number was investigated.

3.6.1 Direct Tension

Simulation of the fiber effect on the tensile behavior of concrete is shown

in Figs. 3.11 and 3.12 for steel and PVA fibers, respectively. The experimental

data was reported in a series of publications [84, 85, 86]. Rectangular specimens

(100 x 20 mm) were subjected to displacement controlled direct tension, which

enabled the recording of the post-peak softening. The strains shown in the figures

are relevant to a beginning strain gage length of 120 mm. The concrete was of

standard composition, with a maximum aggregate size of 10 mm and an average

compressive strength of 50 MPa. Several fiber configurations were investigated. The

results for two fiber types were simulated for this study: 1) steel with smooth circular

surface, hooked ends, df = 0.5 mm, Lf = 30 mm, Ef = 200 GPa, σuf = 1000 MPa;

and 2) PVA with no oil coating, circular with df = 0.66 mm, Lf = 30 mm, Ef = 29

GPa, σuf = 900 MPa. Four different fiber volume percentages Vf were tested: 2%,

3%, 6% and 8%. The issue of uniform dispersion of fibers during the mixing process

was addressed. For these two fiber types no problems were reported.
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Figure 3.11: Simulation results: direct tension (steel fiber).

The experimental goal was to show that strain-hardening and ductility could

be achieved in concrete with short discontinuous fibers, since this behavior had

previously been established for cementitious composites. Figure 3.11 shows that

this goal was achieved for the steel fiber. The behavior gradually transitions from

softening for plain concrete and low Vf , to hardening and significant ductility for

higher Vf . LDPM-F was calibrated by fitting a simulation to the Vf = 6% curve.

The fiber parameters determined from that fit are Gd = 0 N/m, τ0 = 5.1 MPa,

and β = −0.05. These parameter values are in accordance with the experimental

evidence regarding steel fiber pullout summarized in Sect. 3.4.1. The relatively

high value of frictional stress and insignificant slip-softening are indicative of the

hooked end configuration of the fibers. By changing no other variable other than

Vf , LDPM-F is able to predict fairly accurately the strength and ductility levels for

the other fiber volume percentages.

Similar results can be observed in Fig. 3.12 for the PVA reinforced specimens.
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Figure 3.12: Simulation results: direct tension (PVA fiber).

Again the fiber parameters were determined using the Vf = 6% curve, and the results

are Gd = 6.0 N/m, τ0 = 3.1 MPa, and β = 0. These values are consistent with those

reported in the literature, and with the nature of the experimental responses. More

so than the steel curves, the PVA responses have significant initial peaks prior

to dropping to the stress levels at which they display ductility. As Vf increases,

the initial peak is less pronounced, but the curves show a very sharp, nearly 90o

transition. This was captured fairly well by LDPM-F with the noted Gd and τ0

values, both of which are in the typical range. Regarding β, the experimental

responses do not show significant strain-hardening. The 6% curve rises gradually in

the far tail, but this was captured well with β = 0. Slip-hardening may have been

mild or nonexistent for these PVA fibers. As noted in Sect. 3.4.2, β values can

vary widely for PVA, and depend strongly on the surface texture produced by the

manufacturing process.
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3.6.2 Uniaxial Compression

Figure 3.13 shows the fiber effect on the response of concrete to uniaxial com-

pression. The experimental data was reported in Ezeldin and Balaguru [87]. Cylin-

drical specimens (100 mm diameter x 200 mm height) were subjected to displace-

ment controlled compression. The concrete was of standard composition, with a

maximum aggregate size of 9 mm and an average compressive strength of 38 MPa.

Several fiber configurations were investigated, and the stress-strain curves for one

was provided: steel with smooth circular surface, hooked ends, df = 0.5 mm, and

Lf = 30 mm. Fiber mechanical properties were not reported. Three different fiber

volume percentages were tested: 0.38%, 0.57%, and 0.76%. In order to facilitate the

even distribution of fibers during the concrete mixing process, they were collated

into bundles using water soluble glue. No report was made regarding the mixing

process, nor was any post testing examination performed to assess the effectiveness

of this technique.
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Figure 3.13: Simulation results: uniaxial compression.
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LDPM-F was calibrated by fitting a simulation to the Vf = 0.57% curve. The

resulting parameter values are Gd = 0 N/m, τ0 = 1.4 MPa, and β = −0.5. This fit

utilized an effective elastic modulus of γpEf = 0.1(200) = 20 GPa. The combination

of γp = 0.1 and β = −0.5 enabled the calibration curve to fit both the peak load

region and the far-right tail (Fig. 3.13).

The experimental curves cross each other just beyond the peak-load region,

and do not show a logical pattern. The curve for the highest fiber content has the

lowest peak load, and the curve for the lowest fiber content has the highest peak

load. The goal, therefore, was to predict the increase or decrease in the far post-

peak with change in Vf . Figure 3.13 shows that the validation (predictive) results

are not as strong as the direct tension tests discussed above. Although the over-

prediction of the 0.38% experimental response is commensurate with the differences

shown for the PVA reinforced tension tests (Fig. 3.12, the under-prediction of the

0.76% experimental response is significantly larger. In general, LDPM-F was able

to capture qualitatively the increase in post-peak response and energy absorption

capability with increasing fiber content.

Regarding specific fiber parameter values, the results for this data set are

generally not consistent with the results from other SFRC simulations performed for

this study, nor information available in the literature regarding steel fiber behavior.

After numerous trials, it became apparent that only a very low value of τ0 would

enable LDPM-F to match the Vf = 0.57% response. The τ0 = 1.4 value is not

within the reported range for hooked-end fibers, and is actually at the low end for

straight steel fibers. Also, β = −0.5 is a value more appropriate for the slip-softening

excepted from straight, smooth fibers.

These simulations suggest that an alternative fiber unloading function may be

warranted. The response curves indicate that significant softening was occurring in

the experimental specimens. Therefore, crack localization must have been occurring,

and adjacent cracks must have been closing. In crack closing situations, if the

simulation fibers unload too gradually, the numerical response could show a falsely

high amount of ductility for a certain value of τ0. If the simulation fibers unload

abruptly to zero, then a higher and more realistic value of τ0 may be possible.
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3.6.3 Biaxial Compression

Experimental data regarding the effect of fiber reinforcing on the biaxial com-

pression strength envelope was reported in Yin et al. [88]. Rectangular prisms, 150

x 150 mm with 40 mm out-of-plane thickness, were subjected to load controlled

biaxial compression. Four different stress ratios were investigated. Given as applied

horizontal stress divided by vertical stress, the ratios were σh/σv = 0.0, 0.2, 0.5 and

1.0. The concrete was of standard composition, with a maximum aggregate size of

9.5 mm and an average compressive strength of 38 MPa. The steel fibers investi-

gated are known as slit steel fibers, made by slicing a thin steel sheet into strips. The

fiber cross-section was 0.25 x 0.56 mm, which results in an equivalent diameter of

0.42 mm. Fiber length was 25 mm, and two fiber volume percentages, 1% and 2%,

were tested. No problems were reported for the dispersement of the fibers during

mixing, and post-testing examination of interior surfaces indicated that the fibers

appeared to be uniformly and randomly distributed.

Fiber elastic modulus was not provided, and so Ef = 200 GPa was assumed.

The fibers were reported to have an “average tensile strength” of 414 MPa. This is

an unusually low value for σuf . It was also reported in English units at 60 ksi, which

is a common value given for the yield strength of steel reinforcing. The assumption

was made that the 414 MPa represents the tensile yield strength, and that the

ultimate rupture strength is likely higher. Model calibration using both σuf = 600

and 1000 MPa will be discussed.

For clarity, Fig. 3.14a shows the experimentally determined strength envelopes

without LDPM-F simulations. The data is normalized by the average uniaxial

(σh/σv = 0.0) strength of the plain concrete (38 MPa), which is denoted as σ′c.

The data is somewhat inconsistent in that although it generally shows a strength

increase for fiber reinforced specimens relative to plain concrete, the only significant

difference between the Vf = 1% and 2% curves is at σh/σv = 0.2. This could

possibly represent some actual non-linear trend. However, each experimental point

is reported to be the average of only two tests. Based on the well known variability

of concrete testing, the two tests for any particular point may not have captured

the true average. Since the 1% and 2% curves are essentially the same, the process
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of calibrating to one and predicting the other is not possible. The simple goal was

to see if LDPM-F could simulate the Vf = 2% strength envelope with a reasonable

set of fiber parameters.
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Figure 3.14: Biaxial compression: a) experimental results; b) LDPM-F for
Vf = 0% and 2% (σuf = 1000 MPa); c) LDPM-F for Vf = 1%
(σuf = 1000 MPa); d) alternate simulation for Vf = 2% (σuf =
600 MPa).

The numerical simulations for plain concrete and Vf = 2% and 1% are shown
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in Figs. 3.14b and c, respectively. The fiber results were obtained using Gd = 0

N/m, τ0 = 13.0 MPa, β = 0 and σuf = 1000 MPa. Although the 2% envelope

appears to be simulated fairly well, there are concerns that should be addressed.

The τ0 value of 13 MPa produced the largest envelope possible. Values above 13

MPa produced smaller strength envelopes and this is a strong indication that fiber

rupture is having a significant effect. This was shown to be true when the 2%

calibration was performed assuming σuf = 600 (Fig. 3.14d). With τ0 = 13.0 and

σuf = 600 the strength envelope contracted significantly. However, similar to the

first calibration, the envelope could be expanded by decreasing τ0, and the 2% curve

shown in Fig. 3.14d was produced using τ0 = 8.0 MPa.

Regardless of the issue of fiber ultimate strength, both τ0 values discussed

above are outside of the normal range for smooth, straight steel fiber. This sug-

gests that the LDPM-F simulations, which are based on numerous assumptions and

approximations, are not capturing some physical phenomena occurring in the ex-

perimental specimens. One strong possibility is that the fiber-matrix interaction is

different, to some degree, when the pullout occurs in regions of significant lateral

compression. Single fiber pullout testing is performed on matrix specimens that are

unstressed. Therefore, measurements of τ0 published in the literature are relevant

to situations where there is no compression acting orthogonally to the embedded

segment. In the biaxial experiments, fibers that are oriented perpendicular to the

plane of loading experience vertical pressure for σh/σv = 0.0, but are then subject to

increasing levels of horizontal pressure as σh/σv increases. The fiber tunnel-cracks

then have various amounts of radial compression, and a reasonable assumption can

be made that the slip-frictional resistance increases.

The experimental results provide some support for this theory. For the uncon-

fined case (σh/σv = 0.0), the increase in strength caused by fiber content is 2% and

4% for Vf = 1% and 2%, respectively. For lateral confinement ratios of 0.2, 0.5 and

1.0, the strength increase above plain concrete is 15%, 16% and 23% for Vf = 1%,

and 27%, 17% and 20% for Vf = 2%. For a given fiber content, the fibers appear to

have a stronger impact when they are in the presence of lateral compression.

Another issue to consider for this data set is the unknown behavioral differences
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of rectangular fiber relative to circular. The snubbing and spalling characteristics

could be different. Regarding pullout resistance, Sect. 3.3 noted that fiber cross-

sectional area is input, and df is then calculated assuming a circular cross-section.

For this specific data set, the numerical fibers have 18% less surface area than the

experimental fibers, and so a corresponding increase in τ0 is required.

3.6.4 Triaxial Compression

The effect of fiber reinforcing on the response of concrete to triaxial compres-

sion is shown in Fig. 3.15. The experimental data was reported in Chern et al. [89].

Cylindrical specimens (54 mm diameter x 108 mm height) were cored from larger

concrete prisms. Pressurized fluid was used to apply uniform compressive stress

around the lateral (circular) surface, and displacement controlled compression was

applied to the top and bottom ends. Since the loading direction of interest was is in

the vertical direction, the associated stresses and strains are labeled as σv and εv,

respectively. Unconfined tests will be described as 0 MPa. Three different confining

pressures were investigated, 10, 40 and 70 MPa, and the results for 10 and 40 MPa

were simulated with LDPM-F.

The concrete was of standard composition, with a maximum aggregate size of

9.5 mm and an average compressive strength of 21 MPa. The steel fibers used were

described as “straight carbon-steel fibers, with a shallow notch on one side of each

fiber”. An equivalent diameter of df = 0.43 mm was provided, and the fiber length

was Lf = 19 mm. Fiber mechanical properties were not reported. Fiber volume

percentages of 1% and 2% were tested. No information was provided regarding the

uniform dispersement of the fibers.

The LDPM concrete was calibrated by fitting simulations to the 0 and 40 MPa

plain concrete curves. As seen in Fig. 3.15, the LDPM prediction for the 10 MPa

plain concrete was close but below the experimental curve. The LDPM prediction

of the 70 MPa plain concrete response was very high, and this is the reason why

that particular data is not included here. Improvements to the LDPM model for

very high confined compression are required. This is an ongoing research topic that

is beyond the scope of this present study.
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Figure 3.15: Simulation results: triaxial compression.

The fiber parameters, Gd = 0 N/m, τ0 = 10.0 MPa, and β = −0.3 were

determined by fitting a simulation to the 0 MPa, Vf = 2% curve. An isolated view

of the unconfined simulations are shown in Fig. 3.16. This fit utilized an effective

elastic modulus of γpEf = 0.2(200) = 40 GPa. This enables the response curve to

be slightly less steep in the region immediately after the peak load. As shown in the

figure, the experimental data for both Vf = 1% and 2% have broad and well-rounded

peaks, and the ability of LDPM-F to match this shape is somewhat limited.

The most prominent observation regarding the calibration shown in Fig. 3.16

is how it differs from the uniaxial unconfined compression of Sect. 3.6.2 and Fig.

3.13. Other than the compressive strength, the experimental data does not differ

greatly. In Fig. 3.13, at 2% strain, the Vf = 0.76% curve is at 62% of the peak

stress. In Fig. 3.16, at 2% strain, the Vf = 1.0% curve is at 67% of the peak

stress. The fiber calibrations, however, are quite different. In Sect. 3.6.2, hooked-

end fibers required a very low value of τ0 = 1.4 and significant slip-softening with
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β = −0.5. Here, straight and essentially smooth fibers require a very high value of

τ0 and milder slip-softening. The most likely factor contributing to this discrepancy

is the estimation of spall length. Equation 3.17 shows spall length to be inversely

proportional to a factor of the mesoscale tensile strength kspσt. For consistency,

all simulations done for this study assume σt ≈ σ′c/10 and ksp = 6. Since the

fiber diameters are nearly equal, then for a given fiber load and orientation, the

spall lengths for this simulation are nearly double those of Sect. 3.6.2. Increased

spall lengths result in lower deflection angles for the crack-bridging segment, which

reduces the snubbing effect and the crack-bridging load. Also, effective embedment

lengths are shorter and so fiber peak loads are reduced. These load reductions are

accounted for by increasing τ0 and β. All of the linear relationships of Eq. 3.17,

where spall length is shown to be directly proportional to fiber load, and inversely

proportional to fiber diameter and matrix strength, are likely to be too simplistic.
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Figure 3.16: Triaxial compression calibration: unconfined (0 MPa).

A final and more positive observation regarding the comparison of Fig. 3.16

and Fig. 3.13 is that the predictive capability of LDPM-F for uniaxial compression

is better for the data of this section. Although the broad, rounded shape of the

immediate post-peak is not captured for the Vf = 1% curve in Fig. 3.16, the peak

load and the far post-peak are simulated fairly well.
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Regarding the confined compression, the experimental results indicate a much

stronger fiber effect at higher confining pressure (Fig. 3.15). At 10 MPa, the far

right tangent of the stress-strain curves increased an average of about 3 MPa for each

1% increase in Vf . At 40 MPa, the curves are an average of 9 MPa higher. LDPM-F

is able to capture fairly well the mild increase in response at 10 MPa, but not the

more significant increase at 40 MPa. Crack sliding in the presence of compressive

normal stress could be a significant factor. As noted in Sect. 3.5, LDPM-F does

not consider fiber contribution to the crack-bridging stresses in that situation. If

the experimental fibers are increasing crack sliding resistance, and assuming this

phenomenon is more prevalent at higher confining pressure, than this could explain

the more significant fiber effect at 40 MPa confinement, and the inability of LDPM-F

to simulate it accurately.

Another factor is the possibility of increased slip-resistance when embedded

fibers are located in regions of high, multi-directional compressive stress. This issue

was discussed in the context of biaxial compression in Sect. 3.6.3. For triaxial

situations, significant radial compression acting on fiber tunnel-cracks should be

more consistent and more prevalent. Also, higher confining pressures should produce

corresponding increases of frictional resistance to slip. Other phenomena could also

be affected. In the presence of three-dimensional compression, the snubbing effect

could be stronger. If single fiber testing indicated slip-softening (β negative), the

triaxial situation could force a change to linear decay in pullout load (β = 0).

Even mild slip-hardening could occur if the combination of slippage and high lateral

compression created gouges or surface deformities on an otherwise smooth fiber. In

addition, the spalling characteristics could be significantly different. The confining

compression can have the same effect as prestressing strands in a concrete beam.

The matrix surrounding a fiber will be in a pre-loaded state of compressive strain

prior to fiber pullout. In order to fracture and displace a portion of the matrix,

the bearing force of the fiber will first have to overcome this compressive strain and

then overcome the tensile resistance implied by the spalling model (Eq. 3.17).

To investigate these theories, the 10 and 40 MPa fiber simulations were rerun

with variable values of the fiber parameters. For spalling, the specific confining
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pressure was added directly to kspσt. The snubbing parameter ksn was arbitrarily

doubled to 0.8 for the 40 MPa simulation. Using a similar trend, ksn was increased

from 0.4 to 0.5 for the 10 MPa. Interfacial friction was assumed to remain constant

with slip (β = 0) for the 40 MPa simulation, and for 10 MPa β was again raised

proportionately from -0.3 to -0.23. Then, for the 40 MPa simulation, the interfacial

friction τ0 was increased until the highest response curves were attained. This was

a similar process to that discussed in Sect. 3.6.3 for biaxial compression. With

fiber ultimate tensile strength set at σuf = 1000 MPa, continual increases in τ0

eventually produce lower response curves due to increased frequency of fiber rupture.

The results are shown in Fig. 3.17, where the 40 MPa curves were generated using

τ0 = 14 MPa and the 10 MPa curves with τ0 = 11.
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Figure 3.17: Simulation results: triaxial compression with alternate fiber
parameters.

With the alternate set of fiber parameters, LDPM-F is able to simulate better,

but still not accurately, the increase in the far right tangents of the 40 MPa stress-
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strain curves. As previously noted, the experimental curves increase an average

of 9 MPa per 1% increase in Vf . For the original fiber parameters (Fig. 3.15),

the LDPM-F simulations increased an average of 2 MPa. For the alternate fiber

parameters (Fig. 3.17), the LDPM-F simulations increased an average of 4 MPa.

3.7 Discussion and Conclusions

The Lattice Discrete Particle Model has been extended successfully to include

the effect of randomly dispersed fibers. Fiber-matrix interaction is modeled using an

earlier formulated micromechanical theory providing the fiber crack-bridging force

as a function of the crack opening. This law was coupled to the LDPM constitutive

behavior at the facet level. The formulated model, named LDPM-F, is able to repro-

duce the fiber toughening mechanisms and the associated increases in macroscopic

strength and ductility. Specific conclusions include the following:

1. The goal of modeling each individual fiber as a discrete mesostructural ele-

ment was successfully accomplished. LDPM could have been provided with

fiber modeling capability by adjusting the constitutive behavior of the ce-

mentitious mortar to account for fiber effect. The philosophy behind LDPM,

however, is to continually expand upon the ability to model the heterogeneity

of concrete and related quasibrittle materials. The tracking, for each fiber, of

such quantities as the crack-bridging force and orientation, slippage relative

to original embedment, and effective spalling length is a positive step forward.

2. For a wide variety of multi-axial loading conditions LDPM-F could be cal-

ibrated with fiber-matrix interaction parameter values within generally ac-

cepted ranges established in the literature. Once calibrated, LDPM-F is able

to predict well the changes in structural strength and ductility as a function

of varying fiber volume percentage.

3. Significant insight is provided regarding the use of the adopted micromechan-

ical theory for modeling steel fiber reinforcing. Information in the literature

is quite limited regarding the application of the frictional pulley (snubbing),



80

strength reduction, and spalling relationships to steel fiber. Using appropri-

ately valued model parameters, LDPM-F is able to accurately simulate the

effect of steel fiber reinforcing on concrete. Values for the snubbing, strength

reduction, and spalling parameters were determined based upon physical evi-

dence found in the literature.

The analysis of the results obtained from the model’s calibration and valida-

tion identified several issues that warrant future investigation towards the goal of

improving the LDPM-F model. In addition, the review of physical evidence on fiber

pullout found in the literature, and used as a basis for adopting certain model pa-

rameter values, also highlighted several ways in which the model might be improved.

Specific items of future work that could be beneficial include the following:

1. Short fibers, with lengths of approximately 20 to 40 mm, are the current trend

in fiber reinforced concrete, and the experimental data simulated for this study

was based on fibers in this size range. The concretes all had maximum large

aggregate sizes of 9 - 10 mm, and so the average distance between LDPM

particles was of this order of magnitude. Considered together, the conclusion

is that numerical fibers, in general, intersect more than one LDPM facet. The

current algorithm in LDPM-F which detects fiber-facet intersection does not

determine whether a specific fiber crosses multiple facets. The two-way pullout

model should be improved to accommodate such occurrences.

2. In a true structural situation, fibers may cross each other, or in more extreme

situations may be in nearly parallel contact. The probability of such occur-

rences would increase with higher fiber density, and the nature of fiber pullout,

in an average sense, could be different. Although single fiber pullout testing

is typically performed from a plain mortar specimen, some studies do inves-

tigate pullout from specimens with fiber content. A more thorough search of

the literature regarding this issue could provide enough information to justify

fiber parameter values that vary as a function of fiber content.

3. Related to the above item, is the issue of fiber pullout in an environment of

significant lateral compressive stress. The basic Coulomb theory of friction
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equates frictional resistance to a fraction of the normal force acting at the

interface. In situations of biaxial and triaxial compression, significant com-

pressive stresses can be acting in radial directions around the embedded ends

of fibers. The issue of whether fiber parameter values should depend upon the

stress field in which they are situated should be further investigated.

4. The rate at which fibers unload when a crack opening decreases in magnitude

should be investigated. The effect on macroscopic structural response can

be assessed. Currently fibers unload linearly from a past maximum state of

load-slippage back to a state of zero load-slippage. Conversely, fiber load can

drop abruptly to zero as soon as a crack begins to close. This issue is not

expected to be a factor where the structural response displays ductility or

strain-hardening. However, for a structural response with a distinct peak load

and post-peak softening, the nature of crack unloading can have a significant

effect on the far right tail of the structural response curve.

5. Although the simulation results for SFRC were generally good, a more exten-

sive investigation of the nature of steel fiber pullout would be beneficial. In

this study a justification and a physical basis for adopting specific parame-

ter values for snubbing (ksn = 0.4) and strength reduction (krup = 0.6) were

provided. These determinations were based on a small amount of physical evi-

dence gathered from the literature and a more thorough analysis could suggest

different values, or possibly even modified functions of ϕ′f for use in Eqs. 3.18

and 3.19.

6. Significant improvements can be made to the spalling model. The expression

adopted for this first version of LDPM-F (Eq. 3.17) is a very basic rela-

tionship, easily implemented, and which enabled the good simulation results

discussed in Sect. 3.6. Its ability, however, to model the sparse amount of

spalling data found in the literature over the full range of embedment incli-

nation (θ) is limited. Possible improvements include: different functions of

θ; alternate expressions for steel versus synthetic fibers; consideration of tan-

gential components of crack-bridging force; and relationships other than the
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direct proportionality between spall length and crack-bridging force, and the

inverse proportionality for spall length and both fiber diameter and matrix

tensile strength.



CHAPTER 4

DISCONTINUOUS CELL METHOD FOR MODELING

THE MECHANICAL BEHAVIOR OF SOLIDS

4.1 Introduction

A quantitative investigation of cohesive fracture propagation necessitates an

accurate description of various fracture phenomena including: crack initiation; prop-

agation along complex three-dimensional paths; interaction and coalescence of dis-

tributed multi-cracks into localized continuous cracks; temperature and humidity

effects; loading rate effects; effect of the confining pressure; and interaction between

fractured and unfractured material. Although it has been used traditionally to ad-

dress some of these aspects, the classical finite element method (FEM) is inherently

incapable of modeling the displacement discontinuities associated with fracture. To

address this issue, advanced computational technologies have been developed in the

recent past.

First, embedded discontinuity methods (EDM) were proposed to handle dis-

placement discontinuity within FEM. In these methods, the crack is represented by

a narrow band of high strain, which is embedded in the element and can be arbitrar-

ily aligned. Many different EDM formulations can be found in the literature and a

comprehensive comparative study of these formulations appears in Jirásek [90]. The

most common drawbacks of EDM formulations are stress locking (spurious stress

transfer between the crack surfaces), inconsistency between the stress at the crack

interface and the stress in the bulk of the material, and mesh sensitivity (where the

crack path depends upon mesh alignment and refinement).

A method that does not experience stress locking and reduces mesh sensitivity

is the extended finite element method (XFEM). First introduced to model fracture

propagation by Belytschko and Black [91], XFEM exploits the partition-of-unity

property of FEM shape functions. This property enables discontinuous terms to be

incorporated locally in the displacement field without the need of topology changes in

the initial (uncracked) mesh. XFEM has been successfully applied to a wide variety

83



84

of problems [92, 93, 94, 95]. It can accurately simulate crack initiation and crack

path location with no mesh-based restrictions on the direction of crack propagation.

The drawbacks of this method are that the implementation into existing FEM codes

is not straightforward, the insertion of additional degrees of freedom is required on-

the-fly to describe the discontinuous enrichment, and complex quadrature routines

are necessary to integrate discontinuous integrands.

Another approach widely used for the simulation of cohesive fracture is based

on the adoption of cohesive zero-thickness finite elements located at the interface

between the usual finite elements that discretize the body of interest [96, 97]. This

method, even if its implementation is relatively straightforward, tends to be com-

putationally intensive because of the large number of nodes that are needed to

allow fracturing at each element interface. Furthermore, in the elastic phase the

zero-thickness finite elements require the definition of an artificial stiffness to ensure

inter-element compatibility. This stiffness usually deteriorates the accuracy and

rate of convergence of the numerical solution and it may cause numerical instability.

To avoid this problem, algorithms have been proposed in the literature for the dy-

namic insertion of cohesive fractures into FEM meshes [98]. The dynamic insertion

works reasonably well in high speed dynamic applications but is not adequate for

quasi-static applications and leads to inaccurate stress calculations along the crack

path.

An attractive alternative to the aforementioned approaches is the adoption of

discrete models (particle and lattice models), which replace the continuum a priori

by a system of rigid elements that interact by means of linear or nonlinear springs.

These models were first developed to describe the behavior of particulate materials

[1] and later adapted to simulate cemented materials [4, 5, 6, 51, 52, 53, 54, 56, 57,

58].

Discrete models can realistically simulate fracture propagation without suffer-

ing from the aforementioned typical drawbacks of other computational technologies.

The effectiveness and the robustness of the method are ensured by the following: 1)

their kinematics naturally handle displacement discontinuities; 2) the crack opening

at a certain point depends upon the displacements of only two nodes of the mesh;
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and 3) the constitutive law for the fracturing behavior is vectorial. Despite these

advantages the general adoption of discrete methods to simulate fracture propaga-

tion in continuous media has been quite limited because of various negative aspects

in the uncracked phase, including: a) the stiffness of the springs is defined through

a heuristic (trial-and-error) characterization; b) various elastic phenomena, such as

the Poisson effect, cannot be reproduced exactly; c) the convergence of the numerical

scheme to the continuum solution cannot be proved; d) amalgamation with classical

tensorial constitutive laws is not possible; and e) spurious numerical heterogeneity

(not related to the internal structure of the material) is inherently associated with

these methods.

The Discontinuous Cell Method (DCM) presented herein provides a unified

framework between discrete models and continuum based methods. DCM can po-

tentially avoid most of the aforementioned shortcomings affecting current computa-

tional methods for cohesive fracture. Its formulation will be similar to that of the

discontinuous Galerkin method which has primarily been applied in the past to the

solution of fluid dynamics problems, but has also been extended for the study of

elasticity [99]. Recently, discontinuous Galerkin approaches have also been used for

the study of fracture mechanics [100] and cohesive fracture propagation [101]. The

DCM formulation detailed in the following sections can be considered a discontinu-

ous Galerkin approach which utilizes piecewise constant shape functions.

4.2 Weak Forms of Equilibrium and Compatibility

Within the assumptions of first order theory, static behavior of continuous

media can be expressed as:

∂σij
∂xj

+ f0i = 0 ; x ∈ Ω (4.1)

εij −
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
= 0 ; x ∈ Ω (4.2)

σij − Fij(εkl) = 0 (4.3)
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where σij is the stress tensor, f0i represents body forces, εij is the strain tensor, ui

is the displacement field, Fij represents the constitutive law, x = [x1 x2 x3]T is the

position vector, and Ω is the solid volume. Equations 4.1 - 4.3 represent equilibrium,

compatibility, and constitutive equations, respectively. Unless otherwise indicated,

index summation convention is used throughout this text.

The system of Equations 4.1 - 4.3 can be integrated after essential boundary

conditions (ui− u0i = 0; x ∈ Γu) and/or natural boundary conditions (σijni− t0i =

0; x ∈ Γt) are assigned. At all points on the boundary Γ of volume Ω either an

essential or natural boundary condition is defined (Γ = Γu + Γt); ni is the outward

normal to Γ; and u0i and t0i are the displacements and tractions, respectively, given

on Γ.

By integrating Equations 4.1 and 4.2 over the volume Ω, and by using Green’s

theorem, one can obtain the weak forms of equilibrium and compatibility, which

read: ∫
Ω

σijδεij dΩ +

∫
Γ0

tiJδuiK dΓ =

∫
Ω

f0iδui dΩ +

∫
Γt

t0iδui dΓ ∀ δui (4.4)

and ∫
Ω

εijδσij dΩ +

∫
Γ0

JuiKδti dΓ =

∫
Γt

uiδti dΓ ∀ δσij (4.5)

where homogeneous essential boundary conditions are considered for simplicity; and

δti = δσijni, δεij = 0.5(δui,j + δuj,i), and δui, δσij are appropriate test functions

which satisfy homogeneous essential boundary conditions and homogeneous equi-

librium equations (self-equilibrated stresses), respectively. In addition, Eqs. 4.4

and 4.5 assume that the displacements ui and the test functions δui are allowed to

be discontinuous on oriented surfaces Γ0 located within Ω. The discontinuities or

“jumps” of u and δu across Γ0 are defined as:

JuK = u+ − u− ; JδuK = δu+ − δu− (4.6)

where u+ and δu+ are the displacements and the test functions on the positive side

of Γ0, and u− and δu− are the same quantities on the negative side of Γ0.
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4.3 Discontinuous Cell Method (DCM)

Consider a discretization of volume Ω obtained by a Delaunay triangulation

(tetrahedralization in 3D) and its dual Voronoi tessellation. In the 2D representation

shown in Fig. 4.1a, the typical triangular element is shown with volume Ωe, external

boundary Γe, and three oriented surfaces Γk0 located within the volume. The interior

oriented surfaces Γk0 derive from the Voronoi tessellation and are herein termed

“facets”. In 3D, facets are triangular surfaces of contact between polyhedral cells.

In 2D formulations, such as plane stress or plane strain, each facet is defined by an

in-plane line of contact between polygons and a general out-of-plane thickness.

a)

Γe Ωe

Γk
0

b)

Hk

A0k

nk

mk

Figure 4.1: a) Delaunay triangulation and Voronoi tessellation; b) facet
geometry and associated edge length.

The discretized weak equilibrium and compatibility equations for one triangle

(tetrahedron in 3D) of the mesh can be expressed as follows:∫
Ωe

σhijδε
h
ij dΩ +

∫
Γk

0

thi Jδu
h
i K dΓ =

∫
Ωe

f0iδu
h
i dΩ +

∫
Γe

thi δu
h
i dΓ (4.7)

and ∫
Ωe

εhijδσ
h
ij dΩ +

∫
Γk

0

Juhi Kδt
h
i dΓ =

∫
Γe

uhi δt
h
i dΓ (4.8)

where thi = σhijni, δt
h
i = δσhijni, ε

h
ij = 0.5(uhi,j + uhj,i), and δεhij = 0.5(δuhi,j + δuhj,i). In

addition: σhij is an approximation of the actual stress tensor; uhi is an approximation

of the actual displacement field; and δuhi and δσhij are finite sets of orthogonal func-
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tions (basis functions) selected in the same space as the approximating functions

(Galerkin approach). The functions uhi and δuhi are assumed to be discontinuous on

the surfaces Γk0.

The DCM formulation is based on the following selection of basis functions:

uh(x) = uI + (x− xI)×ΘI ; ∀ x ∈ ΩI (4.9)

and

th(x) = tk ; ∀ x ∈ Γk0 (4.10)

where ΩI is the Voronoi cell associated with node I; nodes are the vertices of the

Delaunay triangulation (tetrahedralization) (Fig. 4.1a); and uI and ΘI are the

nodal displacements and rotations (degrees of freedom).

By introducing Eqs. 4.9 and 4.10 into Eqs. 4.7 and 4.8, and after appropriate

mathematical manipulation, the following expressions are obtained:

∑
k

A0ktkiδwki =

∫
Ωe

f0iδu
h
i dΩ +

∫
Γe

thi δu
h
i dΓ (4.11)

and by definition:

wk =
1

A0k

∫
Γk

0

JuhK dΓ = JuhCKΓk
0

(4.12)

where A0k and uhC are the area, and the displacement jump at the centroid C, of

the facet Γk0, respectively.

Finally, combining Eqs. 4.11 and 4.12, and summing up the contributions of all

elements in the mesh, one obtains a system of algebraic equations (coinciding with

the equilibrium equations of the Voronoi cells) which allows for the computation of

the nodal degrees of freedom once a relationship between the tractions tki and the

openings wki is established. This relationship needs to be determined on the basis

of the constitutive equations.
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4.4 Elastic Behavior

For a homogeneous and isotropic elastic medium, the constitutive law can be

expressed as:

σij = EV εV δij + EDεD,ij (4.13)

where εV = εii/3 is the volumetric strain, δij is the Kronecker delta, εD,ij = εij−εV δij
is the deviatoric strain tensor, EV = E/(1 − 2ν) is the volumetric modulus, ED =

E/(1+ν) is the deviatoric modulus, E = Young’s modulus, and ν = Poisson’s ratio.

By considering an average strain tensor in an element Ωe, one can obtain the

relationship between the tractions tki and the openings wki by requiring that for a

virtual variation of the stress tensor and facet tractions, the virtual complementary

energy associated with the average strain equals that associated with the openings

wki: ∫
Ωe

εijδσij dΩ =
∑
k

A0kwkiδtki (4.14)

After mathematical manipulation, the following expressions are obtained:

tk = tNknk + tMkmk + tLklk (4.15)

tNk =
EV − ED

3ανV e

∑
k

A0kwNk +
EDwNk
Hk

(4.16)

tMk =
EDwMk

Hk

; tLk =
EDwLk
Hk

(4.17)

where V e = element volume; wNk = nTkwk, wMk = mT
kwk, and wLk = lTkwk are

the orthogonal and two tangential components, respectively, of the displacement

jump at facet Γk0; nk, mk and lk are the orthogonal and two tangential unit vectors,

respectively, of a local coordinate system for facet Γk0; and Hk is the length of the

element edge associated with facet Γk0 (Fig. 4.1b). The parameter αν allows for

the correct calculation of volumetric strain. It is equal to 1.0 for three-dimensional

analyses and two-dimensional plane strain states. For two-dimensional plane stress,

αν = (1− ν)/(1− 2ν).

Numerical experiments carried out in this study show that the 2D DCM tri-

angle passes the patch test and is able to reproduce exactly uniform strain and
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stress fields. Acknowledging that the following observations apply equally to stress

or strain, the most basic result regarding a uniform field is that the normal and tan-

gential stresses calculated by DCM for a facet with certain orientation θ in the global

coordinate system are the exact values that would be calculated by transforming

the stress tensor with values relative to the global orientation to the orientation θ.

More significantly, knowledge of the facet’s orientation, normal stress and tangen-

tial (shear) stress can be combined with the calculated value of volumetric stress to

solve for the deviatoric stress tensor relative to the global orientation. This then

allows for the exact determination of the overall stress tensor, and thus the principal

stresses and principal orientations. This property is extremely useful for accurately

estimating the initiation and orientation of cohesive fracture (Sec. 4.5).

In addition to the triangular element, a quadrilateral element, with four nodes

and twelve degrees of freedom, has the same capabilities as those described above.

The facets produced by a Voronoi tessellation are orthogonal bisectors of the De-

launay triangle edges. In mesh regions where the Delaunay triangulation produces

acute triangles, each triangular element has within its domain one vertex of a Voronoi

polygon. This produces the situation portrayed in Fig. 4.1 where the triangular el-

ement has three facets (k = 3) all located entirely within its domain. The necessity

for the quadrilateral element results from the fact that the discretization of typical

structural domains, such as a rectangular beam or bar, cannot be done entirely with

acute triangles. Figure 4.2a shows a situation where the triangulation produced a

right triangle at the right-angled exterior corner of a structural domain. In this sit-

uation, the Voronoi tessellation produces three orthogonal bisectors that intersect

at a point located exactly on the hypotenuse of the right triangle. This results in

a facet with zero length. Figure 4.2b shows a slightly more severe situation where

the generation of nodes and the resulting triangulation has produced an obtuse tri-

angle. In this situation, the three orthogonal bisectors intersect at a point located

outside of the obtuse triangle. In order to overcome the computational problems

implied by Figs. 4.2a and b, DCM combines a problematic triangle with its acute

triangle neighbor into a four-node, five-facet quadrilateral element (Fig. 4.2c). The

interior, or fifth facet is the orthogonal bisector of a straight line between two nodes
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Figure 4.2: Voronoi tessellation: a) right triangle; b) obtuse triangle; c)
typical quadrilateral element.

at opposite corners of the quadrilateral element. The translation and rotation of

the two nodes, arbitrarily labeled as 1 and 3 in Fig. 4.2c, are the degrees of freedom

that produce the displacement jump for the fifth facet. The straight line distance

between Nodes 1 and 3 provides the “edge length” Hk required for the calculation

of stresses and strains, as in Eqs. 4.16 and 4.17 for example.

In order to study the convergence of the present method to an exact solution

for a non-uniform strain field, a classical cantilever beam test [19] was simulated.

The rectangular domain, shown in Fig. 4.3, is characterized by a length-to-depth

ratio of 4. The traction boundary conditions are the classic stress distributions of

simple bending. Figure 4.3 shows a parabolically varying shear at the cantilever tip.

At the fixed end, only the displacement boundary conditions are shown for clarity.

However, an equal but opposite parabolic shear was applied at the fixed end, as well

as a linearly varying normal stress based on the non-zero bending moment at that

location. The exact solution for the displacement field is provided in Hughes [19],

and assumes linear isotropic elasticity.

Six different meshes at various levels of refinement were used. Figure 4.3 shows

the coarsest, with 132 elements, and the finest, with 1958 elements. For comparison,

the same numerical simulations were performed using the standard constant strain

triangle (CST) finite element. All the computations were carried out under plane

strain conditions, with a Poisson’s ratio of 0.3. Figure 4.4 presents the results of

the convergence study. The relative error between the numerical calculation and the
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Figure 4.3: Coarsest (top) and finest (bottom) mesh used for the conver-
gence study.

exact solution is plotted as a function of the inverse of the square root of the number

of elements (N−1/2), which is proportional to the characteristic element size. The

results for total elastic energy and tip displacement are shown in Figs. 4.4a and b,

respectively.

In the log-log plots of Figs. 4.4a and b, the slope of the line segments provide

a measure of the convergence rate. For strain energy, the average convergence rates

for the DCM and CST, respectively, are 1.76 and 1.99, and for tip displacement

they are 1.88 and 2.02. The theoretical convergence rate for the CST is 2 for both

strain energy and tip deflection. Although the convergence rates are comparable,

the DCM outperforms CST in terms of accuracy. The CST error in both strain

energy and tip deflection is one order of magnitude higher than the DCM error. In

terms of energy, for example, the DCM error ranges from 0.9% to 0.08% (coarsest

to finest mesh), whereas the CST error ranges from 10% to 0.8%.
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Figure 4.4: Convergence study: a) total strain energy; b) vertical tip dis-
placement.

4.5 Cohesive Fracturing Behavior

The convergence study presented in the previous section demonstrates that

DCM performs very well in the elastic regime. However, the most attractive feature

of this method is the ability of easily accommodating the displacement disconti-

nuity associated with fracture without suffering from the typical shortcomings of

the classical finite element method, the limitations of typical particle models, or the

complexity and the high computational cost of advanced finite element formulations.

In this section a simple isotropic damage model is introduced in the DCM framework

in order to simulate the initiation and propagation of quasibrittle fracture.

According to classical damage mechanics and the DCM formulation for elas-

ticity presented above, in a damaged material the facet tractions tNk, tMk and tLk

can be calculated as:

tNk = (1−Dk)

[
EV − ED

3ανV e

∑
k

A0kwNk +
EDwNk
Hk

]
(4.18)
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tMk = (1−Dk)

[
EDwMk

Hk

]
; tLk = (1−Dk)

[
EDwLk
Hk

]
(4.19)

where Dk is the damage parameter.

The evolution of the damage parameter is assumed to be governed by a history

variable, the maximum effective strain (εmax), characterizing the overall amount of

straining that the material has been subject to during prior loading:

Dk = 1− εt
εk,max

exp

[
−〈εk,max − εt〉

εfk

]
(4.20)

where 〈x〉 = max(0, x), εt is a material parameter governing the onset of damage,

and εfk governs the damage evolution rate.

The maximum effective strain is defined as:

εk,max =

√
w2
Nk,max + w2

Tk,max

Hk

(4.21)

wNk,max = max
τ≤t

wNk(τ) (4.22)

wTk,max = max
τ≤t

√
w2
Mk(τ) + w2

Lk(τ) (4.23)

In order to ensure convergence upon mesh refinement and to avoid spurious

mesh sensitivity [59], one can write:

εfk =
εt
2

(
lt
Hk

− 1

)
(4.24)

where lt is Hillerborg’s characteristic length (Eq. 2.1), which is assumed to be a

material parameter.

In order to demonstrate the ability of DCM to simulate cohesive fracture with

this simple two-parameter model, several different fracture analyses will be summa-

rized in the following sections. Included will be examples of quasistatic fracture,

dynamic crack propagation, and fragmentation.
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4.5.1 Quasistatic Fracture

In this section, the simulation of direct tensile tests and three-point bending

tests on notched specimens under quasistatic loading is carried out. The specimens

are 120 × 300 mm rectangular panels with out-of-plane thickness of 80 mm. The

notch is one third of the panel depth (120/3 = 40 mm) with a width equal to 12 mm.

As shown in Fig. 4.5, the notch tip is assumed to be semicircular in order to avoid

unrealistic singularities in the stress distribution which might lead to premature

crack initiation and propagation. For both the tensile and the three-point bending

tests, the assumed material model parameters are: εt = σt/E = 6.7 × 10−5, with

tensile strength σt = 2 MPa, and Young’s modulus E = 30 GPa; and material

characteristic length lt = 0.7 m, which corresponds to a mesoscale fracture energy

of approximately 47 N/m.

Figure 4.5: Quasistatic fracture tests: a) direct tension; b) three-point
bending.

The direct tensile test is performed by constraining the boundary nodes on

the left side of the specimen and by applying an increasing displacement to the

nodes on the right side of the specimen (Fig. 4.5a). Figure 4.6 reports the nominal

stress versus applied displacement curves for three different mesh resolutions and,

for comparison, a discrete cohesive crack simulation. For the discrete cohesive crack

simulation, the crack path is assumed a priori to be along the symmetry axis of

the specimen, and is the same technique used and discussed in Chapter 2. The

nominal stress is defined as σN = P/Db [7], where P is the overall applied load
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corresponding to a certain applied displacement, D = 120 mm, and b = 80 mm.

The different meshes are characterized by an average element size in the zone of the

notch of 4, 2, and 1 mm for the coarse, medium, and fine meshes, respectively. A

plot of the rigid particles (Voronoi tessellation) for the medium mesh is shown in

Fig. 4.7. This figure is relevant to the final end displacement shown in Fig. 4.6.

The nodal displacements of Fig. 4.7 have been amplified by 40 to accentuate the

localized crack that developed between the notch tip and the upper edge of the

configuration.
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Figure 4.6: Mesh sensitivity analysis, direct tension: structural response.

All curves reported in Fig. 4.6 have an initial elastic tangent followed by a

nonlinear hardening branch up to a certain peak load. Afterwards, the behavior

is characterized by a softening response with decreasing load carrying capacity for

increasing end displacement. The DCM responses indicate convergence; the curve

relevant to the medium mesh is nearly indistinguishable from the curve relevant to

the fine mesh. Also, no spurious mesh sensitivity of the response is evident. In this

case, spurious mesh sensitivity describes mesh dependent energy consumption, with

the typical problem being a response that becomes erroneously more brittle as the
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mesh is refined. Lack of convergence and spurious mesh sensitivity characterizes

typical strain-softening tensorial constitutive equations [7].

Regarding energy consumption, in the coordinate space of Fig. 4.6, the area

under the curve represents the energy consumed by fracture divided by Db, the

total cross-sectional area of the specimen. If the consumed energy is divided by the

smaller cross-sectional area above the notch (the location of the fracture path shown

in Fig. 4.7), this provides an estimate of the energy consumed per unit area of newly

formed crack, i.e. the fracture energy. The simulations were not carried out until

the applied load dropped to zero, and so only partial estimates of the total energy

consumption relevant to complete material separation can be made. For the discrete

cohesive crack, which runs in a straight line from the notch tip to the top edge of

the specimen, the energy consumed up to the end of the simulation was 43.1 N/m.

For the more tortuous DCM crack paths, the energy consumed was 45.5, 46.8, and

47.1 N/m for the coarse, medium, and fine meshes, respectively. As noted above

the material property used for all simulations was relevant to a fracture energy of

GF ≈ 47 N/m. These positive results provide some quantitative evidence regarding

convergence, and proper energy consumption independent of mesh refinement.

Figure 4.7: Mesh sensitivity analysis, direct tension: fracture pattern for
medium mesh.

The DCM response is very similar to that obtained through the discrete co-
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hesive crack (Fig. 4.6). As implied above, the energy consumed along the slightly

different crack paths may be a contributing factor to the approximately 15% dif-

ference in the peak nominal stress. Another possible factor includes the fact that

DCM crack initiation is strain-driven for the implemented damage model, whereas

it is stress-driven in the cohesive crack simulations. Also, as discussed in Chapter

2, cohesive interface elements should theoretically be rigid in the elastic regime, but

require an artificial elastic stiffness for computational stability.

The configuration for the three-point bending test is shown in Fig. 4.5b. The

bottom left corner of the specimen is constrained both vertically and horizontally,

whereas the bottom right corner is constrained only in the vertical direction (classical

pin-roller boundary conditions for simply supported beams). The load is applied

by gradually increasing the displacement of a few boundary nodes located on the

top side of the specimen, centered at the specimen axis of symmetry. Similar to

the case of direct tension, the obtained results are reported in terms of nominal

stress versus applied displacement for the three mesh resolutions and for the discrete

cohesive crack simulation (Fig. 4.8). In this case the nominal stress [7] is defined as

σN = 1.5(S/D)P/Db, where span length S = 300 mm, and the other entities are as

described above for the direction tension tests.

The three-point bending DCM response curves are not smooth because the

numerical simulations are performed through an explicit dynamic algorithm [6], and

as opposed to the direct tension tests, inertial effects cause the oscillations shown

in Fig. 4.8. The results display once again that the DCM solution is convergent

upon mesh refinement and that spurious mesh sensitivity does not occur. The crack

pattern at the end of the test is shown in Fig. 4.9 for the medium mesh. Due to

the bending character of these simulations, the stress profile and the crack opening

displacement along the crack are not uniform. The energy consumption implied by

the Fig. 4.8 curves, per unit area of crack (Fig. 4.9), is 36.1 N/m for the discrete

cohesive crack, and 39.0, 40.1, and 40.3 N/m for the coarse, medium, and fine DCM

meshes, respectively.
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Figure 4.8: Mesh sensitivity analysis, three-point bending: structural re-
sponse.

Figure 4.9: Mesh sensitivity analysis, three-point bending: fracture pat-
tern for medium mesh.
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4.5.2 Dynamic Crack Propagation and Fragmentation

In this section, a classical dynamic crack propagation test is simulated. The

analyzed experimental data is relevant to maraging steel, which has high tensile

strength and brittle behavior when subject to high strain rates. A schematic of

the test configuration is shown in Fig. 4.10, in which one can see a cylindrical

projectile impacting the central part of an unrestrained double-notched specimen.

The original experimental paper [102] does not report the out-of-plane thickness of

the specimens. Sketches included therein show the plates to be thin relative to the

in-plane dimensions of 100 x 200 mm. Therefore, a 2D plane stress analysis can be

assumed, and a nominal thickness of 10 mm was assumed for the DCM analyses.

Also, the numerical simulations utilized the line of symmetry and only one half of

the plate is modeled. At the axis of symmetry both horizontal nodal displacements

and nodal rotations are set to zero.

Figure 4.10: Dynamic fracture propagation: Kalthoff-Winkler test geom-
etry and experimental results.

Various projectile velocities were investigated in Kalthoff and Winkler [102],

and for moderate velocities of approximately 32 m/s brittle fracture was observed

with a crack path at an average inclination of about 70o from the axis of the pre-

existing notch, as shown in Fig. 4.10. These experiments have been simulated using

continuum based models for quasibrittle fracture, and in order to be able to compare

the performance of DCM, the simulations using XFEM in Belytschko et al. [95] were
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considered. In that study, the assumed material parameters were: εt = σt/E = 844

MPa / 190 GPa, and material characteristic length lt = 0.012 m, which corresponds

to a mesoscale fracture energy of approximately 2.2 × 104 N/m. Also, the same

assumption was made that the elastic impedance of the projectile and the impacted

specimen were approximately equal, and so the velocity impulse imparted to the

specimen was one half the projectile velocity, or approximately 16 m/s in this case.

The velocity impulse applied to the DCM boundary nodes generates a com-

pressive wave in the central part of the specimen which propagates undisturbed until

it reaches the notch tip. At this point, significant shear stresses develop leading to

high principal tensile stresses and crack initiation at the left side of the notch tip.

Subsequently, the crack propagates towards the left boundary of the specimen. The

crack pattern after 80 µs from initial impact is shown in Fig. 4.11. It compares well

to the experimental observation reported in Kalthoff and Winkler [102] (Fig. 4.10),

and also the XFEM results reported in Belytschko et al. [95].

Figure 4.11: Dynamic fracture propagation: DCM results for Kalthoff-
Winkler test.

Using the same material parameters, a typical end-spalling fragmentation ex-
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periment is also simulated. A two-dimensional panel, 10 mm high x 40 mm long, is

subject to a sinusoidal acceleration impulse at its left edge. Figure 4.12 shows the

resulting history of nodal velocity for points located vertically at mid-height, and

horizontally at the impacted left edge, the far right edge, and at the quarter points

in between.

Horiz. component of nodal 
velocity at: 
impacted left edge;
right edge (wave reflection);
1/4, 1/2 and 3/4 points.

2 4
time (s) x 10-6

6 8 100 12

Figure 4.12: Dynamic fracture, end fragmentation: velocity history at
specified nodes.

Figure 4.12 shows that the velocity impulse moved across the specimen at

approximately 5000 m/s, and this corresponds closely to the basic equation for one-

dimensional wave propagation in a long bar: wave speed =
√
E/ρ, where ρ = the

mass density. Young’s modulus E was noted above as 190 GPa, and the density used

was 8000 kg/m3, which results in a velocity of 4874 m/s. Such an impulse, however,

actually generates a biaxial compression wave in the specimen. This is so because

of the small ratio between the height and length of the specimen, and because the

normal wave speed differs from the shear wave speed. Also, the simulation was

performed with Poisson ratio of 0.3, and the effects of lateral straining are present.

Figure 4.12 also shows that the impulse travels undisturbed through the first

four points. This suggests that up to 8 µs the behavior is purely elastic. Figure 4.13

shows snapshots of the deformed configuration of the rigid particles at various times



103

in the simulation. Figures 4.13a-c correspond, approximately, to times 2, 5 and 8

µs, respectively, and they show a compressive stress wave propagating through the

specimen. Eventually, when it reaches the far right edge, the impulse is intensified

a)

t = 2 x 10-6 s

b)

t = 5 x 10-6 s

c) d)

e) f)
t = 8 x 10-6 s t = 11 x 10-6 s

t = 14 x 10-6 s t = 17 x 10-6 s

Figure 4.13: Dynamic fracture, end fragmentation: particle displace-
ment.

(far-right velocity history curve in Fig. 4.12) due to interaction with the free end

boundary condition. In terms of stresses, the velocity reflection corresponds to a

reverse from compression to tension. In combination with the velocity intensifica-

tion, the now tensile stress wave eventually overcomes the tensile strength of the

material, and end-spalling fragmentation begins. This can be seen in Figs. 4.13d

and e. Finally, the fracture energy of the material is overcome, and the once solid

bar is completely fractured into two distinct fragments (Fig. 4.13f).

4.5.3 Dynamic Crack Branching

A final benchmark fracture problem simulated by DCM with the isotropic

damage model involves dynamic crack branching. Figure 4.14a shows a schematic
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of the test configuration. A pre-notched rectangular panel is subject to a uniform

traction applied as a step function to the two edges parallel to the notch. Ex-

periments of this type have been performed by many researchers [103], and the

approximate experimental results shown in Fig. 4.14a were reported in Ramulu and

Kobayashi [104]. Similar to the Kalthoff-Winkler test of Sect. 4.5.2, the material

and loading parameters utilized for the DCM simulation will be the same values

assumed for an XFEM simulation found in the literature so that the performance

of DCM can be compared. In Song [103], the parameters used were: εt = σt/E =

3.1 MPa / 32 GPa; material characteristic length lt = 0.02 m, which corresponds

to a mesoscale fracture energy of approximately 3 N/m; material density ρ = 2500

kg/m3; and applied traction σ0 = 1 MPa.

Figure 4.14: Dynamic fracture, crack branching: a) test geometry and
experimental results; b) close-up of DCM results.

Figure 4.14b shows the deformed configuration of the rigid particles for the

DCM simulation. The crack branching that developed is similar to the fracture pat-

terns typically found for this test configuration [103]. A crack initiates at the notch

tip and propagates a short distance at an orientation parallel to the symmetry axis

of the configuration (orthogonal to the direction of principal tensile stress acting at



105

the notch tip). It then branches into two main cracks forming a “Y” shape. As

these crack branches propagate to the far end of the specimen, their orientations

tend to return to one that is orthogonal to the applied tension. As noted in Song

[103], it is common in this type of test for there to be multiple instances of minor

branching. Figure 4.14b shows roughly that this was the case for the DCM simu-

lation. A detailed examination of the numerical output (i.e. a colored contour plot

of the damage parameter Dk) reveals, however, that many other instances of minor

branching occurred which are unable to be detected in a plot such as Fig. 4.14b

without gross over-amplification of the nodal displacements. In summary, the DCM

simulation is able to capture well the expected fracture pattern. As reported in

Song [103], XFEM is also able to simulate the main branching but was unable to

capture the miscellaneous instances of minor branching.

4.6 DCM and Particle Models

DCM and classical particle models are basically governed by the same set of

algebraic equations expressing compatibility and equilibrium. This naturally follows

from the adoption of rigid body kinematics which is common to the two approaches.

The difference between the two methods lies in the formulation of the constitutive

law, namely in the relationship between facet tractions tk and facet openings wk

(Eqs. 4.16 and 4.17). For classical particle models, which consider rigid particles

connected with springs, this relationship can be expressed as:

tNk =
ENwNk
Hk

; tMk =
EDwMk

Hk

; tLk =
EDwLk
Hk

(4.25)

where the normal elastic stiffness EN , and the tangential elastic stiffness ET , are

assumed to be material properties.

By comparing Eqs. 4.16 and 4.17 with Eq. 4.25, one can observe that an

exact correspondence between the two formulations exists if, and only if, EN =

ET = ED and EV = ED. These conditions correspond to an elastic material with

zero Poisson’s ratio [53]. By properly setting the ratio between the normal and

tangential stiffnesses, particle models can simulate an “average” non-zero Poisson’s
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ratio (average in the sense that Poisson’s ratio is defined by analyzing a finite, as

opposed to an infinitesimal, volume of material). In this case, however, particle

models feature an intrinsic heterogeneous response even for load configurations that

produce uniform strain fields according to continuum theory [53].

In conclusion, for non-zero Poisson’s ratio the two formulations are fundamen-

tally different and the key difference is that DCM accounts for the orthogonality of

the deviatoric and volumetric deformation modes while classical particle models do

not.

It must be mentioned here that the heterogeneous response of particle models

is not necessarily a negative property and, actually, it is critical for their ability

to handle automatically strain localization and crack initiation. It must be kept in

mind, however, that in this case the size of the discretization cannot be user-defined

but must be linked to the actual size of the material heterogeneity. Only under this

condition can one consider the heterogeneous response of particle models to be a

representation of the actual internal behavior of the material rather than a spurious

numerical artifact.

4.7 Discussion and Conclusions

In this paper, the formulation of the Discontinuous Cell Method (DCM) has

been outlined. A convergence study in the elastic regime shows that DCM converges

to the exact continuum solution with a convergence rate that is comparable to that

of constant strain finite elements, but with an accuracy that is one order of mag-

nitude higher. In addition, numerical simulations show that DCM, with a simple,

two parameter, isotropic damage model, can simulate cohesive fracture propagation

without the drawbacks of standard finite elements and without the complications of

most recently formulated computational techniques. For example, XFEM [95] can

accurately simulate crack initiation and propagation. With each new instance of

damage, however, additional degrees of freedom must be inserted to represent new

displacement discontinuities. This may not be a disadvantage for single fracture

propagation, but for instances of multiple fracture (branching and fragmentation)

the computational cost can increase significantly. For DCM, the exact same com-
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putational cost is present for both elastic analysis as well as the simulation of crack

branching and fragmentation. No additional degrees of freedom are required for

complex instances of multiple fracture. Future DCM work will include the for-

mulation of 3D elements, and the development of a formal mathematical proof of

convergence to continuum theory.



CHAPTER 5

SUMMARY AND CONCLUSIONS

In a framework that represents an evolution of the discrete modeling of quasibrittle

fracture, three separate projects have been brought to a successful conclusion. For

the first project (Chapter 2), a classical technique is utilized to analyze the size ef-

fect of the cohesive crack model. The fracture of pre-notched structural specimens is

modeled by inserting a discrete line crack into a finite element mesh. This discrete

crack consists of zero-thickness elements in a line parallel to, and directly ahead

of the notch. Disregarding a very high artificial elastic stiffness required for com-

putational stability, their behavior begins when the adjacent bulk finite elements

reach the specified tensile strength of the material. They then follow the specified

softening law, i.e. the decaying stress versus increasing crack opening relationship

characteristic of quasibrittle materials.

Utilizing this computational setting, which is predominantly continuum based

but incorporates a discrete modeling of the crack, the large size asymptotic limit

of the size effect implied by the cohesive crack model is shown to be Bažant’s size

effect law (SEL), regardless of structural geometry and boundary conditions. Thus,

a one-to-one relationship exists between the parameters of the two theories, and for

linear softening, the size of SEL’s effective fracture process zone length is 0.44 times

the material’s characteristic length. In a limited size range, which happens to cor-

respond approximately to laboratory sized specimens, the SEL based on the initial

fracture energy is shown to be a good approximation of the bilinear cohesive size

effect curve (CSEC). This justifies the technique that has been historically used of

fitting SEL to size effect data through linear regression to determine the initial frac-

ture energy of concrete. Using several sets of experimental size effect data gathered

from the literature, a comparison is made between the aforementioned technique

and that of fitting a CSEC expression to size effect data using non-linear regression.

The results show, primarily, that both techniques have the potential for calculat-

ing reasonably accurate estimates of the initial fracture energy, and that the SEL

108
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estimate is generally lower than (i.e. conservative), and within 20% of the theo-

retically more accurate CSEC value. Inconsistent results were obtained regarding

either technique’s ability to estimate tensile strength, and the recommendation is

made that other more reliable methods, such as split-cylinder testing, be employed

for this task.

In a second project, a discrete material model of the mesostructure of concrete

was improved to include fiber reinforcing capability. The recently developed LDPM

model simulates each piece of large aggregate above a certain minimum threshold,

typically around 3 - 5 mm. The surrounding cementitious mortar or “matrix” forms

the struts or lattice members between the aggregate particles. This scale of model-

ing is often termed the mesoscale, and embedded reinforcing fibers are of this scale.

Therefore, the modeling of each individual fiber randomly located in the mesostruc-

ture appeared to be a natural extension for LDPM. Historically, the effects of fiber

reinforcing have been incorporated into concrete models through modifications to

the constitutive law, and so this technique is not just an advancement of LDPM,

but of discrete material modeling in general.

The specific simulation results for the model, termed LDPM-F, were generally

good. A previously developed micromechanical model for fiber pullout was adopted

to describe the mechanics of fiber-concrete interaction. To the extent possible, the

interaction parameter values were based on generally accepted ranges established

in the literature. Although the adopted pullout model has been noted as being

applicable for steel fibers, no references can be found in the literature for this case.

Therefore, reasonable estimates were made for the steel-cementitious mortar interfa-

cial properties. For a wide variety of multi-axial loading conditions, LDPM-F could

be calibrated to fit the experimental response relevant to a specific fiber content,

and then by simply adjusting the fiber content, and keeping all other model param-

eters unchanged, the model could predict fairly well the change in the experimental

response. The success was most prominent for direct tension simulations, and then

became less consistent as the complexity of the loading configuration increased.

For uniaxial compression, the changes in post-peak ductility with fiber content was

captured well for one data set, and less accurately for another. For biaxial and tri-
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axial compression, the observed trend was that more extreme parameter values were

required to better simulate the experimental data. This suggests that a fiber’s resis-

tance to pullout may have a significant dependence upon the stress state in which it

is situated. When embedded in mortar subject to multi-directional compression, the

frictional resistance between fiber and mortar is likely to be greater than that of a

fiber situated in an environment of uniaxial tension. Little mention of this issue can

be found in the literature, and it appears to be an open area for future investigation

and model improvement. Other major recommendations for improvement include

modifications to the spalling model, and the implementation of a routine to detect,

and properly model, the situation where a fiber crosses multiple LDPM facets.

Finally, a major, overall goal of this thesis is achieved in Chapter 4. One of

the earliest studies of discrete material modeling, by Hrennikoff in 1941 [2], was

specifically an attempt to approximate elastic solutions for structural configurations

where the partial differential equations of elastic theory could not be solved exactly.

Since that time, the finite element method (with the help of the digital computer) has

very successfully satisfied that need, and discrete material modeling has advanced

primarily because of its ability to simulate material heterogeneity and associated

cohesive fracture. The inability of discrete models to accurately approximate the

stress field in the uncracked, elastic regime has been considered a negative aspect.

With the formulation of the Discontinuous Cell Method (DCM), this liability has

been overcome. In the initially implemented 2D version, DCM is shown to reproduce

exactly uniform stress fields, and at the points of contact between rigid particles

the complete stress or strain tensor can be calculated along with the magnitude

and direction of the principal values. Lateral stresses and strains due to Poisson

effect are correctly calculated for an unlimited range of Poisson’s ratio. Using a

common test of convergence, an end-loaded cantilever beam, DCM converges to

the continuum solution at the same rate as the constant strain finite element, but

with an accuracy that is much better. DCM achieves this because of the proper

calculation of volumetric strains, and the decomposition of normal strain into its

volumetric and deviatoric components prior to applying the constitutive relations.

Using a simple, two parameter model for isotropic damage, DCM simulates
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quasistatic fracture with results unbiased by mesh refinement. The model is able

to simulate dynamic fracture propagation and a few examples of fragmentation are

shown. In summary, DCM appears to provide a uniform framework where the main

advantages of discrete and continuum modeling are available in one computational

setting. This conclusion can be made stronger by completing two recommendations

for future work. First, although the exact calculation of uniform stress fields and

the convergence to an exact solution with mesh refinement for non-uniform fields

together provide strong evidence, a formal mathematical proof of convergence to

elastic (continuum) theory is a desired goal. Second, the extension to 3D should be

performed, and the same positive results summarized here for the 2D formulation

should be obtained for 3D calculations.
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APPENDIX A

Derivation of Bažant’s Size Effect Law

Bažant’s SEL can be derived on the basis of equivalent linear elastic fracture me-

chanics [12]. The LEFM crack initiation condition is written with reference to an

“effective crack length” as G(α0 + cF/D) = σ2
NuDg(α0 + cF/D)/E = GF , where

G(α) = energy release rate, g(α) = dimensionless energy release rate, and cF = the

effective fracture process zone length, assumed to be a material property [7]. Note

that this equation characterizes the peak load condition only if g′(α) > 0 [7], i.e. for

positive geometries (Sect. 2.2.1). By approximating g(α0 + cF/D) with its Taylor

series expansion at α0 and retaining only up to the linear term of the expansion,

one obtains the following classical form of Bažant’s SEL:

σNu =

√
EGF

g′0cF + g0D
(A.1)

This equation can be easily recast in the form of Eq. 2.3 by dividing by f ′t ,

squaring and inverting both sides, and introducing Hillerborg’s characteristic length,

lch = EGF/(f
′
t)

2.
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APPENDIX B

LDPM Concrete Parameters for Chapter 3 Simulations

Direct Tension: Section 3.6.1
E0 (GPa) α σt (MPa) rst Lcr (mm) nt σc0 (MPa)

50 0.25 4.5 0.4 1000 0.6 100

κc0 κc1 κc2 εc1 µ0 µ∞ σN0 (MPa)
0.5 1.0 5.0 0.01 0.95 0.0 50

Uniaxial Compression: Section 3.6.2
E0 (GPa) α σt (MPa) rst Lcr (mm) nt σc0 (MPa)

39 0.25 3.5 2.94 100 0.19 77

κc0 κc1 κc2 εc1 µ0 µ∞ σN0 (MPa)
0.5 1.0 5.0 0.01 0.65 0.0 50

Biaxial Compression: Section 3.6.3
E0 (GPa) α σt (MPa) rst Lcr (mm) nt σc0 (MPa)

44 0.25 3.9 1.8 250 0.2 70

κc0 κc1 κc2 εc1 µ0 µ∞ σN0 (MPa)
0.95 2.0 0.2 0.0018 0.41 0.14 91

Triaxial Compression: Section 3.6.4
E0 (GPa) α σt (MPa) rst Lcr (mm) nt σc0 (MPa)

16 0.25 2.43 1.45 370 0.2 50

κc0 κc1 κc2 εc1 µ0 µ∞ σN0 (MPa)
0.9 3.5 0.4 0.0043 0.23 0.18 50
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