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ABSTRACT

The present work focuses on the solution of the inverse problem in finite elasticity for

incompressible media. The material response is assumed to be isotropic, nonlinear

and of hyperelastic nature. The solution of the inverse problem is the heterogeneous

distribution of the material properties within the region of interest, wherein the

number of elastic parameters depends on the strain energy density function. In this

thesis, the strain energy density functions being used, consist of a linear parameter

(i. e. the shear modulus) and a nonlinear parameter. The inverse problem is posed

as a constrained minimization problem wherein the difference between predicted

and measured displacement fields is minimized. The predicted displacement fields

satisfy the equilibrium equations of elasticity and are determined by the current

guess for the material parameters. The constrained minimization problem is solved

with the limited memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm

which requires a gradient and a functional value at each iteration. The gradient is

computed efficiently employing the adjoint equations and a continuation strategy in

the material parameters.

The equilibrium equations of elasticity are computed using Galerkin’s method.

The difficulty in solving the set of nonlinear equations lies in the numerical in-

stability for incompressible media. Thus, the forward problem is solved using a

residual-based, stabilized, mixed finite element formulation which circumvents the

Ladyzenskaya-Babuska-Brezzi condition. It is also demonstrated how the recovery

of the spatial distribution of the nonlinear parameter can be improved either by

preconditioning the system of equations for the material parameters, or by splitting

the problem into two distinct steps. The overall approach has been tested with a

new strain energy density function by solving for the spatial distribution of material

parameters from noisy, synthetic deformation fields. This new strain energy den-

stity function is capable to express an exponential stress-strain behavior and yields

a deviatoric stress tensor, thereby simplifying the interpretation of pressure when

compared with other exponential functions, such as the Veronda-Westmann model.
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The reconstruction of the shear modulus is determined up to a multiplicative

factor. In order to calibrate the shear modulus absolutely two strategies are em-

ployed. In the first approach an additional term is incorporated in the objective

function, which matches the discrepancy of a total measured or hypothetical force

to the computed force. The second approach determines the multiplicative factor in

a postprocessing step after solving the inverse problem without force information.

The inverse problem solution requires the knowledge of the displacement fields

at small and large strains. The displacement fields are created by solving a finite ele-

ment forward problem or measured using a free-hand ultrasound imaging technique.

For the latter, our collaborator Professor Hall at University of Wisconsin-Madison

provided the measured data using a linear array ultrasound device. Measurements

have been done on tissue mimicking phantoms as well as on real breast tissues on

patients with benign or malignant tumors. Hereby, the transducer is positioned on

the phantom/breast and radio frequency images are recorded within the region of

interest while the tissue/phantom is slowly compressed with the transducer. Incre-

mental displacement fields are determined from successive radio-frequency images

by employing cross-correlation techniques. The in vivo spatial distribution of linear

and nonlinear elastic parameters have been reconstructed in ten patients with be-

nign (five) and malignant (five) tumors. The mechanical behavior of breast tissue is

represented by a modified Veronda-Westmann model with one linear and one non-

linear elastic parameter. The region of interest is a rectangular domain and its area

ranges from 346 mm2 to 849.6 mm2. The nonlinear elastic parameter reconstruc-

tions indicate that malignant tumors stiffen at a faster rate than benign tumors and

based on this criterion nine out of ten tumors may be correctly classified as being

either benign or malignant.
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