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SU~y 

This report presents the results of a potential flow study for air 

cushion devices in hovering. The emphasis here is on the importance of pre

exit turning. In the analysis the flow issues from an infinite duct with 

parallel walls. 

The theory uses conformal transformations to relate the complex potential 

and the complex velocity. The resulting differential equation can then be 

integrated to give the flow velocity as a function of geometric coordinates. 

The applicability of the analysis is independent of ground clearance and hence 

provides a bridge between peripheral-jet and plenum theories. 

Results for the variation of base pressure, flow coefficient, discharg~ 

coefficient and the two components of jet reaction with ground clearance are 

presented for several duct angles. The effect of extending the outer lip is 

shown. The exit velocity profile and a streamline plot are presented for a 

vertical jet at a height-ta-thickness ratio of 2. 

Comparison with other potential flow results indicates that the internal 

flow phenomena of pre-exit turning may alter base pressures and discharge 

coefficients by as much as 10%. Comparison with experimental data indicates 

that the pressure drop due to pre-exit turning can be as large as that due 

to viscous effects. 
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SYMBOLS 

BPR = 1'.-1' .. 
H-"p .. 

Cd = tflh 

2.J 
Cj =~ e 0. "T; 

Cq = 'V IVa = tflt 

d = h - t~ 

h 

H 

K(m) 

K' (m) 

m 

ml = 1 - m 

p 

base pressure ratio 

discharge coefficient 

two-dimensional jet reaction coefficient 

flow coefficient 

ground clearance or height 

total pressure of jet (absolute) 

jet reaction parallel to duct 

jet reaction normal to duct 

* complete elliptic integral of the first kind 

complement of K 

elliptic function modulus 

complementary modulus 

absolute static pressure 

SN (AI m), CN (;\ I m), DN (.\ I m)e lliptic func tions 

t 

u,v 

V = -J;{H-f} 
Vc 

w= ~+iCP 

t = U - LV' 

duct width 

final stream width 

velocity components in x and y directions respectively 

magnitude of flow velocity 

uniform velocity far upstream 

complex potential 

complex velocity 

* The conventions used here in signifying elliptic functions and their 
associated parameters are the same as given in Reference 5. 
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x,y 

z = x+ iy 

0( 

oc.f 

C!)=r O(~- 90· 

A 

~ 

4' 

t/J 

SUBSCRIPTS 

a 

b 

e 

geometric coordinates 

complex coordinate 

flow angle measured counter clockwise from x-axis 

final flow angle 

nozzle angle 

a complex variable 

flow dens i ty 

velocity potential 

stream function 

along free streamline AB 

along free streamline DE 

across exit 
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INTRODUCTION 

The assumption is made in many studies of air cushion supports that 

the flow direction at the nozzle exit plane is uniform and parallel to the 

nozzle walls. For subsonic flow this is not strictly true, since the trans-

verse pressure gradient which exists at the exit will cause turning of the 

internal flow ahead of the exit. The extent to which the assumption is 

justified depends upon the internal geometry of the device* and the ground 

clearance at which it is operating. 

Strand1 and B1igh2 have made exact potential flow analyses of the two-

dimensional peripheral-jet. In both cases the flow is considered undef1ected 

at the exit. Another analysis which makes this assumption is the widely 

accepted Exponential Theory given in Reference 3. Though Exponential Theory 

does not have the theoretical foundations of References 1 and 2, it is 

relatively simple and agrees well with experiment. 

The purpose of this report is to present the results of an exact poten-

tia1 flow analysis of both internal and external flows for a two-dimensional 

static peripheral-jet. The case chosen is one in which the jet issues from 

an infinite duct with parallel walls. For this case the analysis provides 

the most accurate inviscid solution to which all approximate theories and 

experiments may be compared. When the ground clearance is small the present 

analysis degenerates to one of simple plenum chamber flow, and therefore it 

serves to connect plenum theory with peripheral-jet theory. 

** ANALYSIS 

The basic assumptions in this analysis are that the flow is inviscid, 

* For example, the nozzle may be equipped with vanes to reduce pre-exit 
turning. 

** After this study was completed, it was discovered that a nearly identical 
analysis of the problem considered here had been presented by F.F. Ehrich in 
"The Curtain Jet" in Jour. Aero. Sci., November 1961. 
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incompressible and has a uniform total pressure. Figure 1 shows the domain 

of the flow being considered in the physical plane. Coordinates are measured 

with respect to the complex z-axis whose origin is at the point D. The flow 

is characterized by the free streamlines AB and DE, and by the straight walls 

- -BC, CD and EA. The free streamlines are boundaries of two regions of constant 

pressure, the base 'b' and the atmosphere 'a'. From Bernoulli's Equation the 

flow has constant velocities Va and Vb along AB and DE respectively. The base 

pressure ratio, BPR, is related to these velocities by 

(1) 

In this study BPR,O(~ and ~1J't are regarded as known, while Cq and 

hit are unknown. This is in contrast to the customary formulation in which 

hit is known and BPR unknown. 

The analysis of this problem is done in two parts. The first consists 

of finding the complex velocity, f~ in terms of an analytic function 

of the complex potential,~ In the second part, the resulting differential 

equation is integrated to obtain equations for Xs;lt and hit. 

The domains of the flow in the hodograph and potential planes are shown 

in Figures 2 and 3 respectively. The essential difference between this 

analysis and that of References 1 and 2 occurs with regard to the flow 

boundaries in the potential plane. In this study the point B does not lie 

on the cp -axis, and w fills an infinite strip rather than the semi-infinite 

strip ABDA. 

The relationship between 'oN and 1; is established by using a sequence 

of conformal transformations to map the annulus segment in which clw 
1i" lies 

into the infinite strip in which W lies. In doing this, the points A, B, C, 

D and E of the hodograph plane are mapped into their corresponding positions 

in the potential plane. 



In the first transformation the logarithm of 1; is taken. The 

rectangular domain into which ~(~;) is mapped can then be further mapped 

into the upper half plane using a Schwartz-Christoffel Transformation.
4 

Finally, the inverse of another Schwartz-Christoffel Transformation is used 

to map the upper half plane into the infinite strip of the potential plane. 
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In terms of a conunon variable A and the unknown constant Ac the results are 

- ~ ~(VQ/V .. ) 
cl.w v, 1i" = (le (2) 

(3) 

(4) 

where equation (4) is an implicit relation for the elliptic function modulus, 

m, and Ac is the value of .,\ at the point c. 

The domain of the flow in the ~ -plane is shown in Figure 4. The po-

tential in this rectangle is that associated with a sink-source pair located 

respectively at the points A and C. 

For the second part of the analysis the previous results are written 

in the symbolic form 

dW F ~2 = (wJ (5) 

where F is an analytic function given by (2), (3) and (4). This differential 

equation can be integrated to give the complex coordinate, z, in terms of vv . 

Choosing both z and w to be zero at the point D, the result is 

(6) 
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Numerical analysis is best carried out in the A -plane. In terms of 

A, the complex coordinate is given by 

(7) 

where the path of integration, though otherwise arbitrary, must lie within 

the ,\ -plane rectangle. The combination of equations (2) and (7) serves to 

relate the physical and hodograph planes. 

From (7) it is easy to obtain the following expressions for the lip ex-

tension to thickness ratio, Xa/t , and the height to thickness ratio, hit. 

(8) 

(9) 

where 

K' 

= A f~ (O(~ - 0«(. r.l SN(:z1hru\ ON(11)Tn1) ell' (10) 

if' \ K I c"'("lml){stl(1Jllrll).Stl(~J11\)CN\VI1l11)} 
o 

and where ~ and yare real. In (8) there is a singularity at the point 

AC . In evaluating this integral the Cauchy Principle Value is taken. 

Equation (2) is used to relate the flow coefficient, C, ,with the 

unknown constant ~c The result is -t J". ( Vcy'Va,) 
Ct = e (11) 

where .\ is given implicitly by (8) once Xo/'t has been prescribed. 



Equations (9) and (10) give hit once (8) has been solved and Cc has 

been evaluated from (11). 

As the clearance is diminished Cq approaches zero and is no longer 

a good parameter for describing the flow. Another parameter commonly 

used is the discharge coefficient, Cd' which is given by (see Fig. 5). 

(12) 
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By applying the momentum theorem, the components of jet reaction parallel 

and normal to the nozzle walls are respectively 

C;., - (13) 

Cj" = {.2Cz - Cjp CDc2(<<+)- BP'R{hft - CC'fl (oc~l + ~/t .441 (O<i)}l) ( (14) 
~(O('f) 

Streamlines and velocity profiles are obtained directly from (2), (3) 

and (7). 

The two types of nozzles studied are shown in Figure 6. The outer lip 

extension, Xa/t is zero in the type I nozzle so that the exit plane is 

perpendicular to the nozzle walls. In the type II nozzle the ~t is given 

by 

~8/t = - ~ ( C9 ) (15) 

In this case the ends of both the outer lip and the inside wall have the same 

ground clearance. 

In the numerical computations equation (8) was solved for A, using 

the Newton-Raphson iteration technique. The corresponding equation is 

~N+I - (16) 
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The term "l't(~N) was evaluated numerically from (8) after first integrating 

by parts iTh order to replace the first order pole with a weaker logarithmic 

singularity. 

by parts can 

ol{~,J~c)} 
d. Ac 

The expression for "/t(~) which results after integrating (8) 

also be differentiated to give an analytical expression for 

The integrals appearing in this latter expression were also in-

tegrated by parts to remove the first order poles before numerical evaluation. 

Gaussian quadrature was used to evaluate the above integrals as well as 

the integral appearing in equation (10). The elliptic functions and their 

inverses were calculated using the arithmetic-geometric mean process along 

with the ascending and descending transformations of Landen and Gauss.
S 

The 

problem was programmed in Fortran and run on an IBM 360 computer. A second 

of computer time was required to determine hit, Cz ,CJ ,Cj~ 

for each set of inputs for BPR, O(~ and X8/t 

DISCUSSION 

and C' 'J." 

The variation of base pressure, flow coefficient, discharge coefficient 

and the two components of jet reaction with ground clearance,hlt, for nozzles I 

and II are shown in Figures 7-11 respectively. For inward deflected jets the 

results show greater base pressures for the type II nozzle. In the case of a 

600 type II nozzle the base pressure ratio remains near unity for height to 

thickness ratios up to 2. At larger clearances the base pressure is 30% 

greater than that for the 60
0 

type I nozzle. Increases in both flow coeffici-

ent and discharge coefficient for the type II inward deflected jet are shown 

in Figures 8 and 9. The greater base pressures for the type II nozzle are due 

to the fact that the mathematical model limits turning of the flow near the 

inside nozzle wall. The reduction of flow turning also inhibits contraction 

of the jet and hence accounts for the increases in the flow- and discharge co-

efficients. It should be noted that type II performance may not be realized 



if flow separation occurs. For inward deflected jets Figures 10 and 11 

show a greater jet reaction both parallel and normal to the walls for the 

type II nozzle. 
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The stream- and potential lines of a flow issuing from a vertical peri

pheral-jet, operating at a height to thickness ratio of 2 are shown in 

Figure 12. Pre-turning of the flow ahead of the exit is clearly evident. 

The exact amount of flow turning at the exit is given in Figure 13, which 

shows deflection angles of as much as 8%. The two components of velocity and 

the pressure distribution across the exit for this case are shown in Figures 

14 and 15 respectively. For comparison the velocity distribution which results 

when pre-exit turning is neglecteJ is also plotted in Figure 14. 

It is of interest to compare the performance of the type I nozzle with 

other results of Reference 1. This comparison is shown in Figures 16 - 19. 

Figure 16 shows that lower base pressures exist when the internal flow is 

considered. This is due to the fact that pre-exit turning has the effect of 

decreasing the nozzle angle. while the differences in base pressure ratios 

are not very substantial for the 600 inward deflected jet, they become as 

much as 10% for the vertical jet at a height to thickness ratio of 2. 

Figures 17 and 19 do not show any significant differences in either flow 

coefficient or jet reaction due to pre-exit turning. 

Figure 18, which shows the variation of discharge coefficient with 

ground clearance, does bring out a significant difference however, For 

height to thickness ratios less than 2 the discharge coefficients neglecting 

internal flow effects aver~ges about 10% less than those computed here. This 

discrepancy, which becomes greater as the ground is approached, is due to the 

fact that the assumption of undeflected flow across the exit plane becomes 

less representative of the actual physical situation. 

The limiting values of discharge coefficient as the ground clearance 

vanishes can be developed from equations (10) and (12). The result is 



~k -I 

Cd = [r + t \"'i.< ( ()(~ - ;}:) to", (]J) d" } (17) 
o 

A plot of (17) is given in Figure 20. Also shown is an empirical equation 

(Ref. 3). Discrepancies up to 10% are seen in the empirical results when 

compared with (17). 

The base pressures computed here for type I nozzles are compared with 
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Exponential Theory in Figure 21. Somewhat better agreement is found with it 

than with the results of Reference 1. This must be judged fortuitious how-

ever, since Exponential Theory also assumes parallel flow at the exit. 

Figure 22 compares the base pressure ratios of the various inviscid 

theories with experiment
6 

for the case of a 300 inward deflected type I 

nozzle. The present theory is seen to corne closest to the experimental re-

su1ts. Moreover, these curves demonstrate that the pressure loss associated 

with pre-exit turning may amount to as much as the pressure loss due to 

viscous entrainment. 

CONCLUSIONS 

This study provides a framework for determining the effects of pre-exit 

turning. For instance, it was shown that this phenomena may reduce the base 

pressure ratio of a peripheral-jet by as much as 10%. This fact assumes 

greater importance when it comes to assessing the validity of a viscous 

theory which accounts for pressure drops of the same order of magnitude. 

The study also pr.ovides an improved description of peripheral-jets when the 

ground clearance is small. 

For inward deflected jets, the theory indicates greater base pressures 



are possible with the type II nozzle as opposed to the type I nozzle. 

Whether or not higher base pressure are achieved in practice will depend 

to some extent on flow separation. The possible importance of flow separa

tion is seen in a comparison of the results for nozzle types I and II. For 

example, if the flow from a type II nozzle separated from the inside wall 

at a point directly across from the point B then type I performance could 

be expected. 

Along the lines of the present analysis two items for further study 

can be suggested. First the hodograph boundary conditions could be altered 

9 

so as to reflect the conditions associated with a convergent nozzle. Also, 

the present analysis could be extended to consider linearized compressibility 

effects. 
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