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ABSTRACT 

 The interaction of Electro-Active polymer (EAP) flow control with the flow field 

over a flat plate and NACA 0009 airfoil was investigated at a Reynolds number of 

20,000 using an Arbitrary Lagrangian Eulerian finite element formulation. The primary 

focus of the investigation was to identify the effects of the oscillating EAP on the flow 

field and the boundary layer. The effects of the EAP were evaluated with an eye towards 

implementation on a micro-air vehicle (MAV) system. The EAPs represent a light-

weight and adaptable flow control solution for MAVs. A moving boundary mesh model 

was created for the EAP actuation and tested with a variety of EAP sizes and actuation 

frequencies. Baseline flow fields for both a flat plate and NACA 0009 airfoil were 

generated. These baseline flow fields were compared to results from simulations with an 

activated EAP. Both instantaneous and time averaged flow fields were analyzed. The 

EAP actuation was found to reduce the length and thickness of the laminar separation 

bubble on the flat plate. Preliminary results from the NACA 0009 simulations show that 

the EAP actuation was able to nearly eliminate laminar separation on the airfoil at 

certain angles of attack. 
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1. Introduction and Historical Review

 

Separated flow over aerodynamic sections and other bodies plays a large role in 

many aerodynamic applications. Separated flow can cause extreme inefficiencies and 

severely degrade performance on the wings of micro-air vehicles (MAVs), the blades of 

wind turbines, and other aerodynamic surfaces. A laminar separation bubble can take up 

over 15% of an airfoil’s surface [1], resulting in significant effects on pressure drag, lift 

production, and stability. The ability to control the laminar separation bubble requires a 

thorough understanding of its fundamental features and physics. 

1.1  Laminar Separation Bubble 

A laminar separation bubble is created when boundary layer flow over a surface 

encounters an adverse pressure gradient downstream or when separation is induced by 

geometry [2]. The increase in static pressure in the streamwise direction (adverse 

pressure gradient) causes the flow to decelerate until it reaches zero speed and reverses, 

separating the boundary layer from the surface. 

 

Figure 1.1 - General separation bubble structure; taken from [3]. 

The typical features of a laminar separation bubble are detailed in Figure 1.1. The 

onset of separation is marked by the initial appearance of no speed or reversed flow in 

the boundary layer. The location of the onset point is generally very steady. In 

comparison, the downstream reattachment point is often very unsteady [3]. The 

                                                 

Portions of this chapter will appear in: Sarah Zaremski, Andrew Weddle, Lucy Zhang, and Michael 

Amitay, "Control of Laminar Separation Bubble Using Electro-Active Polymers," in 42nd AIAA Fluid 

Dynamics, New Orleans, 2012. [24]. 
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downstream end of a laminar separation bubble is defined by very unsteady flow with 

periodic vortex shedding and a turbulent reattachment (should transition occur). 

 Tollmien-Schlicting (TS) waves and the Kelvin-Helmholtz (KH) instability are 

the primary driving mechanisms of instability in the separation bubble and the eventual 

transition to turbulent flow. The overall size and position of the laminar separation 

bubble is determined by the amplified instability waves that dominate the downstream 

flow [4]. These waves are also responsible for the buildup of vorticity along the length 

of the separation bubble and the formation of “rollers” that are shed into the wake of the 

bubble during the transition from laminar to turbulent flow and subsequent reattachment. 

As the laminar separation bubble increases in size and the distance between the surface 

and the shear layer increases, the upper region of the bubble begins to take the form of a 

free shear layer flow [5]. The free shear layer is dominated by the KH instability and 

behaves as an inviscid region in the flow. The specific structure and most amplified 

frequencies seen in any given laminar separation bubble are highly dependent on the 

base flow profile, Reynolds number, and the magnitude of the adverse pressure gradient. 

Exciting these specific natural frequencies using flow control provides the greatest return 

on power investment and allows the boundary layer to be properly controlled. 

1.2 Flow Control 

There are currently multiple methods of aerodynamic flow control in development 

that all have the goal of reducing or eliminating laminar separation in a variety of 

applications. Each method is designed to add net momentum to the flow to overcome the 

adverse pressure gradient causing separation or to excite the natural frequencies of the 

flow field to cause early transition to turbulence. The earliest forms of flow control to go 

into service on aircraft are passive flow control methods. This type of flow control uses 

geometric modifications to shape the flow field and give desirable aerodynamic 

properties. The most common geometric configuration is a vortex generator. The vortex 

generators are small aerodynamic surfaces, mounted normal to the surface of the primary 

aerodynamic section, that create controlled tip vortices. These vortices reenergize the 

boundary layer and make it more resistant to separation than a normal, stagnant 
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boundary layer. Work by Kerho [6] demonstrated that the application of low profile 

vortex generators to a low Reynolds number airfoil could result in up to a 38% drag 

reduction and the elimination of the laminar separation bubble. Other geometric 

modifications that have shown favorable results include gurney flaps, extensions, bars, 

dimples, and roughness elements. 

 While passive flow control methods have proven to be very effective within very 

specific flow regimes, they can often be detrimental outside their designed operating 

range. Active flow control that can dynamically respond to changing flow conditions 

provides a large advantage over passive methods. The first active flow control was 

implemented by Prandtl during his study of boundary layers in the early 1900’s [7]. He 

was able to successfully use suction to delay the separation of the boundary layer from 

the surface of a cylinder. This work eventually led to the use of jets as active flow 

control. Both steady and pulsed jets operate with controlled ejections of compressed air 

from surface orifices into the boundary layer flow. Pulsed jets are controlled by high 

speed solenoid valves and can dynamically respond to changing flow conditions with 

different mass flow rates, pulse frequency, and duty cycle. Pulsed jets have been shown 

to reduce the total wake loss of low pressure turbine blades (which operate at low 

Reynolds number at high altitude) by over 60% and completely eliminate separated flow 

[8] [9]. Synthetic jets are zero-net mass flow devices that eject mass into the flow and 

remove it through the actuation of a piezoelectric diaphragm mounted below a small 

orifice. Synthetic jets can eliminate separation through virtual shaping of the flow field 

[10] or by exciting the natural frequencies of the flow field to promote early 

reattachment [11].  

 Additional categories of active flow control include plasma actuators and moving 

surface actuators. Plasma actuators are mounted flush to the aerodynamic surface being 

controlled and the exposed electrodes are charged with AC or DC power. A thin film of 

ionized air forms on the surface between the electrodes and adds momentum to the flow 

through the collision of charged and neutral particles. Work by Sosa [12] demonstrated 

the ability of plasma actuators to reattach separated flow around a NACA 0015 and 

increase lift. Moving surface actuators provide small, time dependent geometry 
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modifications to the aerodynamic surface through the use of dielectric elastomer or 

piezoelectric materials that are actuated by an input voltage. Piezoelectric flaps have 

been used to dynamically change the camber and thickness of airfoils to significantly 

reduce separation [13]. Electro-active polymers also fall into this category of active flow 

control. 

1.3 Electro-Active Polymers 

Electro-active polymer actuators are time dependent dimples that actuate from a 

flush to depressed position at a certain frequency and amplitude [14]. They are 

constructed with a dielectric elastomer material that is sandwiched between two 

compliant electrodes. The material used for the elastomer membrane is typically silicone 

or acrylic. A potential difference across the electrodes creates an electric field and the 

associated Maxwell stress deflects the elastomer. The deflection of the elastomer is 

biased towards the grounded electrode. The dimple can be converted to a bump by 

switching the location of the grounded electrode. The actuation frequency and amplitude 

can be controlled by the material selection, voltage input, and manufacturing technique. 

Current manufacturing techniques and materials technology have allowed for frequency 

response in the kilohertz range [15]. EAPs have also shown potential to act reciprocally 

and be used as a sensor. 

 

Figure 1.2 - Diagram of electro-active polymer; taken from [14]. 

Although research on Electro-active Polymer dimples is in its infancy, recent work 

by Dearing et al [16] has categorized the effect of dimple actuation at different 

frequencies on a flow field. Both vertical and smooth sided dimples were studied. The 
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vertical dimples generated a pair horseshoe vorticies that had persistent strength and 

structure throughout the actuation cycle of the dimple and did not significantly vary in 

strength with different dimple displacements and acceleration. The smooth sided dimples 

generated a line of streamwise vorticity behind the dimple that changed in phase with the 

dimple motion and velocity field. The strength of the streamwise vorticity also varied 

with dimple displacement and frequency, making the smooth sided dimples more 

suitable for closed loop control.  

1.4 Motivation 

The primary motivation for this work lies in the rapidly increasing use of MAVs in 

both commercial and military applications. MAVs typically have wingspans on the order 

of 6 inches and operate at extremely low Reynolds numbers. Low weight MAVs are 

extremely susceptible to gusts and in-flight turbulence that can be encountered during 

any mission. The performance of fixed wing aircraft also severely deteriorates within the 

Reynolds number regime that MAVs operate in [17]. The challenges can be overcome 

with a light-weight electro-active polymer (EAP) flow control system that can 

effectively manage the boundary layer and negative effects of turbulence on the wing of 

an MAV. Early promotion of transition from a laminar to turbulent boundary layer can 

reduce the overall drag and delay separation, while fully laminar flow can be maintained 

in areas where separation is not an issue. EAPs can easily be adapted to the curved 

surface of a wing and can respond to rapidly changing flow conditions with a wide range 

of frequency and amplitude response by using modern flexible circuitry methods. The 

limited onboard power storage of MAVs makes and EAP flow control system idea, 

because of the potential for the EAPs to harvest energy from the flow while still 

providing boundary layer control. An accurate and efficient computational model for 

EAP flow control will significantly aid the pursuit of the stated goals. At small scales, 

optimization plays a key role in the effectiveness of an MAV system. A computational 

model than can predict the effects of a flow control system can streamline the design 

process and eliminate the need for expensive and time consuming testing. The highly 

controlled environment of a computational fluid dynamics simulation allows for 
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individual variables to be isolated, analyzed in depth, and tuned to the exact desired 

performance. A fully optimized flow control solution will be able to generate a 

significant return on power investment and lead to extremely high performance MAV 

systems. 
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2. Numerical Methods 

2.1 General ALE Formulation 

The numerical formulation used to investigate the problem of a rapidly deforming 

EAP was an Arbitrary Lagrangian-Eulerian (ALE) formulation. The ALE formulation 

provides several advantages over a purely Lagrangian or Eulerian finite element 

formulation. Fluid dynamics problems are unique in the sense that they typically involve 

analysis of a very rigid spatial domain that has high velocity fluid convecting through 

the domain. A purely Lagrangian formulation is not well suited to this problem because 

the mesh would become extremely distorted as the nodes move with the high velocity 

fluid [18]. Correcting the distorted mesh with remeshing would be burdensome and 

computationally expensive. An Eulerian viewpoint with nodes fixed in space is typically 

much better suited for fluid dynamics problems. The Eulerian viewpoint does not lend 

itself well to problems with moving boundaries (such as the EAP), because the mesh 

nodes are fixed in space. The disadvantages of both of these formulations made the use 

of an ALE finite element formulation necessary. The ALE formulation combines the 

advantages of the Lagrangian and Eulerian viewpoints by introducing a third 

computational domain through which the user-defined mesh motion can be applied. This 

formulation is heavily based on the one presented by Belytschko, Liu, and Moran [19]. 

2.1.1 Domain Transformations 

The ALE formulation is composed of three distinct computational domains: 

spatial, material, and referential. The solution of the fluid mechanics problem takes place 

in the spatial domain which represents the current configuration of the mesh and has 

coordinates defined by ‘x’. The material domain consists of the space occupied at the 

initial timestep by the material particles which occupy the spatial domain at the current 

timestep and is represented by the coordinates ‘X’. The referential domain is a fixed 

domain that is represented by the coordinates ‘χ’. Each of these domains has associated 

mappings that allow free switching between the relative coordinate systems. 

         (2.1) 
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   ̂      (2.2) 

         (2.3) 

Equation 2.1 maps from the material domain to the spatial, Equation 2.2 maps 

from the referential domain to the spatial, and Equation 2.3 maps from the material 

domain to the referential. The transformation from the material domain to the spatial 

domain represents the material motion of any given problem. This transformation is akin 

to switching between a Lagrangian and Eulerian view. The reference domain allows the 

mesh motion to be defined independently of the material motion. From these mappings, 

the mesh displacement, velocity, and acceleration can all be found.  

 ̂       ̂        (2.4) 

 ̂  
  ̂     

  
 (2.5) 

 ̂  
  ̂     

  
 

   ̂     

   
 (2.6) 

Equation 2.4 defines the mesh displacement at the current timestep. The 

referential position (initial) is subtracted from the spatial (current) position. This is very 

similar to how mesh displacement is defined in a solely Lagrangian formulation; the 

material coordinate is simply replaced by the referential one. Equations 2.5 and 2.6 

define the mesh velocity and acceleration, respectively. When the ALE referential 

coordinate is used to define these values, neither of them takes any physical meaning. 

 In order to accurately represent variables within the referential coordinate 

system, several other important relationships must be defined. The most important one is 

the material time derivative. This derivative is an essential part of the Navier-Stokes 

equations that will be used to solve the fluid domain in these computations. Starting 

from some function f, the chain rule must be applied in order to give the material time 

derivative in referential coordinates. 

  

  
 

       

  
 

       

   

       

  
 (2.7) 

 Equation 2.7 defines the material derivative in terms of the referential coordinate 

system and the previously discussed maps. From this equation, the referential particle 
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velocity can be defined (Equation 2.8). This represents the velocity of a particular 

material particle in the referential coordinate system. 

   
       

  
 (2.8) 

 The final important defined quantity is the convective velocity (Equation 2.9). 

This quantity represents the difference between the material velocity and the mesh 

velocity. 

       ̂  
        

   
   (2.9) 

 These quantities and definitions are used regularly throughout different ALE 

formulations. Despite the added complexity from the extra coordinate domain, the ALE 

system remains extremely flexible and can be employed successfully in many different 

situations. Both the standard Eulerian and Lagrangian viewpoints are just simplifications 

of the ALE description [20]. A Langrangian description holds that    , making the 

moving material points coincident with the fixed ALE coordinates. Inserting this 

simplification into Equation 2.7 reduces it to the classic form of material velocity (a 

derivative with respect to time as a function of the material coordinates). This 

simplification reduces the convective velocity to a value of zero, which holds with the 

classic ideas behind a Lagrangian description. The same simplification applies when 

setting    . The material derivative reduces to the classic form of the Eulerian 

material derivative. 

2.1.2 Strong Forms of Navier-Stokes Equations in ALE 

The most important and widely seen strong forms in fluid mechanics problems 

are the Eulerian descriptions of the continuity equation (conservation of mass) and 

conservation of momentum equation. In order to make these equations applicable within 

the ALE description, the relationship between the material time derivative in the 

Eulerian description and in the ALE system must be taken into account. 

     ∫  ̂       ̂  
 ̂

∫          
 

       ̂       ̂       (2.10) 
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 Equation 2.10 details the relationship between the volume integrals in the spatial 

and referential domains. The term  ̂ represents the determinant of the deformation 

gradient matrix 
   

   
. Using the Reynold’s transport theorem and the material derivative 

of the function      above, the basic relationship that allows for translation between the 

Eulerian system and the ALE formulations is derived (Equation 2.11). 

     

  
 ∫

  ̂     

  
  ̂

 ̂

 ∫     ̂ ̂  ̂

 ̂

 (2.11) 

 Starting with basic conservation of mass analysis and using the above relations, 

the continuity equation for the referential domain can be derived. The end result is 

Equation 2.12. The structure of this equation is very similar to the Eulerian conservation 

of mass equation shown as Equation 2.14. 

  ̂

  
 

   ̂   

   
   (2.12) 

 ̂   ̂  (2.13) 

  

  
  

   

   
   (2.14) 

In the ALE formulation both density values are functions of time and the 

referential coordinate system. The referential density is related to the Eulerian density by 

Equation 2.13. The referential particle velocity is analogous to the Eulerian velocity term 

in Equation 2.14.  

The conservation of momentum equation can be derived by the same process. 

Starting with the basic principal that the total rate of change of momentum is equal to the 

net force exerted on a control volume, the relations detailed above can be used to derive 

Equation 2.15. 

 ̂ (
   

  
 

   

   
  )  

    ̂

   
  ̂   (2.15) 

   ̂   ̂   ̂
  

             ̂  
   

   
 (2.16) 
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   ̂   ̂   ̂
  

[       (
   

   
   ̂

  
 

   

   
   ̂

  
)] (2.17) 

 
   

  
 

    

   
     (2.18) 

In this equation for conservation of momentum, the standard Eulerian material 

derivative (as seen in Equation 2.18) is replaced by the material derivative that was 

derived in the referential domain earlier (Equation 2.7). The Cauchy stress tensor is 

replaced by the Piola-Kirchoff stress tensor. This substitution is necessary in order to 

have the entire conservation of momentum equation in terms of referential coordinates. 

The Piola-Kirchoff stress tensor relates the stress tensor relative to a specific reference 

configuration while the Cauchy stress tensor relates the stress tensor relative to the 

current configuration. The relationship between the two terms is shown in the Equations 

2.16 and 2.17. The matrix    ̂ represents the deformation gradient matrix. The term   

represents the body force and μ represents viscosity. 

2.1.3 Petrov-Galerkin Weak Forms of Navier-Stokes Equations in ALE 

Standard Galerkin approximate methods are not suitable for fluid dynamics 

problems because of the spatial instabilities that come along with having convective 

terms in the strong form equations. Because of this, a streamline upwinding Petrov-

Galerkin method is used to produce weak form equations suitable to be discretized and 

solved without excessive error or stability problems. This method adds an additional 

stabilizing term to the standard Galerkin test function. When the strong form equations 

are multiplied by this new test function and integrated over the domain, extra 

stabilization terms are left behind. Equations 2.19 and 2.20 are general test functions 

selected for this particular formulation. 

   ̃          

    

   
   ̂

  
   

    

   
   ̂

  
 (2.19) 

   ̃       
    

   
   ̂

  
 (2.20) 

Equation 2.19 is the velocity test function and Equation 2.20 is the pressure test 

function. The test function notations without the tilde represent the standard Galerkin 
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functions. Each additional term is for stabilization purposes. The weak form of the 

continuity equation is found by multiplying Equation 2.12 by the pressure test function 

given above and then integrating over the computational domain. 

∫  
 ̂

     
    

   
   ̂

  
 (

  ̂

  
 

   ̂   

   
)  ̂    (2.21) 

Once the integral is formed, the equation is left as is. It will be plugged into the 

momentum equation to form the final version of the weak formulation of this problem. 

The weak form of the momentum equation is formed by multiplying the conservation of 

momentum equation (without the body force term) by the velocity test function and then 

taking the integral over the domain. The result of this operation is Equation 2.22. 

∫  
 ̂

        

    

   
   ̂

  
   

    

   
   ̂

  
  ( ̂ (

   

  
 

   

   
  )  

    ̂

   
)  ̂

   

(2.22) 

 From here the integral is split up and one of the smaller integrals containing the 

Piola-Kirchoff stress tensor is integrated by parts to eliminate the derivative on the 

tensor and introduce a boundary integral on     Once this step is completed, the 

derivative of the Piola-Kirchoff tensor is simplified and substituted into the remaining 

integral with that term and the weak form of the continuity equation is added in. The 

resulting weak form is Equation 2.23. 

∫  ̂ 
 ̂

        

    

   
   ̂

  
   

    

   
   ̂

  
  (

   

  
 

   

   
  )  ̂

 ∫         
  

 ∫
    

   
[   ̂   ̂

  
   ̂   ̂

  
(
   

   
   ̂

  
 

   

   
   ̂

  
)]   ̂

 ̂

 ∫  
 ̂

    

    

   
   ̂

  
   

    

   
   ̂

  
 

  

   
  ̂  ∫  

 ̂

  

   
    

   
   ̂

  
 (

  ̂

  
 

   ̂   

   
)  ̂    

(2.23) 
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The final step in the creation of the entire ALE formulation is the discretization 

of the weak form equation. This is accomplished using the equations below. Once this 

step is complete, the equations can be grouped in the matrices and solved like any other 

finite element formulation. 

  
     ∑        

 

   

 (2.24) 

   
     ∑        

 

   

 (2.25) 

      ∑        

 

   

 (2.26) 

       ∑        

 

   

 (2.27) 

2.2 Mesh Update 

A mesh updating algorithm had to define the arbitrary mesh velocity (Equation 

2.9). The mesh velocity can be calculated from a calculated displacement or assigned 

directly along the moving boundary. While the motion of the boundary nodes could be 

defined based on the desired movement of the EAP, (frequency, amplitude, etc.) the 

positions of the interior nodes needed to be updated relative to the motion of the 

boundary to avoid unnecessary element stretching, compression, and inversion. In its 

initial implementation, the mesh update algorithm was governed by a modified linear 

elasticity equation (Equations 2.28 and 2.29). 

     ⃗    (2.28) 

   
 

 
(   ⃗⃗     ⃗⃗  ) (2.29) 

 The entire mesh is treated like a system of springs and solved for the static 

equilibrium case based on the prescribed deflection of the boundary nodes. The nodal 

stress tensor is represented by σ and f represents the nodal forces. The mesh material 

stiffness k is adjusted based on the size of each element using the local Jacobian. Larger 
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elements will be given a lower stiffness, while smaller elements will be given a higher 

stiffness. This is done to prevent element inversion and to attempt to localize most of the 

mesh displacement in the larger elements. This system of liner equations is solved at 

each time step and the new mesh coordinates are updated based on the calculated 

displacements. 

 Initial testing of this algorithm proved that it was not capable of handling the 

desired high frequency actuation of the EAPs. Even though the EAPs operated with very 

small displacements, the mesh rapidly became distorted after the start of the simulation. 

Multiple global stiffness settings were tested and resulted in two different types of mesh 

distortion. A spring model that was too loose (Figure 2.1a) resulted in heavily stretched 

out elements with very high aspect ratios located on the EAP boundary. While a small 

degree of stretching was expected, these elements were distorted enough to cause a 

significant loss of solution accuracy within the boundary layer. A spring model that was 

too stiff (Figure 2.1b) resulted in element inversion. While the large material stiffness 

did initially prevent large element distortion, most of the boundary displacement was 

concentrated in the elements on the boundary. Because the EAP amplitude is the same 

order of magnitude as the size of the elements on the boundary, the elements became 

inverted when the boundary moved faster than the elements could adjust. 

  
(a) (b) 

Figure 2.1 - Results for (a) low mesh stiffness and (b) high mesh stiffness. 

  To remedy this problem, a new algorithm was implemented that utilized both the 

mesh acceleration and velocity to provide damping to the system and better distribute the 

displacement throughout the entire mesh. 
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   ⃗⃗

   
   

  ⃗⃗

  
         ⃗ (2.30) 

 Equation 2.30 gives the strong form of the governing the equation for the mesh 

update algorithm. This strong form treats the mesh as a linear elastic solid with the 

addition of the dynamic acceleration and velocity terms. The motion of the interior mesh 

nodes due to the EAP actuation can be controlled by adjusting the material properties of 

the “solid” (density and Young’s modulus) and the amount of viscous damping ( ). The 

acceleration and initial velocity at the moving boundary are prescribed based on the 

desired motion of the EAP and the displacement at each time step is calculated using a 

variation of Newmark’s method as presented by Hughes [21]. Testing showed that this 

algorithm was able to handle the high frequency oscillation of the EAP with minimal 

mesh distortion and was significantly better suited to the problem at hand than the 

original mesh update implementation. The static mesh algorithm began to break down at 

frequencies above 5Hz, while the new dynamic algorithm has been shown to 

successfully handle frequencies up to 100Hz. 

2.3 Mesh Optimization 

A significant amount of effort was put into designing a mesh and accompanying 

boundary conditions that would generate the best return on computational resources. A 

simulation that both runs fast and uses a limited amount of memory is very desirable, but 

often can only be achieved at the cost of accuracy. Practical considerations such as the 

project schedule, other researchers utilizing the available computing resources, and 

storage limitations prevent extremely large (but accurate) simulations from being useful. 

Striking the correct balance required an initial time investment that centered on mesh 

optimization. 

 The computational domain in the EAP problem at hand is a fixed size. Because 

of this, any decrease in element size will cause an increase in the total number of 

elements in the mesh. Decreasing the element size improves accuracy at the cost of 

additional memory requirements and a longer simulation run time. To find the correct 

balance of these trade-offs, multiple meshes were initially tested and evaluated 

qualitatively by comparing to results presented in other papers. Once this initial 
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evaluation determined an optimal element size and distribution, it could be fine-tuned 

using comparisons with the concurrent wind tunnel results, as needed. Elimelech et al 

[22] conducted numerical and water tunnel analysis of the vorticity field in the wake of a 

NACA 0009 airfoil at a Reynolds number of 20,000. These results were used to evaluate 

the suitability of the mesh and are shown in Figure 2.2. 

(a) 

 

(b) 

 

Figure 2.2 - (a) Numerical iso-contours of vorticity and (b) water tunnel strake lines of a NACA 0009 

airfoil at Re=20,000; taken from [22]. 

 The initial meshes were created for a NACA 0009 airfoil at an angle of attack of 

4 degrees. Each mesh used the same general structure (Figure 2.3) and only the element 

size was varied between them. The group of initial meshes is shown in Figure 2.4. Each 

of these simulations was run at a Reynolds number of 20,000 to match the cited results. 

 

Figure 2.3 - General form of mesh used in element size variation. 
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(a) - 202492 Nodes, 404226 Elements (b) - 95350 Nodes, 190071 Elements 

  

(c) - 39015 Nodes, 77504 Elements (d) - 12720 Nodes, 25006 Elements 

Figure 2.4 - Meshes used in size variation. 

 Figure 2.5 shows the instantaneous, normalized, spanwise vorticity contours for 

the four different meshes at the same timestep within the transient simulation. The two 

meshes with the highest number of elements (a and b) were the most accurate and most 

closely resembled the previous results. The results from the meshes with the lowest 

number of elements were not accurate. The result shown in Figure 2.5a captures the 

disorganized vortex shedding in the wake of the airfoil and the 

clockwise/counterclockwise pairing pattern that is seen far in the wake in Figure 2.2a. 

This element sizing was chosen as the minimum sizing needed to ensure a qualitatively 

accurate simulation.  
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(a) 

 

 

(b) 

 

(c) 

 

(d) 

 

Figure 2.5 - Normalized, spanwise vorticity contours. 

 Once the element sizing was determined, the overall structure of the mesh was 

analyzed. The primary area of interest is within the boundary layer; this is where the 

EAP will operate and the accuracy will need to be highest. To achieve the highest levels 

of accuracy possible, the smallest possible elements had to be located within the 

boundary layer without violating the storage and computational speed requirements. It 

was determined that the smallest elements did not need to extend far into the wake of the 

airfoil. The removal of these elements would only cause premature dissipation of the 

shed vorticity, which was not an issue because the main focus of the analysis would be 

within the boundary layer on the surface of the airfoil. To achieve the correct balance of 

trade-offs, a hybrid mesh with three different element sizes was created. The smallest 

elements were placed within the boundary layer and the intermediate elements were used 

to create a smooth transfer to the larger elements in the rest of the computational 

domain. A sharp change in elements size can have a large effect on the numerical 

accuracy in that region of the computational domain. The smallest and largest elements 

were the same size as those in the previously selected mesh. 
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Figure 2.6 - Hybrid mesh with 49211 nodes and 97664 elements. 

 The vorticity contours shown in Figure 2.7 closely resemble those from the 

previous work and the accurate meshes already analyzed. The shedding pattern and 

pairing matches well, despite the slight increase in the amount of dissipation once the 

vorticies move into the area with larger elements. Based on this result, it was decided to 

use a hybrid mesh structure with three different element sizes. The total element count 

was maxed out by using extremely small elements within the boundary layer. The size of 

the refined area was reduced further by using an area with a shape similar to the airfoil 

as opposed to a rectangular section of the domain. Further analysis examined the use of 

slip and no slip  boundary conditions along the edges of the computational domain and 

the trade-offs between using water and air as the working fluid. The results of those 

simulations did not produce any additional optimization. 

  

Figure 2.7 - Normalized, spanwise vorticity contours of hybrid mesh. 

2.4 Numerical Setup 

The investigation of the EAP effectiveness was performed on a flat plate at zero 

angle of attack. A flat plate with zero angle of attack was chosen due to the simplicity of 

the setup (experimentally) and the large amount of past research work extensively 

detailing the flow field. The geometry of the plate and computational domain is shown in 
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Figure 2.8. The plate had a chord of 13.97 centimeters (5.5 inches) with a maximum 

thickness of 9% and semi-circular leading and trailing edges. The computational domain 

was sized to prevent common problems that can occur in airfoil simulations. The upper 

and lower boundaries were located one chord length above and below the center of the 

plate. This distance was chosen to prevent any blockage effects from the flat plate that 

would cause the plate to see an artificially large freestream velocity due to the 

“narrowing” of the fluid domain around the plate. The outflow (right) boundary was 

placed five chord lengths behind the trailing edge of the flat plate. This was done to 

allow the expected vorticity in the wake of the flat plate to naturally dissipate before 

coming into contact with the outflow boundary. Significant amounts of vorticity along 

an outflow boundary can often cause convergence issues. The inflow (left) boundary was 

located one chord length ahead of the leading edge of the flat plate to avoid any 

numerical issues stemming from fluid flow reflected off the leading edge of the flat 

plate. 

 

Figure 2.8 - Computational domain geometry. 

 The simulation was run at a Reynolds number of 20,000 to keep the flow in the 

laminar regime and avoid the effects of turbulence. The inlet velocity was prescribed to 

be 210 cm/s for air or 14.316 cm/s for water based on the density and viscosity of the 

fluid, the chord of the flat plate, and the Reynolds number. The mesh (Figure 2.9) 

consisted of an unstructured grid of 517,764 triangular elements and 260,420 nodes. The 

mesh was created using the commercial program ABAQUS. The highest element 

concentrations are in the area immediately surrounding the flat plate to provide a high 

degree of accuracy in the boundary layer of the flow. The small elements were needed to 
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accurately model the motion of the EAP capture the small changes in the flow field 

produced by the actuation. The surface of the flat plate was defined as a no-slip 

boundary condition. The upper and lower boundaries were defined as no-penetration 

boundaries (component of flow velocity normal to the wall is zero) with slip in the 

streamwise direction. The inflow velocity was defined at the left boundary (with flow 

normal to the boundary) and the outflow boundary was defined on the right side of the 

computational domain. 

 

Figure 2.9 - Computational domain mesh. 

  A magnified view of the mesh along the upper surface of the airfoil is shown in 

Figure 2.10. The 6mm diameter EAP located 27.1 millimeters from the leading edge of 

the flat plate is highlighted in red. The EAP shown in the figure is in its undeformed 

state. Each tier of element sizes in the mesh is approximately one order of magnitude 

larger than the next smallest size. This transition was made to keep the total element 

count low (as extreme accuracy was only needed in the boundary layer), which saves 

memory and computational time. The size transition is smooth to avoid any numerical 

inaccuracies caused by the mesh. 
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Figure 2.10 - Boundary layer mesh and EAP. 

 The motion of the EAP is defined by the displacement, velocity, and acceleration 

terms given in Equations 2.31 to 2.33. The acceleration and velocity terms are used to 

calculate the movement of the interior nodes at each timestep and the displacement is 

used to set the exact location of the EAP boundary. A full 4Hz EAP cycle is shown in 

Figure 2.11. The EAP deflects and returns to its original position with no distortion of 

the interior elements. 
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Figure 2.11 - Single 4Hz EAP cycle. 

All simulations were run using the CCNI supercomputing facility at Rensselaer 

Polytechnic Institute on 1024 parallel processors. Post-processing was completed using 

Ensight. 
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3. Results and Discussion

 

3.1 Baseline Results 

The first presented simulation results are from the baseline case with an unactuated 

EAP. This case gives an initial picture of the laminar separation bubble on the flat plate 

and allows the computational fluid dynamics results to be validated versus the wind 

tunnel experiments that are occurring concurrently.  

 Figure 3.1 shows the color contours of the normalized, time averaged, 

streamwise velocity component for the entire flat plate. The figure scale is in centimeters 

and the streamwise velocity component is normalized by the inlet velocity. Data was 

taken for 10 times of flight after the flow reached steady state and was time averaged. 

The unforced case shows that the onset of separation occurs directly after the rounded 

leading edge of the flat plate and extends approximately 5.5 centimeters (.4 x/c) from the 

leading edge of the flat plate. Reattachment occurs at the location indicated by the arrow. 

As expected, the top and bottom surfaces of the plate have nearly identical flow 

structures. 

 
 

Figure 3.1 - Color contours of the time averaged, normalized, streamwise velocity component for 

baseline case. 

 Figure 3.2 shows the contours of the time averaged, spanwise, vorticity field with 

superimposed velocity profiles within the laminar separation bubble. The vorticity was 

normalized by the ratio of the chord to the freestream velocity. The velocity profiles 

reveal the large amount of reversed flow throughout the laminar separation bubble. The 

                                                 

Portions of this chapter previously appeared as: Sarah Zaremski, Andrew Weddle, Lucy Zhang, and 

Michael Amitay, "Progress Report 12-20-11," Infoscitex Corporation, Waltham, MA, 2011. [25]. 
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shear layer is well defined by the dark area of clockwise vorticity. It widens near the 

reattachment point due to the vortex shedding present at the trailing edge of the laminar 

separation bubble. 

 

 

Figure 3.2 - Color contours of the time averaged, normalized, spanwise vorticity component and 

velocity profiles for the baseline case. 

 Analysis of the instantaneous simulation results shows the vortex shedding much 

more clearly. Figure 3.3 shows the instantaneous, normalized vorticity field with 

superimposed velocity streamlines at four different times during a single shedding cycle. 

The initial vortex appears approximately 4 centimeters from the leading edge of the flat 

plate. Based on the images in Figure 3.3, a single shedding cycle occurs over a span of 

about .03 seconds. This corresponds to a shedding frequency of around 33Hz. As 

expected, the vortex shedding on the upper surface of the flat plate was mirrored on the 

lower surface with a slight phase shift.  
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Figure 3.3 - Instantaneous, normalized spanwise vorticity contours and velocity streamlines for four 

different times in baseline case. 

 To validate the accuracy of the baseline results, boundary layer profiles taken 

from the simulation and the concurrent wind tunnel experiments were compared. A 

normalized, streamwise velocity profile was taken 30 millimeters from the leading edge 

of the flat plate in simulations using two different fluids (air and water) and the wind 

tunnel experiment (Figure 3.4). The plot shows good agreement between the three cases. 
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Even before normalization, the thickness of the boundary layer at this location in each 

case was very close. In addition to this, the heights of the separated regions (given by the 

y distance between the surface of the flat plate and the location where the flow is no 

longer reversed) and the magnitude of the reversed flow in this region were also in good 

agreement.  

 

Figure 3.4 - Comparison of boundary layer profile between CFD and experiment. 

3.2 EAP Actuated Results 

In the forced case, the 6mm diameter EAP located on the upper surface of the flat 

plate was actuated at a frequency of 4Hz with maximum amplitude of 0.2 millimeters. 

The contours of the time averaged, normalized, streamwise velocity for the forced case 

are shown in Figure 3.5. The effects of the EAP are evident when the size of the laminar 

separation bubble on the upper surface (actuated) is compared to the separation bubble 

on the lower surface. The reattachment point of the laminar separation bubble moved 

further upstream with actuation. The actuated bubble is also slightly thinner. 
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Figure 3.5 - Color contours of the normalized, streamwise velocity component for the forced case. 

Figure 3.6 shows a comparison of the normalized, time averaged, spanwise 

vorticity field and velocity profiles between the baseline and actuated cases. The velocity 

profiles show that the magnitude of the reversed flow within the downstream region of 

the laminar separation bubble was significantly reduced. The trailing edge of the 

separation bubble is defined as the location where the area of clockwise vorticity 

reattaches to the surface of the flat plate. This point was located in the figure and used to 

determine the total reduction in length of the separation bubble. The actuation reduced 

the total length of the bubble by 10% and significantly changed the flow field in the 

reattachment region.  
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(a) 

 

(b) 

Figure 3.6 - Color contours of the time averaged, normalized, spanwise vorticity and velocity 

profiles for the (a) baseline and (b) actuated cases. 

 A quantitative comparison was made between the boundary layer profiles at the 

same 30 millimeter location explored earlier. This profile is located 1.6 millimeters 

behind the trailing edge of the EAP. The thickness of the laminar separation bubble is 

determined by measuring the vertical distance between the flat plate surface and the 

point where the x direction velocity component becomes positive again. The profiles 

plotted in Figure 3.7 show that the laminar separation bubble is 20% thinner at the 

30mm location. While the magnitude of the reversed flow is the same at this location, 

the actuation was able to reduce and eliminate it further downstream in the bubble. 
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Figure 3.7 - Comparison of boundary layer profiles between baseline and actuated cases. 

 The effect of the EAP on the instantaneous flow field is clearly visible in Figure 

3.8. At 4.06 and 4.13 seconds, the EAP is deflecting downward. The streamlines in the 

vicinity of the EAP are pulled down by the suction effect of the oscillation. These 

streamlines move higher into the laminar separation bubble when the EAP begins to 

return to its normal position at 4.19 seconds. The initial formation of a vortex that will 

be shed can also be seen by examining the streamlines at 4.06 and 4.13 seconds. 

Vorticity present in the laminar separation bubble due to the opposite motion of the 

shear layer and reversed flow in the bubble rolls up at the reattachment point and is shed 

into the wake of the laminar separation bubble. Most importantly, the frequency of 

vortex shedding matches the actuation frequency of the EAP. The initial vortex at 4 

seconds (located at 3.7 centimeters) reappears .25 seconds later in the same location. The 

EAP was able to adjust the flow field based on its actuation frequency.  
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Figure 3.8 - Instantaneous, normalized vorticity contours and velocity streamlines. 
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4. Conclusions and Future Work 

The baseline results clearly showed the large laminar separation bubble that 

formed at the leading edge of the flat plate due to the adverse pressure gradient present 

in the flow field. These same structures can cause extreme problems for MAVs 

travelling at similar Reynolds numbers and can cause severe loss of lift and increases in 

drag. The thickness of the bubble was on the same order of magnitude as the boundary 

layer with a significant amount of reversed flow present and stretched from the leading 

edge of the plate to a location at 40% of the chord. Analysis of the instantaneous velocity 

plots showed the end of the laminar separation bubble to be very unsteady because of 

periodic vortex shedding. The baseline simulations compared very favorably to the wind 

tunnel results. The slight differences were most likely caused by a shift in the location 

and size of the laminar separation bubble relative to the leading edge of the flat plate 

between the simulation and wind tunnel results. This is a known phenomenon that was 

explored both numerically and in wind tunnel experiments on an SD7003 airfoil. 

Numerical experiments by Lian and Shyy [17] showed that the laminar separation 

bubble on the airfoil became both thinner and shorter with increasing turbulence 

intensity. Wind tunnel experiments by Olsen et al [23] showed the same results. The 

formulation used for the flat plate simulations presented in this work was for purely 

laminar flow, while the concurrent wind tunnel experiments were done with a small 

amount of freestream turbulence. A future, more accurate computational formulation 

would require some implementation of turbulence modeling. 

 The addition of an actuating EAP to the upper surface of the flat plate reduced 

the overall length of the separation bubble by 10% and the thickness by up to 20% in 

some locations. The implementation of the new dynamic mesh update algorithm allowed 

for a much wider range of potential EAP motion (higher frequencies and amplitudes). 

Further testing and optimization of the EAP size, position, and frequency would most 

likely increase the demonstrated effectiveness of the EAP at eliminating the laminar 

separation bubble. Analysis of the baseline flow to analyze the most amplified natural 

frequencies would allow for the EAP frequency to be optimized for a given flow field 

and use the natural amplification of the waves in the flow to great effect. Additional 
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baseline predictions of the location of the laminar separation bubble would allow for 

optimal placement of the EAP closer to the leading edge of a flat plate or airfoil. With 

enough study, complete elimination of the laminar separation bubble is possible. 

Work in the immediate future will consist of baseline simulations of the NACA 

0009 airfoil to establish a known flow and separation pattern. These will be followed by 

actuated simulations to determine the effectiveness of EAPs on the laminar separation 

bubble on an airfoil. A single frequency and EAP size will be evaluated over a range of 

angle of attacks. Each angle of attack will present a different degree of separation, 

testing the versatility and strength of the EAP solution. Preliminary, qualitative work on 

this subject can be found in the Appendix. Additional future work will strive to improve 

the memory usage and computational speed of the code. Better code optimization will 

allow for larger meshes with more elements and a faster response time for comparison to 

wind tunnel tests. The capability to handle larger meshes will allow three dimensional 

simulations to be run. Wind tunnel tests found that many of the instabilities present in 

the laminar separation problem are three dimensional. A fully optimized code will be 

able to analyze these instabilities and further evaluate the suitability of EAPs as a 

practical flow control solution. 
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6. Appendix 

6.1 NACA 0009 Numerical Setup 

Further investigation of the effectiveness of the EAP was performed on a NACA 

0009 airfoil. Three different angles of attack were analyzed due to the different expected 

flow fields and the requirement that the EAP be able to effectively operate over a wide 

range of flight conditions. The geometry of the NACA 0009 and computational domain 

is shown in Figure 6.1 and is nearly identical to that of the flat plate. The airfoil had a 

chord of 13.8049 centimeters (5.435 inches) with a maximum thickness of 9% and a 

finite trailing edge to match the wind tunnel model. The size of the computational 

domain around the airfoil was the same as for the flat plate. 

 

Figure 6.1 - NACA 0009 geometry. 

 The NACA 0009 analysis was also performed at a Reynolds number of 20,000 to 

provide appropriate comparison between the effectiveness of the EAP on the flat plate 

and airfoil. The inlet velocity was prescribed to be 210 cm/s with air as the working 

fluid. The mesh (Figure 6.2) consisted of an unstructured grid of 517,764 triangular 

elements and 260,420 nodes. The structure of the mesh was kept the same as what was 

used for the flat plate simulation. The mesh transitions between three different regions of 

elements, with the smallest elements concentrated in the boundary layer area around the 

airfoil. The boundary conditions used were the same as those in the flat plate simulation. 
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Figure 6.2 - Computational domain mesh. 

  A magnified view of the mesh along the upper surface of the airfoil is shown in 

Figure 6.3. The 6mm diameter EAP located 21.336 millimeters from the leading edge of 

the airfoil is highlighted in red. The EAP shown in the figure is in its undeformed state. 

The different tiers of element sizes are the same thickness and use the same element 

sizes as the flat plate mesh. The numerical model for the boundary motion of the EAP 

was also kept the same. 

 

Figure 6.3 - Boundary layer mesh and EAP. 

All simulations were run using the CCNI supercomputing facility at Rensselaer 

Polytechnic Institute on 1024 parallel processors. Post-processing was completed using 

Ensight. 



39 

 

6.2 NACA 0009 Baseline Results 

Baseline simulation results were analyzed for the NACA 0009 airfoil at angles of 

attack of 5, 6.5, and 8 degrees to cover the entire range of laminar airfoil separation. In 

each case, data was time averaged over 10 times of flight once the flow had reached 

steady state. The streamwise velocity contours for the baseline simulations are shown in 

Figure 6.4. The 5 degree case has a laminar separation bubble stretching from 

approximately 2 centimeters behind the leading edge of the flat plate to 11 centimeters 

from the leading edge, covering 64% of the chord. The separation bubble in the 6.5 

degree case is much shorter and thicker with a significantly higher magnitude of 

reversed flow. By 8 degrees, the flow is almost fully separated from the upper surface of 

the airfoil. 

(a) 

 

 

(b) 

 

(c) 

 

Figure 6.4 - Normalized, streamwise velocity contours at angle of an attack of (a) 5, (b) 6.5, and (c) 8 

degrees. 

 Figure 6.5 shows the vorticity contours and velocity vectors at the front of the 

separation bubble for each of the three cases. The laminar separation bubble at 5 degrees 
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angle of attack has a very similar structure to that of the flat plate. At 6.5 and 8 degrees, 

the structure changes significantly. The reattachment region (or trailing edge in the 8 

degree case) becomes highly unsteady and the magnitude of the reversed flow increases 

significantly. The shear layer above the bubble also breaks down much sooner and there 

are additional areas of flow reversal within the bubble itself. The velocity vectors in the 

6.5 and 8 degree cases reveal an interesting phenomenon. Within the reversed flow 

region of the laminar sepration bubble, there is a small area just upstream of the 

reattachment point where the flow is moving in the streamwise direction along the 

surface of the airfoil. This particular feature was not observed in any concurrent wind 

tunnel testing or previous research work and will need more analysis to provide an 

adequate explanation for its appearance. 

 

(a) 

 

 

(b) 

 

(c) 

 

Figure 6.5 - Normalized, spanwise vorticity contours and velocity vectors at an angle of attack of (a) 

5, (b) 6.5, and (c) 8 degrees. 
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 Figure 6.6 shows the instantaneous, normalized, spanwise vorticity contours and 

velocity streamlines at several selected timesteps. Like the flat plate, there is a clear 

pattern of periodic vortex shedding that occurs on the upper surface of the airfoil. The 

shedding pattern repeats over a period of approximately .03 seconds. The reattachment 

point of the flow shifts back and forth with the shed vortices. 

 

 

 

 

 

 

Figure 6.6 - Instantaneous, normalized vorticity contours and velocity streamlines. 

6.3 NACA 0009 EAP Actuated Results 

The 6mm diameter EAP was actuated at a frequency of 50Hz with an amplitude of 

.05 millimeters. The 50Hz frequency corresponds to the expected most amplified natural 
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frequency of the flow field. The effects of waves at this frequency will be amplified in 

the shear layer and help promote early reattachment. The velocity contours of the EAP 

actuated case at the three angles of attack are shown in Figure 6.7. The laminar 

separation bubble is almost completely eliminated in the 5 degree case. It is significantly 

thinner and shorter. In the higher angle of attack cases, the laminar separation bubble 

size was not reduced as much, but the bubbles did get thinner and shorter. 

(a) 

 

 

(b) 

 

(c) 

 

Figure 6.7 - Normalized, streamwise velocity contours at angle of an attack of (a) 5, (b) 6.5, and (c) 8 

degrees. 

 When compared to the baseline 5 degree case, the EAP actuated results show that 

the beginning of the laminar separation bubble was shifted back by over 2 centimeters 

(Figure 6.8a). The velocity vectors also show the bubble to be significantly thinner. 

Vorticity contour and velocity vector plots for the higher angle of attack cases show that 

the EAP actuation was able to reduce the amount of flow moving the streamwise 

direction in the bottom layer of the separation bubble. The bubble is also thinner when 

the distance between the surface of the airfoil and the free shear layer is compared for 
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both cases. The area of streamwise flow within the laminar separation bubble (discussed 

above in the baseline cases) was also reduced. 

(a) 

 

 

(b) 

 

(c) 

 

Figure 6.8 - Normalized, spanwise vorticity contours and velocity vectors at an angle of attack of (a) 

5, (b) 6.5, and (c) 8 degrees. 


