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ABSTRACT

This dissertation presents a novel method of estimation of the material surface pa-

rameter known as specific acoustic impedance, which characterizes how a material

responds to excitation by sound. This parameter exclusively differentiates surfaces

in wave-equation based models of critical listening spaces, supporting accurate de-

scription of interference effects and so is of utmost importance to acoustical sciences.

The novel method may be employed in general geometries: in controlled laboratory

settings, and in situ. The novel method may be classified as a Bayesian Network-

based Inverse Finite Element Method. Novel components of the inverse formulation

include the first use of a estimation of distribution search in an inverse impedance

problem, novel candidate solution genetic representation, and addition of boundary

conditions for the underlying mathematical model.

The proposed method was used to analyze data from a novel test apparatus.

Agreement with industry standard methods of analysis for the specific acoustic

impedance was found within the frequency operating range of the test apparatus.

Operation of the test apparatus in an extended frequency range was validated by

industry standard analysis in a secondary apparatus or else supported by material

science theory. Error was dominated by measurement precision with regard to the

position of microphones in a validation apparatus. Further experiments are proposed

to isolate other potential error sources.

xiii



CHAPTER 1

INTRODUCTION

1.1 Impedance

The general reader is most likely familiar with the concept of resistance. To

produce motion in a cart, for example, one must overcome some static resistance,

known to the physicist as static friction. Once that cart is in motion, resistance

continues in the form of surface friction, which provides an opposing force to that

of the cart pusher. If, however, one wanted to excite pressure propagation in a

fluid, to push a “cart” of sound waves, one would have to contend not only with the

medium’s resistance, but with its reactance as well. Reactance may be thought of

as a spring element, absorbing the sound wave energy, and releasing it some time

later. Impedance then describes a medium’s resistance and its reactance.

According to the context of the wave motion, different forms of impedance

have relevance. In the architectural acoustics context, two forms of impedance

are dominant: the specific acoustic impedance of the medium of air, described as

the characteristic acoustic impedance and the specific acoustic impedance of an

acoustical component, such as a concert hall surface treatment. In both cases,

specific acoustic impedance describes the ratio of pressure to particle velocity [1],

but for convenience, the two will be referred to for the rest of this dissertation as

characteristic impedance and specific acoustic impedance, respectively.

A number of physical characteristics may be responsible for the determination

of specific acoustic impedance: density, depth, mass, elasticity, porosity, tortuosity,

etc. [2]. Specific acoustic impedance reduces these spatial/material-construction

components to a single boundary condition. In addition to a frequency dependence,

specific acoustic impedance may be dependent upon the direction of the incident

field. Sinusoidal dependence is specified by “normal” impedance, and is the most

prevalent parameter mode, though angle dependent incidence models [3] and real-

valued, random incidence [4] exist, and have been recently deployed in room acoustic

parameter prediction through simulation [5]; even whole coupled fluid domains may

1
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be described by this parameter [6].

With accurate specific acoustic impedance determination, engineers may rec-

ommend optimal geometries and material distributions and specifications in order

to meet acoustic design criteria. This parameter has a critical value for architectural

acoustics, but is not limited to so narrow a discipline; acoustic impedance is of in-

terest to material scientists investigating the mechanisms by which new and extant

substances and constructions manifest acoustic impedance [2] and engineers seeking

to exploit these materials’ properties to dampen fluid-borne noise and fluid/structure

vibration, or else to enhance detection of or to cloak objects in those fluids.

1.2 Historical Review

Numerous computational engines exist to support acoustic virtual prototyp-

ing. Traditional statistical energy analysis (SEA) models continue to be improved,

but by theoretical limitation, can only predict the mean acoustic behavior of a space

[7]. The spatially accurate modeling techniques most employed are based on geo-

metrical acoustics (GA): ray-tracing [8], image-source methods [9], or wave-based

acoustics (WA): finite-difference-frequency-domain (FDFD) [10], finite-difference-

time-domain (FDTD) [11], finite element method (FEM) [12] and boundary ele-

ment method (BEM) [13] models of the wave equation; otherwise, the techniques

are based in hybrid approaches that incorporate into a GA computational engine

an emulation of wave-based behaviors such as diffraction, impedance surfaces [14].

Acoustic radiosity [15] and spatially accurate energy-based models for the diffusion

and transport equations have also been developed [16, 17]. From such models audi-

ble samples for binaural listening and energy based quality metrics may be produced

[8].

The differences between GA and WA models are fundamental, as GA methods

rely upon assumptions that are only true in higher frequency regimes. Practically

speaking, the more accurate methods for amplitude and phase prediction which

are sophisticated enough to describe phenomena such as diffraction and surface

impedance to a granularity perceptible to the human auditory system are more com-

putationally expensive, i.e. have larger memory requirements and run-times [18].
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Fortunately, both methods are amenable to parallelization, so that ever larger prob-

lems become tractable as heterogeneous distributed networks, graphics processing

unit rendering farms, and access to research institutes high performance computing

facilities become more ubiquitous [19, 20].

Under all these operational paradigms, the gathering of accurate information

as to the interaction of acoustic waves with surface materials is essential. The indus-

try standard practice for describing the relevant material quality of specific acoustic

impedance [21] suffices for WA simulation, but GA methods must be supplemented

with additional acoustic parameters to emulate wave based effects [22]. In brief, the

method, known as the transfer function method (TFM) utilizes a tube geometry

in order to support a one-dimensional free-field propagation assumption, that is to

say, that sound propagates as coherent plane waves [23, 24]. This assumption is

band-limiting, requiring long, wide tubes with large acoustic drivers to extract low

frequency specific acoustic impedance information and narrow tubes with smaller

acoustic drivers to extract high frequency specific acoustic impedance information.

These requirements often force experimenters to construct multiple tubes to cover

the broad frequency ranges of interest, those of the human ear for example, leaving,

among other problems, uncertainty in the compilation of the dataset. Furthermore,

it can be demonstrated that the actual operating frequency ranges diverge from the

theoretical frequency ranges, complicating the process of compilation of impedance

datasets derived from the TFM.

In the architectural acoustics context, as a result of improper design, poor con-

formance to virtual prototype, etc. corrective measures may be required for critical

listening spaces’ surface treatments. In fact, though a material may have been well

tested in laboratory, its performance in construction may differ significantly. As a

result, in situ methods are required. Chapter 2 details a number of such methods

but it bears noting that to date no international standard exists for such testing. It

is therefore desirable in such development to consider a method flexible enough to

handle a general geometry, one which could be applied to both laboratory and in

situ geometries.

A natural candidate for such a method for interior geometries is an inverse
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finite element method (IFEM). Such a method would be able to approximate any

geometry to desired precision, and approximate the specific acoustic impedance of a

surface from some prior knowledge about an excitation source, and some sampling

of the sound field in the geometry excited by the source and reflected from the

impedance surfaces.

Two decades ago, Murai and Kagawa [25] proposed one of the earliest inverse

finite element method procedures to model electrical impedance tomography of the

thorax. And while finite element acoustics for direct interior problems of large

wavenumber has progressed significantly since that time, the acoustic community

has employed inverse finite element methodologies to solve mostly exterior problems,

such as the determination of the shape of a body from an acoustic far-field pattern,

shape optimization: airfoil, sound barrier or acoustic horn design, or coupled FEM-

BEM structural-acoustic optimization and sensitivity analysis [26, 27, 28, 29, 30].

These researchers have utilized regularized classical optimization methods, such as

Newton and quasi-Newton methods, more modern gradient-based methods applied

to the direct or adjoint problems. Such methods are local optimization methods

only, suitable when prior knowledge about the parameter of interest can limit the

scope of the search, and, importantly, when the solver cannot be fooled by noise in

the data to choose a local rather than globally optimal value for the parameter.

Some research efforts have recognized the need for global optimization by

employing genetic/classical hybrids [31, 32]. However, such efforts have been limited

to particularly reductive simulations and so the näıve globalizing of the search has

a weakness with respect to efficiency that couldnot be exposed. What is desirable

is to provides an optimization framework that is more robust, more efficient, and

more suitable to the gathering of experimental data which is inherently noisy. A

method which looks at candidates for the parameter of interest, in this case the

specific acoustic impedance, and extracts from candidates that provide better fits of

a predicted sound field to an observed sound field features of statistical significance

can most efficiently provides efficiency, is suitable to data, where distributions are

unknown, and is robust because it is not fooled by local rather than global optima.

Advanced sampling algorithms have been developed and applied to other acoustic
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parameter estimation problems [33, 34, 35, 36, 37]. These provide a guide for the

future direction of specific acoustic impedance parameter estimation.

1.3 Thesis Objectives

This dissertation is devoted to a novel method of estimating the specific acous-

tic impedance of a material. The proposed method is applicable to a wide range of

testing environments, including the industry standard experimental apparatus and

in situ testing. As such, the method has the potential to provide a single stan-

dard method for testing. The proposed method may be called a Bayesian-based,

inverse-problem formulation of a finite element model (BIFEM) of the Helmholtz

equation for determining material specific impedance. The method is described as

Bayesian in that it updates the most likely hypothesis as to the value of the pa-

rameter of interest, in this case the material specific acoustic impedance, from some

prior knowledge, based on new data following the probabilistic rules of inference

first described by mathematician Thomas Bayes.

The BIFEM method provides a rich set of data statistics products. As a result,

among other things, it may be used to analyze the accuracy and precision of the

standard test instrument. For example, preliminary work has already demonstrated

that through this theoretical and experimental endeavor, data sets gathered among

multiple frequency-range tubes for TFM analysis may be more reliably composited

by the IFEM (non-Bayesian), which performs with an accuracy on the order of the

experimental error [38]. Furthermore, the IFEM (again non-Bayesian) has already

revealed the practical limits of the TFM, which may be considerably worse than the

theoretical limits.

The proposed method is not a reductive approximation of the wave equation,

as a result, the Bayesian inverse finite element formulation accurately represents the

underlying mathematical physics. Particularly, the BIFEM may operate in a higher

frequency regime for the experimental apparatus geometry. Whereas the TFM is in-

herently unsuitable to problems where incident fields exhibit curvature, the BIFEM

is not. The TFM can only consider one-dimensional propagation, and hence prob-

lems, whereas the BIFEM can address three dimensional ones, making the method
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applicable in cases of incident fields with curvature and alternate test apparatus ge-

ometries. In addition, since the formulation is parallelizable by frequency, and the

matrix systems generated sparse, solving the forward problem by update formulas

renders even large wavenumber problems computationally tractable with respect to

time and memory. Finally, the developments and advances demonstrated for the

simple geometry provide guidance in the development of computational engines for

such large scale-problems as concert halls, auditoria, transportation centers, and

other structures. As an extension, since the model works to solve differential equa-

tions, models for the materials themselves may be proposed and coupled to the

wave equation system, in an attempt to understand the mechanisms by which the

materials effect the characteristic of specific impedance, in the spirit of [39, 40, 41].

This basic research effort significantly develops the underlying theory of inverse

finite element methods for acoustics. In addition, this effort makes finite element

models more widely accepted in applications of modelling acoustics in spaces with

impedance boundary conditions. To be precise, the thesis objectives are:

1. Develop new theory based on the inverse finite element method model in for-

mulating interior equations and boundary conditions to advance knowledge in

room-acoustic modelling;

2. Develop new theory in Bayesian-Network based optimization;

3. Implement the new Bayesian inverse finite element method in development

code;

4. Apply the inverse finite element theory as a novel approach to modelling acous-

tics of broadband testing apparatuses, which statistical energy analysis, geo-

metrical acoustics and dimensionally reductive transfer-function methods can

not accomplish;

5. Establish methods of computational efficiency for Bayesian-Network optimiza-

tion related to the interior acoustics problem, and catalog its advantages and

limitations with respect to transfer-function analysis;
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6. Develop a novel test apparatus for the gathering of data to test the BIFEM

implementation;

7. Validate the accuracy of the BIFEM predictions against the transfer function

method.

The novel elements of the dissertation include:

1. Inclusion of fully absorptive and non-normal incidence impedance boundary

conditions into an inverse finite element method for determination of specific

acoustic impedance;

2. Introduction of Bayesian-based methods into an inverse finite element specific

acoustic impedance parameter estimator;

3. Experimental precision-based and computer numerical precision-based modi-

fications to Bayesian Network search constructions for continuous parameter

domains;

4. Introduction of a novel test apparatus for determination of specific acoustic

impedance that is robust to measurement method, allowing application of the

industry standard method (with a limited frequency range) while extending

the frequency range of operation by application of the novel Bayesian Inverse

Finite Element Method (BIFEM) of analysis.



CHAPTER 2

EXTANT METHODS

2.1 Commonalities

The context for all extant methods of determination of specific acoustic im-

pedance is the following set of assumptions:

1. The fluid domain of air is inviscid;

2. The fluid domain of air is compressibe;

3. The fluid domain of air is governed by an adiabatic gas law;

4. Conservation of mass and momentum hold;

5. Only irrotational forces are present;

6. Sound pressure levels are held within a limited range of the static pressure, so

that no non-linear effects from explosive events are present;

7. Frequencies are limited to those below which friction between air molecules

dampens oscillation, so that the medium is not “lossy.”

Given these assumptions, the linear wave equation in the absence of sources

fully describes sound propagation within the medium:

[
∂t2 − c2Δ

]
φ(t, �x) = 0, (2.1)

where φ(t, �x) is the scalar velocity potential as a function of time and space, c is the

speed of sound in the medium air and Δ is the Laplacian differential operator, and

[·] denotes an operator. For the steady-state response of the system, both sides of
Eq. 2.1 may be transformed by application of the Fourier integral transformation:

F̂ (ω, �x) ≡
∫ ∞

−∞
F (t, �x)e−iωt dt, (2.2)

8
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where F is a generic function in the time domain and F̂ is its integral transform

in the frequency domain. Simplifying the transform of Eq. 2.1, one arrives at the

“reduced” wave equation, also known as the Helmholtz equation:

[
Δ+ k2

]
Φ(ω, �x) = 0, (2.3)

where k is often referred to colloquially as a “wavenumber,” though it in fact has di-

mensions. In general, k is complex, however, as a consequence of the above assump-

tions and the interest in a solution to a real physical problem, k will be real-valued

and have dimensions of rad ·m−1.1 This pair of equations is useful in that pressure
or velocity data must be gathered in the time domain, but may be transformed via

discrete Fourier transform (DFT), such as a fast Fourier transform (FFT), in order

to apply spectral, or frequency domain, analysis. For example, from the convolution

theorem it is known that the effect of a filter applied to a signal in time may be

computed by:

1. transforming the signal into the frequency domain to describe its spectral

content in magnitude and phase,

2. multiplying this spectral information frequency by frequency with the response

associated with the filter, and

3. transforming the convolved signal back into the time domain via an inverse

Fourier transform:

F (t, �x) ≡ 1

2π

∫ ∞

−∞
F̂ (t, �x)eiωt dt, (2.4)

or a discrete version where data are concerned, such as an inverse fast Fourier

transform (IFFT) in order to produce the time-domain filtered signal [42].

In this signal-processing-based, serial, conceptual framework, the effect of

propagation through free space and interactions with all types of boundaries, even

interactions with coupled geometries, may all be described by frequency response

1A true wavenumber would be related to some (typically smallest) wavelength, of which all
other wavenumbers would be (typically integral) multiples.
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functions (FRFs) [43]. It is in this spirit that the industry standard method of

determining normal acoustic impedance is constructed.

2.2 Historical Methods

The origins of the experimental apparatus presently employed as the interna-

tional standard for measuring normal incidence specific acoustic impedance rest in

the work of the German physicist August Kundt [44]. His objective was to determine

a different acoustic parameter, the speed of sound in gaseous media. His method

was indirect. His aim was to measure the wavelength λ of sound at a resonant

frequency of a transparent tube and to deduce the sound speed from the relation:

c = λf. (2.5)

The pipe was filled with a dry powder, which would settle at nodes in the standing

wave sound field of the transparent tube induced to resonance. The node to node

distance then constituted a half wavelength and could be measured. One end of the

tube consisted of an excitation source, originally a metal ring rubbed at a constant

rate to produce a tone, replaced by an acoustic driver in modern implementations,

and the other end of the tube consisted of a plunger by which the tube length could

be changed.

Kundt’s test apparatus successfully removed obstacles in previous apparatae

designed for the estimation of sound speeds. Furthermore, the flexibility of the

design and insight of the node to node measurement technique inspired variations to

derive other acoustic parameters. Historically, the next most relevant Kundt’s tube

variation to the estimation of specific acoustic impedance is that aimed at deriving

normal incidence absorption. The International Organization for Standards (ISO)

describes a test apparatus and method for deducing a normal incidence [45]. The

variations to the Kundt’s tube include:

1. replacing the plunger end with a material under test sample,

2. exciting the tube with a sinusoidal signal amplified and sent to an acoustic

driver,



11

3. introducing a microphone probe,

4. recording the sound pressure level (SPL) with an SPL meter.

As a method, once the tube is excited to a steady state so that standing waves have

formed, the microphone probe is moved to two sequential locations, a peak and

minimum in the sound pressure fields. Let these be denoted by xpeak and xmin. The

sound pressure level (SPL) is recorded at these locations. The absorption coefficient

is then calculated from:

α =
4 · 10(SPL(xpeak)−SPL(xmin))/20

(10(SPL(xpeak)−SPL(xmin))/20 + 1)2
. (2.6)

This measurement technique compresses the two methods by which a mate-

rial under test can affect the acoustic pressure field: the resistance and reactance

discussed in Chapter 1, into a single valued acoustic parameter. In order to ex-

tract both features of the material under test, a different set of modifications to

the Kundt’s tube are required. Given that this technique is the present industry

standard method for determination of normal incidence specific acoustic impedance,

the next full section is devoted to its discussion.

2.3 Transfer Function Method

The transfer function method [23, 24] forms the basis of multiple international

standards for material testing and methods for determination of normal incidence

specific acoustic impedance [21, 46]. The apparatus design is described in Fig.

2.1.The method of analysis is predicated on a plane wave propagation model. This

requires that:

1. The tube side walls be sound hard;

2. Analysis be limited to wavelengths shorter than the tube length fundamental

and longer than the cross-axial fundamental so as to avoid introduction of

transverse, or duct modes.

Furthermore, it is desirable that the signal sent into the tube be stationary and

random. A stationary signal allows analysis of the steady-state response. A random
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Figure 2.1: Transfer Function Method test apparatus specified by Chung
and Blaser [23].

signal provides a flat power spectrum. Clearly some roll off is required if one wishes

to band limit the signal to the operational frequency range specified by the above

requirement 2.

A chronological survey in the frequency domain of the operation of the tube

reveals the principles of the analysis method. The signal travels down the tube as a

plane wave and passes by the first recording position. It then continues to propagate

as a plane wave to the second microphone position. Thus, a transfer function, or

complex pressure transmission coefficient, between the two positions for the incident

field Hincident 12
comprises only a phase shift.

If the signal at position 1 is given by Pincident1, then the relevant transfer

function is:

Pincident 2
= Pincident 1

Hincident 12
= Pincident 1

eiks. (2.7)

Similarly, if the distance from microphone position 2 to the surface of the material

under test is given by l + s, then the transfer function for the incident field as it
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reaches the material is:

Pincident 1 material = Pincident 1
Hincident 1 material = Pincident 1

eik(l+s).

(2.8)

For the round trip to position 1 the full transfer function for the translation is

therefore:

Hincident 1 material 1 = eik2(l+s). (2.9)

On the reflected path, by symmetry, a transfer function for the translation of the

reflected field as it travels from microphone position 2 to 1 is given by:

Hreflected 21
= e−iks. (2.10)

At the material nder tes, a different sort of transfer function is required to describe

the fluid-material interaction. For the moment this transfer function may be called

W . Also, the reflection function at position 1 may be defined by W1. Then from

Eq. 2.9 these two relate by:

W1 = Weik2(l+s). (2.11)

In addition:

W1 =
Preflected 1

Pincident 1

, (2.12)

which may be written in terms of the full field pressure transfer function between

positions 1 and 2:

H12 =
Ptotal 2
Ptotal 1

, (2.13)

and the pressure transmission coefficients as:

W1 =
Preflected 1

Pincident 1

=
H12 −Hincident 12

Hreflected 21
−H12

, (2.14)

so that the acoustic pressure reflection function may be deduced from Eqs. 2.9-2.11,

2.14 as:

W =
H12 − eiks

e−iks −H12

e−ik2(l+s). (2.15)
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To calculate acoustic surface impedance, the relation:

Z =
ρc(1 +W )

(1−W )
(2.16)

is applied at each frequency of interest.

If the real-valued normal incidence absorption coefficient is required, this may

be calculated from:

α = 1− |W |2, (2.17)

according to [47].

2.4 Modified Transfer Function Methods

The TFM, originally described by [23, 24], is still the industry standard for de-

termining acoustic normal impedance; however advances in digital signal acquisition

and processing have recommended modifications to the basic method.

2.4.1 Alternative Signals

Continuous application of a statistically random signal as described in the

previous section at the acoustic driver guarantees that the system will build to, and

then remain in a steady state across a broad frequency range. This presents the op-

portunity for simultaneous analysis across that broad frequency range, in contrast

to a frequency by frequency analysis as in the standing wave ratio method [45]. A

variety of signals may satisfy the stationary and random criteria. Since most con-

temporary signal generation is digital, converted to analog by a digital-to-analog

converter (DAC) before being passed to the driver or amplifier/driver components,

randomness is one of construction. Gaussian white noise is random when the sam-

pling of the distribution is random. While all such sampling is pseudorandom, long,

non-repeating sequences, may be derived [48]. Non-repeating sequences are advan-

tageous since they do not suffer from the introduction of spikes in spectral content

that owe to periodicity. However, the continuous or nearly continuous distribution

of pressures makes deconvolution of any particularities of the source signal difficult.

As a result, pseudorandom signals of unitary values may be preferred.
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M-sequences, or maximal length sequences (MLS), are strings of unitary val-

ues; these MLS signals may be constructed, cyclically by modular arithmetic, from

small registers of any desired length. One of the advantages of these sequences for

linear time invariant (LTI) systems is that they may be deconvolved from gathered

data in order to isolate a system’s impulse response (time domain) or frequency

response (frequency domain) very efficiently [49]. The algorithm is more involved

than a transform of the time domain gathered data to the frequency domain and

division by the spectrum of the m-sequence. Rather, the signal should be properly

aligned, which may be accomplished by cross-correlation analysis, a process greatly

expedited by avoidance of transform to the frequency domain for the purpose of

calculation, by employing linear time invariant theory and application of a fast

Hadamard transform (FHT) [50]. According to linear time invariant theory, an al-

ternative to extracting steady state pressure data from a steady state field, one may

instead extract the response of the system to an impulse [49, 51] The time-domain

impulse response is the inverse Fourier transform of the frequency response; and it

is this impulse response that the FHT effects [50].

Other impulse sources are also viable. While a pure impulse is difficult for

an acoustic driver to produce without introduction of non-linearities, the impulse’s

spectral content may be spread over duration so that the signal takes the form of

a sweep, known as a sine sweep. The rate of the sweep is required for accurate

deconvolution [52].

For these time-domain methods to apply, it is important that the response

captured represent only the interactions of interest. The set of possible interactions

in the TFM test apparatus includes:

1. free-field propagation,

2. interaction with the material under test,

3. interaction with the sound-hard side walls,

4. interaction with the acoustic driver baffle if one exists,

5. interaction with the acoustic driver.
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The assumptions, methodology and limited range of analysis of the TFM: plane-

wave propagation, frictionless, sound-hard side walls, stationary signal encompass

all interactions above. Free field propagation is posited as plane wave and lossless.

Interaction with the material under test is described by the complex reflectance

function W . Limiting operating frequency to below the cross-axial fundamental

removes interaction with the side walls, again assuming no boundary layer effects.

THe tube design calls for a baffle-less driver. Finally, since the signal prescribed is

stationary, the transient, or complementary solution, would in time give way to the

homogeneous solution; in other words, the field and driver would align in phase.

In reality, the acoustic driver will require some baffle; however, if the baffle

is small in area relative to the speaker, then the field is only slightly perturbed;

however, if the baffle is sufficiently large, a modified geometry may be preferred.

2.4.2 Alternative Geometries

2.4.2.1 Modified Tube Geometry

Figure 2.2: Wedge modified Transfer Function Method test apparatus in
use at Rensselaer Polytechnic Instute’s Sonics Research Lab.

Where the acoustic driver baffle is sufficiently large, one may attempt to re-

move back wall reflection by other means. If the acoustic driver is relocated to the

side wall, and an anechoic wedge is placed on the wall opposite the material, as in

Fig. 2.2, under test then reflection by the back wall may in theory be eliminated

from consideration, so that the TFM may again be applied.

In reality, no baffle will prove completely absorbent, and reflection from the

back wall of the tube will return energy into the sound field. The standard TFM
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does not account for such reflections; in fact, the addition of a second material of

finite impedance confounds the search for the parameter of interest. The resolution

proposed for such a geometry is to use finite-length rather than stationary signals,

by pre-processing data with time-bracketing. In such a way the reflections are

excluded from analysis. This modification (employed in the Architectural Acoustics

Program at Rensselaer Polytechnic Institute) requires a tube of length sufficient so

that reflections do not occur within the time frame of the response of the material

under test. For materials with low resistance and high reactance, i.e. resonant

materials, this represents a design constraint, especially for low-frequency analysis.

A second modified tube geometry merely modifies the location of recording

stations. The introduction and availability of velocity sensors [53, 54] in recent

years has created a number of unique measurement opportunities. One immediate

use was as a substitute for the standard pressure sensors in the Chung and Blaser

impedance tube [55]. This proposed a “2u” (a standard variable choice for velocity)

measurement method, rather than a “2p” measurement method. It also suggested a

hybrid “p-u” method whereby a pressure sensor and velocity sensor are placed across

from one anther at the same position along the length of the impedance tube. By

measuring the plane-wave pressure and velocity fields, impedance is measured most

directly. In any case, the standard geometry is employed, only the terms in the TFM

model are modified to reflect the relation among the velocity and pressure fields.

Experimental results to date indicate that the measurements from vector sensors are

slightly noisier than the pressure sensors, but that additional parameters (viscous

damping coefficients) may be extracted [55].

A different three microphone technique places an omniphone sensor behind the

material under test [56]. The method develops a model that includes the complex

material wavenumber, and generally shows lower error than related transfer matrix

methods (discussed below). However it is important to note that standard deviation

in the measurements varies over the frequency range for the proposed methods from

0.3 to 52% for the proposed method for a glass wool sample, and 0.4 to 85% for a

compared methods [57, 58].

The basic Kundt’s tube continues to evolve in order to educe the physical mech-
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anisms which allow materials to manifest specific acoustic impedance. As discussed

in the Introduction, any such modified methods which are well poised to interface

with the method proposed by this dissertation provide rich veins of future research

and so bear mention now. A major avenue of exploration in the characterization of

Figure 2.3: Transfer-matrix method test apparatus specified by Song et
alia [57].

impedance materials with respect to both transmissive and reflective properties be-

gins with the Transfer-Matrix Method [57]. The formulation of this technique owes

much to an electrical circuit analog described as “S-Parameters,” used in microwave

amplifier design [59] and ultrasonic communication through materials [60] among

other applications. The schematic is detailed in Fig. 2.3.

Rather than posit that the fluid-material interaction occurs entirely at the

material boundary, the Transfer-Matrix Method allows that the sound may be in

part reflected, and in part transmitted. Thus, an appropriate test geometry requires

that the material under test be mounted before a second tube chamber. Instead

of two fields for consideration: incident and reflected, there are four: incident,

reflected, transmitted and potentially a reflection of the transmitted field. Similar

to the TFM, the Transfer-Matrix Method then describes the relation among the

pressure and velocities at the material’s two surfaces. Given a model for the material

under test, material properties may be extracted from time harmonic or pulse-

excited [61] response data gathered at one station before the material, and one after.

One result of such a study is the specific acoustic impedance, the other a complex

transmission coefficient. With some further modifications it has been demonstrated
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for certain material types that it is possible to extract Experimental results indicate

a cumulative effect of measurement errors on the order of a percent [61]. It should

be noted that the plane-wave assumption is still in effect for this geometry, so that

the shortest wavelength of analysis corresponds to the cross-axial dimension just as

it did for the Transfer Function Method [23, 24]. Numerous modifications to this

geometry and formulation exist as well, e.g to correct for transmitted reflections

[62].

2.4.2.2 Tube-Based Specific Acoustic Impedance Performance

In order to gauge the performance, i.e. accuracy and precision, of any method

to estimate specific acoustic impedance, it is necessary to establish three criteria:

1. sensitivity of the method to measurement error, including:

a environmental parameters: temperature, humidity, sound speed, fluid

density, environmental noise, etc.,

b physical test apparatus parameters: microphone location, finite micro-

phone dimension, tube dimensions, etc.,

c recording test apparatus parameters: electronic noise, aliasing, signal

processing artefacts, detection sensitivity etc.,

2. prediction variation to other established methods,

3. conformance to present theory on a material class’ impedance “profile.”

These items are addressed (in the general order outlined above) by a survey of

relevant literature.

With respect to the first item, subsection a, the environment may effect the ma-

terial under test as well as the analysis method. For the former, [63] provides a fairly

recent study of perlite based materials commonly used in variable humidity archi-

tectural constructions, including a mineral wool formulation. This material showed

large variation in its sound absorption profile across the full humidity spectrum as

determined by the Transfer Function Method of [23, 24, 64]; however, variation was
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claimed to be minimal in the “dry” regime, below 50% relative humidity, but results

were not presented.

In an effort to design a rigid perlite porous absorber for high temperature

applications, [65] provides evidence that a material’s sound absorption profile is

dependent on atmospheric pressure as well. These conclusions were drawn from ap-

plication of the Transfer Function Method [23, 24]. Though the range and resolution

of testing does not provide quantitative information in the pressure range of interest

for architectural acoustics, it does indicate that such absorption is frequency depen-

dent for this class of materials, and not strictly monotonic. In particular absorption

may be elevated in a particular frequency band, a sort of ‘resonance” in the profile.

Some general conclusions may be drawn from the study of [66] in the field

of automotive acoustics. In general, for the temperature ranges of interest, little

variation in the sound absorption is observed, and few materials’ sound absorption

profiles are sensitive to humidity in the operation range of automotive interiors

. However, it is worth noting that the Transfer Function Method employed [23,

24], according to the relevant ISO standard [21] does specify that temperature and

humidity must be held within certain tolerances over the course of a single dataset

for which the analysis is applied, on the order of a couple degrees and relative

humidity percentage points.

Moving into item 1 subsection b, some effort has been made to provide ro-

bustness to the Transfer Function Method for temperature, humidity via calibra-

tion procedures, which the ISO standard [21] presently lacks. The work of [67] and

[68] concur on a calibration method whereby the material under test is replaced

by an open end or else a closed end with sound hard termination at some mea-

surable distance from the standard tube end termination. In such cases analytical

solutions to the one dimensional Helmholtz equation are available and a transfer

function between the apparatus response and the theoretical response may be used

to deconvolve peculiarities associated with the test apparatus.

Validation experiments of the technique in proceedings [69] revealed the spe-

cific acoustic impedance of an open termination sits roughly on the impedance profile

defined by an ideal monopole with magnitude variation of up to 15 dB relative to
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the characteristic impedance of the fluid medium and phase variation of up to 95

degrees over the broad range of testing. Validation experiments of the technique

in journal [67] reveals that the specific acoustic impedance of an open termination

sits within roughly the 8 dB (re the characteristic impedance of the fluid) range for

magnitude defined by an ideal monopole and radiating piston with infinite baffle

for magnitude, and just above a roughly 5 degree range for phase relative to the

monopole and piston. However, it should be pointed out that the frequency range

of study was modest, with the microphone separation 2 − 3 orders of magnitude

larger than the microphone diameter.

The only difference between the proceedings [69] and journal [67] validation

was the inclusion of a third set of transfer function measurements. In proceedings,

convergence of the transfer functions from the two pairs of microphone locations

was used a set of “selection” points for calibration. In proceedings the authors elu-

cidated the primary theoretical flaw of the transfer function method which leads to

heightened sensitivity to microphone placement, namely that the transfer function

is computed as a ratio of complex pressure values observed at two microphone posi-

tions; location of a microphone on or near to low pressure nodes makes the transfer

function estimate unreliable. In journal, the third set of transfer function measure-

ments provided a more robust “selection” point criterion. Still, it is interesting to

note that the effect is to place the impedance profile between the theoretical curves

of the baffled piston and ideal monopole, theoretically intuitive, but not necessarily

consistent with the proceedings conclusion which laid the impedance profile on the

monopole curve.

With respect damping by the waveguide, the conclusion of [67] that the damp-

ing is hysteretic in nature and minimal in the operational range of the tube is more

compelling given the agreement of the experimentally determined phase component

of the transmission transfer function and a theoretical estimate provided by [70].

For item 1 subsection c, staying with the work of Boonen et alia, the use of a

two reference measurements using a sound hard termination for the tube at different

measurable distances allows for calibration of the two microphones relative to one

another, as well as estimation of the damping of the waveguide itself [67], addressing
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in part subsection c of the first item. However, it is more often standard practice

to use the configure the apparatus so that the microphones may be switched. As a

result, if the data are analyzed using only a single microphone, the apparatus self-

calibrates [71]. If a technique does not self calibrate, then all electronic component

coloration should be assessed by gathering an impulse response and deconvolving as

per [43].

Returning to item 1 subsection b, the work of Katz [72] reveals sensitivity

of the TFM to errors in measurement of the microphone positions. Methodologi-

cally, the standard [46] requires measurement accuracy on the order of .01 cm for

non-highly absorbent materials, a dimension smaller than the typical microphone di-

aphragm. Katz proposes a phase calibration mechanism which would severely band

limit operational frequency for a given microphone separation. Within the mea-

surement error of separation, the calculated precision error of the specific acoustic

impedance estimate for the TFM is upwards of 12%, and upwards of 3% for the

absorption coefficient estimate given separation measurement error on the order of

2 − 3% for a dense foam test material. From a figure presented for an analytical

case, an anechoic termination, the error appears even more substantial.

Moving to item 2, prediction variation to other established methods, [73] doc-

uments variability among the ISO standard for the Standing Wave Method [45],

the ASTM standard [46] version of the Transfer Function Method, a sound intensity

method based on [74], related to the “p-u” methods discussed above, and a proposed

method which adds additional probe microphone measurement locations to a single

reference microphone location on the tube wall processed with MLS techniques as

per [75] or the fast Fourier transform technique of [73]. The results describe agree-

ment on general profile trend for the material under test, but magnitude agreement

among the international standards-based methods varies by up to 50% for the ab-

sorption coefficient. A study which compared performance of a one-dimensional,

wave-equation-based, analytical model for tube resonances [76, 77] to the Standing

Wave Ratio method as described by [78]. Agreement on the absorption coefficient

varied from 5 to 60% of the Standing Wave Ratio determined value. A study of an

apparatus similar to [73], constructed at NASA Langley [79], showed variation of
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5% to 25% for measurements of the real and imaginary components of impedance,

depending on excitation signal choce. Further though the Transfer Function Method

results agreed “nearly identically” to one of their proposed method variations, 5%

to 10% variation was still exhibited between the Standing Wave Ratio method and

their best method. In no case was validation included with respect to some theory

of the impedance profile of the materials under test.

To address item 3: conformance to present theory on a material class’ im-

pedance “profile,” the most relevant theory to the materials under exploration in

this dissertation is described in [80] and may be described as Biot theory for a porous

material with elastic frame. Early studies validate the theory using a tube-based

method [74], but an experimental validation of the theory of greatest relevance to

this dissertation a free field method was used [81]. In this case a mineral wool

and reticulated foam were the materials under test. Though the impedance profiles

differed, both exhibited resonances owing to the dependence of the impedance on a

factor of the cotangent of the product of the complex wavenumber of the material

and its depth. At specific frequencies of excitation, the materials exhibited peaks in

the real component of their impedances, and the imaginary part would swing from

negative to positive values. These resonances fit within an decaying envelope as a

function of frequency. The magnitude, width and rates of resonance and decay varied

by material type, but the general profile was consistent. Unfortunately cariation of

the measurements was not reported.

For thoroughness, to consider the related problem of a rigid frame porous

material, the work of [82] provides further insight into material impedance profiles,

some physics based models to explain the mechanisms at work, as well as variation

in acoustic test results. For this class of materials, multiple models exist to explain

the specific acoustic impedance evidenced by rigid frame porous materials. Not all

such models, the Biot-Allard model for example of [80], explain the specific acoustic

impedance evidenced by a subclass of such materials. A model for materials with

pores of two diameters is developed and specific acoustic impedance predictions for

a set of parameter values for the model well predicts the specific acoustic impedance

profile for a sample material, whereas the other models cannot. The goal then of this
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work is largely orthogonal to that of the dissertation in that the effort is to predict

an impedance profile from some set of physical characteristics of the material under

test, and cannot be said to claim exclusive provenance to model fidelity, or physical

explanation [83], but several aspects of the work are relevant.

The specific acoustic impedance profile of the rigid frame porous materials

tested shares an envelope with the elastic frame porous materials, but the materials

tested in [82]do not exhibit the resonances; rather, the rigid porous materials tested

maintain positive resistance and negative reactance in decay as the frequency of

acoustic excitation increases. With respect to impedance tube measurement preci-

sion, the results presented indicate low variation. Only some ten data points are

reported, and the range limited from 50 Hz to 1 kHz, but for those data points

error is impressively only occasionally on the order of a unit normalized to the

characteristic impedance.

To summarize, though tube-based method performance shows consistency of

trends in specific acoustic impedance and absorption coefficient across particular

methods, agreement among methods, even those that have become international

standards, can exhibit marked variation. Thus it is incumbent upon any proposed

method to assess consistency of trend and agreement of parameter predictions with

reference to established levels of variation, and established theory regarding the

materials under test.

2.4.2.3 Half-Plane Geometry

Although the method proposed by this thesis in the next chapter will be vali-

dated against the industry standard Transfer Function Method in a comparable tube

geometry, since the proposed method formulation applies to general geometries, a

survey of open geometry methods follows.

An “impedance deduction technique” posits a formulation based upon a spher-

ical wave reflection coefficient [84]. This formulation relies on a transfer function

which is the ratio of the reflected response over an impedance plane at grazing angle

to the free field response. Unlike time windowing techniques, this technique changes

source and receiver position away from the impedance plane to assess the free field
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response. The time domain window for the free response is then imposed on the

response to the material under test. Rather than subtracting in the time domain, a

ratio is evaluated in the frequency domain. From the transfer function, impedance

is deduced by comparison to a model, as in the TFM. The difference is that this

model is appropriate to the half plane geometry and 3-D radial plane wave source

type.

Two iterative strategies are then employed to minimize distance between the

measured and modelled reflection coefficient (related to the transfer function by the

model) based on the impedance parameter. The first uses a Nelder-Meade search

[85], the second a two-stage gridded search [84].

The method is limited by the following assumptions:

1. The materials are planar;

2. The materials are not highly absorptive;

3. Sources are located near the surface;

4. Incidence angles are large.

The first two limitations reveal the context of the method: the testing of road sur-

faces. Absorptive materials are however common in the architectural context, as are

surfaces of complex geometry, such as diffusors. The geometry of the test is to make

sure that the response to the material under test is contained within the window

of the free field response. This reveals a weakness with respect to highly reactive

surfaces. Finally, evaluating the free-field response in an architectural enclosure is

problematic for reasons discussed in reference to the following test configuration.

2.5 Subtraction

Another avenue of analysis is to assess the frequency response of other interac-

tions separately [86]. If the other surfaces’ reflections can be isolated geometrically,

then their influence on the transfer function of the material may be removed. This

may be described as a cancellation, or subtraction method, and is the proposed
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approach for in situ testing [87]. The cancellation method dedicates one receiver lo-

cation to recording the direct sound pressure response, with a second arranged near

the surface of the material under test to capture the direct and reflected sound from

which the direct sound is subtracted. This basic concept has been extended and

improved for determination of both specific impedance [88] as well as for scattering

coefficients [89].

A minimal testing architecture was deployed in [87], not one so specialized as

an anechoic chamber, but one in which samples could be centered between the floor

and ceiling of a simple rectilinear enclosure to maximize distance of the recording

positions from surfaces of reflection. In realistic architectural installations, a broad

range of proximal surfaces other than that of the material/construction under test

present themselves. In any case, any surface which lies within the radius of the

length of a finite time signal times the speed of sound comprises the response. It

is for this reason that the originally conceived test form by [87] uses tone bursts of

duration short enough to avoid significant reflection from the floor and ceiling.

As a competing design criteria, sample sizes were required to have a dimension

on the order of several wavelengths of the wave-spectrum under test, to minimize the

need to account accurately for the effects of diffraction. In the controlled geometry,

or in realistic in situ settings, these constraints on the upper end of the wavelength

spectrum may become burdensome.

For the mathematical model of the physics and geometry of the testing en-

vironment, a plane wave assumption for the propagation of sound from the source

was posited by [87] for the purpose of the analysis necessary to compute a real

valued absorption coefficient from known distances and observed amplitudes of the

frequency domain signals at the two locations. This assumption, especially for low

frequencies, recommends larger distances between source and material under test

and so, in addition to the material size design criterion, there exists a theoretically

desirable simplification of the physical model which reinforces the competing design

constraint.

The method of [87] was improved and expanded to investigate complex reflec-

tion and absorption coefficients using pseudo random noise to best subtract out the



27

direct sound, and consideration for “parasitic reflections” [90]. Rather than assess

the response and subtract out the parasitic reflections, windowing of the time do-

main response to eliminate the reflections of surfaces other than that of the material

under test. This strategy is inclusive of that recommended by the original authors,

but allows for analysis particular to the experimental geometry and material ar-

rangement outside of that of the material under test was recommended.

If the confounding surface geometry is well understood, then at least one pro-

cess exists to separate overlapping reflections. Cepstral techniques [91] operate in

the “power cepstrum,” the inverse Fourier transform of the logarithm of the squared

modulus of the Fourier transform of the time domain. For a simple geometry, an

infinite ground plane, this concept has been demonstrated in an electrical analog

to an acoustic system [92]. Though this method promises to alleviate the window-

ing concern associated with modified geometries, the simplifications required: an

assumption of plane wave propagation and an image source expression, continue to

limit it to higher frequency regimes where surfaces are of low roughness.

Modifications to the [87] derived formulations which replace the plane wave

source with a spherical source or else another source which produces plane wave

components in all directions at arbitrary angles of incidence may allow for low

frequency analysis of even highly reactive impedance materials may be adopted

from another in situ method [93, 94]. This method for determination of oblique

impedance relies upon a spatial Fourier transform, and requires data on two parallel

planes close to the impedance surface; it may be applied to partial data, but with

greater error resulting from smaller or sparser datasets. The truncation of the

domain of dependence results in a reduction the range of incidence angles under

investigation. This method may be applied to normal impedance in which case the

formulation very closely parallels the TFM.

Aside from a dependence upon specularity of reflection, meaning that the

directivity pattern of the reflected acoustic energy is concentrated about an angle

equal to the incidence angle on the opposite side of the surface normal, four practical

limitations of [93] are:

1. the use of a hemi-anechoic chamber to supplement the time windowing used
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to remove parasitic reflections,

2. the use of a directive (dipole) source to minimize the size of sample required,

3. the use of an automated system of data acquisition given to record over 250

recording positions (for determination of oblique incidence impedance) spaced

every 1.5 cm over two radii of the parallel planes necessary to support analysis

in the 500 to 3000 Hz range (even with the dimensional reduction afforded

by an axially symmetric experimental setup with the source centered on the

material under test),

4. The use of a large (2 m x 2 m) sample size (which still exhibited diffractive

edge effects for measurements made as little as 53 cm off central axis).

By way of explanation of the third point above, one may investigate the Fresnel

zones [95] for a given frequency and source/receiver geometry. These provide an ap-

proximate description of the support surface required to capture cumulatively larger

portions of the domain of dependence. With respect to the impedance of a mate-

rial under test problem under consideration, support is minimized for non-axially

symmetric source/receiver geometries. By consequence, however, the formulation of

[93] would be complicated, and the recording surface rendered elliptical, so that the

symmetry exploited for simplification of data gathering greatly reduced.

2.6 Inverse Variational Methods

Whereas [93, 84] provide near-field, integral-equation solutions in the half-

plane by using analytic theory based on asymptotic assumptions, a more general

acoustic impedance parameter estimation problem is stated and investigated in

[96, 97, 98]. While the objective of [96, 97, 98]: target shape and surface impedance

determination in the presence of chaff or decoys, lies outside the purview of archi-

tectural acoustics, their formulation supports the most general and complete math-

ematical presentation of the problem of interest. The group’s work investigates

properties of the governing differential equations, such as existence of a solution

and uniqueness of the solution of the general inverse problem, and specifically for
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the far-field asymptotic problem that is most germane to their objective; further,

their work provides a justification for the convergence upon the solution to the far-

field asymptotic problem by sampling techniques given exact data, and provides

demonstration of the practical implications of limited data. This work provides a

template by which to tackle the architectural acoustics problem, which assumes a

known geometry and removes the far-field, asymptotic assumptions.

Some groundwork has been laid for such an investigation. To account for near-

field effects, specifically boundary effects, particularities of geometry and surface

must be included in the model, not hand-waved away with asymptotic assumption.

Typically such geometries are not ones for which analytic solutions are available, and

so, from the governing set of differential equations which summarize the physical

model of the propagation of sound through the medium of air and the manner of

its interaction with impedance boundaries a numerical approximation scheme can

be developed, one which converges upon the exact solution as the approximate

geometry becomes denser in the geometry of interest. Such methods fall under the

umbrella of variational methods.

2.6.1 Variational Methods

In brief, variational methods approximate a physical model with a projection of

the associated mathematical model onto a finite space: geometrically, functionally,

or both. That is to say, these methods take the continuous geometric space and

approximate it by a set of finite (or even semi-infinite) volume and/or boundary

elements, typically described by some interpolation of the actual volume. This allows

for arbitrary geometries, i.e. the inclusion of complications of experimental set-ups.

Thus, for the general mathematical formulation described by [96, 97, 98], rather

than applying far-field asymptotic assumptions, a full geometry can be included:

e.g. hard floors and anechoic walls in the setup of [93]. Similarly, sources of arbitrary

directivity can be included, so that the formulation of [84], for example, would not

be restricted to grazing angles and particular source types.

A host of numerical approximations exist that satisfy convergence relations

for the direct problem, among which the most prevalent are the Boundary Element
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(BEM), Finite Element (FEM), and Finite Difference (FD) methods [99, 100, 101,

102]. From descriptions of the boundary geometry (and any internal scattering

bodies), boundary conditions (impedance boundaries, absorption surfaces, etc.),

and forcing (sources or velocity surfaces) each of these methods can describe the

approximate sound field strength in the acoustic field. This is referred to as the

direct problem. Each method has its particular strengths and weaknesses. BEM

supports exterior problems best as they seek a solution first for the boundary of

scattering/impedance objects, whereas FEM supports interior problems best where

the solution for the domain and boundaries is sought. And while FD in the time

domain suffer from inaccuracy and instability with respect to general impedance

boundaries, [38] spectral finite difference methods remain viable. For the interior

acoustics problem, each converges upon the solution of the continuous problem as

the discrete approximation of the geometry and function space approaches that of

the continuous geometry and function space.

2.6.2 Inversion of Variational Methods

In variational methods for the direct problem, the boundary impedance, source

strength, and domain geometry are known and values of the field data are deduced.

In inverse variational methods, boundary impedance, for example, is to be deduced

from the field data. One of the earliest inverse finite element method procedures

was proposed a quarter century ago [25] to model electrical impedance tomography

of the thorax and development since has been rapid [103, 104]. And while vari-

ational acoustics for direct interior problems of large wavenumber has progressed

significantly since that time [105], the acoustic community has employed inverse

variational methodologies to solve mostly exterior problems, such as the determina-

tion of the shape of a body from an acoustic far-field pattern, shape optimization:

air-foil, sound barrier or acoustic horn design, or coupled FEM-BEM structural-

acoustic optimization and sensitivity analysis [97, 31].

For the particular inverse problem of interest, that of finding the specific acous-

tic impedance of the boundary from field data, four lines of research are being con-

ducted. These will be introduced and then detailed. The first is oriented around
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studies at Langley by National Aeronautics and Space Administration (NASA) sci-

entists [106, 107, 108, 109]. The second, comprising both inverse BEM and FEM

methods, centers around the School of Aeronautics and Astronautics at the Uni-

versity of the Bundeswehr Munich [110, 32]. The third research effort is being

conducted by Sandia National Laboratory [111]. Finally, the fourth research effort

was announced in [38], and continues with this dissertation conducted for the School

of Architecture at Rensselaer Polytechnic Institute.

The NASA research efforts [106, 107, 108, 109] pertain to jet propulsion sys-

tems. The primary geometry of interest is the duct, and the materials of interest

are industrial: steel plates, and impedance duct liners. These efforts are interested

in acoustic mode excitation in flow fields, so that the modes are induced by grazing

incidence. The summary parameter is normal specific impedance. The engineering

objective is to mitigate excessive vibrational transduction from the flow field. The

method is one of solving the acoustic wave equation in a geometry cross section,

positing three known boundary conditions:

1. the source side pressure,

2. the exit plane impedance,

3. the ceiling wall,

and one unknown boundary condition: the normal specific impedance of the duct

liner. The first known boundary condition is entered into the model from measure-

ments made directly on a scanning grid; the second is calculated by comparison to

an ideal (infinite waveguide) geometry; the third is presumed rigid. The unknown

is then solved for iteratively, minimizing residuals against measurements along the

rigid plane boundary; originally the iteration used a nearest neighbor search on ever

finer meshes, though most recently the group turned to a quasi-Newton method.

The NASA group has published experimental results [106, 108] in addition to

their theoretical development [107, 109]. The results are quite coarse in nature, de-

scribing impedance behavior at a resolution of approximately 500 Hz. Furthermore,

given the context of the engineering objective, the sound pressure levels, flow field
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velocities, and materials of interest are significantly different from those encountered

in the architectural acoustics context.

The Marburg groups’ efforts [110, 32] have also concentrated on two-di- men-

sional geometries, specifically automotive interior cross-sections, with uniform con-

stant, or piece-wise constant, frequency invariant impedance boundaries. Their first

study [110] is one of estimation of eigenmodes, from which the average impedance

on the cabin surface is estimated. This study was conducted with experimental

validation, but because of the assumption of distributed average impedance, the

results have limited application impact. The second study [32] was conducted on

simulated data, where the surface impedances were invented. The methodology is

to reconstruct the physical model spatially, positing a guess (ansatz ) value for the

impedance values of the surfaces presented, computing the sound pressure field ac-

cording to the direct problem solution from assumed known source strength of an

FEM approximation to the mathematical analog of the physical model sampled on

a mesh of the cabin cross-section, and then compare the result to that produced by

the FEM model for the invented impedances. A new guess is then made with the

goal of improving the prediction’s match to the data.

This second study [32] improves greatly on the first [110] in that the method-

ology seeks to identify the parameter of interest in a spatially accurate, rather than

spatially average, way; however, the study was conducted upon ideal data, not per-

turbed by even simulated noise, so that the question of sensitivity to noise, a likely

feature of an experiments, was ignored; further, the frequency invariant impedance

assumption allowed for modal decomposition of the linear algebra problem that

results from the FEM model, an unlikely event with real-world materials, whose

impedance variation with frequency is well known. By removing the frequency de-

pendence of the impedance, the study also glossed over the question of sampling

the sound field for comparison between the results of the ansatz impedance values

and the known impedance values for the FEM model, smoothing sampling based

sensitivity which may be a feature of experiment/analysis procedure. Thus their pa-

rameter estimator converged regularly for all frequencies for a set of data sampling

points which were arbitrarily and exactly chosen.
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The Sandia effort [111] is documented only at the highest level, as an actively

pursued capability of their massively parallel FEM codebase: SALINAS. No further

information other than the interest of the research group in the topic is published.

The work of Bockman and Xiang is experimentally based [38]. The ansatz

value for the surface impedance of a single material in an impedance tube geom-

etry provides a prediction of the sound field pressure which is compared against

experimentally gathered data. Although limited to frequency ranges for which a

plane-wave propagation assumption could be imposed as in the TFM, and seeding

the search for impedance values with a perturbation of the empirically derived val-

ues (on the order of 30%) the study confirmed that the methodology was applicable

beyond a simulation setting.

Across a broad range of frequencies, the method of [38] was able to reconstruct

the impedance of several classes of materials on a frequency by frequency basis,

including fine-grain features, failing only to agree with TFM computed impedance

near harmonics of the 1-D tube geometry. What was not made clear from the

study was whether the impedance curve could be constructed without any a priori

knowledge. In that respect, the method of global search in [32] was, at the time,

superior.

2.6.2.1 Search Method Overview

In general, acoustics inverse finite element search has been dominated by regu-

larized, classical optimization methods, such as Newton and quasi-Newton methods,

and more modern gradient-based methods applied to the direct or adjoint problems.

These search methods provide an algorithm by which, from a single ansatz value

to determine the next best guess for the parameter of interest. Such methods work

well in the neighborhood of a local maximum. As mentioned (but not demon-

strated) by Anderssohn and Marburg, the general FEM inverse acoustic impedance

fit function is “peaky,” meaning that many local best fits exist. Finding a globally

optimal parameter value is therefore more challenging. Their group employed a

genetic/classical hybrid. In the genetic algorithm implemented, a uniform popula-

tion of solutions was proposed. Each population posited an ansatz value for the
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impedance of each surface in question. For each population member, the proximity

of the predicted pressure values for the ansatz and known pressure field locations

was compared (by a Euclidean norm) and the best half of the population was pre-

served into a next generation of the search. The rest of the population for the next

generation of search was filled out by exchange of features from the preserved ansatz

values, and the process repeated until the range of the population was within a tol-

erance deemed small enough to engage a Newton’s method solver for the local best

fit. In such a way both the global and local spaces were explored.

This search may be compared to water rising on a mountain range. As the

valleys are filled in (poor solutions rejected), the peaks (locally optimal solutions)

become “islands.” So long as the island with the highest peak is populated by an

individual at an altitude greater than half the rest of the population, the global

optimum island is represented in the next generation. Clearly there exist scenarios

in which the likelihood of preserving the global optimal island decreases. If the

peak is narrow (the fitness function not well-constrained or defined so that proximal

ansatz values have provide poor fit to the data), not much higher than surrounding

peaks (as when a large amount of noise is present in the data), or if exchange (or

mutation) in the population is unlikely to repopulate an abandoned global optimum

(the genetic algorithm provides for low variation) then the chance of failing to find

the parameter of interest becomes small.

Rather than just search then for the best value of the parameter of interest,

it is vital to quantify the confidence that a better value does not exist elsewhere.

This requires an estimation of the distribution of the fitness of the parameter of in-

terest. If this second objective is included within the criteria for the construction of

offspring then the process becomes self-aware. To date, the most advanced parame-

ter estimation methods, which include such algorithms, namely Bayesian methods,

have not been applied, though they provide an optimization framework that is more

robust, more efficient, and more suitable to the gathering of experimental data

[33, 34, 35, 112, 36, 37].

Bayesian methods [113], as mentioned in the introductory chapter, attempt

to link decision making, or inference to probability statistics of observations. The
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methods are named for the mathematician Thomas Bayes. These methods consist

of defining a joint probability model for all observables (data) and unobservable

(parameters) quantities, calculating the marginal probabilities of the unobservables

given the data, and then evaluating the fit of the model to the data. In the context

of the problem of interest, this means not only estimating the best value for the

specific acoustic impedance from the data given some model, but evaluating the

distribution of that parameter and even the fit of the model against competing

models. The studies of [84, 93, 94] do not investigate the behavior of the inversion.

The studies of [96, 97, 98] explore dependence on partial data, but only in an ad hoc

fashion. The study of [32] excludes data about the distribution of the fitness as a

function of the ansatz impedance values in the optimization process; as a result, the

non-linear optimization problem they solve is not prepared to be mined to provide

an understanding of whether and how real world data, replete with noise, might

lead to spurious, sub-optimal solutions.

One core task of the Bayesian approach is sampling the search space. A host

of search methods exist: linear sampling, Metropolis Hastings Markov-Chain Monte

Carlo sampling, slice sampling, importance sampling, nested sampling, among oth-

ers [114]. Efficiency of search is improved when the sampling method handles the

pathology of the fitness distribution for the parameters, or put another way, when

the prior knowledge is good. Such prior knowledge may be based on some long

experience base sampling the distribution without prior knowledge, or by apply-

ing as prior knowledge some theoretical model for the distribution. Some sampling

methods are hierarchical, such as nested sampling [115], which allows exploration of

multiple models simultaneously. Of note, such an approach is documented within

an optimization framework, and is termed a Hierarchical Bayesan Optimization Al-

gorithm. [116] At present, the fitness distribution prior has not yet been established

for inverse finite element specific acoustic impedance parameter estimation and so

it is recommended to pursue exploration with limited prior knowledge until rigorous

theory is developed to proposes a model prior distribution, and / or empirical evi-

dence from such limited prior knowledge searches suggests heuristics. Thus proposal

distributions should be extracted from sampling.
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Importance sampling [117] recommends itself for the problem at hand given

the fairly low dimensionality of the parameter space, but still requires a proposal

prior. Lacking theoretical and empirical evidence, on based on the sampling is

recommended, such as a Beta distribution. Importance sampling is commonly used

in Bayesian network problems, which attempt to establish the variables of interest

within an acyclic graphs. The Bayesian Optimization Algorithm with Decision

Graphs citepelikan2001 is recommended if the parameters of interest can be cast as

variable strings with discrete states. This approach is the chosen approach, and will

be detailed in Chapter 3.

2.7 Summary

The determination of acoustic impedance to date has mainly relied upon re-

stricted test geometries and asymptotic assumptions with respect to frequency, ge-

ometry, and source type. Variation among the methods, even among international

standards has been shown to have multiple sources and cumulatively to be consid-

erable. Variation within methods fares similarly. The theoretical development of

material impedance profiles is ongoing, and models provide variation of prediction.

Efforts to remove restrictive geometries and asymptotic assumptions proceed

from a mathematical framework for the general inverse acoustic impedance problem

of known geometry; existence and uniqueness of the continuous problem has been

demonstrated. A numerical approach using the Finite Element Method has been

formulated and demonstrated to work for a limited set of geometries, and impedance

profiles, and real-world data sets with sufficient a priori knowledge about the so-

lution. The approach has not been demonstrated for more general geometries in

the absence of a priori information, nor have complications in the inversion process

associated with either the choice of finite representation of the problem nor with the

method of parameter search been documented and rigorously investigated theoret-

ically or practically. It is the goal of the next Chapter to provide a process which

resolves this line of investigation.



CHAPTER 3

PROPOSED METHOD

3.1 Extension of Inverse Finite Element Methods

This basic research effort is devoted to the construction and evaluation of

a Bayesian-based, inverse finite element method for predicting specific acoustic

impedance. A pilot study [38] has validated a one-dimensional formulation, demon-

strating the potential for greater analytic capability relative to the industry stan-

dard transfer function method. The approach detailed in this chapter significantly

advances the theory of inverse finite element methods and the scope of their appli-

cation, making finite element models more widely accepted in modelling acoustic

propagation in spaces with impedance boundary conditions.

The data-based approach represents a break-through in numerical acoustics

inverse problems: by estimating the sole material parameter required for the solu-

tion of forward acoustics problems by finite element methods, it provides the key to

developing a material database for use in virtual prototype modelling; furthermore,

it does so by re-purposing the industry standard test apparatus for impedance esti-

mation; thus, the approach may be deployed using present industrial test equipment.

Moreover, the approach allows for generic test geometries, and so, by a particular

test geometry detailed in Appendix F, extends the normal incidence method to

oblique incidence specific acoustic impedance parameter estimation.

To be explicit, the novel elements of the investigation are:

1. the development of new theory based on the inverse finite element method

model in formulating interior equations and boundary conditions to advance

knowledge in room-acoustic modelling,

2. the application of Bayesian based inverse finite element theory to broadband

acoustic test apparatus design and analysis, which statistical energy analysis,

geometrical acoustics and dimensionally reductive transfer-function methods

cannot accomplish,

37
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3. the assessment of computational efficiency and accuracy, advantages, and lim-

itations of the Bayesian-based inverse finite-element-model with respect to

transfer-function analysis, diffusion/transport equation models, geometrical

acoustics models,

4. the extension of such theory to angle dependent specific impedance.

This chapter concerns items 1, 2, and 3. The rest of this chapter has the fol-

lowing structure: first the governing differential equations which describe acoustic

propagation in the regime of interest are positioned within a minimal residual for-

mulation to derive a “weak” form integral equation representation appropriate to a

finite element approximation. Boundary conditions particular to the test apparatus

of interest are developed to complete the mathematical model; these include sound

hard, impedance, and fully absorptive boundaries. A Bubnov-Galerkin approach

[101] casts the continuous problem into a finite element approximation. The pa-

rameter estimation inverse problem is then described within an optimization theory

context. Finally, a Bayesian Network-based search algorithm (modified from [118]

is detailed which provides both:

1. a best estimate of the parameter of interest based on experimental data,

2. an estimate the distribution of the objective function in order to describe the

confidence of the inversion in the best estimate.

3.2 Theory of the Domain

As remarked in Chapter 2, the physical model for the domain relies on the

assumptions:

1. The fluid domain of interest, air, is inviscid, compressible, and governed by an

adiabatic gas law.

2. The physical principles of conservation of mass and momentum hold, i.e. Eu-

ler’s equations hold.
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3. Finally, it is assumed that acoustic wave propagation in the fluid may be

described completely by a scalar velocity potential, which is to say that forces

present are irrotational.

These assumptions are typically joined with assumptions surrounding the energy

and frequency ranges of analysis:

1. Sound pressure levels are held within a limited range of the static pressure

(∼ 120 dB re 20μ Pa), so that non-linear effects from explosive events are

prohibited.

2. Frequencies are limited to those below which friction between air molecules

dampens oscillation.

3. The volume considered is small so that volume dissipation may be assumed

near zero.

Given these assumptions, the linear wave equation fully describes sound propagation

in the time domain within the medium:

[
∂t2 − c2Δ

]
φ(t, �x) = 0. (3.1)

Transforming both sides of Eq. 3.1 by application of the Fourier transform:

F (ω, �x) ≡
∫ ∞

−∞
f(t, �x)e−iωt dt, (3.2)

allows reduction to the Helmholtz equation:

[
Δ+ k2

]
Φ(ω, �x) = 0. (3.3)

The time harmonic acoustic wave equation in the presence of forcing is the inhomoge-

neous Helmholtz equation for a scalar velocity potential φ(X). On a parameterized
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domain this equation has the form:

⎧⎪⎪⎨
⎪⎪⎩

Δφ(�x) + k2φ(�x) + f(�x) = 0, X ∈ Ω

�x = (x(τ1), y(τ2), z(τ3)) , 0 ≤ τ1, τy, τz ≤ 1.

(3.4)

The domain of interest, the impedance tube, may be described as a paralleliped

with a source located at one end, a surface patch/point on x = x(τ1 = 0), and a

material under test located at the other end, wherever x = x(τ1 = s1).

To derive a weak form, a weighting function is introduced against which the

elements of the equation are integrated over the domain. Applying the Divergence

theorem [119] allows for the introduction of mixed boundary conditions, of which

there are four: Dirichlet (g), Neumann (h), impedance (z), and absorbing (a).

Δφ+ k2φ+ f = 0, (3.5)

∫
Ω

wΔφ dΩ +

∫
Ω

wk2φ dΩ +

∫
Ω

wf dΩ = 0, (3.6)

∫
Γ

w∇φ · ν dΓ−
∫
Ω

∇w · ∇φ dΩ +

∫
Ω

wk2φ dΩ +

∫
Ω

wf dΩ = 0, (3.7)

∫
Γg

w∇φ · ν dΓ + ∫
Γh

w∇φ · ν dΓ + ∫
Γz

w∇φ · ν dΓ + ∫
Γa

w∇φ · ν dΓ

− ∫
Ω
∇w · ∇φ dΩ +

∫
Ω
wk2φ dΩ +

∫
Ω
wf dΩ = 0,

(3.8)

where Eq. 3.5 is the Helmholtz equation, w in Eq. 3.6 represents a weighting func-

tion, Eq. 3.7 introduces the Green’s identity and Eq. 3.8 the boundary conditions,

ν is the unit length normal at the boundary surface, and the “overbar” indicates

the use of the conjugate for description of fields in complex exponential notation. A

template for this general process as it relates to the finite element method in general,
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and acoustics problems in particular may be found in [101, 32], respectively.

3.3 Boundary Conditions

For an impedance tube, essential boundary conditions exist where the source is

applied. Anticipating a Bubnov-Galerkin method [101], in which weighting functions

satisfy homogeneous essential boundary conditions, and trial functions that satisfy

the non-homogeneous essential boundary conditions, the first term of the integral

equation Eq. 3.8 may be removed.

Natural boundary conditions exist for all sound hard walls. The natural

boundary condition is trivial, i.e. ∇φ · ν = 0; this removes the second term in

the integral equation Eq. 3.8. Impedance boundary conditions exist at the material

under test. This boundary condition may be summarized on the surface by some

normal specific impedance:

Z =
ikZ0φ

∇φ · ν , i.e. ∇φ · ν = ikZ0φ

Z
, (3.9)

where the fluid specific impedance Z0 = ρ0c, with ρ0 the fluid static density, and c

the speed of sound in the fluid.

With respect to the forcing function, if the source is tested in an anechoic

chamber, exact data may be provided for the Dirchlet boundary condition as well

as for the forcing on points in the domain. Thus a tested source, whose phase and

amplitude are characterized according to some finite set of measurements, would

have to be modelled, perhaps most easily by some ideal monopole distribution, for

which any forcing function may be written as the superposition of fundamental

solutions to the homogeneous equation, namely:

f(r) =
N∑

n=1

An
e−ikrn

4πrn
,= δ(rn), (3.10)

where An represents an amplitude, and rn the distance from the monopole source

to the point of interest. For wavelengths longer than that of the source aperture

width, the use of a single such point source (i.e. δ-function may be sufficient.
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3.4 Finite Element Formulation

For the fluid domain, using a Bubnov-Galerkin formulation for the problem

one seeks a finite approximate solution φh drawn from a space of functions whose

members satisfy the non-homogeneous boundary conditions, and weighting functions

wh drawn from a test function space whose members satisfy homogeneous boundary

conditions, to satisfy:

A(wh, φh) = L(wh),

where A(wh, φh) ≡ 〈∇wh,∇φh〉Ω − k2〈wh, φh〉Ω − 〈wh, ikZ0

Z
φh〉Γz ,

L〈wh) ≡ (w, f〉Ω,

and 〈·, ·〉Ω is the L2 inner product
∫
Ω
uv dΩ.

(3.11)

Furthermore, the Bubnov-Galerkin method requires that the same shape functions

are used for both the weighting and trial functions, so that the space of finite

solutions may be decomposed as the union of the two non-overlapping spaces, so

that the inner product may be rewritten as:

a(wh, vh) = 〈wh, f〉 − a(wh, gh),

where a(ξ, η) ≡ 〈∇ξ,∇η〉Ω − k2〈ξ, η〉Ω − 〈ξ, ikZ0

Z
η〉Γz .

(3.12)

The weighting functions and the trial functions may be approximated by a

sum of linear, quadratic, etc. shape functions Ni:

wh = biNi, {Ni ∈ NA | NA(Γg) = 0},

φh = diNi + gjNj, {Nj ∈ NB | NB(Γg) = 1},
(3.13)

appropriate to the nature of the curvature of the solution in the element, or desired
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convergence rate [101]. When the weighting and trial functions are approximated

by polynomials, the integrals may be calculated exactly according to a Gaussian

quadrature.

Choosing to approximate the solution with shape functions reduces the inner

products of Eq. 3.11 to a matrix in the case of A(wh, φh), and a vector in the case of

L(wh). The former is the “stiffness” matrix (typically denotedK,), and is comprised

of two real valued components for each entry over the domain, and a complex valued

component for any nodes of an element that has nodes on an impedance boundary.

The latter is the “forcing” vector (typically denoted F), and as per Eq. 3.10, will be

complex. As a last subtlety, the Dirichlet boundary conditions are known solution

values, and so the matrix system may be reduced in dimension, and the matrix

operations on these values moved to the right hand side. Thus the unknowns are

the field values at the nodes (typically denoted d). These thee together comprise

the matrix equation:

Kd = F. (3.14)

3.5 Inverse Problem

The inverse problem is to determine the impedance of the material from the

solution data. In the inverse problem with full data (at all elements’ nodes) d,F

are the knowns, and K the unknown in Eq. 3.14. Really, only some elements of

the stiffness matrix are unknown: they comprise elements whose boundary includes

the material under test. Of these elements, only a portion of the stiffness matrix

elements corresponding are unknown: the portion that contains terms of the type

− ikρ0c
Z
. Thus, if the full data are known, the real symmetric component may be

decoupled leaving a reduced set of equations to be solved. In a one dimensional

case, this set has a single unknown and may be solved by simple division after the

decoupling. In higher dimensional cases the system is still relatively straightforward,

though larger problems of general geometries may require reliance upon an incom-

plete Cholesky factorization preconditioning Krylov subspace method [120] since

the stiffness matrix will have complex off diagonal terms. For the regular geometry

under investigation, a Cartesian discretization that is regular in both cross axial
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dimensions results in a well ordered stiffness matrix.

3.5.1 Projection Problem

In general, data are only collected at a subset of solution points. In the direct

problem, these would be considered as known components, i.e. points designated by

Dirichlet boundary conditions. In the inverse problem, the data collected at a subset

of solution points represent a check on the solution for any ansatz (guessed) value

for the impedance of the material under test. Thus the best solution minimizes the

residual on the subset; in other words, the practical inverse problem is a projection

problem derived from the discrete problem. The optimization (projection) problem

may be stated as:

find Z (3.15a)

to minimize ||dobserved − dpredicted|| (3.15b)

subject to K(Z)dpredicted = F. (3.15c)

In the language of optimization theory and practice, the function to minimize is

termed the “cost” function, and the conditions to which the domain of search must

conform termed “constraints.”

While it is not immediately clear that uniqueness is guaranteed for the projec-

tion problem, methods exist to seed the optimization process for certain frequencies:

e.g., for frequencies between something near the fundamental of the tube (i.e. with

half-wavelength on the order of the tube length), and the fundamental of the short-

est cross-sectional dimension, a plane-wave assumption is admissible, owing to the

waveguide geometry. For such frequencies a transfer function analysis is valid. Data

gathered for an inverse finite element formulation may be analyzed according to

the transfer function method to provide a seed to the optimization process with

regard to the material impedance. For frequencies above this range, data from a

smaller tube may be provided, or, the optimization process may be seeded by some

extrapolation on the data for the plane wave frequency range.
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3.5.2 Forcing as a Nuisance Parameter

The scope of the inverse problem may be expanded further to try to establish

the nature of the source in the absence of anechoic source test data. Assuming a

source model, such as a single monopole2, the real and imaginary components of the

source (termed P0) may be added to the optimization variable space. Then the norm

of the difference of the solution pressures observed in the data and those predicted

by the FEM solution to the forward problem given ansatz values for both P0, Z is

to be minimized. The optimization problem with source as nuisance parameter may

be stated as:

find Z, P0 (3.16a)

to minimize ||dobserved − dpredicted|| (3.16b)

subject to K(Z)dpredicted = F(P0). (3.16c)

The one-dimensional impedance parameter estimation problem from the pilot

study [38] actually included forcing nuisance parameter and was solved by seeding

a simplex search method [121] with perturbed TFM estimated impedance values.

3.5.3 Regarding the Constraint

The constraint to which the optimization problem is subject is linear in d,

and may be stated explicitly as dpredicted = K(Z)−1F(P0). Thus the optimization

problem statement may be condensed to:

find Z, P0 (3.17a)

to minimize ||dobserved −K(Z)−1F(P0)||. (3.17b)

Remembering that the matrix formation (involving integrals) is non-linear in Z

reveals the optimization problem to be non-linear in Z as well. The same is true

for P0. Of the two optimization problem formulations, Eq. 3.16 is perhaps to be

preferred since it preserves most transparently the relation of the inverse to the

2An assumption admissible up to wavelengths on the order of the dimension of the source
aperture into the impedance tube.
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forward problem.

3.5.4 Stiffness Matrix Decomposition

As noted in Section 3.4 every element of the spatial discretization is subject

to the differential equations for the fluid domain. The stiffness matrix components

(and right hand side (RHS) vector components) that result are real valued. Some

elements are subject to the boundary conditions. The matrix components (and

RHS components) that result are complex valued. Thus, the stiffness matrix may

be decomposed as:

K = K1 +K2(Z). (3.18)

The first submatrix is tri-diagonal in 1-D, banded with five non-zero bands of band-

width dependent upon discretization for a 2-D Cartesian grid, and banded with

seven non-zero bands of bandwidth dependent upon discretization for a 3-D Carte-

sian grid. The second sub-matrix is not of full rank, sparse, and non-zero only in

the subset of the locations for which the node lies in an element with an impedance

boundary. While not the case for a general geometry, the sparseness of the stiffness

matrix and sparser decomposition may be exploited for computational efficiency.

3.5.5 Search Methods in Detail and the Benefits of Bounds

For local searches wherein the optimal value is near to the value which begins

an iterative search, the cost function is often posited to behave nearly quadratically,

so that the cost function gradient, if properly estimated, points along a direction

that improves a subsequent candidate solution. This can be seen in the pilot study

[38], where a priori knowledge is quite good. However, if a priori knowledge is

inaccurate or absent, the search may not converge, or else find local optima, but not

a global optimum. Thus, local search methods for data-based problems require both

quality a priori knowledge and bounds on the search domain that are conservative

in proportion to the noisiness of the cost function.

Global search methods may be of several types. In the broadest sense, ap-

proaches are either deterministic or stochastic. Deterministic approaches may be

used when the relation of the cost function to the candidate solution is well under-
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stood.3 Probabalistic methods tend to employ heuristics to determine how previous

search results may inform future searches. Multiple heuristics may be combined into

a meta-heuristic. Evolutionary Computation, for example, is of a class of proba-

bilistic meta-heuristics in which a set of multiple solution candidates are iteratively

refined. In particular, the base heuristic is population evolution, in which candidates

of better “fitness,” i.e. maximal or minimal cost, depending on the particular opti-

mization problem, survive truncation of the population or randomized tournament

selection, either in exact or in modified form as “parents” of the next iteration of

candidate solutions. The second heuristic is that which determines the “offspring”

of the “parents.” In a single heuristic method, following the population evolution

metaphor, the parents may mutate or transpose sections of their genes with one an-

other to produce offspring gene strings. This näıve genetic algorithm heuristic was

combined with a deterministic method (Quasi-Newton) by Anderssohn and Marburg

to first isolate the locality of the potential global maximum by setting a tolerance

for convergence of the population and then searching locally on the nearly quadratic

function for the local optimum [32].

The choice of sequential heuristics, population evolution by truncation and mu-

tation/transposition, followed by deterministic solution was appropriate given that

the problem was simulation-data based, the global optimum was known and exact

data provided. In the presence of noise resulting from real world measurements,

and with a lack of a priori information regarding the fitness function’s behavior

with regard to the parameters of interest, such a meta-heuristic may be not only

inefficient, but ineffective, since the actual fitness function will be “peaky,” a point

conceded by [32].

The “peakiness” of the cost function, due to noise in measurements, will limit

the efficiency of the näıve genetic algorithm global search and make problematic

the choice of tolerance of convergence prior to the execution of local search. These

problems include more conservative truncation of the candidate solutions in the

selection of “parents,” and greater mutation/transposition, to maintain viability

of a global optimum contained within a narrow peak. Furthermore, “peakiness”

3The Quasi-Newton methods of local search (described in detail in [38]) require a bounding of
the domain to a region wherein the cost function is reasonably well understood.
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renders local search more difficult, as search steps grow shorter in the presence of

fitness “valleys,” and as more prevalent local optima prematurely truncate search.

Thus, either exhaustive search must be conducted, or else stochastic search

may be used and from sampling the overall candidate solution population, assess

not only a best found solution, but create an estimate of the distribution of the cost

function, allowing for an estimate of the most likely best fit candidate solution as

well as some measure of a neighborhood size and shape about that best candidate

which satisfies some acceptable confidence level.

Algorithms which search for an estimate of distribution are called estimation

of distribution algorithms (EDA) and may be used as the second heuristic within an

evolutionary computation algorithm. To understand why complex stochastic search

algorithms are favored over exhaustive search, it is necessary to investigate the size

of the problem of interest. Considered in its proper finite arithmetic setting, the

parameters of interest are in fact represented by a pair of 64 bit binary strings [122],

one for the real component and one for the imaginary component of the specific

acoustic impedance. The first bit indicates the sign of the number, the next 11 bits

represent the exponent of the factor 2exponent which is biased −1023 and multiplies
the 52 fraction following an implied 1.. The exponent has a bias of 1023 so that at

its approximate central value it can represent a power of 0, and can represent very

small and very large numbers.

A search for the best pair of double precision complex numbers, each repre-

sented by a pair of 64 bits, requires the solution of the 2256 linear algebra problems

suggested by Eq. 3.16. The cost in time is prohibitive. If the domain could be

sufficiently truncated, then perhaps exhaustive search would be possible on an ac-

ceptable time scale. A priori knowledge of the impedance profiles of the materials

investigated, precision of the instrumentation, and an estimate of the sound pressure

levels for the source could provide domain of search truncation limits for the param-

eter of interest (specific acoustic impedance) and the nuisance parameter (monopole

source pressure) respectively.

In the case of non-meta materials, the real component of the impedance, the

resistance of the material, may be expected to be positive. This restriction cuts the
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full solution by a factor of 2 to 2128 candidates. If measurements for the observed

decimal pressures are made to within some number of significant figures, and the

precision of those instruments well understood, then minima may be established

for the magnitude of the parameter of interest and nuisance parameter. Further-

more, if the total sound pressure for the source is roughly known, even to within

a few decibels, then a maximum may be established for the nuisance parameter.

Finally, as shown in Chapter 2, some material specific acoustic impedance profiles

are sufficiently well understood to approximate magnitude bounds may be applied

by restricting the values of the exponent bits of each number’s binary representa-

tion. For double precision, the exponent represents 11 of the 64 bits. For example,

bounding a number to range from 1−5 to 15 requires slightly more than 5 orders

of magnitude in bits. Conservatively then, 6 bits of would be used to represent

the range of possible exponents. In the problem of interest, if such a bound were

applied to all variables, the number of candidate solutions would shrink by a factor

of 2(11−6)·4 to 2234 candidates.

The small relative impact of such prior knowledge is due to the desire for pre-

cision. The fractional component of the binary representation of a double precision

number represents 52 of the 64 bits. A greater reduction would be offered by re-

striction of the candidate solutions to a lower precision. Single precision numbers

are composed of 32 bits, of which 8 are dedicated to the exponent. The reduc-

tions described above would result in a candidate solution pool of 2116 candidates.

Whichever the case, domain bounds are helpful, but still do not make direct solution

tractable. The search domain for the fraction could be limited further still if the

measurement precision were used as a guide. For the largest magnitude exponent,

the fraction could be limited to some subset of the 52 bits to guarantee that the

number of significant figures is maintained. Given that instrument precision has not

yet been ascertained, such a truncation of the search domain, though desirable, is

premature.

Considering the problem in a binary representation has prepared bounds that

are appropriate to representations of candidate solutions as “gene strings” for evo-

lutionary computation. The first “gene” for sign of the binary representation of a
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number may be fixed for the impedance of materials of roughly known profile. The

exponent “genes” may be biased to obtain the minimal bound and limited to a num-

ber of bits of freedom to span to the upper bound. In such a way one can map from

the continuous number space directly into the gene space. Thus the optimization

problem with bounds may be redefined as:

find Z, P0 (3.19a)

to minimize ||dobserved − dpredicted|| (3.19b)

subject to K(Z)dpredicted = F(P0) (3.19c)

Zmin < Z < Zmax (3.19d)

P0 min < P0 < P0 max, (3.19e)

where the last two constraints are component-wise. Formulating the general con-

straints above directly with genetic constraints:

find Z̄, P̄0 (3.20a)

to minimize ||dobserved − dpredicted|| (3.20b)

subject to K(Z)dpredicted = F(P0) (3.20c)

Z̄real(1) = 1 (3.20d)

Z̄real min(2 : 64) < Z̄real(2 : 64) < Z̄real max(2 : 64) (3.20e)

Z̄imag min(2 : 64) < Z̄imag(2 : 64) < Z̄imag max(2 : 64) (3.20f)

P̄0 real min(2 : 64) < P̄0 real(2 : 64) < P̄0 real max(2 : 64) (3.20g)

P̄0 imag min(2 : 64) < P̄0 imag(2 : 64) < P̄0 imag max(2 : 64). (3.20h)

If by prior knowledge about the material specific acoustic impedance profile

and source pressure as well as measurement precision the search domain may re-

stricted to some subset of bits of of the exponent and fraction, this expression clearly
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may be modified for more specific constraints on the minimal and maximal values

of search for the parameter of interest and nuisance parameter to something of the

form:

find Z̄, P̄0 (3.21a)

to minimize ||dobserved − dpredicted|| (3.21b)

subject to K(Z̄)dpredicted = F(P̄0) (3.21c)

Z̄real(1) = 1 (3.21d)

Z̄real min(2 : N) < Z̄real(2 : N) < Z̄real max(2 : N)) (3.21e)

Z̄imag min(2 : N) < Z̄imag(2 : N) < Z̄imag max(2 : N)) (3.21f)

P̄0 real min(2 : N) < P̄0 real(2 : N) < P̄0 real max(2 : N)) (3.21g)

P̄0 imag min(2 : N) < P̄0 imag(2 : N) < P̄0 imag max(2 : N)), (3.21h)

where 2 ≤ N ≤ 63. (3.21i)

In the case of Eq. 3.19, constraints require additional auxiliary Lagrange

multiplier variables in an active set solution to local search. In the case of Eq. 3.20,

the constraints now support solution within a truncated binary representation, or

genetic domain. It is this latter form of the optimization problem for which an

efficient evolutionary computation meta-heuristic is proposed and implemented.

3.6 Selected Search Method

Now that the inverse problem of parameter estimation is well defined, placed

in an optimization framework to provide a cost function to minimize, subject to a

non-linear constraint (the direct problem for ansatz values of P0, Z) and bounded

to limit search to realistic parameter values, a meta-heuristic to solve the problem

efficiently and to provide a measure of confidence in the solution put forth must be

tailored. Based on Section 3.5.5, it is argued that problem size makes probabilistic

search necessary; furthermore, data based noise, which corrupts the cost function,

produces traps whereby Quasi-Newton or other local search methods are inappro-
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priate. The representation of candidate solutions as bits specifying sign, exponent

and fraction allows for direct implementation of genetic algorithms. Furthermore,

such a representation allows for exploration of candidate solutions which vary with

equal probability in gross scale (exponent) and fine scale (fraction), without loss

of precision. Declaring the sign bit as fixed, and declaring minimal and maximal

exponent bounds allows for quick adaptation of realistic search bounds.

Determination of a best parameter estimate by genetic algorithm may be ac-

complished by any number of means. To determine a confidence in the best param-

eter estimate requires a genetic algorithm that develops a best estimate of distri-

bution simultaneously. This estimate of distribution should not be biased by prior

knowledge, but rather should be developed strictly according to the data.

The bits which comprise the binary representation of the candidate solution

may have causal relationships. For example, it may be that candidate solutions of

the proximal magnitude have proximal fitness. It may be that data noise limits

precision of parameter estimate, so that low end components of the fraction of the

binary representation are independent. A search algorithm should seek not only to

identify the best string of 0’s and 1’s, but also the structural relationship of the bits.

Figure 3.1: Acyclic oriented graph. Note that variable 4 does not com-
plete the cycle begun by variable 3. Note also that other smaller cycles,
even individual variables may exist, i.e. not all variables are linked in a
single graph.

The logical candidate for defining a structural relationship is an acyclic ori-

ented graph such as pictured in Fig. 3.6. Such a graph posits a directed (hence
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oriented) relationship between variables (bits, genes). Two variables may be inde-

pendent of one another, or one (the child) may depend on the other (the parent).

The relationship is not causal, but can used in assigning probability to the state

of any variable (0, 1). The probability of a particular variable string (candidate

solution) Z̄ = (Z̄1, . . . , Z̄N) is given by:

p(Z̄) =
N∏

n=1

p(Z̄n |Πn ), (3.22)

where Πn is the set of parents of Z̄n, i.e. variables with an edge ending in Z̄n. This

requires a set of conditional probability tables specifying the conditional probability

for each variable given the state of its parent variables. Together with the structure

of the acyclic oriented graph, these parameter tables form a Bayesian Network.

From a Bayesian Network, an estimation of distribution may be constructed

from calculation of all candidate solution’s observed frequency. To accurately es-

timate the distribution, therefore, it is required to determine both the structure

of the network, and its parameters (conditional probability tables). This suggests

an optimization problem within the optimization problem. Once the network is

determined, the parameters may be estimated by iterating through each cycle in

the acyclic oriented graph, and developing a complete population starting with the

univariate probability of the root nodes and proceeding along the directed graphs

associated with the rot nodes according to the conditional probability tables.

To determine the network structure for a given population requires exhaustive

search, as one seeks to maximize the marginal probability of the belief network B

given the data D. According to Bayes’ Rule, this marginal probability is given by:

p(B|D) = p(B)p(D|B)
p(D)

. (3.23)

To be more explicit about the probability for the Bayesian Network, the marginal

probability is given by:

p(B|D) = p(B)

p(D)

∫
θ

p(θ|B)p(D|B, θ)dθ, (3.24)
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where the integral over θ is the integral over all possible assignments of the condi-

tional probabilities in B.4 An exhaustive search, however, is infeasible for reasons of

problem size. Rather, if reasonable assumptions are made, a metric may be selected

and a corresponding search algorithm proposed which is sufficient for a broad range

of difficult optimization problems, including ones with traps of certain variable block

sizes [123].

A metric should answer two goals:

1. The metric should posit a distribution so that the conditional probability of

the structure given the data may be found in closed form,

2. The metric should provide limit structure complexity.

The distribution should be flexible enough to accommodate the problem of interest

and the form of its representation. The second goal encapsulates both the principle

of Occam’s razor: that simpler explanations tend to be better, and the priniciple

the selection process for candidate solutions is “coöperative,” and that the entire

process is iterative, i.e. that a reasonable network is more efficient than a perfect

network.

If parameters associated with each variable are independent, and parameters

associated with each instance of the parents of a variable are independent, and

parameters associated with a variable depend only on the variable and its parents,

then if the data may be assumed complete (they are not in a full population sense,

but are in a sample sense), then a distribution may be proposed: the Dirichlet

distribution with an uninformed prior.

The Dirichlet distribution is a multivariate generalization of the beta distri-

bution. As a probability distribution, it has a density function given by:

f(Z̄1, . . . , Z̄N ; β1, . . . , βN) =

N∏
n=1

Γ(βn)

Γ(
N∑

n=1

βn)

N∏
n=1

Z̄βn−1
n . (3.25)

4The probability p(D) may be removed from the expression since it is common to all marginal
probability evaluations of the belief network.
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An uninformed prior specifies that the parameter vector α be uniform. This distri-

bution is reasonable as it bases probability strictly on instance counts and is true

to the nature of the generation of new candidate solutions once the network and

parameters are established. The Bayesian Dirichlet metric, assigns a score to a belief

network B according to:

BD(B) = p(B)
N∏

n=1

∏
Πn

Γ(m′(Πn))

Γ(m′(Πn) +m(Πn))

∏
Z̄n

Γ(m′(Z̄n,Πn) +m(Z̄n,Πn))

Γ(m′(Z̄n,Πn))
,

(3.26)

wherem(Πn) is the number of instances of the parents of Z̄n, m(xZ̄n,Πn) is the num-

ber of instances of Z̄n and parents Πn of Z̄n, primes such as m
′ denote prior informa-

tion. The probability p(B) may be used to weight the metric towards structures of a

certain type. For the “K2” metric, an uninformed prior regarding instances is imple-

mented, i.e. m′(Z̄n,Πn) = 1, and m′(Πn) =
∑
Z̄n

m′(Z̄n,Πn). However, to achieve the

goal of pressure to model simplicity, an informed prior is required. Its development

is particular to a basis of the structure upon manipulation of underlying decision

trees.

A decision tree is a structure consisting of a root and leaves. This structure

is the natural structure to describe conditional probability tables, but has difficulty

of modelling disjunctive functions since it requires maintaining multiple copies of

sub-trees [124]. A decision graph suitably compresses the decision tree to deal with

these disjunctive functions. A decision graph is an acyclic directed graph in which

every node except the root has one parent. A decision graph allows for a node to

have multiple parents. From the root of the decision graph, a “greedy” search algo-

rithm traverses the graph and considers two operations: the first splits the variable

according to its state, and the second merges a split. The split action corresponds

to dependency addition and so may result in edge addition in the Bayesian Net-

work structure, so long as the acyclic nature of the structure is preserved. The

merge operation corresponds to the creation of an independence, which may result

in edge subtraction. The split or merge which most improves the complexity pe-

nalized modified “K2” Bayesian Dirichlet metric for decision graphs, recommends a

graph operator to be applied to the network graph, meaning that an edge is added
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or subtracted, so long as the graph remains acyclic. The decision graph which rec-

ommended the change is updated and metrics for the operators updated as well.

This process is repeated until no operator can be found to improve the Bayesian

Dirichlet metric.

Without the prior of B that helps maintain model simplicity, the Bayesian

Dirichlet metric may be adapted to the decision graph by computation of:

BD(B) = p(B)
N−1∏
n=1

∏
l∈Ln

Γ(m′(n, l))
Γ(m′(i, l) +m(i, l))

∏
xn

Γ(m′(xn, , n, l) +m(xn, n, l))

Γ(m′(xn, n, l))
,

(3.27)

where Ln is the set of leaves, m(n, l) is the number instances of data that end up

the traversal of the decision graph with root Z̄n in leaf l, m(Z̄n, n, l) is the number

of instances that have the variable Z̄n with state Z̄n that end up a traversal of the

tree in the leaf l. Finally, simpler networks may be produced by providing that:

p(B) = 2−
log2(N)·∑n |Ln|

2 , (3.28)

where the exponent is a closed form expression that describes the size of a network

of N bits.5

The advantage of the metric is that the computation necessary for the eval-

uation of an operation on the belief network is the same needed to calculate the

conditional probability tables necessary for generating new instances, i.e. the next

generation of candidate solutions. The resulting acyclic oriented graph provides a

list of variables whose new instance states may be calculated according to univariate

frequency, as well as a map of dependencies and tables to determine states accord-

ing to conditional frequencies. The primary disadvantage of the search is that it

is serial, and represents a bottleneck in the parallelization of the optimization rou-

tine. A second type of simplicity constraint which limits the bottleneck is a limit on

network depth. This stops a “greedy” search considering chains of relations among

variables from reaching a certain size. It may be thought of a Heavyside cofactor to

the prior of B, one which has compact support.

5Typically a constant factor is required on the right hand side of Eq. 3.28 to normalize the sum
of all priors to 1 [125].
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3.6.1 Selected Search Algorithm

The full search algorithm for the solution to the inverse problem may be made

explicit:

1. Specifying an initial population size, a set of candidate solution binary strings

is generated with uniform probability for the state of each bit.

2. Each string is mapped onto a pair of complex numbers, one for the nuisance

parameter which is the source pressure, and one for the parameter of interest,

which is the impedance of the material under test.

3. The forward problem FEM representation is solved for the predicted field pres-

sures at all locations and the data gathering locations’ predictions extracted.

4. The 2-norm of the difference of the prediction and data is calculated to repre-

sent the fitness of the candidate solution.

5. The top half of the candidate solutions are selected to continue into the next

generation.

6. A Bayesian Network is generated to estimate the distribution of the candidate

solutions.

7. The Bayesian Network is then traversed from roots to leaves to populate each

vacated candidate solution.

8. This process is repeated until a maximal number of iterations has been com-

puted or the univariate frequencies of all candidate solution bits agree within

some tolerance.

The product of such a search consists not only of a best candidate solution

by the processes end, but a record of the fitness of all candidate solutions for each

generation, as well as Bayesian network for each generation. Thus, at the completion

of the optimization process, an analysis of the search may be conducted to provide

confidence levels regarding well searched and poorly searched sections of the search

domain.



CHAPTER 4

EXPERIMENTAL PROCEDURE, DATA AND ANALYSIS

4.1 Extension of Impedance Tube Construction

As detailed in the previous chapter, an inverse finite element formulation ap-

proach to the determination of acoustic specific impedance is applicable to a general

geometry. In fact, under some reasonable assumptions on geometry and observation

locations, absent nuisance parameters, the number of surfaces of constant unknown

impedance may be increased up to the number of observation locations. The indus-

try standard transfer function method, by contrast, requires a cylindrical or recti-

linear tube geometry. Since inverse finite element methods are geometry agnostic,

such analysis may be applied to the tube geometry.

If only two observation positions are available, as in the industry standard

construction, and the source strength and phase of some proposed model source are

unknown, and so described as “nuisance” parameters, whos estimation is required

but not of interest, then only one constant unknown specific acoustic impedance

surface may be evaluated. This means that the specific acoustic impedance is con-

stant over the surface. Any additional observations overdetermine the system of

equations used to find the specific acoustic impedance, by the TFM or any IFEM

method, including the BIFEM proposed in Chapter 3. The addition of a larger

number of observation points could however be used to improve confidence in the

parameter estimation. This is true for the same reason that a large number of ob-

servations at any one location improves the confidence in an estimation of the mean

measurement at that location. Thus it is recommended to add microphone positions

in as great a density as possible.

By a similar line of reasoning, a reduction in the number of unknowns in

the model increases the confidence in the estimation of the remaining unknowns.

Whereas the geometry of the industry standard transfer function method may be

modified to include an absorptive boundary (α = 1 so that the geometry further

supports the use of time bracketed signals: sine sweeps, MLS signals, or chirps) the

58
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consequence for the finite element model is to include a PML layer, which requires

a larger measurement set, increasing sources of measurement error, and a larger

nuisance parameter set by adding parameters for an absorption function for the

PML. Thus, the more favorable derivation of the industry standard geometry is to

construct the wall opposite the material under test to be a source pressure surface

(Dirichlet boundary condition) as well as a sound-hard baffle (Neumann boundary

condition).

For an industry standard geometry to support an inverse finite element acous-

tic impedance parameter estimation data analysis, the Dirichlet boundary must be

well understood. In the standard geometry, the surface is treated as a radiating

piston. In practice the surface is more often that of a paper cone driver. In the

absence of exhaustive testing of the radiation surface, the Dirichlet nodes may be

treated as nuisance parameters, as discussed in the previous chapter. The mini-

mization of such surfaces increases the difference of observation points to nuisance

parameters and impedance surface nodes. Thus it is recommended that the source

driver be coupled to a minimal aperture into the device, so that if the diameter of

the aperture be small relative to the wavelengths under consideration, the aperture

will consist of a single node, otherwise one may expect a radiation beampattern from

the source. This decreases the number of nuisance parameters to one. In this way,

a tube with two observation points is sufficient to capture the phase and magnitude

of the source and the real and imaginary components of a single constant surface

impedance once pressure data are transferred into the frequency domain.

4.2 Apparatus Design

An apparatus was designed to meet the criteria described in the Section 4.1.

A rectangular acrylic “tube” with 12 millimeters (≈ 1
2

′′
) thick walls with density

1.1892 kilograms per cubic meter was constructed [126]. The solid acrylic 1.2192

m × 0.1270 m (≈ 48′′ × 5′′) base was mounted on rubber feet to mitigate transfer

of vibration from the lab table surface to the apparatus. This base was bonded to

acrylic 1.2192 m ×0.1016 m (≈ 48′′×4′′) side walls. 0.1270 m × 0.1270 m (≈ 5′′× 5′′)

end caps were then fit to the tube. On the source end, the wall was directly bonded



60

with adhesive. The source wall contained a 9.5 millimeters (≈ 3
8

′′
) diameter aperture.

Through that aperture, the source radiation could be introduced. The source was a

paper cone driver whose metal framing rim was bonded to an acetyl annulus. The

inner annulus was in turn bonded to a brass pipe. The source construction could

then be positioned with the pipe piercing the tube aperture and resting flush at the

baffle surface. A rubber plumbing washer was introduced to mitigate the vibration

transfer from the source to the impedance tube wall.

At the material under test end 12 millimeters (≈ 0.5′′), 24 millimeters (≈ 1.0′′)

and 36 millimeters (≈ 1.5′′) depth caps were prepared. The 96 millimeters × 96
millimeters (≈ 4′′ × 4′′) material samples could be placed in the cap and the cap

tightened onto the end of the impedance tube. Since the tube was transparent, the

length of the tube from source to material under test could be measured from the

exterior without disturbing the material under test.

The top of the tube consisted of two 1.2192 m× 48 millimeters× 12 millimeters
(≈ 48′′ × 2′′ × 1

2

′′
) collar strips, creating an open channel down the top center of

the tube. Down this channel was slid a 1.8288 m × 24 millimeters × 12 millimeters
(≈ 72′′ × 1′′ × 1

2

′′
) rectangular piece of acrylic [126] with an observation aperture,

the width of this strip equal to that of the channel. Bonded to this moveable

aperture was a broader rectangular piece of acrylic [126] the same width as the

tube that continued the observation aperture. These two rectangular pieces formed

a setting for a single microphone and the attending connection hardware. The

moveable microphone aperture was longer than the tube itself, so that the central

axis of the sound field along the greater part of the tube’s length could be observed

if the direction of the top were reversed half way through a sweep of observation

locations. The top of the tube and the moveable aperture were graduated, so that

though continuous repositioning of the aperture along the tube length was possible,

specific measurement points could be revisited.

The microphone setting was made of 3-D printed plastic. It was dimensioned

precisely so that:

1. the microphone lay flush at the tube’s inner surface,

2. the setting filled the observation aperture,



61

3. a rubber washer at the juncture of the two acrylic pieces sealed the observation

aperture as well as provided vibration mitigation, and

4. the opposite side securely held a cable junction.

The dimensions of each component were considered carefully for its impact

on the quality and extent of frequency based analysis. Firstly, the choice of source

aperture has a direct consequence on the quality of transmission from the source

paper cone driver. Considered as analogous to a pair of coupled ducts, the system’s

decrease in volume flow from source tube to impedance tube creates an impedance

mismatch. Thus, from the impedance tube surface, a reflected wave will travel back

to the driver. This reflection limits the useful transmission to the tube by the factor

known as the transmission coefficient, which is proportional to the product of the

source tube radius and impedance tube width divided by their sum squared. This

means that the source must be driven with sufficient power to provide a sufficient

signal to noise ratio in the tube in order to extract the specific acoustic impedance

parameter. Overall sound pressure levels observed were on the order of 80 dB re:

20× 10−6 Pascals, preliminarily indicating sufficient transmission power broadband.

With finer granularity, given the order of magnitude difference in the source

and impedance tube widths and lengths, the system may alternatively be considered

as an open-ended organ pipe. In this case, the source tube length may affect trans-

mission. The open-ended organ pipe is known to support odd harmonics, which may

be seen by solving the one dimensional wave equation with a non-trivial Neumann

boundary condition at the source end and a trivial Dirichlet boundary condition at

the open end. The result is that impedance is near zero at odd harmonics, which

occur at fractions: 4, 4
3
, 4
5
, etc. of the effective tube length. (This effective tube

length is a function of the baffle.) Similarly, impedance is near infinite at fractions:

4
2
, 4
4
, 4
6
, etc. of the effective tube length of 24 millimeters (≈ 1′′) [127].

The actual nature of the source tube impedance tube coupling is likely some-

where between the coupled duct and open pipe. Near certain frequencies related the

source tube length, one can expect resonance or cancellation of the source pressure

generated at the paper cone surface, whereas at frequencies in between, aperture

source strength will be some fraction of the strength at the paper cone surface.
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Thus, though the broadband transmission may be sufficient to excite the tube sys-

tem, source pressure at individual frequencies may produce observations for which

source strength is on the order of measurement error, so that relative errors may

vary extremely.

In addition to the design criteria necessitated by the desired modifications

to the industry standard impedance tube geometry, many design criteria of the

standard geometry are inherited. The length of the impedance tube governs the

lowest frequency for which analysis may be conducted. Excitation of pressure waves

of wavelength longer than the tube is precluded by the power levels introduced by the

source driver. In the extreme case that the material under test end of the tube were

fitted with a sound-soft material, or indeed open, the tube would support analysis

of sound waves with wavelengths on the order of twice the tube length. However,

as the focus of this investigation is to demonstrate the ability of the inverse finite

element method analysis to extend the top end of the frequency range of operation,

a 72 millimeters (≈ 3′′) diameter source cone was chosen, so that the low end of

frequency operation of the tube is expected to be above the theoretical limit imposed

by the geometry.

In the industry standard geometry, the width of the impedance tube governs

the highest frequency for which transfer function analysis may be conducted. Given

that the wall materials of the industry standard tube are chosen to be sound hard,

the cross-axial modes are defined by trivial Neumann boundary conditions, i.e. even

harmonics. Thus, as the wavelength of the sound waves approach twice the cross-

axial dimension of the impedance tube, a one-dimensional approximation of the

sound field is no longer tenable. As discussed in the previous chapter, the inverse

finite element method of impedance estimation does not suffer from this limitation.

The upper end of the frequency range of analysis is however limited by other factors.

Firstly, frequency domain Fourier analysis requires temporal sampling at twice the

desired highest desired frequency of analysis. In point of fact this is limited by

the desire to avoid aliasing. Since the digital to analog converter [128] capturing

data was not fitted with an analog anti-aliasing filter, a digital filter was designed

which effectively limited the upper range of analysis to 0.8 times the theoretical
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limit specified by the Nyquist theorem.

Relatedly, spatial sampling must be conducted at one half the desired shortest

desired wavelength of analysis in each dimension. Whereas the temporal require-

ment is more a matter for the choice of analog to digital converter (ADC), the spatial

requirement dictates observation resolution. The issue is not fully independent of

hardware choices: the observations must be made in real space with a microphone of

non-negligible dimension. Thus, though the model is idealized to imagine point sam-

pling, the resolution of observation is limited by microphone diameter. Observation

points should be spaced at one microphone diameter from one another.

For the apparatus built, a 6.35 millimeters 1
4

′′
diameter microphone [129] was

introduced, so that observation points could be at least 6.35 millimeters 1
4

′′
apart

without overlapping. Again, this is a theoretical limit, since the finite element

method must apply some set of zero dimension nodes for which to determine values

of the solution (field pressure) and then interpolate solutions between based on the

shape functions chosen in the finite element method formulation. The nature of the

physical integration of source field pressure over the surface of the microphone may

not match that of the shape functions’, and thus it is reasonable to expect that

the upper limit in frequency of analysis will be decreased by the spatial response

characteristic of the microphone. If this property is not investigated independently,

its influence will have to be inferred from analysis of the data.

Just as the width of the impedance tube governs the highest frequency for

which transfer function analysis may be conducted, the width of the source tube may

provide a limit the highest frequency for which the inverse finite element method may

be conducted, one independent of the observation locations and microphone spatial

response. As the wavelength associated with the frequency of interest approaches

the order of the width of the tube, assuming the tube is not considerably longer

than it is wide, the sound field at the tube end will not necessarily be coherent,

and so in the model, the source will have to be introduced as a set of nuisance

parameters (i.e. complex pressure nodes in the finite element model whose real and

imaginary parts must be provided values). In the spirit of minimizing the number of

unknown parameters, an artificial upper limit for the frequency range of analysis of
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approximately 2.7 kHz was imposed for the experiments conducted in Boston, and

2.0 kHz for the experiments conducted at Rensselaer Polytechnic Institute (RPI).

Figure 4.1: Medium impedance tube schematic - L = 1.2192 m, a = 0.1016
m, b = 0.1016 m, c = 0.0889 m, d = 1.0287 m. NB: sliding microphone
aperture at top.

A schematic is provided in Fig. 4.1. Images of the realization of the construc-

tion appear in Figs. 4.3-4 and engineering drawings are provided in App. D.

4.3 Dimensional Analysis

4.3.1 Frequency Range of Operation: Lower End

As discussed above, certain tube dimensions affect the frequency range of

operation for the standard and proposed modes of impedance estimation. In the

case of stationary field transfer function analysis, the distance travelled from the

source to the material under test, i.e. length of the tube, as well as the material

impedance itself determines the lowest frequency for which the analysis may be

deemed valid. If the boundary condition at the material under test corresponds to

that of a sound hard, perfectly reflecting material, the lowest frequency of analysis

is given by:

flow, sound hard =
c

λlow, sound hard
=

c

2 · λtube 0 ≈
340

2 · 1.2192 ≈ 140Hz. (4.1)
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If the boundary condition at the material under test corresponds to that of a sound

soft, perfectly absorptive material, the lowest frequency of analysis is given by:

flow, sound soft =
c

λlow, sound soft
=

c

4 · λtube 0 ≈
340

4 · 1.2192 ≈ 70Hz. (4.2)

In the case that the material under test is passive, i.e. not a meta-material capable

of adding energy to the system, the lowest frequency of analysis for the transfer

function mode falls in between the above limits.

The inverse finite element analysis mode does not a priori constrain the low

end of the frequency range of analysis; however, the geometry of the impedance tube

limits the practical lowest frequency of operation in the manner described by Eqs.

4.1,4.2.

In any of the cases, the source itself may prove to be the active constraint on

the frequency range of analysis lower end. This constraint is a consequence of:

1. the source driver’s capability to operate at low frequencies,

2. the frequency content of the source signal.

The first, source-based constraint is fairly self evident: small drivers tend to be

poor transducers of low frequency acoustic energy. Given that the scale of the tube

constructed was modest (for expository purposes), the compromise for convenience

in this particular case may be expected to be removed were a large scale device con-

structed. For the expository case, the speaker complex frequency response function

may be determined by observation in an anechoic chamber [130], or else declared

a nuisance parameter, as described in Chapter 3. Given that the source driver is

coupled to a collar and tube, the actual driver response would prove insufficient

for positing source level and phase given only the digital input signal. Further, the

construction is not baffled at the source driver reverse, which would unduly com-

plicate response testing. Therefore, it is recommended that the nuisance parameter

approach be implemented.

The second cause is a question of signal generation. For stationary signals,

efficiency may be achieved by the introduction of a broadband signal source. Un-

colored white (Gaussian) noise or even colored (“pink”) noise serves this purpose.
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For repeatability of an experiment, when modifying microphone positions between

measurements for example, this noise should be deterministic, i.e. pseudo-random.

The effective digital construct of such a signal is the maximal length sequence re-

ferred to in previous chapters. The length of the binary word which seeds the MLS

process, and the process itself determine the length of the full signal word. Together

with the digital to analog conversion (DAC) sample frequency, the word length (M)

determines the period of the pseudo random signal, from which the lowest frequency

which the signal contains may be calculated (as the geometric inverse):

flow signal =
fsDAC
M + 1

. (4.3)

In fact, given that the signal will have a length that is one less than a power of two,

the exact frequency content may be computed from an FFT of the word padded by

a zero at the word’s end.

Assuming that for some range of the driver’s operation the response of the

speaker is linear, for convenience, the DAC sample frequency may be chosen to

match the ADC sample frequency, and MLS signal length to provide sufficient sam-

ple resolution from zero to the Nyquist frequency, i.e. minimum non-zero frequency,

as well as frequency sensing density over the desired frequency range of operation.

For the experiments conducted, the ADC and DAC sample frequency were≈ 16 kHz,

and the root MLS signal chosen on the order of 4095 samples to contain the fre-

quency range of analysis lower end constraint imposed by transfer function method

analysis for the sound-hard material under test condition, which is the most restric-

tive apparatus dimension-based constraint. This signal was then looped to provide

sufficient length for recording 100 independent responses in order to use incoherent

summation to increase signal to noise ratio against transient noisy phenomena such

as airborne truck noise from the street below.

4.3.2 Frequency Range of Operation: Upper End

For the transfer function mode of analysis, the tube width typically governs

the highest frequency of the range of operation. As explained in Chapter 3, it

is the plane wave assumption that requires that the cross-sectional dimension be
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small relative to the wavelength. The propagation model for the transfer function

method which provides the prediction in phase and level of a reflected field given

impedance of the material under test and the phase and level of the incident field

relies explicitly that all fields exhibit one dimensional modal behavior. Once the

wavelength approaches the order of the cross-sectional dimension(s) of the tube, the

wave fronts propagating from the source will exhibit curvature, as will reflections

and ultimately the steady-state sound field, in other words, cross-axial modes will be

excited. For the tube constructed, the cross-axial dimension (a) was 96 millimeters,

(≈ 4′′). At a sound speed on the order of 340 meters per second, the upper frequency

limit for the impedance tube from the transfer function method is given by:

fhigh TFM =
c

2 · a ≈ 3402 · 0.096 ≈ 1.8 kHz. (4.4)

The inverse finite element analysis method does not similarly constrain the

upper end of the frequency range of operation for the impedance tube. The inverse

finite element method is however constrained by concerns related to the measure-

ment resolution. Comparable to the temporal sample frequency there is a spatial

sample frequency, or spacing. The minimum wavelength which one can resolve is

twice the interstitial distance between measurements. The resolution of the spacing

of measurements for a continuous sliding aperture is theoretically without limits,

however, the microphone itself has non-trivial diameter.

As remarked above, the microphone employed for this exposition was 6.35

millimeters (1
4

′′
) in diameter, and so sampling resolution was limited to 6.35 mil-

limeters (1
4

′′
). Thus, to avoid spatial aliasing, the spatial resolution is limited to

6.35 millimeters (1
4

′′
). For sound speeds on the order of 340 meters per second,

the associated frequency of such sound waves is in excess of the temporal sample

frequency by a factor of more than 3. Thus the DAC Nyquist frequency bounds

the method absolutely. If, more conservatively, one wishes to oversample spatially,

related to questions of elements per wavelength, on the order of 10 observations to a

wavelength to coincide to 10 elements per wavelength, then the conservative IFEM
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upper frequency limit is given by:

fhi IFEM conservative =
c

10 · 0.0127 ≈ 2.7 kHz. (4.5)

For an aggressive observation per element count of 6, the IFEM upper frequency

limit would be:

fhi IFEM aggressive =
c

6 · 0.0127 ≈ 4.5 kHz. (4.6)

The issue of elements per wavelength is best guided by study of [131].

Finally, as discussed above, limiting the number of nuisance parameters by

restricting the source surface nodes in the model requires an assumption of phase

coherence of the incident pressure at the source aperture. This in turn requires a

plane wave assumption for the source tube, i.e. that the wavelengths of analysis are

bounded above by those twice that of the source tube diameter. However, since the

source tube used had a diameter of ≈ 9.53 millimeters (3
8

′′
), the upper limit imposed

by the source tube was above that of the temporal Nyquist frequency.

It should be noted that fluctuations in temperature and relative humidity affect

sound speed [132], and that variations in thickness among the various materials

tested may have lengthened or shortened the fluid domain of the tube somewhat,

so that actual operational frequency limits varied from experiment to experiment,

even observation to observation. An analysis of actual frequency constraints follows

the presentation of temperature, humidity, and sound speed plots in Figs. 4.13-14.

4.4 Signal Block Diagram

With respect to the electrical components, Fig. 4.2 provides a signal block

diagram level description. The photographs of Figs. 4.3-4 provide views of the

implementation of the signal block architecture.

4.4.1 Component Details

The “Experiment Scheduler” and “Signal Generator” blocks were performed

by a PC (Dell Dimension 8100 [133], Dell Optiplex Gx270 [134]) running Mat-

lab software in the 32 bit Windows XP operating system environment in Boston,
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Figure 4.2: Signal block diagram.

Figure 4.3: Signal block implementation and environment - Boston.

and the advisor’s proprietary MaxSense signal generation and response gathering

software at Rensselaer Polytechnic Institute. The experiment schedule (sample in-

put outlined in Appendix C.1) consisted of a lookup table of tube measurements

(length, width, height, material depth), environmental measurements (temperature,

relative humidity), clerical measurements (date, time), signal parameters (number

of measurements at a single observation location) and DAC parameters (sample fre-
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Figure 4.4: Signal block implementation and environment - RPI.

quency) which were entered manually just prior to running the experiment. From

these measurements and parameters, some observed just prior to runtime, an MLS

signal length was chosen for the signal in Boston, and sine sweep at RPI. Despite

the fluctuation in environmental parameters this value was stabilized by making it

a next larger integer size that was a power of 2 (for FFT convenience). The test

signal was then constructed and sent to the DAC.

The “Digital to Analog Converter” block was performed by a National Instru-

ments pci6052e PCI card [128] in the PC in Boston , and pci6120 PCI card [135]

in the PC at RPI with a proprietary breakout box (BNC-2110) [128] for cabling. A

standard BNC cable was connected at an analog out terminal to send the converted

digital signal as analog voltage potentials to the speaker driver.

The ”Acoustic Driver” function was performed by a paper cone driver of un-

known origin mounted to an acetyl baffle and brass source tube as described above.

The driver converted the analog energy into sound energy for ensonifying the ma-

terial under test within the impedance tube environment.

The “Impedance Tube” with sliding aperture has been described in detail

above. The “Microphone” block was performed by a CUI CMC-5044-TF-A [129]
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6.35 millimeter (1
4

′′
) microphone in a custom acetyl mount printed at Rensselaer

Polytechnic Institute’s Advanced Manufacturing Lab on a Stratasys Dimension

modeling machine [136], from ABS plastic and conforms to ISO 9001-2008 [137].

The mount has a vibration damping washer separation from the impedance tube

as described above.The microphone converted the acoustic energy in the field back

into an analog time varying potential signal which it sent via soldered RCA jack to

a cable leading to the preamplifier.

The “Preamplifier” block was performed by a Radioshack 33-2050 sound pres-

sure level (SPL) meter [138]. A flat weighting was applied and a fast response chosen

to transmit amplified acoustic energy to the DAC breakout box along a custom RCA

to BNC cable.

The “Analog to Digital Converter” block was performed by the National In-

struments pci6052e PCI card [128] in the PC in Boston, and National Instruments

pci6120 PCI card [135] in the PC at RPI. The card converted the analog voltage

potentials to digital signals at the sample frequency chosen. The e-series of PCI

cards from National Instruments does not contain an onboard anti-aliasing filter.

As a result, anti-aliasing was punted to the digital domain, requiring the PC to

digitally filter (by butterworth filter as discussed above). The pci6120 card however

does contain an anti-aliasing filter which was engaged by software.

The “Recorder” block was performed by the PC which recorded the data to

hard disk for later analysis. Once an observation was successfully completed and

recorded the “Scheduler” prompted the operator to manually slide the aperture to

the next observation position, reset the aperture for a second trial with a material,

or else to change the material sample and or material under test, according to the

overall experiment design.

[21] specifies the experimental design for determination of the specific im-

pedance of a given material by the transfer function method, requiring four samples

be tested twice each. These samples should be drawn from different sections of the

material as manufactured, i.e. sections of a larger sheet, or indeed multiple sheets.

For consistency of comparison with industry standard practice, these experimental

design parameters were observed.
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4.5 Materials Under Test

To demonstrate that the proposed method is valid over a range of impedance

profiles, two materials were inserted into the test apparatus. The test set included

two commonly employed acoustic/construction materials.

A micro-perforated acrylic [126] surface with an air gap was chosen as the first

material under test. (See Fig. 4.5.)

Figure 4.5: Micro-perforated acrylic with backing air gap.

Often used in exterior construction for solar shading and partial wind and rain

protection, perforated materials may also serve as containers for mineral and fiber

wools, with the perforation providing access for the sound waves to the contained

poro-elastic material; this allows for an expansion of the types of environments in



73

which mineral wools may operate.

Perforated materials display complex acoustic properties in their own right.

Depending on the scale of the perforation, they may function as diffraction gratings,

or if the holes are small enough, resist fluid flow and provide friction at aperture

boundaries, providing acoustic absorption. [139] Their mechanism of operation is

to couple the acoustic impedance of a short tube to the acoustic mass of the air

in a cavity behind the perforated plate. It has been shown that as the hole size

approaches the sub-millimeter range, for a fairly short air gap, the performance

of the absorber is fairly broadband. In particular, the parameters of perforation

radius, length and percentage of the plate area, as well as depth of the air cavity

determining normal specific impedance. [140] provides a description or how acoustic

performance is derived from geometric parameters.

For a perforated absorber, an acrylic plate of 2.2 ± 0.1 millimeters thickness,

with 0.6± 0.1 millimeter diameter holes in a square lattice separated at the center

by a distance of 6.7±0.2 millimeters, so that the perforated area constitutes ≈ 2.5%

of the total plate area was laser-cut at the fabrication facilities in the RPI School

of Architecture. An air gap of 1.15 ± 0.1 centimeters backed the plate. These pa-

rameters were chosen so that the material would exhibit a nearly unitary absorption

coefficient close above 1 kHz and half unitary absorption near the Transfer Func-

tion Method upper frequency limit so that predictions from the BIFEM might be

compared against theoretical impedance and absorption values.

The second material under test was a reticulated open-celled polyurethane

foam [141] of density 32 kilograms per cubic meter. (See Fig. 4.6) Plastic foams

are typically employed in architectural and industrial (automotive, aeronautic, etc.)

environments in order to damp airborne noise. Applications include the baffling of

speaker enclosures, muffling of engine noise, or the removal of parallel-wall-caused

flutter echo in studio recording spaces. The method of attenuation for this material

depends upon the frequency regime of operation. In the upper frequency regime,

the material may be posited to have a stiff skeleton, so that damping owes to inertial

and viscous couplings between the saturating fluid and the solid structure, [142] and

damping due to increased viscous friction caused by the irregularity of the pore chan-
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Figure 4.6: Reticulated polyurethane foam - “Sonic Barrier” [141].

nels or geometrical scattering due to phase cancellation between rays propagating

through various channels [143]. In this frequency regime, the physical characteris-

tics of porosity,viscous and thermal permeabilities, tortuosity, viscous, and thermal

characteristic lengths are sufficient to describe the behavior of the material. For the

lower frequency regime, where the foam skeleton may be caused to vibrate, Biot the-

ory applies; thus mass density and the compressibility in addition to the mechanical

properties of the visco-elastic skeleton (Young’s modulus and Poisson’s ratio) are

needed to describe the acoustics of porous media. Finally, anisotropy owing to the

manufacturing process may be may be reduced to hexagonal symmetry, or another

such structure to describe the material’s acoustic properties in full [142, 39].

For a plastic foam, Sonic BarrierTMDamping Materials 1
2

′′
Acoustic Foam with

pressure sensitive adhesive (PSA) was chosen. The material is a pure foam with

adhesive backing mounted on paper and embossed surface [141]. The surface is

embossed by densification, which doubles the density. For convenience, the backing
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paper was not removed. As per the above description of the operating method of

such a material, according to the distributor:

“The Sonic Barrier 1
2

′′
acoustic damping foam is a precisely engineered

material that offers optimum absorption for its thickness. The material

features our exclusive embossed surface finish that helps to trap acoustic

energy and improve high frequency performance. This finish is applied

to an acoustic-grade open-cell polyether foam, which absorbs and con-

verts the acoustic energy into low-level heat. A very aggressive pressure

sensitive adhesive provides easy and permanent installation onto any

surface” [144].

The manufacturer provides only a third-octave band absorption coefficient profile

from 125 Hz to 4 kHz for the line of materials [141]. Such testing was done according

to ASTM C423-90a [145], which is conducted in a reverberation chamber, and so

at random incidence. Thus, manufacturer provided data is of limited value for

comparison. However, the normal incidence specific acoustic impedance profile of

such materials is well established: e.g. see [146].

The reticulated foam material was tested in a private office in Boston, Mas-

sachusetts in the Fall of 2010, and the micro-perforated panel in the Sonics Research

Lab of Dr. Ning Xiang at Rensselaer Polytechnic Institute (RPI) in the Summer of

2012. Two materials with two samples and two trials of each created 16 separate

experiments. Each experiment in Boston comprised 163 observation points. Each

experiment at RPI comprised 140 observation points. Each observation consisted of

100 observation trials of a pressure analog (voltage) response over the life of a signal

in the Boston trials, 10 observation trials at RPI. That signal was itself a long MLS

signal repeated 10 times in Boston, and a 65536 sample log swept sine signal at a

sample frequency of 50 kHz at RPI. The signal repetition and large number of time

trials provides greater stability to transient noise. In fact, prior to prompting the

operator to advance the sliding aperture, the “Recorder” conducted a test upon the

data recovered to make sure that data fell within two standard deviations of their

mean in the Boston trials. Given the time duration of the signal, and number of

observation points, a single experiment could take up to a day to complete.
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Owing to the season and latitude, and office environment variability in temper-

ature and humidity over the course of the Boston experiments was to be expected.

As these two environmental parameters affect the group velocity of sound through

the air, and so must be factored into any transfer function or inverse finite ele-

ment analysis, temperature and humidity were recorded, as well as time of day for

each observation. The table in Appendix C.1 describes the medium tube experiment

schedule. Fig. 4.7 demonstrates the temperature fluctuation over the approximately

two months of experiments. Large scale, seasonal, fluctuations are evident, as are

daily fluctuations due to solar and interior heating.

Figure 4.7: Temperature as a function of day.

Fig. 4.8 illustrates the humidity fluctuation in the stormy mid-fall.

As a result of fluctuations in temperature and humidity, the calculated sound

speed varied according [132], resulting in the sound speed temporal profile in Fig.

4.9. The model for the calculation reveals that the sound speed tracked well with

the temperature, and to a lesser extent with the relative humidity.

The changing sound speed, together with differences in material thickness

result in a range of frequency ranges of operation. The minor variation however

may lead one to accept the rough approximation of a constant range for all ma-

terials/environmental conditions for a most conservative observations per element
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Figure 4.8: Relative humidity as a function of day.

Figure 4.9: Sound speed as a function of day.

count of 10 of ≈ 140 Hz to 2.7 kHz from Fig. 4.10.

The experiments at RPI were conducted in a more controlled laboratory en-

vironment, where temperature varied between 21 and 22 centigrade, and relative

humidity held steady at 33% according to a digital thermometer and hygrometer

[147]accurate to within 0.5 degrees and percentage points.
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Figure 4.10: Operational range as a function of day.

4.6 Calibration

As previously remarked, the transfer function method modification which

switches the microphone positions half-way through an experiment so that the trans-

fer function computed between two observation positions is calculated using only

a single physical microphone self calibrates. The frequency domain ratio removes

the need to determine coloration by the components described in the signal block

diagram Fig. 4.2. By contrast, any method which attempts to predict pressure

field values exactly, including the Bayesian-based method as applied to the exper-

iments in the Boston experiments requires the determination of the coloration by

the microphone, preamplifier, and analog to digital converter. This coloration may

be removed by deconvolution if the responses of these elements are known. Fur-

ther, assuming that the system is linear and time invariant, these responses may

be deconvolved in any order. If however, pressure values are converted to transfer

function values by a ratio with the pressure value observed at some fixed point, and

these values compared, observed and predicted, then the method again becomes

self-calibrating. This was the approach used in the experiments at RPI.

The CUI CMC-5044-TF-A microphone [129] was subjected to testing by the

manufacturer, who provided Brüel+Kjær steady state response (SSR) analyzer anal-

ysis results upon request. The magnitude spectral response of the microphone is

given in Tab. 4.1.

From the information provided, a minimum-phase high-resolution (order) mag-
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Table 4.1: CUI CMC-5044-TF-A microphone magnitude calibration.
NB: dB re: RMS pressure of 1 Watt plane wave source at 1 meter [129].

Frequency Magnitude Frequency Magnitude Frequency Magnitude
(Hz) (dB) (Hz) (dB) (Hz) (dB)

(re 20μ Pa) (re 20μ Pa) (re 20μ Pa)

100 -43.7066 600 -43.9022 3550 -39.4859
106 -43.7257 630 -44.0534 3750 -38.6597
112 -43.8968 670 -43.8762 4000 -37.8571
118 -43.9422 710 -43.9642 4250 -40.3266
125 -44.0428 750 -44.0742 4500 -41.4150
132 -43.6888 800 -43.9905 4750 -42.4836
140 -43.6914 850 -44.0238 5000 -42.6484
150 -43.7025 900 -44.1149 5300 -40.7457
160 -43.7007 950 -43.9853 5600 -40.5853
170 -43.6980 1000 -43.8950 6000 -41.6387
180 -43.6835 1060 -44.1252 6300 -41.4684
190 -43.6773 1120 -44.1689 6700 -39.7388
200 -43.7032 1180 -44.2173 7100 -40.3903
212 -43.5875 1250 -43.6249 7500 -39.4401
224 -43.7556 1320 -44.3282 8000 -36.3696
236 -43.8320 1400 -44.3464 8500 -33.3280
250 -43.7500 1500 -44.4905 9000 -34.7665
265 -43.6983 1600 -44.1249 9500 -34.3470
280 -43.6915 1700 -44.3725 10000 -33.9961
300 -43.7345 1800 -45.3584 10600 -30.8270
315 -43.6973 1900 -44.0456 11200 -29.0266
335 -43.7116 2000 -44.2076 11800 -27.5229
355 -43.6690 2120 -44.2150 12500 -27.6659
375 -43.8680 2240 -44.8577 13200 -30.8653
400 -43.7335 2360 -44.4541 14000 -35.8344
425 -43.8264 2500 -45.3085 15000 -36.3094
450 -43.7468 2650 -44.3171 16000 -36.9710
475 -43.7806 2800 -43.2545 17000 -37.6091
500 -43.8671 3000 -41.5303 18000 -38.5473
530 -43.8728 3150 -40.2811 19000 -38.3034
560 -43.7884 3350 -39.2663 20000 -38.2767
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nitude-based FIR filter was constructed for removal of the microphone coloration

by deconvolution for the Boston experiments. Deconvolution was conducted in the

frequency domain by division of the recorded response by the microphone filter

response on a frequency by frequency basis.

The pre-amplifier and ADC response were determined by measurement. The

same MLS signal generated to assess the impedance of the acoustic materials under

test was provided to the pre-amplifier at a reduced amplitude so as to retain pre-

amplifier amplitude range settings. The frequency response determined by a Fast-

Hadamard transform based method [50]. The recorded response could then be

deconvolved from the pre-amplifier and ADC response. It should be noted that

in theory the DAC at the front end of the chain could itself color the MLS signal.

However, in the apparatus, the DAC appears as well before the speaker-driver. Thus

deconvolving the DAC-pre-amplifier ADC chain leaves only the speaker response as

a system unknown. The reader can now be reminded that its coloration is in fact

absorbed into the nuisance parameter.

In addition to questions of frequency response, there remains a time calibra-

tion. The temporal separation of the observations calls into question their synchro-

nization. Assuming the system components to be linear and time invariant does not

preclude the possibility that the recordings are not themselves time-aligned.

Three causes of temporal misalignment present themselves; the first is phys-

ical, the second digital, and the third electronic. The spatial separation of the

observation locations implies a temporal separation between adjacent observation

points corresponding to the ratio of the distance between the observation points

and the group velocity of the sound waves through the air medium. With proper

calculation of the sound speed, this correction may be easily applied. However,

given the digital nature of the recording sampling process, some jitter may present

itself. With a sufficiently large sample frequency, this jitter contributes minimally

to phase misalignment. More disruptive is the Recorder’s ability to repeat onset of

the recording process. This larger scale jitter is subject to the Scheduler/Recorder

operating system scheduling which is hidden to the operator.

Typical to MLS based measurement, time alignment concerns are often miti-
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gated by some cross-correlation analysis of the response to the input signal. Max-

imal correlation typically provides an accurate method of observation registration;

however, in a highly reverberant environment, when the incident field and reflected

fields overlap extensively, such registration by correlation may not be feasible. In the

present case, the full signal with all necessary repetitions was forward zero padded,

or put another way, delayed prior to the beginning of the recording process and a

second timing channel introduced to mark the introduction of the signal into the

system. The delayed signal was introduced in the second channel which routed the

output from the interface board DAC out right back into the interface board ADC

in. Cross-correlation analysis of this very “dry” signal with the MLS signal indicates

the starting sample for each of the tests, aligning the separate microphone observa-

tions to within a sub-sample. This renders good phase accuracy for the frequency

range of interest.

In the case of the experiments at RPI, time alignment of the individual scan

points is handled internally by the MaxSense software. However, the software con-

servatively leaves a long tail (number of samples) on each impulse response in order

to allow the analyst to best identify and mitigate non-linearities in the system. As a

result, a windowing of the data is required which truncates unnecessary dead space

at the front of a signal, applies unitary gain on the front of signal, and which tapers

the signal to some truncation point in the tail. The second half of a Blackmann-

Harris window with a rectangular front end was therefore applied to all signals in

the time domain prior to transform into the frequency domain.

4.7 Data Analysis Procedure

For data gathering the proposed operational range was sampled temporally

at approximately 16 kHz for the Boston experiments and 50 kHz for the RPI ex-

periments. To provide sufficient signal to noise within each frequency bin, the data

was transformed to the frequency domain using an FFT size of 256 samples for the

Boston experiments and 2048 samples for the RPI experiments. For each frequency

of analysis, 64 generations of the Bayesian Optimization Algorithm were evaluated.

n the Boston based analysis, for the first iteration, 1024 candidate solutions were
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chosen uniformly from the 4× 64 bit double-precision, floating-point range for the

four parameters: the source pressure, real and imaginary, and material impedance,

also real and imaginary, subject to a priori magnitude constraints derived from the

smaller cross-sectional diameter tube tests. One 64-bit candidate was proposed for

the real and complex components of the parameter of interest, the normal impedance

of the material, and for the nuisance parameter, the source pressure. Some prior

knowledge was then applied to the sign of the impedance, namely, that the resistance

should be positive. Each candidate solution’s consequence for the matrix left-hand

and right-hand sides of the linear system of equations that are the product of the

FEM formulation was computed, and the system solved for the field pressures. The

candidate solutions were truncated in half, with the top half of the solutions with

greatest fitness taking the role of parents to the next generation of candidate so-

lutions. A Bayesian Network was constructed among the parents to determine the

optimal probabilistic relations among the variables.

For the RPI experiments, an additional nuisance parameter was added, namely

the forcing at the source point. In addition, a wide range of search (with a magnitude

of 300% of the largest Transfer Function Method value about the best value proposed

by the TFM) was defined for each parameter, with the binary candidate strings given

a specified bit depth corresponding to the level of precision of the measurements.

For example, if the real component of the impedance of the material under test was

maximally 1000 Newton seconds per meter cubed, and the precision indicated 1

Newton second per meter cubed, then the range of search of magnitude 3000 would

require 12 bit strings. In the case that the frequency of analysis moved beyond that

of the TFM, the center of the search window was based in the nearest evaluated

neighbor value.

All aspects of the optimization procedure within the TFM frequency regime

could be made parallel within a generation and over frequencies except the network

generation. The network construction relies on applying optimal network construc-

tors in the order of greatest Dirichlet measure. Thus, the network generation repre-

sents a computational bottleneck for the analysis procedure. The linear element of

the analysis process is therefore a function of total variable count as well as network
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depth. Since the variable count cannot be mitigated, the network depth was held to

4 splits. Finally, the next generation of candidate solutions produced by keeping the

parents and replacing the remaining half of the 1024 slots from a uniform random

variable evaluation from the root(s) of the variable relation tree to the leaves.

The process is in fact “embarrassingly parallel,” in that each frequency may

be processed independently. A potential alternative method of processing is to

take the solution from one frequency of analysis, suppose some smoothness on the

distribution of the impedance, and evaluate the next frequency of analysis over a

restricted range. Efficiency then is gained as a product of the reduction in size

of the search space. Furthermore, since lower frequencies require fewer elements

per wavelength, lower frequencies produce linear systems which are smaller, and

therefore compute faster. However, the risks run are inherent in the assumptions,

and so, as a first pass, no such prior knowledge is assumed.

Once the analysis process was complete, a list of candidate solutions and their

corresponding fitness was available for further study. At the end of each generation,

the generation sub-list was available, as was the network map used to construct

the next generation. Given that the network depth is significantly lower than the

variable count, it is not to be expected that early generations networks well represent

the relations among the variables, however, the result of multiple truncations on

these partial maps should provide meaningful insight once the process has converged

sufficiently.

4.8 Validation by Comparison to Extant Methods

The proposed method may be validated against the transfer function method

over the frequency range of analysis for the apparatus described above. Let this

range be called the low range. However, it is claimed that the BIFEM analysis

holds over a broader frequency range than supported by TFM analysis; therefore, it

is recommended that TFM analysis results for the parameter estimation problem be

produced to confirm or refute the claim. TFM analysis in a higher frequency regime

(high rage) necessitates a second impedance tube construction, one with narrower

cross section. If the second, smaller tube maintains the same length as that of the
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first construction, then so long as the driver is capable of producing sufficient power

in the lower frequency regime, TFM analysis for the smaller tube can provide a full

range of frequencies to determine BIFEM performance both in the low range for the

TFM for the larger tube, and in the high range, while the TFM analysis results in

the low range may determine the performance of the BIFEM in the low frequency

range only.

To this end, a second tube was constructed with length equal to the larger

tube (1.2192 meters), but cross section just one quarter that of the larger tube.

This extends TFM based parameter estimation range upper end from ≈ 1.7 kHz to

≈ 6.8 kHz per Eq. 4.4. However, owing to the long processing time for the upper

frequencies for the BIFEM development code, analysis was limited to ≈ 2.7 kHz for

the Boston experiments. For the RPI experiments, small tube data was unavailable,

however, the strength of the theoretical description of the material proves sufficient.

For the validation tube, since only TFM analysis is required, only a pair of

fixed apertures need be provided for observation. For robustness, a third aperture

was provided. These apertures were located at 73.025 millimeters (27
8

′′
), 104.775

millimeters (41
8

′′
), 117.475 millimeters (45

8

′′
) from the material under test surface.

The microphone separations were therefore 31.75 millimeters (11
4

′′
), 44.45 millime-

ters (13
4

′′
), to within 0.25 millimeters, supporting spatial sampling corresponding to

≈ 5.4 and ≈ 4 kHz. Thus the dimensions of design of the smaller impedance tube

support TFM data analysis which provides the opportunity to validate the BIFEM

results.

A sectional schematic of the smaller cross-section impedance tube is given in

Fig. 4.11.

A photograph of the implemented tube design and experimental environment

is provided in Fig. 4.12,and engineering drawings appear in App. E.

Three microphones were placed in the apertures simultaneously, and rotated

for each material, sample and trial, so that the transfer function could be applied

for two separations three times over for each material and sample. This produced

96 trials for each material, each observing 100 signal averages as was the case for the

larger tube for the Boston experiments. An representative section of the schedule
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Figure 4.11: Small impedance tube (schematic) - section. Material at
right, microphones in fixed apertures at top, source at top left, anechoic
wedge at left. L = 1.2192meters, a = 24millimeters, � = 73.025millimeters,
s12 = 31.75 millimeters, s23 = 12.7 millimeters.

Figure 4.12: Small impedance tube - section. Material at left, micro-
phones in fixed apertures at top, source at right.

of experiments for the smaller cross-sectional diameter impedance tube is given in

Appendix C.2.

The materials under test were identical to those examined in the larger tube,

though with one quarter the cross section.
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4.9 Experimental Results

4.9.1 Boston Results

Figure 4.13: Sonic Barrier [141] resistance normalized to characteristic
impedance of medium estimates from the TFM in larger and smaller
cross-sectional diameter impedance tubes and BIFEM in larger cross-
sectional diameter impedance tube.

Figure 4.14: Sonic Barrier [141] reactance normalized to characteristic
impedance of medium estimates from the TFM in larger and smaller
cross-sectional diameter impedance tubes and BIFEM in larger cross-
sectional diameter impedance tube.

Boston experiment results are presented from the global level down to the

particular level. An overall summary of the performance of the BIFEM relative to
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Figure 4.15: Sonic Barrier [141] absolute reactance normalized to char-
acteristic impedance of medium estimates from the TFM in larger and
smaller cross-sectional diameter impedance tubes and BIFEM in larger
cross-sectional diameter impedance tube.

Figure 4.16: Sonic Barrier [141] specific acoustic impedance magnitude
normalized to characteristic impedance of medium estimates from the
TFM in larger and smaller cross-sectional diameter impedance tubes and
BIFEM in larger cross-sectional diameter impedance tube.

the TFM may be evinced from a comparison of best estimates of the BIFEM analysis

and TFM analysis. Figs. 4.13-15 compare the best estimates of the resistance

and reactance (real and imaginary components) of the normal incidence specific

acoustic impedance for the first material under test: the embossed polyurethane

foam [141] normalized to the characteristic impedance of the medium. In addition to
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Figure 4.17: Sonic Barrier [141] specific acoustic impedance phase
estimates from the TFM in larger and smaller cross-sectional diam-
eter impedance tubes and BIFEM in larger cross-sectional diameter
impedance tube.

the predictions from the TFM and BIFEM from the larger cross-sectional diameter

tube, the secondary TFM validation results from the smaller cross-sectional diameter

tube are included, as is an upper bound error estimate from the smaller tube. In

the case of the reactance, two plots are required: one to display the curves (e.g.

Fig. 4.14), and another to introduce upper error bounds on an absolute value of

the reactance (e.g. Fig. 4.15). Figs. 4.16-17 compare the best estimates of the

magnitude and phase of the normal incidence specific acoustic impedance for the

first material under test [141].

As described in Chapter 3, the optimization process for the BIFEM which

seeks to determine the optimal predicted specific acoustic impedance of the material

under test given the model and data produces a set of fitnesses for each candidate

value. Figs. 4.18-21 provide example fitness distributions for three frequencies in

the low regime and one in the high frequency regime as described above. Fitness

distributions have different scales, so these have been normalized on the interval

[0, 1] to facilitate comparison.

Finally, at the particular level, for two of the frequencies and material for which

the distributions in Figs. 4.18-21 were provided, one in the low frequency regime, one

in the high frequency regime, a finite element solution to the direct problem using

the impedance provided by the TFM was computed and the pressure magnitudes

at the observation points extracted, against which mean data magnitudes may be
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Figure 4.18: Sonic Barrier [141] low frequency (≈ 514 Hz) normalized
fitness distribution example along with TFM impedance parameter esti-
mate.

compared in Figs. 4.22-23.

4.9.2 RPI Results

RPI experiment results are presented from the global level down to the par-

ticular level. An overall summary of the performance of the BIFEM relative to the

TFM may be evinced from a comparison of best estimates of the BIFEM analysis

and TFM analysis. Figs. 4.24-25 compare the best estimates of the resistance and

reactance (real and imaginary components) of the normal incidence specific acoustic

impedance for the second material under test: the micro-perforated material with

backing air gap [139] normalized to the characteristic impedance of the medium.
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Figure 4.19: Sonic Barrier [141] low frequency (≈ 770 Hz) normalized
fitness distribution example along with TFM impedance parameter esti-
mate.

In addition to the predictions from the TFM and BIFEM from the larger cross-

sectional diameter tube for the complex quantities, a related plot of the predictions

by the TFM and BIFEM of the real valued absorption coefficient are compared

to the theoretical performance of the material under test according to the chosen

geometric parameters in Fig. 4.26.

As described in Chapter 3, the optimization process for the BIFEM which

seeks to determine the optimal predicted specific acoustic impedance of the material
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Figure 4.20: Sonic Barrier [141] medium frequency (≈ 1029 Hz) normal-
ized fitness distribution example along with TFM impedance parameter
estimate.

under test given the model and data produces a set of fitnesses for each candidate

value. Figs. 4.27-29 provide example marginal distributions for both the parameters

of interest (real and imaginary characteristic acoustic impedance) and the nuisance

parameters for two frequencies in the range of operation of the TFM and one in

the high frequency regime above the operating range of the TFM. Distributions

have different scales, so these have been normalized on the interval [0, 1] to facilitate

comparison.

At the particular level, a finite element solution to the direct problem using
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Figure 4.21: Sonic Barrier [141] normalized high frequency (≈ 2.4 kHz)
fitness distribution example with TFM impedance parameter estimate.

the optimal parameters provided by the BIFEM was computed and the transfer

function values at the observation points relative to the first observation point were

interpolated and compared to the data based transfer functions real and imaginary

components for the three chosen frequencies in Figs. 4.30-35.

Finally, a finite element solution to the direct problem using the optimal pa-

rameters provided by the BIFEM was computed and the full domain solution mag-

nitude presented in Fig. 4.36.
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Figure 4.22: Sonic Barrier [141] low frequency (≈ 770 Hz) pressure dis-
tribution at observation points as compared to the an BIFEM candidate
solution.

Figure 4.23: Sonic Barrier [141] high frequency (≈ 2.4 kHz) pressure dis-
tribution at observation points as compared to the an BIFEM candidate
solution.

4.10 Discussion

In general, agreement is found between the BIFEM and TFM parameter esti-

mates for the Boston experiments. By standard statistical methods, whenever the

BIFEM best estimate lies outside two standard deviations of the TFM estimate,

it may be deemed statistically significantly different from the TFM estimate for a

95% “confidence interval.” According to Figs. 4.13,15-17 the TFM error upper

bounds completely include the BIFEM estimates within two standard deviations.
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Figure 4.24: Micro-perforated panel resistance normalized to character-
istic impedance of medium estimates from the TFM and BIFEM in larger
cross-sectional diameter impedance tube.

Figure 4.25: Micro-perforated panel reactance normalized to characteris-
tic impedance of medium estimates from the TFM and BIFEM in larger
cross-sectional diameter impedance tube.

Thus, from these data results it can be concluded that the proposed method agrees

with the Transfer Function Method predictions for the smaller cross-sectional di-

ameter tube across the full frequency range of analysis. Furthermore, the larger

cross-sectional diameter tube TFM predictions for the specific acoustic impedance

are also in agreement within the error bounds demonstrated.
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Figure 4.26: Micro-perforated panel absorption coefficient estimates from
the TFM, BIFEM, and according to the theoretical performance of the
material [139] in the larger cross-sectional diameter impedance tube.

Figure 4.27: Micro-perforated panel low frequency (≈ 500 Hz) marginal
probability distribution functions about the optimal BIFEM solution.
Plots are displayed on a normalized scale

The size of the TFM smaller cross-sectional diameter error upper bounds (in

the real component especially) reach up to ≈ 400% of the prediction value. While

considerable, given that a 2 − 3% microphone location error on a measurement

precision of 0.1 millimeters in the work of [72] resulted in 10− 12% specific acoustic

impedance parameter estimation error, the experimental error tolerance growth rate
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Figure 4.28: Micro-perforated panel medium frequency (≈ 1 kHz)
marginal probability distribution functions about the optimal BIFEM
solution. Plots are displayed on a normalized scale

Figure 4.29: Micro-perforated panel high frequency (≈ 2 kHz) marginal
probability distribution functions about the optimal BIFEM solution.
Plots are displayed on a normalized scale

is sub-linear. However, given the large error bounds, some further validation of the

resulting specific acoustic impedance profiles justified follow-on experiments.

With greater granularity, agreement tends to be better in the low frequency

regime. In the upper frequency regime, one region of disagreement occurs around

the resonance peak in the impedance function curve. The second region of general
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Figure 4.30: Micro-perforated panel low frequency (≈ 500 Hz) transfer
function - real component - at observation points as compared to the an
BIFEM candidate solution.

Figure 4.31: Micro-perforated panel low frequency (≈ 500 Hz) transfer
function - imaginary component - at observation points as compared to
the an BIFEM candidate solution.

disagreement in the high regime occurs above the resonance peak. It appears that

in the high frequency regime, the predictions become more erratic from frequency to

frequency. This is borne out in both the summary plots, as well as in the example

distribution plots, where the range of candidate values remains large in the final

population, and the fitnesses, though describing a singular peak, are less tightly

distributed around the proposed estimate value when compared to the distribution

spread in the lower frequency range distribution.
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Figure 4.32: Micro-perforated panel medium frequency (≈ 1 kHz) trans-
fer function - real component - at observation points as compared to the
an BIFEM candidate solution.

Figure 4.33: Micro-perforated panel medium frequency (≈ 1 kHz) trans-
fer function - imaginary component - at observation points as compared
to the an BIFEM candidate solution.

Firstly, is the general profile of the materials correct? As mentioned in Chapter

2, the elastic frame poro-elastic material exhibits resonances according to a cotan-

gent factor relating to the complex wavenumber of the material times the material

depth [94]. Thus the shape of the profiles of the materials under test is consistent

with the theoretical model for such Biot-Allard materials [80]. Some further confir-

mation regarding the frequency of such disruption in a smooth profile may found by

examination of the material data sheet provided by the manufacturer [141]; though
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Figure 4.34: Micro-perforated panel high frequency (≈ 2 kHz) transfer
function distribution - real component - at observation points as com-
pared to the an BIFEM candidate solution.

Figure 4.35: Micro-perforated panel high frequency (≈ 2 kHz) transfer
function - imaginary component - at observation points as compared to
the an BIFEM candidate solution.

conducted in a reverberation chamber, and limited to absorption, analysis results

indicate that in the 2000 Hz centered octave band that the Sonic Barrier material

exhibits non-monotonic increasing behavior.

Although results are consistent with theory, and error bounds well explained by

a single measurement precision error source, it is worth investigating other potential

sources of error. These may be characterized as model based, measurement based,
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Figure 4.36: Micro-perforated panel high frequency (≈ 2 kHz) solution -
magnitude - over full domain.

or environmental.

4.10.1 Model Based Error

Given that computation takes place in an embarrassingly parallel computation

framework by frequency, the predicted values are independent of one another. So

too are the source pressure estimates. These nuisance parameters may confound the

process.

In the low frequency regime the source estimate process is better constrained

by a priori knowledge from the TFM experiments; a source strength which optimally

predicts the observation values given the parameter of interest matches the TFM

estimate may be calculated as per the pilot study [38]. Given the low wave number,

the incident field is then fairly planar, even given the assumption of a monopole

source, as is the solution as is made apparent in Fig. 4.22. In the high frequency

regime, the monopole assumption may not be correct. In this case, the incident field,

i.e. forcing with respect to the finite elements, may not be predicted accurately.

Thus there may result disagreement between the relative mode heights (even if not

their placement) in the high regime as Fig. 4.23 illustrates. The solution therefore
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is vulnerable to the monopole assumption, since the solution is sensitive to the

nuisance parameter. Further study of the source distribution is recommended to

resolve the prediction disagreement.

A second potential flaw inherent to the physical model, and thus to the mathe-

matical and numerical models, is the assumption that the operative impedance mode

is the normal mode, or, barring that, that the impedance distribution in incidence

varies cosinusoidally about the surface normal. In the mathematical model this as-

sumption expresses itself in the dot product in Eq. 3.9. In the Bubnov-Galerkin

numerical model the dot product of the impedance boundary surface normals with

the shape functions derivatives for the element nodes off of the impedance surface

applies the angular dependence of the impedance function. If the material under test

has an impedance distribution as a function of angle that is not cosinusoidal about

the normal, then the mathematical model has failed to capture a physical feature,

and this will express itself in over/under compensation by the normal impedance

parameter. The distortion of the parameter is related to the solution modes. The

modes may realize only some subset of the solid angle about a surface node. Thus,

while a normal impedance parameter may be extracted by the BIFEM, it may be of

limited value. Thus, though the claim of operational extension for the test apparatus

is impugned, it has not been refuted, at least not theoretically. Further study of an

BIFEM which offers estimation of an angle dependent impedance is recommended

in order to resolve disagreement of the BIFEM and TFM predictions in the high

frequency regime.

A third potential flaw exists in the mismatch of the test apparatus and the

validation apparatus in terms of scale. The scale mismatch has implications both

for the source and the material. In discussing the source, the matter is not the

curvature of the incident field created, but rather the amplitude required of the

source for proper signal to noise ratio (SNR). In the experiments conducted, the

source level was maintained, but the observed level dropped some 10dB broadband.

It is unlikely this amplitude difference affected the normal impedance, though it is

known that impedance can be a function of amplitude, i.e. non-linear; rather it is to

be expected that estimate error should grow with weaker SNR. It should be noted,
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however, that the consistency among the larger and smaller cross-sectional diameter

TFM predictions tempers excitement about this explanation.

A fourth flaw exists in the assumptions surrounding the material geometry. It

is assumed that the material is planar and flush to all walls of the tube. However, the

materials are elastic framed and given to some distortions of mounting and slumping

due to gravity. Among other unintended consequences such geometry may introduce

boundary effects especially visible proximal to the material. This may explain the

roughness of the first pressure peak in the modal distribution in Fig. 4.22. As well,

since both materials are flexible, coincident effects may be expected to varying degree

based on sample size, causing differing effect from one corss-sectional diameter tube

to the next. Resonance peaks in the impedance curves are sensitive to variation,

and so further investigation is warranted to confirm the statistical significance of

the variation of the estimated values in this frequency region.

4.10.2 Environmental Based Error

Figure 4.37: Sonic Barrier [141] sound speed based error for TFM in the
smaller cross-sectional diameter test apparatus.

Environment measurements enter the mathematical model in the form of the

speed of sound in air. Though conditions were in general well controlled in the

laboratory, variation of temperature and humidity was in evidence across all, and

even individual single trials. The cause of the variation is external, owing to seasonal
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temperature and humidity fluctuations through the stormy Fall of 2010, as well as

internal, owing to the introduction of air conditioning or electric heating. However,

the relative error introduced to the TFM analysis is orders of magnitude smaller

than the error bars, as evidenced by Fig. 4.37.

4.10.3 Follow-on Experiments

The RPI experiments were conducted under more controlled environmental

conditions, with a better-tested and implemented signal gathering software, with

less noisy data captured at higher resolution. In addition, modifications were made

to the optimization process to decouple the source position solution value and source

position forcing values. Analysis was augmented to display marginal probability

distribution functions (Figs. 4.27-29) for any two parameters while the others were

held constant at the search optimal values. These marginals provide greater insight

into the completion of the optimization process, and confidence intervals for the

parameters of interest.

What the RPI experiments reveal is very good agreement between the TFM

and BIFEM and theoretical values for the parameters of interest in the frequency

range of operation of the TFM, i.e. the plane wave regime. Direct comparison of the

optimal BIFEM normalized resistance and reactance with the TFM generated values

(Figs. 4.24-25) and the single mode, fairly narrow marginal probability distribution

function plots (Figs. 4.27-29) are consistent on this point. It is interesting to

note that the nuisance parameters’ versus parameter of interest distributions (Figs.

4.27-29) show non-trivial correlation, indicating the importance of continued search

through the space for the optimal BIFEM predictions.

Above the plane wave regime, the BIFEM predictions follow the trend of the

theoretical values (according to the absorption plots in Fig. 4.26), but the agree-

ment with theory becomes weaker. Reactance predictions (Fig. 4.25) become more

variable, consistent with the greater difference between optimal BIFEM transfer

function imaginary components vs. data based transfer function components down

in the lower frequency regime (Figs. 4.30,32,34). This is consistent into the marginal

probability distribution function plot at 2 kHz (Fig. 4.29), where the distributions
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become broader. One potential cause of this is the comparatively large magnitude

of the transfer function real components (Figs. 4.21,33,35), which therefore come

to dominate the fitness function. A potential remedy is a more complicated fit-

ness function which seeks to minimize differences among magnitude scaled real and

imaginary components of the transfer function predicted and observed.

Another notable difference between transfer function components in the high

frequency regime (Figs. 4.34-35) is the larger observed variation in maximal and

minimal amplitude, whereas the BIFEM predictions maintain constant amplitude.

Looking at the three dimensional solution plot (Fig. 4.36) corresponding to this

frequency regime one observes that the field expresses cross-axial modes. The ob-

servation points are posited exactly along the central Y-axis of the plot, and so,

given the central axis symmetry of the forcing function are unaffected by the Y-axis

cross-axial modes. Similarly, since all observation points are posited to be located at

the maximum of the Z-axis, and so are minimally affected by the Z-axis cross axial

modes. If observation points, and or the source point are located somewhat off the

central Y-axis, variation of pressure amplitudes, and consequently of the real and

imaginary components of the transfer functions would result. A potential solution

to this problem then is to introduce nuisance parameters regarding variation of the

source and observation point locations to capture this feature of the data, narrow

marginal distributions, and so better predict the parameters of interest.



CHAPTER 5

CONCLUSION

This dissertation introduced a Bayesian-based, inverse finite element method model

to predict specific acoustic impedance. It expanded the set of potential test ge-

ometries and boundary conditions for determining the parameter from a reductive,

one-dimensional geometry with sound hard walls and a single unknown impedance

boundary to a general three-dimensional geometry with arbitrary Dirichlet, Neu-

mann, Impedance and fully absorptive boundaries.

Under reasonable physical assumptions a mathematical model was developed

for the fluid domain of air and pressure, velocity, and normal impedance boundaries.

A numerical solution was expounded for the direct problem of discovering field pres-

sure from known values of the normal impedance and the source distribution. This

solution was then placed in an evolutionary computation inverse problem frame-

work, where the evolution process was guided by construction of a novel computer

based numerical precision-based Bayesian network that optimally described the re-

lation of the fitness of a candidate solution to its binary representation “genes.”

Novel provisions were described for the inclusion of nuisance parameters, in this

case the source amplitude and phase, as well as novel formulations for experiment

precision-based prior knowledge search bounds.

The solution was made particular to the geometry of the industry standard

method for prediction of the material specific impedance parameter estimate, know

as the Transfer Function Method (TFM). The motivation was for comparison and

validation of the proposed method. This particularity led to certain efficiencies in

the matrix algebra of the solution.

A novel test apparatus was described which would allow for more complete

analysis of the resulting real sound field and the candidate solution predictions of

that field. As a further benefit, the precision of the proposed method’s prediction was

increased. The modified apparatus was built and data gathered from its operation.

A second, more conventional apparatus of smaller cross-sectional dimension and

105
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fewer observation points was constructed to provide additional validation to the

proposed method.

Results of the proposed form of analysis for the modified apparatus showed

agreement with the industry standard method results for the test and validation

apparatus. The leading cause of error was identified as insufficient precision of

microphone location, though error bounds were better than expected given the level

of location precision. Agreement was best in the lower frequency regime for the

modified apparatus, where a plane wave incident and reflected field could be assumed

in theory, and demonstrated from the data.

The claim that the proposed method could extend the frequency range of op-

eration of a larger cross-sectional dimension apparatus to match that of the smaller

cross-sectional dimension apparatus was rendered less secure by comparison of mod-

est confidence intervals about the industry standard method results for the first set

of experiments: the trials in Boston. However, when a more sophisticated signal

generation and response capture method was employed in a more environmentally

controlled facility, the strength of the claim of extension of frequency of operation

was improved by the results of the second set of experiments: the trials at RPI.

Whereas some of the error sources present in the validation of the BIFEM

predictions in the high frequency regime existed only for the Boston experiments,

such as the mismatch between the test and validation apparatuses with respect

to material behavior, the issue of the sensitivity of the problem to the nuisance

parameters was present in both sets of experiments, and additional insights into

the proposed nuisances parameters gathered, with additional nuisance parameters

proposed. Additional issues for further study remain from both studies, such as

the potential for mismatch between proposed and actual polar response patterns

for impedance at oblique angles. An appendix discussed an optimal geometry for

application of the proposed method to estimating this oblique incidence impedance

function.

The primary areas of future work are 1) to narrow error bounds on the transfer

function based validation method to narrow the range of sources of discrepancy be-

tween the proposed and industry standard methods, and 2) to more fully categorize
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and explore the full set of nuisance parameters to attempt to explain discrepan-

cies between high frequency BIFEM predictions and the theoretical expectations.

As regards the former, if issues of microphone position accuracy are resolved, fur-

ther investigation can be made into model based error such as boundary effects,

source classification, and even non-normal specific acoustic impedance estimation.

Such investigation should include investigation of other material types to guaran-

tee the general applicability of the method, such as rigid frame porous materials,

micro-perforated surfaces and others, for which theoretical and empirical specific

acoustic impedance profiles also exist. As regards the latter, the infrastructure for

this exploration is present, and the expansion of the study, presentation of marginal

probability distributions should prove sufficiently illuminating. These steps would

aid in broader acceptance of the method.

In conclusion, it is the hope of the author that the reader finds this effort has

significantly advanced his knowledge in inverse finite element theory for acoustics,

in particular expanding the range of inverse finite element solvers to Bayesian-based

estimation of distribution methods. While technical in nature, this dissertation has

attempted to make finite element models more widely accepted in applications of

modelling acoustics in spaces with impedance boundary conditions by providing a

method to generate the necessary material databases from testing in general geom-

etry. While obstacles remain to be resolved in coördinating results of the proposed

method of analysis with those of the industry standard techniques, those obstacles

have been better defined, and a path forward can be described.

Ultimately, this dissertation has been intended to promote accurate modelling

of critical listening spaces, and in particular in the lower frequencies where the

scale of wave-based computations is ever more tractable, so that beautiful music,

moving speeches, and dramatic performances may be more easily, more naturally

appreciated. With this lofty goal, the effort continues.



REFERENCES

[1] J. Blauert and N. Xiang, Acoustics for Engineers: Troy Lectures, 2nd edition
(Springer-Verlag, Berlin) (2009).

[2] G. Aliev, B. Goller, D. Kovalev, and P. Snow, “Hypersonic acoustic mirrors
and microcavities in porous silicon”, Appl. Phys. Lett. 96 (2010).

[3] H. Aygun, K. Attenborough, M. Postema, W. Lauriks, and C. Langton,
“Predictions of angle dependent tortuosity and elasticity effects on sound
propagation in cancellous bone”, J. Acou. Soc. Am. 126, 3286–3290 (2009).

[4] ISO 354-1, Measurement of Sound Absorption in a Reverberation Room
(ISO, Geneva, Switzerland) (2003).

[5] M. Aretz and M. Vorlander, “Efficient modelling of absorbing boundaries in
room acoustic FE simulations”, Acta Acustica united with Acustica 96,
1042–1050 (2010).

[6] M. Salikuddin, A. Syed, and P. Mungur, “Acoustic characteristics of
perforated sheets with throughflow in a high-intensity noise environment”, J.
Sound Vib. 169, 145–177 (1994).

[7] J. Prager and B. Petersson, “Improving the statistical wave field description
using the Waterhouse correction”, J. Acou. Soc. Am. 128, 20–27 (2010).

[8] K. Onaka, M. Morise, and T. Nishiura, “A design of 3-dimensional sound
field simulator based on acoustic ray tracing and HRTF”, in ISCE ’09. IEEE
13th Int. Symp. Cons. Electron., 233–236 (2009).

[9] M. Vercammen, “Sound reflections from concave spherical surfaces. Part II:
Geometrical acoustics and engineering approach”, Acta Acustica united with
Acustica .

[10] S. Britt, S. Tsynkov, and E. Turkel, “A compact fourth order scheme for the
Helmholtz equation in polar coordinates”, J. Sci. Comput. 45, 26–47 (2010).

[11] K. Kowalczyk and M. van Walstijn, “Wideband and isotropic room acoustics
simulation using 2-d interpolated FDTD schemes”, IEEE Trans. Audio
Speech Lang. Process. 18, 78–89 (2010).

[12] M. Aretz, “Specification of realistic boundary conditions for the FE
simulation of low frequency sound fields in recording studios”, Acta Acustica
united with Acustica 95, 874–882 (2009).

108



109

[13] N. Gumerov and D. Ramani, “A broadband fast multipole accelerated
boundary element method for the three dimensional Helmholtz equation”, J.
Acou. Soc. Am. 125, 191–205 (2009).

[14] U. Stephenson, “An energetic approach for the simulation of diffraction
within ray tracing based on the uncertainty relation”, Acta Acustica united
with Acustica 96, 516–535 (2010).

[15] T. Lewers, “A combined beam tracing and radiant exchange computer-model
of room acoustics”, Appl. Acou. 38, 161–178 (1993).

[16] Y. Jing, “On the use of transport and diffusion equations for room-acoustic
predictions”, Ph.D. thesis, Rensselaer Polytechnic Institute, Troy, NY (2009).

[17] Y. Jing, E. Larsen, and N. Xiang, “One-dimensional transport equation
models for sound energy propagation in long spaces: Theory”, J. Acou. Soc.
Am. 127, 2312–2322 (2010).

[18] P. Calamia, B. Markham, and U. Svensson, “Diffraction culling for
virtual-acoustic simulations”, Acta Acustica united with Acustica 94,
907–920 (2008).

[19] S. Sherer and J. Scott, “High-order compact finite-difference methods on
general overset grids”, J. Comput. Phys. 210, 459–496 (2005).

[20] C. Convey, A. Fredricks, C. Gagner, D. Maxwell, and L. Hamel, Experience
Report: Erlang in Acoustic Ray Tracing, 115–118, ICFP ’08: Proc. 2008
Sigplan Int. Conf. Func. Program. (ACM, New York, NY, USA) (2008).

[21] ISO 10534-2, Determination of Sound Absorption Coefficient and Impedance
in Impedance Tubes - Part 2: Transfer Function Method (ISO, Geneva,
Switzerland) (1998).

[22] ISO 17497-1, Sound-scattering Properties of Surfaces - Part 1: Measurement
of the Random-incidence Scattering Coefficient in a Reverberation Room
(ISO, Geneva, Switzerland) (2004).

[23] J. Chung and D. Blaser, “Transfer-function method of measuring in-duct
acoustic properties. 1. theory”, J. Acou. Soc. Am. 68, 907–913 (1980).

[24] J. Chung and D. Blaser, “Transfer-function method of measuring in-duct
acoustic properties. 2. experiment”, J. Acou. Soc. Am. 68, 914–921 (1980).

[25] T. Murai and Y. Kagawa, “Electrical impedance computed tomography
based on a finite element model”, IEEE Trans. Biomed. Engin. BME-32,
177–184 (1985).



110

[26] K. Wilt, H. Scarton, S. Roa-Prada, G. Saulnier, J. Ashdown, T. Lawry,
P. Das, and A. Gavens, “Finite element modeling and simulation of a
two-transducer through-wall ultrasonic communication system”, ASME
Conf. Proc. 2009, 579–589 (2009).

[27] E. Ogam, C. Depollier, and Z. Fellah, “The direct and inverse problems of an
air-saturated porous cylinder submitted to acoustic radiation”, Rev. Sci.
Instrum. 81 (2010).

[28] E. Ogam, C. Depollier, and Z. Fellah, “The direct problem of acoustic
diffraction of an audible probe radiation by an air-saturated porous
cylinder”, J. Appl. Phys. 108 (2010).

[29] M. Weber, T. Kletschkowski, and D. Sachau, “Noise source identification in
a 2D cavity based on inverse finite element method”, J. Low Freq. Noise Vib.
Act. Cont. 29, 147–159 (2010).

[30] T. Kletschkowski, M. Weber, and D. Sachau, “Identification of noise sources
in an aircraft fuselage using an inverse method based on a finite element
model”, Acta Acustica united with Acustica 97, 974–983 (2011).

[31] L. Thompson, “A review of finite-element methods for time-harmonic
acoustics”, J. Acou. Soc. Am. 119, 1315–1330 (2006).

[32] R. Anderssohn and S. Marburg, “Nonlinear approach to approximate
acoustic boundary admittance in cavities”, J. Comput. Acou. 15, 63–79
(2007).

[33] N. Xiang and P. Goggans, “Evaluation of decay times in coupled spaces:
Bayesian parameter estimation”, J. Acou. Soc. Am. 110, 1415–1424 (2001).

[34] N. Xiang and P. Goggans, “Evaluation of decay times in coupled spaces:
Bayesian decay model selection”, J. Acou. Soc. Am. 113, 2685–2697 (2003).

[35] N. Xiang, P. Goggans, T. Jasa, and M. Kleiner, “Evaluation of decay times
in coupled spaces: Reliability analysis of Bayesian decay time estimation”, J.
Acou. Soc. Am. 117, 3707–3715 (2005).

[36] M. Hauschild, M. Pelikan, K. Sastry, and C. Lima, “Analyzing probabilistic
models in hierarchical BOA”, IEEE Trans. Evol. Comput. 13, 1199–1217
(2009).

[37] T. Jasa and N. Xiang, “Efficient estimation of decay parameters in
acoustically coupled-spaces using slice sampling”, J. Acou. Soc. Am. 126,
1269–1279 (2009).



111

[38] A. Bockman and N. Xiang, “Inverse boundary and finite element
formulations for the determination of high-frequency specific impedance”, J.
Acou. Soc. Am. 127, 1753–1753 (2010).

[39] P. Leroy, N. Atalla, A. Berry, and P. Herzog, “Three dimensional finite
element modelling of smart foam”, J. Acou. Soc. Am. 126, 2873–2885 (2009).

[40] O. Onen and M. Caliskan, “Design of a single layer micro-perforated sound
absorber by finite element analysis”, Appl. Acou. 71, 79–85 (2010).

[41] R. Panneton and N. Atalla, “An efficient finite element scheme for solving
the three-dimensional poroelasticity problem in acoustics”, J. Acou. Soc.
Am. 101, 3287–3298 (1997).

[42] Y. Katznelson, An Introduction to Harmonic Analysis, 67–82 (J. Wiley, New
York) (1968).

[43] G. Birkhoff and G. Rota, Ordinary Differential Equations (J. Wiley, New
York) (1978).

[44] A. Kundt, “Ueber eine neue Art akustischer Staubfiguren und uber die
Anwendung derselben zur Bestimmung der Schallgeschwindigkeit in festen
Korpern und Gasen (On a new kind of acoustic dust pattern application for
the determination of the speed of sound in solids and gasses)”, Ann. Phys.
(Leipzig) 203, 497–523 (1866).

[45] ISO 10534-1, Determination of Sound Absorption Coefficient and Impedance
in Impedance Tubes - Part 1: Method Using Standing Wave Ratio (ISO,
Geneva, Switzerland) (1996).

[46] ASTM E 1050-10, Standard Test Method for Impedance and Absorption of
Acoustical Materials Using a Tube, Two Microphones and a Digital
Frequency Analysis System (American Society for Testing and Materials,
Conshohocken, PA) (2006).

[47] L. Kinsler and A. Frey, Fundamentals of Acoustics, 216–217 (J. Wiley, New
York) (1962).

[48] M. Matsumoto and T. Nishimura, “Mersenne twister: a 623-dimensionally
equidistributed uniform pseudo-random number generator”, ACM Trans.
Model. Comput. Simul. 8, 3–30 (1998).

[49] N. Xiang, “Using M-sequences for determining the impulse responses of
LTI-systems”, Sig. Process. 28, 139–152 (1992).

[50] J. Borish and J. Angell, “An efficient algorithm for measuring the impulse
response using pseudorandom noise”, J. Audio Engin. Soc. 31, 478–488
(1983).



112

[51] B. Porat, A Course in Digital Signal Processing, 14 (J. Wiley, New York)
(1997).

[52] P. Gaydecki, “A versatile real-time deconvolution DSP system implemented
using a time domain inverse filter”, Meas. Sci. Tech. 12, 82 (2001).

[53] H. de Bree, “An overview of microflown technologies”, Acta Acustica united
with Acustica 89, 163–172 (2003).

[54] D. Yntema, J. V. Honschoten, H. de Bree, R. Wiegerink, and
M. Elwenspoek, “A three dimensional microflown”, in MEMS 2006: 19th
IEEE Int. Conf. Micro-Electro-Mech. Syst., 654–657 (2006).

[55] H. de Bree, F. van der Eerden, and J. van Honschoten, “A novel technique
for measuring the reflection coefficient of sound absorbing materials”,
Proceed. Noise Vib. Engin. 1063–1070 (2001).

[56] Y. Salissou and R. Panneton, “Wideband characterization of the complex
wave number and characteristic impedance of sound absorbers”, J. Acou.
Soc. Am. 128, 2868–2876 (2010).

[57] B. Song and J. Bolton, “A transfer-matrix approach for estimating the
characteristic impedance and wave numbers of limp and rigid porous
materials”, J. Acou. Soc. Am. 107, 1131–1152 (2000).

[58] H. Utsuno, T. Tanaka, T. Fujikawa, and A. Seybert, “Transfer function
method for measuring characteristic impedance and propagation constant of
porous materials”, J. Acou. Soc. Am. 86, 637643 (1989).

[59] G. Gonzalez, Microwave Transistor Amplifiers: Analysis and Design
(Prentice-Hall, New York) (1984).

[60] T. Lawry, “A high performance system for wireless transmission of power
and data through solid metal enclosures”, Ph.D. thesis, Rensselaer
Polytechnic Institute, Troy, NY (2011).

[61] L. Sun, H. Hou, L. Dong, and F. Wan, “Measurement of characteristic
impedance and wave number of porous material using pulse-tube and
transfer-matrix methods”, J. Acou. Soc. Am. 126, 3049–3056 (2009).

[62] D. Peng, P. Hu, and B. Zhu, “The modified method of measuring the
complex transmission coefficient of multilayer acoustical panel in impedance
tube”, Appl. Acou. 69, 1240 – 1248 (2008).

[63] S. Yilmazer and M. Ozdeniz, “The effect of moisture content on sound
absorption of expanded perlite plates”, Building and Environment 40, 311 –
318 (2005).



113

[64] A. Seybert and D. Ross, “Experimental determination of acoustic properties
using a two-microphone random-excitation technique”, J. Acou. Soc. Am.
61, 1362–1370 (1977).

[65] F. Giese, C. Eigenbrod, and D. Koch, “A novel production method for
porous sound-absorbing ceramic material for high-temperature applications”,
Int. J. Appl. Ceram. Tech. 8, 646–652 (2011).

[66] E. Green and A. Zent, “Effects of temperature and humidity on the sound
absorption of automotive sound absorbing materials”, ASME Conf. Proc.
2008, 195–200 (2008).

[67] B. Boonen, P. Sas, W. Desmet, W. Lauriks, and G. Vermeir, “Calibration of
the two microphone transfer function method with hard wall impedance
measurements at different reference sections”, Mech. Syst. Sig. Proc. 23,
1662 – 1671 (2009).

[68] A. Seybert, “Notes on absorption and impedance measurements”, (2012),
www.engr.uky.edu/vac/public html/Absorption Meas.pdf, last accessed July
1, 2012.

[69] B. Boonen, P. Sas, W. Desmet, W. Lauriks, and G. Vermeir, “Calibration of
the two microphone transfer function method by determining the hard wall
impedance at shifted reference sections”, in Proceed. ISMA 2008: Int. Conf.
Noise Vib. Engin., 1413–1424 (2008).

[70] A. Pierce, Acoustics: An Introduction to its Physical Principles and
Applications, 313–356 (Acoustical Society of America, Melville, NY) (1989).

[71] W. Chu, “Transfer function technique for impedance and absorption
measurements in an impedance tube using a single microphone”, J. Acou.
Soc. Am. 80, 555–560 (1986).

[72] B. Katz, “Method to resolve microphone and sample location errors in the
two-microphone duct measurement method”, J. Acou. Soc. Am. 108,
2231–2237 (2000).

[73] A. Farina, “Standing wave tube techniques for measuring the normal
incidence absorption coefficient: comparison of different experimental
setups”, in Proceed. 11th Int. FASE Symp. (1994).

[74] J. Allard and A. Aknine, “Acoustic-impedance measurements with a sound
intensity meter”, Appl. Acou. 18, 69–75 (1985).

[75] T. Fujimori, S. Sato, and H. Miura, “An automated measurement system of
complex sound pressure reflection coefficients”, Noise Cont. Eng. J. 23, 127
(1984).



114

[76] C. Mills and C. Spiekermann, “Evaluating acoustic absorption-coefficients by
comparative-analysis - Theory part”, J. Acou. Soc. Am. 91, 696–703 (1992).

[77] C. Mills and C. Spiekermann, “Evaluating acoustic absorption-coefficients by
comparative-analysis - Experimental part”, J. Acou. Soc. Am. 91, 704–712
(1992).

[78] ASTM C 384, Standard Test Method for Impedance and Absorption of
Acoustical Materials by the Impedance Tube Method (American Society for
Testing and Materials, Conshohocken, PA) (1990).

[79] M. Jones and P. Stiede, “Comparison of methods for determining specific
acoustic impedance”, J. Acou. Soc. Am. 101, 2694–2704 (1997).

[80] J. Allard and N. Atalla, Propagation of Sound in Porous Media: Modelling
Sound Absorbing Materials (J. Wiley, Hoboken, NJ) (2009).

[81] D. Lafarge, J. Allard, B. Brouard, C. Verhaegen, and W. Lauriks,
“Characteristic dimensions and prediction at high frequencies of the surface
impedance of porous layers”, J. Acou. Soc. Am. 93, 2474–2478 (1993).

[82] Y. Champoux and M. Stinson, “On acoustical models for sound-propagation
in rigid frame porous materials and the influence of shape factors”, J. Acou.
Soc. Am. 92, 1120–1131 (1992).

[83] D. Wilson, “Simple, relaxational models for the acoustical properties of
porous media”, Appl. Acou. 50, 171–188 (1997).

[84] C. Nocke, V. Mellert, T. Waters-Fuller, K. Attenborough, and K. Li,
“Impedance deduction from broad-band, point-source measurements at
grazing incidence”, Acustica 83, 1085–1090 (1997).

[85] J. Nelder and R. Mead, “A simplex-method for function minimization”,
Comput. J. 7, 308–313 (1965).

[86] F. Spandock, “Experimentelle Untersuchung der akustischen Eigenschaften
von Baustoffen durch die Kurztonmethode (Experimental investigation of
the acoustic properties of building materials by the Kurztonmethode)”, Ann.
Phys. (Leipzig) 412, 328–344 (1934).

[87] M. Yuzawa, “A method of obtaining the oblique incident sound absorption
coefficient through an on-the-spot measurement”, Appl. Acou. 8, 27–41
(1975).

[88] M. Garai, “Measurement of the sound-absorption coefficient in situ: The
reflection method using periodic pseudo-random sequences of maximum
length”, Appl. Acou. 39, 119–139 (1993).



115

[89] P. Robinson and N. Xiang, “On the accuracy of the subtraction method for
in-situ reflection and diffusion coefficient measurements”, J. Acou. Soc. Am.
127, 1752–1752 (2010).

[90] E. Mommertz, “Angle-dependent in-situ measurements of reflection
coefficients using a subtraction technique”, Appl. Acou. 46, 251–263 (1995).

[91] B. Bogert, M. Healy, and J. Tukey, “The quefrency analysis of time series for
echoes: Cepstrum, pseudo-autocovariance, cross-cepstrum and saphe
cracking”, in Proc. Symp. Time Ser. Anal., 209–243 (1963).

[92] J. Bolton and E. Gold, “The application of cepstral techniques to the
measurement of transfer functions and acoustical reflection coefficients”, J.
Sound Vib. 93, 217–233 (1984).

[93] M. Tamura, “Spatial Fourier transform method of measuring reflection
coefficients at oblique incidence. I: Theory and numerical examples”, J.
Acou. Soc. Am. 88, 2259–2264 (1990).

[94] M. Tamura, J. Allard, and D. Lafarge, “Spatial Fourier-transform method
for measuring reflection coefficients at oblique incidence. II: Experimental
results”, J. Acou. Soc. Am. 97, 2255–2262 (1995).

[95] R. Sheriff, “Nomogram for Fresnel-zone calculation”, Geophys. 45, 968–972
(1980).

[96] F. Cakoni, D. Colton, and H. Haddar, “The linear sampling method for
anisotropic media”, J. Comput. Appl. Math. 146, 285–299 (2002).

[97] F. Cakoni, D. Colton, and P. Monk, “The determination of the surface
conductivity of a partially coated dielectric”, J. Appl. Math. 65, 767–789
(2005).

[98] F. Cakoni, D. Colton, and P. Monk, “The determination of boundary
coefficients from far field measurements”, J. Integ. Equat. Appl. 22, 167–191
(2010).

[99] P. Krutitskii, N. Krutitskaya, and G. Malysheva, “Scattering of 2-D waves
by several obstacles and screens in case of Neumann boundary condition”,
Comput. Math. Appl. 39, 49–57 (2000).

[100] A. Megrabov, Forward and Inverse Problems for Hyperbolic, Elliptic and
Mixed Type Equations, 24, Inv. Ill-posed Prob. Ser. (VSP, Boston) (2003).

[101] T. Hughes, The Finite Element Method : Linear Static and Dynamic Finite
Element Analysis, 185–219 (Prentice-Hall, Englewood Cliffs, NJ) (1987).



116

[102] T. Wu, Boundary Element Acoustics: Fundamentals and Computer Codes,
Advances in boundary elements series (WIT, Worcester, MA) (2000).

[103] P. Edic, D. Isaacson, G. Saulnier, H. Jain, and J. Newell, “An iterative
Newton-Raphson method to solve the inverse admittivity problem”, IEEE
Trans. Biomed. Engin. 45, 899–908 (1998).

[104] D. Ardrey, E. Murphy, D. Isaacson, G. Saulnier, and J. Newell, “Electrical
impedance tomography using the finite element method in the
mammography geometry”, in 2011 IEEE 37th Ann. NE Bioengin. Conf.
(2011).

[105] L. Steffens, N. Pares, and P. Diez, “Estimation of the dispersion error in the
numerical wave number of standard and stabilized finite element
approximations of the Helmholtz equation”, Int. J. Num. Meth. Engin. 86,
1197–1224 (2011).

[106] W. Watson, M. Jones, S. Tanner, and T. Parrott, “Validation of a numerical
method for extracting liner impedance”, J. Am. Inst. Aero. Astro. 34,
548–554 (1996).

[107] W. Watson, S. Tanner, and T. Parrott, “Optimization method for educing
variable-impedance liner properties”, J. Am. Inst. Aero. Astro. 36 (1998).

[108] W. Watson, M. Jones, and T. Parrott, “Validation of an impedance eduction
method in flow”, J. Am. Inst. Aero. Astro. 37, 818–824 (1999).

[109] W. Watson and M. Jones, “New numerical procedure for impedance
eduction in ducts containing mean flow”, J. Am. Inst. Aero. Astro. 49,
2109–2122 (2011).

[110] S. Marburg and H. Hardtke, “A study on the acoustic boundary admittance.
determination, results and consequences”, Engin. Anal. Bound. Elem. 23,
737–744 (1999).

[111] J. Rouse, T. Walsh, and G. Reese, “SALINAS: A massively parallel finite
element code for structural dynamics and acoustic analysis.”, J. Acou. Soc.
Am. 129, 2386–2386 (2011).

[112] N. Xiang and T. Jasa, “Evaluation of decay times in coupled spaces: An
efficient search algorithm within the Bayesian framework”, J. Acou. Soc.
Am. 120, 3744–3749 (2006).

[113] A. Gelman, J. Carlin, H. Stern, and D. Rubin, Bayesian Data Analysis, 1–26
(Chapman & Hall/CRC, New York) (2004).

[114] D. MacKay, Information Theory, Inference and Learning Algorithms,
457–460 (Cambridge University Press, New York) (2007).



117

[115] J. Skilling, “Nested sampling for general Bayesian computation”, Bayesian
Anal. 1, 833–859 (2006).

[116] M. Pelikan, D. Goldberg, and S. Tsutsui, “Hierarchical Bayesian
optimization algorithm: Toward a new generation of evolutionary
algorithms”, in SICE 2003 Ann. Conf., 2738–2743 (2003).

[117] H. Kahn, Use of Different Monte Carlo Sampling Techniques, 1–270 (RAND
Corporation, Santa Monica, CA) (1955).

[118] M. Pelikan, D. Goldberg, and S. Kumara, “Bayesian optimization algorithm,
decision graphs, and Occam’s razor”, Technical Report 2000020 (2001).

[119] J. Lagrange, Nouvelles Recherches sur la Nature et la Propagation du son
Miscellanea Taurinensis (New Research on Nature and the Transactions of
the Turin Academy of Sciences) (1760).

[120] L. Li, T. Huang, Y. Jing, and Y. Zhang, “Application of the incomplete
Cholesky factorization preconditioned Krylov subspace method to the vector
finite element method for 3-D electromagnetic scattering problems”,
Comput. Phys. Comm. 181, 271–276 (2010).

[121] J. Lagarias, J. Reeds, M. Wright, and P. Wright, “Convergence properties of
the Nelder-Mead simplex method in low dimensions”, J. Optim. 9, 112–147
(1998).

[122] IEEE 754, Standard for Binary Floating Point Arithmetic (IEEE Computer
Society, Los Alamitos, CA) (2008).

[123] M. Pelikan, Hierarchical Bayesian Optimization Algorithm: Toward a New
Generation of Evolutionary Algorithms, 43–46, Stud. Fuzz. Soft Comput.
(Springer-Verlag, Berlin) (2005).

[124] J. Oliver and C. Wallace, “Inferring decision graphs”, in Proceed. Austr.
Joint Conf. Art. Intell., 361–367 (1992).

[125] M. Pelikan, D. Goldberg, and E. Cantu-Paz, “Linkage problem, distribution
estimation, and Bayesian networks”, Evol. Comput. 8, 311–340 (2000).

[126] Altuglas, “Plexiglass acrylic sheet: General information and physical
properties”, (2006).

[127] N. Fletcher and L. Douglas, “Harmonic generation in organ pipes, recorders,
and flutes”, J. Acou. Soc. Am. 68, 767–771 (1980).

[128] National Instruments, “Full-featured E series multifunction DAQ 12 or
16-bit, up to 1.25 MS/s, up to 64 analog inputs”, (2005),
www.ni.com/pdf/products/us/4daqsc199-201 ETCx3 212-213.pdf, last
accessed June 30, 2012.



118

[129] CUI, “Cui cmc-5044-tf-a calibration”, (2008), www.products.cui.com, last
accessed October 8, 2010.

[130] R. Small, “Direct-radiator loudspeaker system analysis”, IEEE Trans. Audio
Electroacou. 19, 269 – 281 (1971).

[131] S. Marburg, Discretization Requirements: How Many Elements per
Wavelength are Necessary?, 309–332 (Springer, Berlin) (2008).

[132] K. Rasmussen, “Calculation methods for the physical properties of air used
in the calibration of microphones”, Technical Report PL-11b (1997).

[133] Dell, “Dell dimension 8100 system reference”, (2001),
www.support.dell.com/support/edocs/systems/dsleest, last accessed July 1,
2012.

[134] Dell, “Dell optiplex gx270 system reference”, (2003),
www.dell.com/downloads/us/products/optix/gx270 spec.pdf, last accessed
June 30, 2012.

[135] National Instruments, “S series multifunction DAQ 12 or 16-bit, 1 to 10
MS/s, 4 analog inputs”, (2005), www.ni.com/pdf products us ni6120.pdf,
last accessed June 30, 2012.

[136] Stratasys, “Dimension printing”, (2011), www.dimensionprinting.com, last
accessed July 1, 2012.

[137] ISO 9001, Quality Management Systems - Requirements (ISO, Geneva,
Switzerland) (2008).

[138] Radioshack, “Sound level meter (330-2050) - specifications - faxback doc.
8711”, (2000), www.support.radioshack.com/support audio/doc8/8711.htm,
last accessed July 16, 2012.

[139] D. Maa, “Potential of microperforated panel absorber”, J. Acou. Soc. Am.
104, 2861–2866 (1998).

[140] C. Fackler, E. Dieckman, and N. Xiang, “Porous material parameter
estimation: A Bayesian approach”, in Proceed. MaxEnt 2011, Waterloo,
Canada, July 2011 (2011).

[141] American Acoustical Products, “Technical data sheet; Hushcloth densified
embossed foams”, (2003),
www.parts-express.com/pedocs/more-info/sonic-barrier-msds.pdf, last
accessed July 1, 2012.

[142] M. Melon, E. Mariez, C. Ayrault, and S. Sahraoui, “Acoustical and
mechanical characterization of anisotropic open-cell foams”, J. Acou. Soc.
Am. 104, 2622–2627 (1998).



119

[143] P. Nagy, “Local variations of slow wave attenuation in air-filled permeable
materials”, J. Acou. Soc. Am. 99, 914–919 (1996).

[144] Parts Express, “Sonic barrier”, (2010), www.parts-express.com, last accessed
July 16, 2012.

[145] ASTM C 423-90a, Sound Absorption and Sound Absorption Coefficients by
the Reverberation Room Method (American Society for Testing and
Materials, West Conshohocken,PA) (1998).

[146] E. Rilo, O. Cabeza, P. Dafonte, and M. Lorenzana, “Acoustic characteristics
of different materials used in construction”, in Proceed. For. Acust., Seville
Spain, 2002 (2002).

[147] Brookstone, “Indoor outdoor thermometer and hygrometer”, (2012),
www.brookstone.com, last accessed June 30, 2012.

[148] I. Harari, M. Slavutin, and E. Turkel, “Analytical and numerical studies of a
finite element PML for the Helmholtz equation”, J. Comput. Acou. 8, 121
(2000).

[149] S. Tsynkov and E. Turkel, A Cartesian Perfectly Matched Layer for the
Helmholtz Equation, 279–309 (Nova Science, New York) (2001).

[150] J. Martinek and H. Thielman, “On Greens functions for reduced wave
equation in a circular annular domain with Dirichlet, Neumann and
radiation type boundary conditions”, Appl. Sci. Res. 16 (1966).

[151] A. Bermudez, H. Luis, A. Prieto, and R. Rodriguez, Perfectly Matched
Layers, volume II of Phys. Astro., 167–196 (Springer, Berlin) (2008).

[152] Y. Jing and N. Xiang, “On boundary conditions for the diffusion equation in
room-acoustic prediction: Theory, simulations, and experiments”, J. Acou.
Soc. Am. 123, 145–153 (2008).



APPENDIX A

NOMENCLATURE

Notation Description SI Units

A Helmholtz equation LHS

weak form linear operator

A amplitude of a monopole source

a decomposed Helmholtz LHS

weak form linear operator

a impedance tube cross-section meters

B belief network

b weight function shape function weight

c speed of sound in air meters per second

D PML anisotropic Laplacian interior matrix

D data, collection of binary strings, population

d FEM matrix equation unknowns

d[·] derivative operator

e exponential function

F RHS of FEM matrix equation

F̂ frequency domain (forcing) function

F time domain (forcing) function

f frequency Hertz

fs sample frequency Hertz

g Dirichlet boundary condition satisfying functions

H frequency domain transfer function

i
√−1

K anisotropic wavenumber matrix for PML

K FEM matrix equation stiffness matrix

k “wavenumber” radians per meter
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Notation Description SI Units

L Helmholtz equation weak form

RHS linear operator

L decision graph leaf set

l material microphone distance meters

� decision graph leaf

M MLS signal length

m instance count

N specific shape function

N index variable

n index variable

P frequency domain pressure

P0 frequency domain source pressure

p probability

r radial distance

s microphone separation meters

t time seconds

tn discrete time sample

u velocity meters per second

W frequency domain reflection function

w weight function

x position 1-D meters

�x position 3-D meters

y MLS signal word

Z specific acoustic impedance Pascals seconds

per meter

Z0 air characteristic impedance Pascals seconds

per meter
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Notation Description SI Units

Z candidate specific acoustic impedance

IEEE double precision decimal

Z̄n candidate specific acoustic impedance

binary string

z̄n candidate string variable

α absorption coefficient

β Beta distribution prior parameter

Γ fluid domain boundary

Gamma function

Δ or ∇2 Laplacian differential operator

δ delta function

ζ general shape function

η general shape function

θ B probability assignments

λ wavelength meters

ν unit normal

ξ̄n binary variable state∏
product

Π binary string parent

π circle circumference to diameter

ρ density kilograms

per meter cubed

Σ sum

σ PML absorption function

τ spatial parameterization

Φ frequency domain velocity potential

φ time domain velocity potential

Ω fluid domain

ω angular frequency radians per second
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Notation Description

∂ partial derivative

[·] operator

∇ gradient

· vector dot product

〈·, ·〉 L2 inner product

h Hilbert space element

−1 inverse

|| · || Euclidean norm

′ prior information



APPENDIX B

ABSORBING BOUNDARY CONDITIONS

An absorbing boundary condition exists if an absorptive shape (block or wedge) is

placed proximal to the source. Such wedges are often used to reduce reflection of

the cycles of pseudo-random noise from which impulse responses are determined and

frequency responses calculated. For the absorbing boundary condition a perfectly

match layer (PML) [148, 31] is perhaps most easily formulated and implemented.

The volume extending from the surface of the baffle into the absorptive material

defines a second medium wherein a different differential equation is to be satisfied,

specifically:

∇ · (D∇φ) +Kφ = 0, x ∈ ΩPML,

where Djj = K/(k2K2
j ), K = k2

∏
j

Kj, Kj = 1− iσ(xj)/k.
(B.1)

The equation is a modified Helmholtz equation, introducing anisotropy with expo-

nentially decaying waves as fundamental solutions. Computationally, the cost of the

PML increases with thickness, as does convergence to full absorption, i.e. removal

of spurious reflection at the absorption boundary limit [149].6

To derive a weak form for the PML differential equation:

∇ ·

⎛
⎜⎜⎝

⎡
⎢⎢⎣

k2k3
k1

0 0

0 k1k3
k2

0

0 0 k1k2
k3

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠+ k2k1k2k3φ = 0. (B.2)

6In some sense, one may wish to model the full thickness of the baffle and to terminate the
PML with a Neumann condition [150] in order to more directly translate the physical condition
into the computational one. NB: For fuller absorption, a different boundary condition at the edge
of the absorptive layer, based on a non-integrable absorption function may be provided by the
work of [151].
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For simplicity, consider first an x-axial PML. Eq. B.2 would then simplify to:

∇ ·

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠+ k2k1φ = 0. (B.3)

Applying the same procedure as for the Helmholtz equation:

∇ ·

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠+ k2k1φ = 0, (B.4)

∫
Ω

w∇ ·

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ dΩ +

∫
Ω

wk2k1φ dΩ = 0, (B.5)

∫
Γ
w

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ · ν dΓ− . . .

∫
Ω
∇w ·

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ dΩ +

∫
Ω
wk2k1φ dΩ = 0,

(B.6)
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∫
Γg

w

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ · ν dΓ + ∫

Γh
w

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ · ν dΓ + . . .

∫
Γz

w

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ · ν dΓ + ∫

Γa
w

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ · ν dΓ− . . .

∫
Ω
∇w ·

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ dΩ +

∫
Ω
wk2k1φ dΩ = 0,

(B.7)

where Eq. B.4 is the axial PML equation, Eq. B.5 the integral equation against the

weighting function, Eq. B.6 the result of the appropriate Green’s theorem, and Eq.

B.7 the decomposition of the boundary conditions [101].

Anticipating a Bubnov-Galerkin formulation, Dirichlet boundaries can be re-

moved from the integral equation. If all Neumann conditions are trivial, these too

may be removed. Impedance boundaries are present only in the fluid domain, not

the PML. Here σ(x) represents a real-valued “absorption” function. At the interface

of the standard volume and matched layer, if we require certain compatibility and

continuity conditions, namely:

⎧⎪⎪⎨
⎪⎪⎩

φ− = φ+

∇φ− · ν = ∇φ+ · ν,
(B.8)

then the first condition necessitates σ(�x) = 0, �x ∈ Γa, while the second requires that

∇σ(�x) · ν = 0, �x ∈ Γa. Although some researchers specify an absorption function

that grows linearly, one can see that the above requirements are satisfied rather by

such a function that grows quadratically along the domain of the PML [148, 31].7

7The Harari formulation [148] and Thompson summary of that formulation [31] differ on the
sign of the terms. If the wavenumber is real, and the absorption functions real, then the difference
is one of interpretation. In this exposition above the sign specified in Harari [148] is retained.
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In the case of the RPI impedance tube for example, σy = σz = 0 in the PML

along the x-axis direction. Thus the integral equation to solve in the PML is:

−
∫
Ω

∇w ·

⎛
⎜⎜⎝

⎡
⎢⎢⎣

1
k1

0 0

0 k1 0

0 0 k1

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ dΩ +

∫
Ω

wk2k1φ dΩ = 0, (B.9)

and the coupled integral equations to solve are, returning to a general PML region:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Γz

w
(
ikZ0φ

Z

)
dΓ− ∫

Ω
∇w · ∇φ dΩ +

∫
Ω
wk2φ dΩ +

∫
Ω
wf dΩ = 0, �x ∈ Ω

− ∫
Ω
∇w ·

⎛
⎜⎜⎝

⎡
⎢⎢⎣

k2k3
k1

0 0

0 k1k3
k2

0

0 0 k1k2
k3

⎤
⎥⎥⎦∇φ

⎞
⎟⎟⎠ dΩ +

∫
Ω
wk2k1k2k3φ dΩ = 0, �x ∈ ΩPML,

(B.10)

where the domain of the PML may consist of a union of mutually exclusive axial,

tangential and oblique sub-domains, wherein some of the kj functions are unitary.

Perhaps the difference in interpretation is based on the definition of the normal derivative. Harari
[148] specifies an inward pointing normal, whereas Thompson [31] does not.



APPENDIX C

EXPERIMENT SCHEDULES

C.1 Larger Cross-sectional Diameter Impedance Tube

Exp. Date Mat. Sample Trial Temp. Hum.

Name

(#) (D:M:Y:H:M:S) (#) (#) (◦ C) (%)

1 2:10:2010:21:3:35 Sonic Barrier 1 1 22 35

1 2:10:2010:21:5:18 Sonic Barrier 1 1 22 35

1 2:10:2010:21:7:0 Sonic Barrier 1 1 22 35

1 2:10:2010:21:8:42 Sonic Barrier 1 1 22 35

1 2:10:2010:21:10:28 Sonic Barrier 1 1 22 35
...

...
...

...
...

...
...

C.2 Smaller Cross-sectional Diameter Impedance Tube

Exp. Date Mat. Sample Trial Temp. Hum.

Name

(#) (D:M:Y:H:M:S) (#) (#) (◦ C) (%)

1 10:16:2010:11:59:44 Sonic Barrier 1 11 19 31

1 10:16:2010:12:1:53 Sonic Barrier 1 1 19 31

1 10:16:2010:12:3:26 Sonic Barrier 1 1 19 31

1 10:16:2010:14:42:18 Sonic Barrier 1 1 19 30

1 10:16:2010:14:43:59 Sonic Barrier 1 1 19 30
...

...
...

...
...

...
...
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APPENDIX D

MEDIUM IMPEDANCE TUBE ENGINEERING

DRAWINGS

Figure D.1: Medium impedance tube engineering drawing - perspective.
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Figure D.2: Medium impedance tube engineering drawing - front. Mea-
surements in millimeters.

Figure D.3: Medium impedance tube engineering drawing - side. Mea-
surements in meters.
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Figure D.4: Medium impedance tube engineering drawing - top. Mea-
surements in centimeters.
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Figure D.5: Medium impedance tube engineering drawing - small cap.



APPENDIX E

SMALL IMPEDANCE TUBE ENGINEERING

DRAWINGS

Figure E.1: Small impedance tube engineering drawing - front. Mea-
surements in centimeters.
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Figure E.2: Small impedance tube engineering drawing - side. Measure-
ments in centimeters.

Figure E.3: Small impedance tube engineering drawing - top, microphone
end. Measurements in centimeters.
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Figure E.4: Small impedance tube engineering drawing - top, source end.
Measurements in centimeters.
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Figure E.5: Small impedance tube engineering drawing - small cap.



APPENDIX F

OBLIQUE INCIDENCE IMPEDANCE

The subject of this investigation has been normal impedance. The mathematical

assumption for the expression of the boundary condition is given in Eq. 3.9, and

repeated here for convenience:

Z =
ikZ0φ

∇φ · ν , i.e. ∇φ · ν = ikZ0φ

Z
. (F.1)

Figure F.1: Normal impedance cosinusoidal polar response curve - the
assumed mode for the numerical implementation and parameter estima-
tion.
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The assumption made evident by the inclusion of the dot product is that

the impedance varies cosinusoidally, with maximum response at the normal and

minimal response tangent to the surface. A simple schematic is given in Fig. B.1.

This assumption is reasonable if either:

1. the velocity potential field both incident and reflected is entirely perpendicular

to the impedance surface, or

2. in the case that it is not, that the material impedance tapers away from the

normal cosinusoidally to zero at zero grazing incidence.

The geometry of the larger cross-sectional diameter tube supports the former

only for frequencies in the lower regime, whereas the smaller cross-sectional diameter

tube supports the former into the high frequency regime. As discussed in Chapter

2, ISO standards exist for measuring absorption (a real valued by-product of the

impedance parameter) when the field is assumed fully ergodic. This is referred to

as random incidence absorption, and measurements are typically conducted in a

reverberation chamber with parameter values derived from Sabine’s, Eyring’s or a

variant equation [152]. boundary equation paper. A corresponding notion may be

posited for impedance, with a polar pattern schematically described by Fig. B.2.

Between these limiting cases exist a range of potential polar responses, de-

scribing an oblique impedance parameter which is a function of both frequency and

incidence angle, perhaps even a function of azimuth and elevation. This response

may be some ideal expansion of simple modes, leading to a lobed design as described

by Fig. B.3, or else something fully pathological.

Using a normal impedance assumption when the polar response is not cos-

inuisoidal about the normal leads to a mismatch, so that the value derived relates

to a convolution of the patterns described if the field incidenc strength, phase and

angles upon the surface are well matched by a model prediction, but can be more

greatly distorted if they are not. Thus, in cases where field curvature is expected,

some provision should be made for a general oblique incidence polar pattern.

In a finite element numerical solution to the partial differential equations, such

as described in Chapter 3, the element shapes and the shape functions chosen to
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Figure F.2: Normal impedance nearly flat polar response curve the as-
sumed mode for random incidence absorption measure.

approximate the solution limit the incidence angles considered by locality. Recall

that the impedance boundary integral is only applied to elements with nodes on that

boundary. The strength of the method with regard to exploitable matrix structure

is therefore a liability with regard to oblique incidence estimation. In this regard a

boundary element method in which angles of incidence relate to all other boundaries

is more appropriate. However, as mentioned, if the field incidences are controlled

a priori by an alternative test geometry, then the inverse finite element method of

Chapter 3 may be adapted.

Suppose that:

1. all surfaces but the material under test were fully absorptive,

2. the normal impedance parameter is allowed to vary from node to node along
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Figure F.3: Normal impedance lobed polar response curve - a possible
function of frequency and angle.

the impedance boundary,

3. a polar response for the material may be posited, and

4. the source to impedance boundary node incidence angles is known.

As a result:

1. the field would be the result of only the incident and reflecting fields (as is

assumed in subtraction techniques for example),

2. the angle of field incidence over the element boundary integration points may

be calculated.
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Thus the resulting estimate of the normal impedance estimate times the polar re-

sponse for the posited pattern interpolated over the range of incidence angles for the

nodes according to the appropriate shape function represents the model best guess

of the oblique incidence parameter over the range of incidence angles created by the

source to surface geometry.

Figure F.4: Oblique incidence test geometry - schematic.

The geometry recommended therefore, is that of an anechoic semi-circular

flat room, diagrammed scematically in Fig. B.4, where the source may be rotated

around the boundary, and the material under test located along the flat boundary

at the center of the circle. This geometry is the two-dimensional analog of the one

described in the method of Tamura et al. [93], but suitable to the IFEM of this

dissertation.
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