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SUMMARY 

This investigation presents a new technique for the 

approximate solution of incompressible boundary layer flow problems. 

Solutions are determined from linearized forms of both the Prandtl 

and the von Mises boundary layer equations. These forms are obtained 

by the introduction of a stretching function which provides a local 

linearization of the inertia term in the Prandtl equation, and of the 

viscous term in the von Mises equation. The linearized solution is 

derived as a functional dependent upon the stretching function. A 

first order differential equation is derived that determines this 

stretching function for a class of boundary layer problems characterized 

by a nonuniform initial velocity distribution, a constant freestream 

velocity, and a piecewise constant slip velocity at the wall. The 

approximate solutions obtained by introducing the stretching function 

into the linearized solution are compared directly with a previously 

unpublished exact solution for a simplified problem having a uniform 

initial velocity distribution. 
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LIST OF SYMBOLS 

V' 
e(x) = x, coordinate transformation for Prandtl stretching 
function 

A 
g(x) = x, coordinate transformation for von Mises stretching 
function 

von Mises stretching function 

Oseen stretching function 

reference length 

Re = urlr/~' Reynolds number based on reference quantities 

velocity parallel to wall 

velocity along a streamline 

approximate solution to von Mises equation 

transformed approximate solution to von Mises equation 

approximate solution to Oseen equation 

transformed approximate solution to Oseen equation 

initial velocity distribution for Prandtl boundary layer 
equation 

initial velocity distribution for von Mises boundary layer 
equation 

constant slip velocity at the wall 

constant velocity at outer edge of boundary layer 

reference velocity 

distance measured parallel to wall in physical plane 

~ =I~/k(p)dp, distance parallel to wall in transformed 
0 

X' =[Xtjl(p)dp , distance parallel to wall in transformed 

distance measured normal to wall 

Oseen stretching function 

von Mises stretching function 

density 

kinematic viscosity 

f = -au/d.!:i t stream function 

iii 

plane 

plane 



INTRODUCTION 

Boundary layer flow has been under study for over 60 years, but 

the problems studied previously have primarily been those associated with 

uniform initial and boundary conditions.. This paper is concerned with 

the solution of the steady two-dimensional laminar boundary layer (BL) 

1 
equations for a more general type of initial and boundary conditions. 

This problem corresponds to an arbitrary nonuniform initial velocity (NUIV) 

distribution, a constant free stream velocity, and a piecewise constant 

slip velocity at the wall. Exact solutions are not in general available 

for this flow problem. 

As a simplification of the NUIV case, we have the situation 

where there is a uniform initial velocity (UIV) distribution. Although 

the UIV problem can be solved exactly, only its two limiting cases appear 

to have received previous treatment in the literature. These are: zero 

slip velocity with constant free stream velocity (the classical Blasius 

2 3 
problem)' and constant slip velocity with zero free stream velocity (the 

moving wall prob1em)4,S. 

In reference 1, it is suggested that an approximate solution 

could be obtained for the NUIV case by a new technique, which linearized 

the BL equations in a particular manner as its first step. For the Prandtl 

BL equations, the nonlinear inertia term is replaced with ~ (x) ux ' while 

for the von Mises BL equations the nonlinear viscous term is replaced by 

-1 
k (x) u 'fly; Since the functions ,f(x) and k(x) are conveniently absorbed 

in a stretching transformation of the x coordinate, they are denoted as 

the Oseen and von Mises stretching functions, respectively. The linearized 

solution is obtained as a functional involving the stretching functions. 



The second step of this technique, the determination of ~ or k, is 

not developed in reference 1, and instead a primitive assumption is 

made to determine the value of the stretching function. The results 

derived by means of this assumption are promising, however, and in

dicate the value of determining the stretching function by rigorous 

means. 

This paper develops a procedure to determine the stretching 

function for the NUIV case, and provides a check on the stretching 

function linearization (SFL) technique for the UIV case by comparing 

the SFL solution with the exact solution. 
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DETERMINATION OF THE STRETCHING FUNCTION 

Before attempting to determine the stretching function, let 

us review two equivalent forms of the BL equations that describe the 

general flow problem shown in Figure 1. 

u .. 

") S s 

U 
I ... 

ss s-.:::::: 
Fig. 1. 
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The Prandtl BL equations, describing the steady two-dimensional, 

laminar motion of an incompressible fluid at constant velocity Uc paral-

leI to a fixed, impermeable wall whose surface in motion at a constant 

velocity U, are 

Ul.fx -t V-U~==.)U~Cj 

U)(+lF~ =-0 

with the initial and boundary conditions 

U (0, ~) = U o ( ':1 ) 
U(X,O) ;:. U 
U (x,y) = LAc 

(la) 

(lb) 

The change of variables with respect to a reference velocity Ur and a 

reference length i. r given by 
if' 

U :: ujU,.. 
u: = uo/Ur 
u* = UjU,.. 
U; = Uc/U r 

-V-~=lJ/Ur 

x* = xl1.r 

tj* = R:'" tj/,lr 
Re;:' Urlr/v-

(2) 



renders equations la,b dimensionless and of the form 

U U x+ V-U:1 :=. U:JIj 

UK --r U-~ ::. 0 

U(O, 'j);: Uo(y) 
U(X,O) = U 
U(X.lj):: Uc 

4 

(3a) 

(3b) 

where we have finally dropped the * The reference velocity is chosen 

as follows: for Dc < D, we choose Dr D, and for Dc 7 D, we choose 

Dr = Dc' Equations 3a may be combined to give the single integro-

differential equation 

The change of variables 

~ (X, ':1) =j'J U (X, p) d p 
o 

u (X, YJ):=. U (X.:1) 
U

o
( 41):: Uo(y) 

leads to the von Mises form of the problem 

, i,.., 
'I'-'1t:O 

_-I_Z, _z, 
U U,,:::: LA t'f' 

v.(o,l/J)= Uo (4J) 

U'(X.O):::U 
U (X,'P):: Uc 

(3c) 

(4 ) 

(Sa) 

(Sb) 

Both of these problem formulations will be linearized as the first step 

in obtaining an SFL solution for the NUIV case. 

In the process of linearizing equation 3c, the nonlinear inertia 



-
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, are replaced by the single termi(x) 

This linearization process should yield good results for problems in 

which the first nonlinear term dominates the second nonlinear term. How-

ever, if the second nonlinear term is dominant, such as in some NUIV 

problems, then correct results should not be expected. For this reason, 

the stretching function that linearizes the von Mises equation will be 

derived in detail, while only the results will be given for the stretch-

ing function that linearizes equation 3c. 

von Mises Stretching Function 

Let us obtain an approximate solution to equation 5 which 

satisfies the initial and boundary conditions exactly and the differential 

equation approximately. We may determine this solution, for which we use 

"" the symbol u, from the linear equation 

subject to 

11 (0. tj' ) = Uo ( cp) 
U (X,D) :: U 

a (X, (jJ) = Uc: 

(6a) 

(6b) 

The multiplier k(x) is denoted as the stretching function for the von Mises 

form of the BL equations, or simply as the von Mises stretching function. 

The solution to equation 6 is easily obtained as a functional dependent 

upon k. The approximate solution, denoted as the SFL solution, can be 

derived from this linearized solution only upon the determination of k. 

As a simple criterion to determine k(x), let us assume that 

l 
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'(f is just u and then require that 

jt:qUation Sa - equation 6a) d'f = 0 (7) 

This is equivalent to requiring that, at every x, the rate of change of 

~-1~2 ~2 
velocity along a streamline u ux ' and k(x) Ux have the same value when 

integrated over all 'I' , i.e., that 

(8) 

Of course, the quantity ~ will not be point-wise correct but it should 

give good results for averaged quantities such as boundary layer thick-

ness. The resulting k(x) is conveniently introduced in the equations in 

terms of the stretching transformation 

d a -,,= k(x)-
dX oX 

and the change of variables 

x1~ = g(x) 
o k(p) 

a (x I </I) = U (x/ '/I) = U ( 9 (x) ,(/J ) 

Equations 6a,b simplify to 

"'2 .... z 
U~ = U I/Jtf 

u(o. cp) = U o ( 'IJ) 
Q (X,o);: U 

liM U (X, tp) = Uc. 
1/1-:> .,.... 

which is, of course, the classical heat equation. 

(9a) 

(9b) 

(9c) 

(lOa) 

(lOb) 
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Also, equation 8 may be transformed to 

j oO( 1\ -f A 2. k 1\2 cf 
l( UA- (X)U; t{-J=O 

o X 
(11) 

or alternatively 

(12) 

1\ 
For u positive, k will be positive and the transformation g will be mono-

tonic. If the solution of equations 10a,b in terms of the stretched 

x coordinate is substituted into the expression on the right hand side 

of equation 10, and the integration is performed, then it is easily seen 

that the resulting expression will be a function of £. If this function 

of ~ is denoted as E (x), then we have 

k LX) = E (x) (13) 

The stretching function may be determined by substituting equation 9b in 

this result to get 

(14a) 

or (14b) 

A valuable result concerning k may be obtained by noting that 

g' is just 11k and substituting this result in equation l4a to yield 

This first order nonlinear ordinary differential equation will yield a 

unique solution for g provided 1/£ is continuous and satisfies the 
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Lipschitz condition. Thus for g' ~ 0, any k(x) determined as a solution 

of equation l4b, numerically or otherwise, will be unique. With this 

result, the solution of the BL equation may be approximated by the 

successive solution of a second order linear partial differential equa-

tion which determines the functional form of E , and a first order non-

linear ordinary differential equation which determines k. 

Thus, the approximate solution to the general boundary layer 

flow problem given in equation 5 may be determined by the following 

1\ 
steps: First, the system given by equation 10a,b is solved for u. A 

solution to this system for a large class of initial velocity distributions 

is given in Appendix I. Next, this result is substituted in equation 12 

to get the functional form for f 1\ 

(x). Third, the stretching function is 

determined from equation 14b. Fourth and last, the velocity 1r is deter-

mined from equation 9c. 

There are only two pOBsibi1ities for the functional form of 

~ ~ E (x), either it is a function of x or it is a constant. The first 

possibility occurs for the NUIV case and requires that an iterative pro-

cess be used to determine k(x). One such process might be to choose 

(1) 
k(x) = R (x) and then to calculate successively higher approximations for 

(n) 
k(x), i.e., R (x), through repeated use of the expression 

("'+1) ( .It dP ) 
k ( x.) :0 E 1.. k (,,) ( p) ( 15 ) 

(n+l) (n) 
until there is the desired agreement between k (x) and k (x). 

For the UIV case, the resulting velocity distributions are 

A 

affine and it is to be expected that both E (x) and k(x) will be con-

stants. Indeed, if the solution for the UIV case, which is given by 
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equation I-I with p = m = 1 and Dl D, is substituted in equation 12, 

then the result may be given by 

k(x):: z Ie UZ + (Uc.- u1.) er-t p )-'/~p (exp( _p2)) d P 
o . 

(16) 

The stretching function has been determined from equation 16 by numerical 

quadrature and is shown in Figure 2a for D = 1, 0 ~ Dc ~ 1 and in Figure 

2b for Dc = 1, 0 ~ D ~ 1. 

Oseen Stretching Function 

Equation 3c can also be linearized by a stretching function 

approach. Let us obtain an approximate solution to this equation which 

satisfies the initial and boundary conditions exactly and the differ-

ential equation approx~mately. We may determine this solution, for which 

::: we use the symbol u, from the linear equation 

(17) 

Because of the similarity of this equation to the Oseen equation, the 

stretching function ~ (x) is denoted the Oseen stretching function. 

Proceeding in a similar fashion as for the von Mises equation, the 

stretching transformation 

J~ = l(x)d~ 

and the change of variables 

X =fX-=le, = e (X) 
o i, (p) 

a (x,y)= u(x,~) = U (e (x), lj) 

(lSa) 

(lSb) 

(lSc) 



simplifies equation 17 to 

and the initial and boundary conditions of equation 3b to 

I I'm 

LA ( o. y) :: U o (y ) 
U(X,O)=U 

Q (X,y)= Uc 

10 

(19a) 

(19b) 

':S ---'PC» 

For the Prandtl equation, the criterion for the determination of ~ (x) 

would be that 

(20) 

or that 

(21) 

Unfortunately, even for positive u, ~(x) may pass through zero making e 

non-monotonic which invalidates the solution. If the solution of equation 

19 is substituted in the right hand side of equation 21, and the integra-

tion is performed, then the result will be a function of x. If this func-

tion of ~ is denoted as 0 (~), we have then 

l(x)= O(x) (22) 

,t(x): r(e(x)) (23a) 

or 

(23b) 



Thus, the SFL solution of the Prandt1 form of the BL equa

tions can be determined in the same manner as the SFL solution of the 

von Mises form of the BL equations. For the UIV case, the analogous 

result to equation 16 may be integrated exactly to yield 

11 

(24) 
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RESULTS AND DISCUSSION 

Now that a method has been formulated for the determination 

of k(x) and ~ (x), let us examine the error in the approximate solution 

of the BL equations obtained by the SFL technique. This will be accom-

plished for the UIV case by comparing the SFL solution directly to the 

exact solution. The exact solution for the UIV case is contained in 

Appendix II. 

Figure 3a, b compares the shear stress at the wall calculated 

from the eXdct and SFL solution of the BL equations. For the Oseen 

stretching function approach, the absolute relative error is less than 

10%, while for the von Mises stretching function it is less than 14%. 

The maximum error in each case occurs at the limiting cases of U = 0, 

Uc = 1, and U = 1, Uc o. By comparison, the approximate solution due 

to Oseen is in error by 76% for the case where U = 0, Uc = 1. For the 

range given by U = 1.0, 0.3 < Uc < 1.0 and Uc 1.0, 0.3 < U < 1.0, there 

is less than 3% error in the shear stress. 

Shown in Figure 4a,b and c is a comparison of the velocity 

distributions determined from the SFL and the exact solutions of the 

BL equations. The general agreement for all three examples is good. 

Based on the shear stress results, this agreement for the example with 

U = 1.0, Uc = 0.5 should be representative of the error in the SFL solu-

tion for U = 1.0, 0.3 < Uc < 1.0 and Uc = 1.0, 0.3 < U < 1.0. Since the 

stretching function for the UIV case simply alters the scale of the y 

• A 1\ _1:'"1 
coordinate, ~.e., u(x,y) = u(x, ~ ky), the agreement between the exact 

and the SFL solutions is not easily improved. The SFL technique 

apparently yields a result that is a compromise between a correct shear 

and a correct BL thickness. For the U = 1 U = 0 case, for instance, a , c 
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larger stretching function would yield a more correct BL thickness and 

a less correct wall shear stress, while a smaller stretching function 

would yield the opposite result. A similar conclusion can also be 

reached for the U = 0, Uc = 1 case. 

Based on these results, it appears that the technique de

veloped for the determination of the stretching function is valid and 

that the SFL technique is a good means for obtaining an approximate 

solution to the BL equations, at least for the UIV case. A check of 

the validity of the SFL technique for the NUIV case, and its application 

to predict the BL flow in a circular cavity will be treated in a future 

paper. 



14 

APPENDIX I 

SOLUTIONS FOR A GENERAL CLASS OF BOUNDARY LAYER PROBLEMS 

Let us consider the class of incompressible steady two-

dimensional laminar boundary layers produced by the parallel motion 

at constant velocity of m discrete segments of the surface on a fixed 

flat plate aligned with a uniform free stream of constant velocity Uc ' 

(All of the velocities described in this appendix are actually velocity 

th ratios). The p segment (p ~ m), of length ap ' has a surface velocity 

Up which may be considered as produced by a moving belt. Utilizing the 

linearized von Mises equation, (i.e. equation 10) and the results of 

Appendix I of reference 1, we find that the velocity distribution at a 

distance ~ downstream from the beginning of the pth segment is given 

by 

[fr (Xp 

(1-1) 

where 
[

- .... -I /\ 1. cd 
k. (x) = 0 U L U~X tp 

L .I~QtA d 4' 
<> x. 

QL = JQ~ dp/ki. (p) 
o 

e-(O():; erf (f -{-!;c ) 
p-I 

e (Xp +.L 8.(.) = I 
P-I r..:p+1 

L. a· : 0 
L= P l-

and up(xP,y) may be recovered by the subsequent use of equations 9c and 4. 

(1-2) 

In terms of this notation, the velocity distribution for the 

Blasius problem corresponds to Uc 7 0, m 0, while for the moving 

wall problem it corresponds to Uc = 0, m U. The velocity dis-

tribution up(xP,y) determined from equations 1-1, 9 and 4 may in general 
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have more than one inflection point and a local velocity within the 

BL which may exceed the free stream velocity or the surface velocity. 

Although the result given by Equation 1-1 is interesting of 

itself, it can be put to a more practical use. If it is desired to 

determine the development of a given NUIV distribution on either a 

stationary or moving wall, one simply determines the set of ~n and Un 

such that un+l(O, ~) matches the given profile to the desired accuracy. 

A The number of an and Un required to match the given profile will depend 

on its complexity. In any case, the velocity of the stationary or moving 

wall will be Un+l · 
A 

The substitution of these values of an and Un in 

equation 1-1 yields the desired BL velocity development, un+l ' in the 

/'.. x plane. The subsequent use of equations 9c and 4 will then transform 

this result to the physical plane. 
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APPENDIX II 

EXACT SOLUTION OF THE BOUNDARY LAYER EQUATIONS FOR THE UIV CASE 

The exact solution of equation 1 with uo(y) = Uc is obtained 

by the application of the similarity transform 

'/~ 
If = ffx Ur f (Ij) 

~ :: ~ U:z. /.,[,) X 

which simplifies the problem to an ordinary differential equation of 

the form 

with the boundary conditions 

-t(o)= 0 
I + (0)= U , 

lim t(rJ)::: Uc ?-,-
The solution of this system has been obtained numerically for U ~O, 

Uc ~ 0 by the use of a modified Hamming's predictor-corrector technique. 

The results agree for the limiting cases of U = 0, Uc = 1 and U = 1, 

Uc = 0 with those of reference 2 and reference 4, respectively. 
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Fig. 2b 
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!"ig. 3a 
Wall SheRr Stress for U ~ Uc 



20 

UjUc 
fig. 3b 

Wall Shear Stress for Dc ~ U 
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