
 

 

 

 

DIRECT NUMERICAL SIMULATION OF TURBULENT CHANNEL 

FLOWS USING A STABILIZED FINITE ELEMENT METHOD 

by 

Alisa V. Trofimova 

A Thesis Submitted to the Graduate 

Faculty of Rensselaer Polytechnic Institute 

in Partial Fulfillment of  the 

Requirements for the degree of 

 MASTER OF SCIENCE 

Major Subject: Engineering  Physics 

 

 

 

 

 

 

Approved:  

 

_________________________________________ 

Dr. Richard T. Lahey, Jr., Thesis Adviser 

 

_________________________________________ 

Dr. Kenneth  Jansen, Thesis Adviser 

 

 

 

Rensselaer Polytechnic Institute 

Troy, New York 

December, 2007 

 



 

 ii

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

© Copyright 2007 

by 

Alisa V. Trofimova 

All Rights Reserved 



 

 iii

CONTENTS 

CONTENTS ..................................................................................................................... iii 

LIST OF TABLES ............................................................................................................iv 

LIST OF FIGURES............................................................................................................v 

NOMENCLATURE....................................................................................................... viii 

ABSTRACT.......................................................................................................................x 

1. INTRODUCTION........................................................................................................1 

1.1 One-phase turbulence .........................................................................................1 

2. THE FINITE ELEMENT FORMULATION FOR THE FLOW.................................5 

2.1 Governing equations...........................................................................................5 

2.2 Weak form – finite element discretization with the SUPG method ...................5 

3. DISCUSSION ............................................................................................................10 

3.1 Computational domain and grid .......................................................................10 

3.2 Mean flow variables .........................................................................................17 

3.3 Turbulence intensities .......................................................................................21 

3.4 Reynolds shear stress ........................................................................................25 

3.5 Autocorrelations ...............................................................................................27 

3.6 One-dimensional energy spectra.......................................................................33 

3.7 Turbulent kinetic energy...................................................................................40 

3.8 Flow visualization.............................................................................................51 

4. CONCLUSION ..........................................................................................................56 

BIBLIOGRAPHY ............................................................................................................57 

  

 



 

 iv 

LIST OF TABLES 

Table 1. Mesh and time step parameters, where +∆ 2/nyy  is the grid point spacing in the 

wall normal direction at the middle of the channel. All meshes were composed of 

trilinear  hexahedral elements. ...............................................................................................13 

 

 



 

 v 

LIST OF FIGURES  

Figure 1. Instantaneous velocity contours – three dimensional view of streamwise 

velocity. ..................................................................................................................... 14 

Figure 2.  Instantaneous velocity contours in x-direction for the cross-section (x,y) at 

180Re =τ ,  294x129x128 for the time moments: (a) t=500, (b) t=600, (c) t=1000 

(non-dimensional time). ............................................................................................ 15 

Figure 3. Instantaneous velocity contours in x-direction for the cross-section (x,y) at 

395=τRe ,  256x193x192 for the time moments: (a) t=1200, (b) t=1230, (c) t=1250 

(non-dimensional time). ............................................................................................ 16 

Figure 4. Mean velocity profiles for: (a) τRe =180, (b) τRe =395. .................................. 19 

Figure 5. The normalized near-wall mean streamwise velocity profiles for: (a) τRe =180, 

(b) τRe =395.............................................................................................................. 20 

Figure 6. Normalized RMS (root mean square) velocity fluctuations for: (a) τRe =180, (b) 

τRe =395. .................................................................................................................. 22 

Figure 7. The normalized RMS pressure fluctuation profiles for: (a) τRe =180, (b) 

τRe =395. .................................................................................................................. 24 

Figure 8. Shear stresses normalized by the wall shear velocity, 2/ τρττ u=+ , for: (a) 

τRe =180, (b) τRe =395. ........................................................................................... 26 

Figure 9.  Streamwise two-point autocorrelation of the velocity fluctuations at τRe = 180: 

(a) uuR , (b) vvR , (c) wwR  - 13178.=+y (centerline); (d) uuR , (e) vvR , (f) wwR  - near 

the wall ( 5≈+y ). ...................................................................................................... 29 

Figure 10. Spanwise two-point autocorrelation of the velocity fluctuations at τRe = 180: 

(a) uuR , (b) vvR , (c) wwR  - 13178.=+y (centerline); (d) uuR , (e) vvR , (f) wwR  - near 

the wall ( 5≈+y ). ...................................................................................................... 30 



 

 vi 

Figure 11. Streamwise two-point autocorrelation of the velocity fluctuations at τRe = 395: 

(a) uuR , (b) vvR , (c) wwR   - +y =392.2 (centerline); (d) uuR , (e) vvR , (f) wwR  - near the 

wall ( 5≈+y ). ............................................................................................................ 31 

Figure 12. Spanwise two-point autocorrelation of the velocity fluctuations at τRe  = 395: 

(a) uuR , (b) vvR , (c) wwR   - +y =392.2 (centerline); (d) uuR , (e) vvR , (f) wwR  - near the 

wall ( 5≈+y ). ............................................................................................................ 32 

Figure 13. Streamwise one-dimensional energy spectra of velocity fluctuations at τRe = 

180: (a) uuE , (b) vvE , (c) wwE  - 13178.=+y (centerline); (d) uuE , (e) vvE , (f) wwE  - 

near the wall ( 5≈+y ). .............................................................................................. 35 

Figure 14. Spanwise one-dimensional energy spectra of velocity fluctuations at τRe = 

180: (a) uuE , (b) vvE , (c) wwE  - 13178.=+y (centerline); (d) uuE , (e) vvE , (f) wwE  - 

near the wall ( 5≈+y ). .............................................................................................. 36 

Figure 15. Streamwise one-dimensional energy spectra of velocity fluctuations at τRe = 

395: (a) uuE , (b) vvE , (c) wwE  - 2392.=+y (centerline); (d) uuE , (e) vvE , (f) wwE  - 

near the wall ( 5≈+y ). .............................................................................................. 37 

Figure 16. Spanwise one-dimensional energy spectra of velocity fluctuations at τRe = 395: 

(a) uuE , (b) vvE , (c) wwE  - 2392.=+y (centerline); (d) uuE , (e) vvE , (f) wwE  - near the 

wall ( 5≈+y ). ............................................................................................................ 38 

Figure 17. One-dimensional energy spectra of velocity fluctuations for: (a) τRe =180 

(solid line), (b) τRe =395 (dotted line)....................................................................... 39 

Figure 18. Shear production rate (P) for: (a) τRe =180, (b) τRe =395. ............................ 42 

Figure 19. Pressure transport rate ( A ) for: (a) τRe =180, (b) τRe =395. ......................... 43 

Figure 20. Turbulent transport rate (T ) for: (a) τRe =180, (b) τRe =395. ....................... 44 

Figure 21. Viscous diffusion rate (D ) for: (a) τRe =180, (b) τRe =395. ......................... 45 

Figure 22. Viscous dissipation rate (ε ) for: (a) τRe =180, (b) τRe =395. ....................... 46 



 

 vii

Figure 23. TKE for: (a) τRe =180; 294x129x128, (b) τRe =395; 256x193x193 (dotted 

line) and the results of Moser et al. [19] (solid line)................................................. 48 

Figure 24. TKE for τRe =180, 395. .................................................................................. 49 

Figure 25. The variation of the ratio ε/P  for: (a) τRe =180; 294x129x128, (b) τRe =395; 

256x193x192 (dotted line) and the results of Moser et al. [19] (solid line). ............ 50 

Figure 26. Instantaneous flow fields, ),( zxu′ , at different distances from the wall;  (a) 

5≈+y , (b) 10≈+y , (c) 20≈+y  for τRe  = 180 with the 32x65x32 mesh.............. 52 

Figure 27. Instantaneous flow fields, ),( zxu′ , at different distances from the wall; 

(a) 5≈+y , (b) 10≈+y , (c) 20≈+y  for τRe  = 180 with the 64x129x64 mesh. ........... 53 

Figure 28. Instantaneous flow fields, ),( zxu′ , at different distances from the wall; 

(a) 5≈+y , (b) 10≈+y , (c) 20≈+y  for τRe  = 180 with the 294x129x128 mesh. ....... 54 

Figure 29. Instantaneous flow fields, ),( zxu′ , at different distances from the wall; 

(a) 10≈+y , (b) 20≈+y  for τRe  = 395 with the 256x193x192 mesh........................ 55 

 



 

 viii

NOMENCLATURE  

            ijE  = one-dimensional energy spectra of velocity fluctuations 

            xik  = wave number in direction ix  ( m/1 ) 

            p  = pressure ( Pa ) 

            iiR  = two-point correlation coefficient of velocity fluctuations 

            τRe  = Reynolds number = ντ /hu  

            mRe  = Reynolds number = ν/2hum  

            t = time (s) 

             w, , , υuui  = velocity component ( sm / ) 

            τu  = friction velocity ( sm / ) 

            mu  = bulk mean velocity ( sm / ) 

            ijτ  = viscous stress ( 2/mN ) 

            ijTτ  = total shear stress ( 2/mN ) 

              fC  = the skin friction coefficient 

            xx  ,1  = streamwise direction (m ) 

            yx  ,2  = wall-normal direction (m ) 

            zx  ,3  = spanwise direction (m ) 

            h  = channel half width (m ) 

            ν  = kinematic viscosity ( sm /2 ) 

            ρ  = density ( 3/mkg ) 

           +⋅)(  = normalized by τu , ν  and ρ  



 

 ix 

           )( ′⋅  = fluctuation component 

           rms)(⋅ = root mean square 
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ABSTRACT 

 Direct numerical simulations (DNS) of incompressible turbulent channel flows at 

180Re =τ  and 395 (i.e. Reynolds number, based on the friction velocity and channel 

half-width) were performed using a stabilized finite element method (FEM). These 

simulations have been motivated by the fact that the use of stabilized finite element 

methods for DNS and LES is fairly recent and thus the question of how accurately these 

methods capture the wide range of scales in a turbulent flow remains open. To help 

address this question, we present converged results of turbulent channel flows under 

statistical equilibrium in terms of mean velocity, mean shear stresses, root mean square 

velocity fluctuations, auto-correlation coefficients, one-dimensional energy spectra and 

balances of the transport equation for turbulent kinetic energy. These results are 

consistent with previously published DNS results based on a pseudo-spectral method, 

thereby demonstrating the accuracy of the stabilized FEM for turbulence simulations.     
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1.  INTRODUCTION 

1.1 One-phase turbulence   

  Turbulence in viscous flows is fully described by the Navier-Stokes equations 

and may be evaluated using direct numerical simulation (DNS), where all scales are fully 

resolved, providing a complete picture of the turbulent field. A DNS considers all degrees 

of freedom in the flow and is thus the only way to predict and analyze turbulent flows in 

detail without requiring any closure assumptions. However due to limitations on 

computational hardware, DNS is only possible for flows of low to moderate Reynolds 

numbers. 

 The first DNS was published decades ago by Orszag and Patterson [21] who 

performed simulations of homogeneous turbulence. More than 15 years later Kim et al. 

[15] published their seminal DNS of turbulent channel flow using a Chebychev-tau 

formulation in the wall-normal direction and a Fourier representation in the horizontal 

directions. The Reynolds number, based on the friction velocity and channel half-width, 

was τRe =180. Kim et al. [16] subsequently performed a DNS at a higher Reynolds 

number, τRe =395, and later Moser et al. [19] published DNS results for turbulent 

channel flows up to τRe =590. More recently, Hoyas and Jiménez [8] have performed a 

DNS of turbulent channel flow at τRe =2003. Their discretization involved a Fourier 

representation in the horizontal directions and high order compact finite differences in the 

wall-normal direction. 

 The classical Galerkin method for the incompressible Navier-Stokes equations is 

well-known to be unstable in the advection dominated limit, as discussed by Brooks and 

Hughes [3]. A second instability can occur for certain interpolation combinations of the 
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velocity and pressure which violate the so-called Babuška-Brezzi condition. In the works 

of Brooks and Hughes [3] and Hughes et al. [10] among others, the streamline 

upwind/Petrov-Galerkin (SUPG) method has been shown to remedy these instabilities 

through the addition of numerical dissipation along streamlines. 

 Over the last three decades, stabilized finite element methods for fluids have 

grown in popularity. In particular, the SUPG method of Books and Hughes [3], the work 

of Hughes et al. [12] on the Galerkin / least-squares (GLS) method, and the streamline 

diffusion method (which is related to the SUPG method) of Hansbo and Szepessy [6], are 

stabilized FEM formulations that have been used. However, none of the early 

computations with these methods involved turbulent flows. Recently, Jansen [13] 

pioneered the use of stabilized finite elements (particularly the SUPG method) for large-

eddy simulation (LES), where the larger, more energetic scales of the turbulent flow, are 

resolved while the smaller scales are parameterized. Given that the use of stabilized finite 

element methods for DNS and LES is fairly recent, the question of how accurately these 

methods capture the smallest resolved scales in a DNS remains an open question. The 

studies of Jansen [13] and Tejada-Martínez and Jansen [29] have shown the ability of the 

SUPG method to accurately capture the largest resolved scales in the LES of turbulent 

channel flows while using the dynamic Smagorinsky model of Germano et al. [5] (as 

modified by Lilly [17]) to account for the effect the subgrid-scales on the resolved scales. 

Both of these studies were made with tri-linear hexahedral elements. Rispoli et al. [23] 

have tested their own stabilized approach in simulations of turbulent channel flows 

without a classical LES-type subgrid-scale model (such as the Smagorinsky model) and 

instead they relied on the added energy dissipation provided by a discontinuity-capturing 

directional operator. Recently, Calo [4] and Hughes [11] have interpreted the stabilizing 
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effect of SUPG / Galerkin least squares (GLS) type methods as an LES-type subgrid-

scale model while developing a rigorous framework for deriving stabilized methods. In 

this approach, the stabilization assumes the role of the LES subgrid-scale model thereby 

eliminating the need for traditional models such as the Smagorinsky model. Bazilevs et 

al. [2] tested this approach in simulations of turbulent channel flows and forced isotropic 

turbulence while using a NURBS (non-unform rational B-splines) discretization. In an 

accompanying study, Akkerman et al. [1] extended this same approach to tri-quadratic 

hexahedral elements in simulations of turbulent channel flows.  

Although all of the previously discussed studies have successfully demonstrated 

the accuracy of the SUPG method and its variants to accurately simulate turbulent 

channel flows in terms of statistics such as mean velocity and root mean square of 

velocity fluctuations, a more detailed analysis of results in terms of higher order (single 

and two-point), statistics is still lacking.  In this thesis we demonstrate the accuracy of the 

SUPG method to resolve all scales (including the smallest scales associated with turbulent 

dissipation) in DNS of turbulent channel flows at  τRe =180 and τRe =395 on tri-linear 

hexahedral meshes. Converged results under statistical equilibrium are shown in terms of 

mean velocity, mean shear stresses, root mean square of velocity fluctuations, auto-

correlations coefficients, one-dimensional energy spectra and the balances of the transport 

equation for turbulent kinetic energy; these results are compared to, and agree with those 

of Kim et al. [15] and Moser et al. [19], obtained with the pseudo-spectral method. In 

particular, one-dimensional energy spectra allow for a clear interpretation of the impact of 

SUPG stabilization on the smaller resolved scales.  
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In our simulations, a careful selection of one of the parameters in the SUPG 

stabilization operator is made so that numerical dissipation due to stabilization is 

sufficiently small and, consequently, does not act as an LES-type model, unlike in the 

simulations of Rispoli et al. [23], Bazilevs et al. [2] and Akkerman et al. [1]. In our case, 

stabilization primarily provides a stabilizing effect and thus our simulations can be 

considered “noclosure model simulations”. More specifically, our coarsest mesh 

simulations can be considered “coarse DNS” while our finest mesh simulations can be 

considered simply as DNS.  
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2. THE FINITE ELEMENT 

FORMULATION FOR THE FLOW  

2.1 Governing equations 

 We can assume that the fluid is isothermal and of constant density. These 

assumptions imply that we consider an incompressible fluid for which conservation of 

mass is expressed by the continuity equation in the form  

0=
∂

∂

i

i

x

u
 

(1) 

where iu  is the velocity in the ix -direction. Similarly, conservation of momentum is 

j

ij

ij
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where the nonlinear term has been expressed in conservative (Eulerian) form, ρ  denotes 

the density of the fluid, p  the static pressure and ijτ  the viscous stress tensor. If the fluid 

can be considered to be Newtonian, and incompressible, the viscous stress tensor is given 

by: 
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where ν  is the kinematic viscosity. 

 

2.2 Weak form – finite element discretization with the SUPG method 

 Next, we proceed with the stabilized finite element discretization of the weak 

form of the governing equations (i.e., the continuity equation in Eq. (1) and the 

momentum equations in Eq. (2)). First we introduce the discrete weight and solution 

function spaces that are used. Let NR⊂Ω represent the closure of the physical spatial 
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domain ( NR∪Ω ) in N dimensions, where only N=3 is considered. The boundary, Γ , is 

decomposed into portions with natural boundary conditions, hΓ , and essential boundary 

conditions gΓ , i.e. hg Γ∪Γ=Γ . In addition, )(1 ΩH represents the usual Sobolev space of 

functions with square-integrable values and derivatives on Ω  (see Hughes [9] for more 

details). 

 Subsequently, Ω  is discretized into eln  finite elements, eΩ , where eΩ  denotes the 

closure of finite element e. With this, we can define the discrete trial solution and weight 

spaces for the semi-discrete formulation as, 

{ }g

N

epx

Np

h gtPTtHtS
e

Γ=⋅Ω∈∈Ω∈⋅= Ω∈ on    ),(,)(|],,[,)(),(| uuuu 01   

{ }g

N

epx

Np

h tPTtHtW
e

Γ=⋅Ω∈∈Ω∈⋅= Ω∈ on   ),(,)(|],,0[,)(),(| 1
0 wwww  (4) 

{ })(|],,0[,)(),(| 1

epx

Np

h PpTtHtppP
e

Ω∈∈Ω∈⋅= Ω∈   

 

where )( epP Ω  is the piecewise polynomial space, complete to order p, defined on eΩ . 

All simulation results presented in this work have been obtained with piecewise tri-linear 

basis function, thus p=1. Let us emphasize that the local approximation space, )( epP Ω  is 

the same for velocity and pressure variables. This is possible due to the stabilized nature 

of the formulation to be outlined below. These spaces represent discrete subspaces of the 

spaces in which the weak form is defined.  

 The weak formulation of the conservative form of the incompressible equations 

proceeds as follows. Given the spaces previously defined, we first present the semi-

discrete Galerkin finite element formulation applied to the weak form of the 

incompressible equations as: 

Find p

hS∈u and p

hPp∈  such that, 
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  where,puqwB iiG ,0),;,( =   

{ }
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for all p

hW∈w and p

hPq∈ . The boundary integral terms arises from the integration by 

parts and is only carried out over the portion of the domain without essential boundary 

conditions. Since the Galerkin method is unstable for the equal-order interpolations given 

above, we add stabilization terms yielding: 

Find p

hS∈u and p

hPp∈  such that, 

 where, ,puqwB ii 0),;,( =   

{ }∑ ∫
= Ω

++++

=
eol

e

n

e

jjiiCiMijiijMji

iiGii

dxuwquuw
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τττ LLL
 

(6) 

 

for all p

hW∈w and p

hPq∈ . Symbol eΩ
~
 denotes element interiors, excluding their 

closure. Furthermore,  

jijijjiii puuu ,,,)( τ−++= &L  (7) 

 

The second line in the stabilized formulation in Eq.(6) represents the streamline 

upwind/Petrov-Galerkin (SUPG) stabilization added to the Galerkin formulation of the 

compressible equations in conservation variables for the incompressible limit. This 

formulation was previously used with success by Tejada-Martínez and Jansen [29] for 

LES of turbulent channel flows. The stabilization parameters for continuity and 

momentum are defined by Taylor et al. [28] as: 
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1 τ
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where 2c  is obtained based on the one-dimensional, linear advection-diffusion equation 

using a linear finite element and jkikijg ,, ξξ=  is the covariant metric tensor related to the 

mapping from global to element coordinates. Note that ijg  is inversely proportional to the 

square of the mesh size, thus parameter Mτ  depends on a combination of the time step 

and the mesh size among others. The constant 2c  was 362 =c  in all of our simulations. 

Constant 1c  (associated with the temporal influence on the stabilization) may be obtained 

by considering the local gradient in element space-time coordinate systems, as was done 

by Shakib [25]. However, for the purely spatial coordinate system used in our semi-

discrete formulation, this constant is not well-defined. It was shown by Tejada-Martínez 

and Jansen [29] that on coarse mesh simulations, where stabilization is expected to play a 

significant role,  1c  can be used to control the amount of numerical dissipation added by 

SUPG stabilization. Relatively high values of 1c  lead to small amounts of numerical 

dissipation and vice-versa. In our simulations we have taken 1c  into careful consideration, 

tuning it in order to add the smallest possible amount of numerical dissipation with the 

intention of using the SUPG method for stabilization purposes only and not as an LES-

type subgrid-scale model. 

 The weight functions, iw  and q , the solution variables, iu  and p , and their time 

derivatives in Eq.(6) are approximated via an expansion in terms of trilinear Lagrange 
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basis functions associated to each mesh node. The previous  approximation together with 

Gauss quadrature of the spatial integrals give rise to a system of first-order, non-linear 

ordinary differential equations (ODEs). This system of ODEs is integrated using the 

generalized-α method, as described by Jansen et al. [14], leading to a system of nonlinear 

algebraic equations. The nonlinearities are handled via a predictor-multicorrector 

algorithm. The multicorrector stage is facilitated by a Newton’s linearization of the vector 

of nodal values of the residual of the non-linear system of ODEs at the i-th corrector pass. 

The linear system at each corrector pass is solved using the linear algebra solver of 

Shakib [26].  
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3. DISCUSSION 

3.1 Computational domain and grid  

 A DNS must meet the following requirements to ensure an accurate representation 

of all relevant scales: (1) The computational domain must be sufficiently large to contain 

the largest eddies, and (2) the grid spacing must be sufficiently fine in order to capture the 

smaller scales of interest. The first requirement is met if two-point correlations in the 

streamwise and spanwise directions vanish within one-half of the computational domain. 

Our channel flows were chosen to have a Reynolds number, τRe  (based on friction 

velocity, τu , and channel half-width, h ) of either 180 or 395. The friction velocity is 

defined as 1/2

wτ /ρ(τu )= , where wτ  is the mean shear stress at the walls. The flow was 

driven in the streamwise ( 1x ) direction with a constant pressure gradient chosen such that 

the mean shear stress at the walls leads to τRe = 180 or 395. The boundary conditions 

were set such that the upper and lower walls were no-slip and the streamwise ( xx =1 ) 

and spanwise ( zx =3 ) directions were treated as periodic. The mesh employed was 

uniform in the x  and z directions and nonuniform in the wall-normal ( yx =2 ) direction. 

Grid points in the y  direction were clustered near the walls via the following hyperbolic 

mapping function: 

)](tanhtanh[)/( 1 bbhy ii

−ξ=  (10) 

 

where iξ  is a set of uniformly spaced points in the interval [-h, h] and iy  denotes the 

mapping of these points to a set of non-uniformly spaced points. Coefficient b  is a 

parameter controlling the strength of the clustering. The value of bwas chosen such that 
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the first  zx −  planes of grid points off the wall were at a normalized distance between 

0.5 and 1 away from the wall (i.e., 1.0  to5.0/11 =∆=∆ + ντ yuy ). Thus the first planes of 

grid points off the walls were well within the viscous sub-layer, as required for DNS. 

Each flow was simulated with a constant time step t∆  so as to satisfy the Courant, 

Friedrichs and Levy (CFL) condition. A summary of the meshes and time steps used is 

given in Table 1. For each flow ( τRe =180 and τRe =395) three meshes were used: a 

coarse mesh, an intermediate mesh and a fine mesh. All meshes were composed of tri-

linear hexahedral elements. The fine-mesh τRe = 395 case was comprised of the same 

number of grid points in each direction as that in the DNS of Moser et al. [19]. Similarly, 

the fine-mesh τRe = 180 case was comprised of the same number of grid points in the y  

and z directions as that used in the DNS of Moser et al. [19]. However, the number of 

grid points in the x direction in the fine-mesh 180Re =τ  case is 294 while in the DNS of 

Moser et. al. [19] it was only 128. As mentioned earlier, the SUPG method introduces 

dissipation along the streamwise ( x ) direction and thus is expected to attenuate or damp 

the smallest resolved streamwise scales. Thus, for this lower Reynolds number flow we 

decided to more than double the resolution in x  used by Moser et al. [19] in order to 

verify that our method can faithfully represent the smallest resolved scales in the DNS of 

Moser et al. [19] and even smaller scales extending into the Kolmogorov dissipative 

range. This will be confirmed later via one-dimensional energy spectra. 

Table 1 shows mean Reynolds numbers recorded in our simulation by computing 

the mean wall shear stress in the same fashion as that described by Sahni et al. [24]. Note 

that the mean Reynolds numbers recorded during our simulations differed slightly from 
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their targeted values, however, the recorded values agreed with those recorded in the 

simulations of Moser et al. [19].  

Table 1 also shows the value of 1c  and the resulting tc ∆/2 1  factor appearing in 

the SUPG stabilization parameter in Eq. (8).  As noted earlier, the values of  1c  were 

chosen relatively high with the intention of using the SUPG method for stabilization 

purposes only and not as an LES-type subgrid-scale model. Relatively high values of 1c  

lead to small amounts of numerical dissipation and vice-versa. As can be seen in Table 1, 

we have chosen values of  1c  between 4 and 16 while more common values of 1c  are 

closer to 1 (see, for example, Bazilevs et al. [2]). Additionally, values of 1c  have been 

adjusted from simulation to simulation in order to keep the same tc ∆/2 1  value. This 

allows for the stabilization parameter, Mτ , to be solely dependent on mesh size and not 

on the time step as we compare simulations on different meshes.  Keeping 1c  constant for 

simulations on different meshes while decreasing the time step (to satisfy the CFL 

condition) leads to an increase in tc ∆/2 1  and, in certain cases, an undesired decrease in 

SUPG dissipation primarily based on the time-step and not on mesh size.  Our experience 

has shown that in these certain cases such a decrease can lead to fortuitous better results 

on coarse meshes compared to results on finer meshes. Thus, we have kept the same 

value of tc ∆/2 1  in our coarse-mesh and intermediate-mesh simulations. In our fine-

mesh simulations, SUPG dissipation plays a negligible role regardless of tc ∆/2 1 .   
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Case 

 

τRe , 

Target 

  

τRe ,  

Actual 

xL  

     

zL  

  

zyx NNN ××  

 
+∆x  

 
+∆z  

 
+∆ 1y  

 
+∆ 2/nyy  

     

t∆  

 

1

1

;

2 /

c

c t∆
 

 

1 

   

180 

 

178.13 π4  
 

3/4π  

        

32×65×32 
    

70 

 

23.3 

 

1.0 

 

11.06 

     

0.1 

            

16; 320 

 

2 

 

180 

 

178.13 π4  
 

3/4π  

     

64×129×64 
     

35 

 

11.7 

 

1.0 

   

4.35 

   

0.05 

              

8; 320 

 

3 

 

180 

 

178.13 π4  
 

3/4π  

 

294×129×128 
   

7.6 

   

5.8 

 

0.5 

   

5.51 

   

0.01 

       

8;1600 

 

4 

 

395 

 

392.2 π2  
 

π  
       

32×65×32 
     

77 

  

38.5 

 

1.0 

 

30.16 

   

0.05 

           

8; 640 

 

5 

 

395 

 

392.2 π2  
 

π  
     

64×129×64 
  

38.5 

 

19.3 

 

1.0 

 

12.45 

  

0.025 

               

4; 640 

 

6 

 

395 

 

392.2 π2  
 

π  
 

256×193×192 
 

9.7 

 

6.5 

 

0.5 

 

8.96 

 

0.006 

     

4;5333.3 

 

Table 1. Mesh and time step parameters, where +∆ 2/nyy  is the grid point spacing in the 

wall normal direction at the middle of the channel. All meshes were composed of trilinear  

hexahedral elements. 

 

Each simulation was run from an initial condition given by a parabolic velocity 

profile with random perturbations and with zero initial pressure. This initial flow was 

advanced in time for several thousand time steps (Figure 1-Figure 3), until the flow was 

determined to have reached a statistically stationary state as indicated by a linear profile 

of the total shear stress across the channel (i.e., Reynolds stress plus viscous stress).   
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Figure 1. Instantaneous velocity contours – three dimensional view of streamwise 

velocity. 
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(a) 

(b) 

(c) 

 

 

Figure 2.  Instantaneous velocity contours in x-direction for the cross-section (x,y) at 

180Re =τ ,  294x129x128 for the time moments: (a) t=500, (b) t=600, (c) t=1000 (non-

dimensional time). 
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 (a) 

 

(b) 

 

(c) 

Figure 3. Instantaneous velocity contours in x-direction for the cross-section (x,y) at 

395=τRe ,  256x193x192 for the time moments: (a) t=1200, (b) t=1230, (c) t=1250 (non-

dimensional time). 
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3.2 Mean flow variables 

 Following the classical Reynolds decomposition the velocity may be expressed as, 

iii u  uu ′+>=<  (11) 

where the brackets denote averaging in time and in the streamwise and spanwise 

directions. Figure 4 shows mean streamwise velocity scaled by the bulk velocity 

(i.e., bUu /1 ) for different computational meshes, where the bulk velocity is defined as, 

∫
−

=
h

h

b udy
h

U
2

1
 

(12) 

Figure 4 shows plots of the mean streamwise velocity for different meshes in plus units, 

+>< 1u  as a function of 
+y , where τuuu /11 >=<>< + , and, ντ /|)/|1( uhyy −=+ .    

The DNS results of Moser et al. [19] are also included for comparison. For both flows, at 

180Re =τ  and 395, the mean velocity is in excellent agreement with these prior results. 

Furthermore, as can be seen in Figure 5, all results are in agreement with the well-known 

law of the wall. The coarse-mesh DNS (i.e. coarse DNS) under-predicts the mean 

streamwise velocity in the core region of the channel, a result which is consistent with 

results from high order finite difference discretizations with no LES subgrid-scale model. 

An example of the latter is that of turbulent channel flow at τRe = 395 performed by 

Morinishi and Vasilyev [18] on a 32×64×32 grid with a fourth-order accurate finite 

difference scheme and no LES subgrid-scale model. Our experience has shown that the 

addition of dissipation, by including an traditional LES subgrid-scale model such as the 

dynamic Smagorinsky model, or by decreasing the 1c  constant in SUPG stabilization, 

leads to higher values of the mean velocity in the core region and in some cases leads to 
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an over-prediction of the mean velocity (see, for example, the results of Bazilevs et al. [2] 

using linear NURBS which are equivalent to our basis). This is also in agreement with the 

results of Morinishi and Vasilyev [18] who obtained an over-prediction of the core mean 

velocity after including the dynamic Smagorinsky model in their fourth-order finite 

difference discretization. Furthermore, note that the coarse-mesh τRe = 395 velocity 

profile is in better agreement with the DNS result of Moser et al. [19] than the coarse-

mesh τRe = 180 profile. This is to be expected given that on a fixed relatively coarse 

mesh, a higher Reynolds number flow would induce a significant larger contribution from 

SUPG stabilization and thus higher numerical dissipation acting as a surrogate LES-type 

subgrid-scale model.  However, since the mean core velocity is under-predicted for both 

of the flows on the coarse mesh and for the τRe = 395  flow on the intermediate mesh, we 

conclude that (for the values of 1c  used in these simulations) our use of the SUPG 

method is primarily for stabilization and not as an LES-type subgrid-scale model. Smaller 

values of 1c  would lead to increased SUPG dissipation in which case the SUPG method 

has similar effects to those of traditional LES subgrid-scale models leading to an 

improved prediction or possibly an over-prediction of the mean velocity.   
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(a)                  

 

 (b) 

Figure 4. Mean velocity profiles for: (a) τRe =180, (b) τRe =395. 
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Figure 5. The normalized near-wall mean streamwise velocity profiles for: (a) τRe =180, 

(b) τRe =395. 
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3.3 Turbulence intensities  

 Quantities of particular interest are the root-mean-squares (RMS) of the velocity, 

defined as 11uuurms
′′= , 22uuvrms

′′=  and 33uuwrms
′′= . The RMS velocities in 

our DNS and those from the DNS of Moser et al. [19] are plotted in Figure 6.  

 Although the RMS velocity profiles are slower to converge to the DNS results of 

Moser et al. [19] than mean velocity profiles, our finest-mesh τRe = 395 simulation is 

able to capture these quantities with as much accuracy as the pseudo-spectral method 

of Moser et al.[19] with the same number of grid points. Furthermore, our coarse-

mesh DNS leads to an over-prediction of the peak rmsu  value and an under-prediction 

of the peak rmsv  and rmsw  values. This is consistent with the τRe = 395 result of 

Morinishi and Vasilyev [18] using the fourth order finite difference discretization 

mentioned earlier with no LES subgrid-scale model on a grid with the same number 

of points as our coarse-mesh. 
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Figure 6. Normalized RMS (root mean square) velocity fluctuations for: (a) τRe =180, 

(b) τRe =395.  
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 Figure 7 shows RMS static pressure fluctuations, normalized by the wall shear 

velocity, 2/ τρupp rmsrms =
+ . For both flows, refining from the coarse to the intermediate 

mesh leads to a significant improvement of the profile in the region 8.0|/| <hy  but not 

elsewhere. Ultimately, sufficient mesh refinement leads to results in excellent agreement 

with those of Moser et al. [19]. Differences between the profiles on the intermediate mesh 

and the profiles in the DNS of Moser et al. [19] are accentuated in the higher Reynolds 

number flow (i.e. the τRe = 395). Thus, in the coarse-mesh τRe = 395 case, the greater 

contribution of SUPG stabilization (relative to the coarse-mesh τRe =180 case) does not 

lead to a better prediction of the RMS pressure, as it does in terms of mean velocity. 

Finally, differences between the RMS velocity obtained in the coarse- and intermediate-

mesh cases and those in the DNS of Moser et al. [19] observed earlier, can be traced back 

to the differences in RMS of pressure seen in Figure 7. The reason for this is that, as is 

well known, the correlation between pressure and strain fluctuations serves to extract 

energy from streamwise velocity fluctuations transferring this energy to the spanwise and 

wall-normal velocity fluctuations.  
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Figure 7. The normalized RMS pressure fluctuation profiles for: (a) τRe =180, (b) 

τRe =395. 
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3.4 Reynolds shear stress 

 The total shear stress,  

122112 τ+>′′<−=τ   uutotal  (13) 

is composed of the Reynolds stress (i.e., the first term on the right hand side of Eq. (13)) 

and the viscous stress (i.e., the second term on the right hand side of Eq. (13)). The total 

shear stress for fully developed incompressible channel flow can be shown analytically to 

be linear across the channel. The Reynolds stress, viscous stress and the total shear stress 

are shown in Figure 8a and Figure 8b. It is clear from the linear total shear stress 

distributions across the channels that the turbulent statistics have converged after a 

sufficiently long time-averaging period and that our flows have reached a fully developed 

state (i.e. have reached statistical equilibrium). Furthermore, although the coarse mesh 

DNS result tends to underpredict the peak Reynolds stress, overall not much difference is 

seen in this quantity for different meshes.  This, taken together with the differences 

observed in other, more sensitive quantities, suggest that the quality of a DNS must be 

evaluated carefully. 

                  



 

 26 

 

 

 Figure 8. Shear stresses normalized by the wall shear velocity, 2/ τρττ u=+ , for: (a) 

τRe =180, (b) τRe =395. 
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3.5 Autocorrelations 

Following Pope [22], we define the two-point streamwise correlation function as 

ji

xtji
x

ij
uu

xxxxtuxxxtu
xxR

′′

∆+′′
=∆ 3,

3211321

21

),,,(),,,(
),(  

(14) 

 

Similarly, the spanwise correlation function is 

ji

xtji
z

ij
uu

xxxxtuxxxtu
xxR

′′
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3321321

23

),,,(),,,(
),(  

(15) 

 

where 
3,xt

⋅ denotes averaging in time and over the spanwise direction and 
1,xt

⋅  denotes 

averaging in time and over the streamwise direction (with summation convention 

suppressed). Auto-correlations are obtained by setting ji =  in Eqs. (14) and (15). 

 The effect of the mesh size can be seen in the streamwise and spanwise two-point 

autocorrelations, iiR , shown in Figure 9 - Figure 12 for channel flows at τRe =180 and 

395. Figure 9a-c, Figure 10a-c, Figure 11a-c and Figure 12a-c show autocorrelations at 

the middle of the channel while Figure 9d-f, Figure 10d-f, Figure 11d-f and Figure 12d-f 

show similar results near the wall ( 5≈+y ). With sufficient grid refinement, the results 

are in good agreement with those of Moser et al. [19]. For short separations, 

autocorrelations in our fine mesh simulations agree well with those in the DNS of Moser 

et al. [19]. However, there are some disparities for large separations. This can be seen in 

the middle (or mid-plane) of the τRe = 180 channel in terms of streamwise uuR  (Figure 
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9a), spanwise uuR  (Figure 10a) and spanwise wwR  (Figure 10c) and in the τRe = 395 flow, 

in terms of mid-plane and near-wall streamwise autocorrelations (Figure 11), mid-plane 

spanwise uuR  (Figure 12a) and near-wall spanwise wwR  (Figure 12c). Note that all of the 

streamline autocorrelations vanish for large x∆  indicating that the chosen domains are 

large enough to contain the largest eddy scales in the streamwise direction. In contrast, 

the spanwise uuR  and spanwise wwR  autocorrelations in the middle of both channels 

(Figure 10a, c and Figure 12a, c), do not completely vanish for large z∆ . We could have 

made the spanwise width of our domain larger to ensure vanishing of the autocorrelations 

at large z∆  but did not do so in order to remain consistent with the benchmarks of Moser 

et al. [19]. 
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Figure 9.  Streamwise two-point autocorrelation of the velocity fluctuations at τRe = 180: 

(a) uuR , (b) vvR , (c) wwR  - 13178.=+y (centerline); (d) uuR , (e) vvR , (f) wwR  - near the 

wall ( 5≈+y ). 
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Figure 10. Spanwise two-point autocorrelation of the velocity fluctuations at τRe = 180: 

(a) uuR , (b) vvR , (c) wwR  - 13178.=+y (centerline); (d) uuR , (e) vvR , (f) wwR  - near the 

wall ( 5≈+y ). 

 

 

 



 

 31 

 

Figure 11. Streamwise two-point autocorrelation of the velocity fluctuations at τRe = 

395: (a) uuR , (b) vvR , (c) wwR   - +y =392.2 (centerline); (d) uuR , (e) vvR , (f) wwR  - near the 

wall ( 5≈+y ). 
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Figure 12. Spanwise two-point autocorrelation of the velocity fluctuations at τRe  = 395: 

(a) uuR , (b) vvR , (c) wwR   - +y =392.2 (centerline); (d) uuR , (e) vvR , (f) wwR  - near the wall 

( 5≈+y ). 
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3.6 One-dimensional energy spectra 

 Next we discuss one-dimensional energy spectra. Following Pope [22], we define 

streamwise one-dimensional energy spectra for a domain of infinite streamwise extent as 

1112

0

121 )cos(),(
2

),( drrkxrRxkE x

ij

x

ij ∫
∞

π
=  

(16) 

 

where 1k  is the wavenumber in the streamwise direction. Similarly, the spanwise one-

dimensional energy spectra is defined as 

2222

0

222 )cos(),(
2

),( drrkxrRxkE z

ij

z

ij ∫
∞

π
=  

(17) 

 

where 2k  is the wavenumber in the spanwise direction. Using the discrete Fourier cosine 

transform, the previous definitions may be extended to our domain in which the 

streamwise and spanwise directions are periodic. Spectra based on the autocorrelation 

functions are obtained by setting i=j and ignoring the usual convention of summing over 

repeated indices.  

 One-dimensional energy spectra of velocity fluctuations, x

iiE  and z

iiE  at the middle 

of the channel and near the wall (i.e., 5≈+y ) are shown in Figure 13-Figure 16. These 

spectra are scaled with 2

τu  in order to compare with spectra of Moser et al. [19]. 

Furthermore, the near-wall spectra in the simulations with different meshes were not 

recorded at the same +y  location because the wall-normal coordinate of grid points was 

not the same for all meshes. Thus, in Figure 15d,f (near-wall streamwise uuE  and wwE ) 

and Figure 16d,f (near-wall spanwise uuE  and wwE ) the consistent higher levels of energy 
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in the low wavenumber range of the coarse-mesh simulations is primarily due to the fact 

that the spectra was evaluated at a location further away from the wall than in the 

simulations with the two finer meshes.   

In general, for both flows, streamwise energy spectra are more damped than 

spanwise spectra primarily due to the dissipation in the streamwise direction introduced 

by SUPG stabilization. Scales affected by this SUPG damping are on the order of 4 to 6 

times the streamwise mesh spacing. The damping of spanwise spectra occurs at smaller 

scales and is most likely caused by the modified high wavenumber effect of the tri-linear 

Lagrange basis functions in our stabilized FEM as compared to the spectral basis 

functions in the method of Moser et al. [19].  It is well known that there are greater errors 

in the convected direction, even without stabilization, thus the superior spanwise spectra 

is not surprising. 

 At the coarsest level, lack of resolution is evident from the energy accumulation 

at the highest resolved wavenumbers, as can be seen for the τRe = 180 flow in terms of 

mid-plane streamwise and spanwise uuE  (Figure 13a, Figure 14a), near-wall streamwise 

and spanwise uuE  (Figure 13d, Figure 14d) and near-wall streamwise and spanwise  wwE   

(Figure 13f,  Figure 14f). This same effect can also be seen for the τRe = 395 flow in 

terms of mid-plane spanwise uuE  (Figure 16a) and near-wall spanwise uuE , vvE  and wwE  

(Figure 16d,e,f). Overall the results show great sensitivity to the mesh, nevertheless, 

sufficient mesh resolution leads to spectra that exhibit the universal 3/5−k  behavior 

characterizing the inertial subrange and to spectra that is almost identical to the those of 

Moser et al. [19], except for the small range of high wavenumbers damped by SUPG 

dissipation and the modified high wavenumber effect of our basis. Notice, however, that 
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this damping occurs only at the highest resolved wavenumbers, which correspond to the 

least energetic scales, thereby causing a negligible impact on the larger, more energetic 

eddies. 

Given that the SUPG damping of streamwise scales is on the order of 4 to 6 times 

the streamwise mesh size, we decided to more than double the number of grid points 

in x used by Moser et al. [19] for our finest mesh case at τRe = 180. This was done in 

order to help verify that our method can faithfully represent the smallest resolved scales 

in the DNS of Moser et al. [19] and even smaller scales extending into the Kolmogorov 

dissipative range. An excellent representation of these scales is seen in terms of the 

streamwise spectra given by the blue curves in Figure 13.  

Figure 13. Streamwise one-dimensional energy spectra of velocity fluctuations at τRe = 

180: (a) uuE , (b) vvE , (c) wwE  - 13178.=+y (centerline); (d) uuE , (e) vvE , (f) wwE  - near 

the wall ( 5≈+y ). 
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Figure 14. Spanwise one-dimensional energy spectra of velocity fluctuations at τRe = 

180: (a) uuE , (b) vvE , (c) wwE  - 13178.=+y (centerline); (d) uuE , (e) vvE , (f) wwE  - near 

the wall ( 5≈+y ). 
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Figure 15. Streamwise one-dimensional energy spectra of velocity fluctuations at τRe = 

395: (a) uuE , (b) vvE , (c) wwE  - 2392.=+y (centerline); (d) uuE , (e) vvE , (f) wwE  - near the 

wall ( 5≈+y ). 
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Figure 16. Spanwise one-dimensional energy spectra of velocity fluctuations at τRe = 

395: (a) uuE , (b) vvE , (c) wwE  - 2392.=+y (centerline); (d) uuE , (e) vvE , (f) wwE  - near the 

wall ( 5≈+y ). 

 

 On Figure 17 we observe that for τRe =180 case in comparison τRe =395 case 

there is a consistent decrease in the energy associated with the high wave number spectra 

for all the velocity components and in both the streamwise and spanwise directions.  

 The agreement between the curves is satisfactory. Therefore we conclude that the 

present DNS has successfully calculated a turbulent flow filed in all ranges of the energy 

spectrum.  
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Figure 17. One-dimensional energy spectra of velocity fluctuations for: (a) τRe =180 

(solid line), (b) τRe =395 (dotted line). 
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3.7 Turbulent kinetic energy 

 Following the Reynolds decomposition, (11), and assuming that the flow is 

stationary, the turbulent kinetic energy may be expressed as, 

 

)(
2

1

2

1
iiiiii uuuuuuk −=′′≡  

(18) 

 

The transport equation for mean turbulent kinetic energy, k , is, 
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 Equation (19) quantifies the rate of change of turbulent kinetic energy (TKE). 

Under statistical equilibrium the terms on the right hand side, often referred to as TKE 

budget terms, must sum to zero. These budget terms imply a gain in TKE when positive 

and a loss when negative. The term P represents the rate of production of TKE by mean 
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shear through the action of the Reynolds stress. The terms T and A represent the rate at 

which the turbulence energy is transported through the fluid by velocity and pressure 

fluctuations, respectively.  The viscous diffusion rate, D, represents the diffusion of 

turbulence energy caused by the molecular transport processes of the fluid. Finally, the 

viscous dissipation term, )(ε , represents the rate of conversion of TKE into internal 

energy. In the region close to the wall, the dominant terms in Eq. (19) are the production 

of turbulent kinetic energy due to turbulence through action of the Reynolds stresses and 

the dissipation of the energy due to viscosity.  Thus, in the near wall region, the principal 

balance is between production (P) and dissipation )(ε . 

 Next, we examine the effect of mesh refinement on individual budget terms in the 

near wall region. We expect mesh refinement to have a strong impact on the results in this 

region where the size of turbulent eddies scale roughly with the distance to the wall, thus 

fine scale resolution is crucial. As can be seen from Figure 18-Figure 22, mesh refinement 

does indeed have a strong impact on the TKE budget terms. The mesh refinement leads to 

predicted near-wall budget terms in excellent agreement with the DNS values of Moser et 

al. [19].   
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Figure 18. Shear production rate (P) for: (a) τRe =180, (b) τRe =395. 
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Figure 19. Pressure transport rate ( A ) for: (a) τRe =180, (b) τRe =395. 
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Figure 20. Turbulent transport rate (T ) for: (a) τRe =180, (b) τRe =395. 
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Figure 21. Viscous diffusion rate (D ) for: (a) τRe =180, (b) τRe =395. 
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Figure 22. Viscous dissipation rate (ε ) for: (a) τRe =180, (b) τRe =395. 
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 A comparison of our fine-mesh DNS results for TKE with those of Moser et al. 

[19] is shown in Figure 23. All budget terms in our fine-mesh simulations agree well with 

those in the simulations of Moser et al. [19]. Furthermore, as expected, the sums of the 

TKE budget terms (i.e. the residual) in Figure 23 are small, but are not as close to zero as 

they are in the simulations of  Moser et al. [19]. The reason for this is the presence of 

SUPG stabilization which acts to add a small amount of dissipation of TKE. Dissipation 

of TKE by SUPG stabilization is not accessible in our simulations. The comparison of 

two Reynolds number for TKE is presented in Figure 24. 
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Figure 23. TKE for: (a) τRe =180; 294x129x128, (b) τRe =395; 256x193x193 (dotted 

line) and the results of Moser et al. [19] (solid line).  
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Figure 24. TKE for τRe =180, 395. 

 

 In the region close to the wall, the dominant terms in Eq.(19) are the production of 

kinetic energy due to turbulence through action of the Reynolds stresses and the 

dissipation of the energy due to viscosity. The principal balance is between production 

and dissipation. DNS production and dissipation do not balance exactly, though they are 

nearly of the same order of magnitude and opposite. The absolute values of these two 

terms are greater than the values of other contributions. It is interesting to examine the 

ratio of production, P , to its dissipation, ε , in order to identify more clearly the relative 

role of transport. The variation of the ratio ε/P  is shown in Figure 25 In the log-law 

region of the channel flow, 10050 << +y , the ratio ε/P  is close to unity, revealing 

equilibrium. 
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Figure 25. The variation of the ratio ε/P  for: (a) τRe =180; 294x129x128, (b) 

τRe =395; 256x193x192 (dotted line) and the results of Moser et al. [19] (solid line).  
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3.8 Flow visualization 

 As it is now well-known, channel flows are characterized by alternating high/low 

speed regions in the near-wall regions. These regions, often referred to as slow speed or 

wall streaks, are elongated in the streamwise direction and alternate in sign in the 

spanwise direction. These streaks can be seen in Figure 26 and Figure 29 for our channel 

flow at τRe =180 and τRe =395, respectively.  Far from the walls the streaky structures 

disappear and the streak spacing increases with distance from the wall (i.e., see Figure 28 

and Figure 29).  Also the wall streaks for the 294x129x128 mesh (Figure 28) are less 

diffuse than the ones for the coarser 32x65x32 and 64x129x64, meshes (i.e., see Figure 

26, Figure 27 and Figure 28) as the finer mesh is able to resolve down to smaller scales 

and is not greatly effected by SUPG dissipation introduced along streamlines.   

 The wall streaks in the channel at τRe =395 are shorter than those in the channel 

at τRe =180. Moreover the separation of the low speed streaks is less in the τRe =395 

flow. This is consistent with the   z∆ (i.e., 3x∆ ) location of the minimum value of the 

spanwise two-point autocorrelation, uuR , being less for the τRe =395 than the τRe =180 

case (i.e., see Figure 10d and Figure 12d). Indeed, uuR  is often used to estimate the 

spacing of the low speed streaks. That is, the position of the negative peak of uuR  yields 

the mean separation between the high and low speed streaks, as discussed by Kim et al. 

[15], and thus the mean spacing between the streaks can be estimated as twice the 

distance to the negative peak. In our fine mesh simulations, the minimum value of uuR is 

at 50≈∆ +z  for the flow at τRe =180 and at 60≈∆ +z  for the flow τRe =395. Thus, the 

low speed streak spacing was approximately 100≈∆ +z  and 120≈∆ +z , respectively (i.e., 

see Figure 27a, b and Figure 28a), which is consistent with the results of Moser et al. 

[19].  
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(a) 5≈+y  

 

(b)  10≈+y  

 

(c) 20≈+y  

Figure 26. Instantaneous flow fields, ),( zxu′ , at different distances from the wall;  (a) 

5≈+y , (b) 10≈+y , (c) 20≈+y  for τRe  = 180 with the 32x65x32 mesh. 
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(a) 5≈+y  

 

(b)  10≈+y  

 

(c) 20≈+y  

Figure 27. Instantaneous flow fields, ),( zxu′ , at different distances from the wall; 

(a) 5≈+y , (b) 10≈+y , (c) 20≈+y  for τRe  = 180 with the 64x129x64 mesh. 
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(a) 5≈+y  

 

(b)  10≈+y  

 

(c) 20≈+y  

 

Figure 28. Instantaneous flow fields, ),( zxu′ , at different distances from the wall; 

(a) 5≈+y , (b) 10≈+y , (c) 20≈+y  for τRe  = 180 with the 294x129x128 mesh. 
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(a)  10≈+y  

 

 

(b) 20≈+y  

Figure 29. Instantaneous flow fields, ),( zxu′ , at different distances from the wall; 

(a) 10≈+y , (b) 20≈+y  for τRe  = 395 with the 256x193x192 mesh. 

  



 

 56 

4. CONCLUSION  

 In this work we have successfully performed direct numerical simulations (DNS) 

for turbulent single-phase channel flows at τRe =180 and 395. These computations were 

made using a stabilized finite element method. Various turbulence statistics, such as the 

turbulence intensities, Reynolds stresses, two-point correlation coefficients, energy 

spectra and turbulent kinetic energy budget terms were obtained to investigate the effect 

of grid resolution. The results demonstrated that for sufficiently fine DNS grids, a 

stabilized finite element method can accurately represent mean turbulent quantities and 

the energy distribution over a wide range of turbulent scales as can pseudo-spectral 

methods. However, unlike spectral methods, the stabilized finite element code can be 

easily applied to arbitrarily complex geometry. 
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