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ABSTRACT 

Continuous efforts of application and development of computational strategies in 

various research fields, e.g. fuel cell, pressure swing distillation (PSD), hydrogen 

production from energy resources other than fossil fuel, and cell metabolism have been 

the focus of much attention in the chemical engineering and science community for 

decades. At the heart of this problem, one of the continuous demands in order to improve 

and realize these computational efforts is the application of optimization methods to 

handle problems appeared in different mathematic forms, such as linear, nonlinear, and 

differential. These optimization methods can be used to evaluate reaction parameters in 

complex reactor form such as adiabatic plug flow reactor, improve the economy of PSD, 

generate brand new thermal cycle to be further evaluated, and reveal the metabolism of 

cell culture. I will present work which shows that four optimization applications applied 

in the developments of computational strategies. The first is parameter estimation for 

reaction kinetics of PROX reaction in fuel cell. The second is to improve the PSD 

economy with the optimal heat and power integration for PSD. The third is evaluation of 

hydrogen production by thermal cycle with sensitivity analysis and searching of 

potential new and feasible thermal cycle with optimization technology. The fourth is 

revealing the dynamic behavior of cell metabolism with the application of dynamic 

optimization. These results highlight the importance of optimization applications in 

development of computational strategies. However, some further works are required to 

meet more realistic demand from the view points of industry. Therefore, I will also 

outline future work with a goal of improving the application of optimization to match 

more realistic situation, as well as other potential optimization technology which is 

potentially suitable to the application of new computational strategies for other important 

topics in chemical and biological engineering fields. 
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1. Introduction  

1.1 Central Theme of the Dissertation 

The central theme of this work is focused on the innovative application of integrated 

computational strategies to solve various intractable problems in chemical and biological 

systems. The underlying approach is the physical modeling of process behavior into a 

mathematical description leading to the formulation of various types of optimization 

problems (OP) that facilitate synthesis, design, and trade-off analysis. The strength of 

this approach is demonstrated through the four case studies. In the first case study, 

presented in Chapter 2, an innovative OP formulation is tailored to the PROX reaction 

system so that a trade-off analysis among availability of experimental data, 

computational feasibility of OP, and verisimilitude of a proposed mathematical model 

can be reached. The strength of this approach is further demonstrated in the second and 

third case studies by applying optimization methods to synthesize novel process 

integrated technologies. The second case study, presented in Chapter 3, emphasizes the 

potential of heat and power integration in improving the energy efficiency. An OP 

formulation is applied to the integrated design of a THF-water pressure swing distillation 

system, from a general formulation of optimal heat and power integration. In the third 

case study, presented in Chapter 4, a demonstration of integer programming in 

synthesizing thermal-chemical cycles for hydrogen production is presented. In the final 

case study, presented in Chapter 5, a new solution strategy is presented to parameter 

estimation in cell metabolism to solve the conflicts between the sparsely experimental 

data and a requirement of densely experimental data raised by the transformation of 

DAOP into NLP. 

In Chapter 1, a brief review and introduction is provided for three critical areas 

essential to this research: core techniques in process analysis, design and synthesis; 

optimization methods frequently applied in chemical and biological systems; process 

integration methods with emphasis on energy integration; and process simulation 

strategies.  
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1.2 Application of Optimization Methods in Chemical and Biological 
Systems 

The frequently met optimization problems in chemical engineering can be classified 

into the flowing categories as shown in figure 1-1. When the key parameters in 

optimization contain uncertainty, it transforms a regular optimization problem into an 

optimization problem under uncertainty. This is often met when research is focused on 

process flexibility, where some of the key parameters may change with uncertainty. The 

uncertainty can be classified into two categories: one method is to describe the 

uncertainty as the boundaries and deviations. The other method is to describe the 

uncertainty with probability distribution. Generally, there are two ways to solve 

optimization problem under uncertainty. One way is to test whether a design is feasible 

for the realization of the uncertain parameters, which was formulized as feasibility 

problem [1]. The other way is to determine the maximum deviation for which a design 

can tolerate, which was formulized as the flexibility index problem [2, 3]. Many works 

were conducted in optimization containing uncertainty, ranging from plant-wise 

operation to supply chain in chemical industry in the past years [4-8].  

 

Figure 1-1 A tree view of the classification of frequently met optimization problems in chemical and 

biological systems 
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In our work, we focused on deterministic problems where the key parameters 

contain no stochastic factors. The deterministic optimization problem can further be 

classified into dynamic optimization, and steady state optimization. In real world 

applications in chemical industry, there are several areas which frequently require 

dynamic modeling of the system, e.g., in process control, batch system modeling, and 

safety evaluations. When chemical processes are modeled dynamically, they require a 

set of differential algebraic equations (DAES) to describe the dynamic behavior of the 

system. The DAES have two parts. One is the differential equations which describe the 

system balances, e.g. mass, energy, and momentums, where dynamic behavior is raised. 

The other part is algebraic equations which describe the thermodynamic and kinetics 

properties of the underlying chemical processes. When optimization problems contain 

DAES, they are classified as dynamic algebraic optimization problems (DAOP), in 

parallel with the steady state optimization problems which contain no differential parts. 

The DAOP can be solved by two methods, partial discretization and full discretization. 

Partial discretization is often applied in the processes control problems since only the 

profiles of control variables are discretized. Full discretization methods involve all 

variables. It has a close relation as a general methodology with work in this thesis. After 

the full discretization, the formulation results in large scale optimization problem. The 

DAOP can then be solved by a conventional large scale non-linear programming (NLP) 

solver. DAOPs with full discretization can be solved by collocation methods. This 

method requires an approximation of the profiles by a family of polynomials [9, 10]. 

Once the profiles are approximated, the differential items can be estimated by implicit 

Runge–Kutta formulae. The application of collocation method to DAOP brings one of 

the largest NLP due to the full discretization on the profiles of each variable. Therefore, 

it is necessary to choose solvers that can process large-scale nonlinear optimization 

problems in order to employ collocation methods.  

Optimization of steady-state systems primarily can be accomplished with decision 

variables that are either discrete or continuous. Discrete variables are frequently 

introduced to represent discrete decisions in chemical process design. For example, hot 

utility steams under different pressures have different temperatures available to 

exchange heat with cold process streams. Depending on the required temperature, the 
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decision is made to choose a particular steam, which is represented with a discrete 

variable set to unity. The remaining steams not involved in the heat exchange are 

represented with a discrete variable equal to zero. Such problems are linear in nature, 

with the exception of the discrete decision, resulting in a mixed integer linear problem 

(MILP). Quite often, problems in chemical process design and synthesis are nonlinear 

problems with discrete decision (MINLP). Branch and bound methods are general 

solvers for these kinds of problems [11-14]. The optimization problem with continuous 

variables is common in various research areas. When the problems are presented all in 

linear relations, it is linear programming (LP). An LP solver is correspondingly applied 

to solve the LP optimization problem. When the presentation of the problem contains 

nonlinear items, it becomes a nonlinear programming (NLP). NLP problems are often 

met in chemical process design since most algebraic equations used to represent the 

thermodynamic and kinetics properties of the system are nonlinear in nature. Successive 

quadratic programming (SQP) is used commonly to solve the NLP.   

 

 

Figure 1-2 A schematic diagram of heat exchanger network (HEN)  
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1.3 Process Integration   

In the past two decades, process integration has been the focus of tremendous 

research efforts and significant progress has been achieved. Research areas of process 

integration include, but are not limited to, heat exchange networks, waste water 

reduction and water conversation networks, mass exchange networks, heat and energy 

induced separation networks, waste interception networks, and heat and energy induced 

waste minimization networks [12]. All above research areas can be cataloged as two 

classes: mass integration and energy integration. In this work, efforts are focused on 

energy integration. In chemical processes, the major forms of energy are heating, 

cooling, power generation and consumption. Energy integration is referred to the 

allocation, generation, and exchange of energy throughout the process, the purpose of 

which is to increase the heat recovery rate in chemical process.  

1.3.1 Pinch Analysis and Heat Exchanger Networks 

Process integration of heat exchange network has been well-studied in the past 

decades. An HEN is a network of heat exchangers where temperature specification of 

hot and cold process streams were met by heat exchange between the processes streams 

or external utility [12], as shown in figure 1-2. HEN methods, e.g. pinch analysis, were 

well reviewed [15-17]. Pinch analysis (PA) was first introduced by Bodo Linnhoff [18, 

19]. Practically, PA can achieve 25% of energy saving in commercial scale chemical 

processes [20]. PA conducted energy integration analysis based on the composite curves. 

In order to build up composite curves, there are two necessary steps: 1) identifying the 

target temperature of each stream and 2) identifying minimum temperature difference 

between hot and cold streams. Composed curves (cc), which is enthalpy vs. temperature, 

for hot streams and cold streams can be built based on above information, as shown in 

figure 1-3 (a demonstration of composite curve). From figure 1-3, given the required 

temperature difference, the composite curves can provide the minimum amounts of hot 

and cold utilities required by the energy integration. It can also provide the information 

of the number of heat exchangers required and the corresponding streams for each heat 

exchanger. Further, a grand composite curve method is developed to visualize the 

utilization of hot and cold utilities [21]. 
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There are continuous development and improvement of PA methodology. It 

spanned the application further to capital cost, emission and energy consumption 

analysis [22]. Among the expansion of PA method, one branch of heat exchange 

networks is Chemical Pinch Analysis (CPA) [23, 24]. It was used by Lavric [25] as an 

optimal algorithm to synthesis the plant level sustainable energy production and 

reduction of energy required for general chemical process which makes the production 

more sustainable from the viewpoint of energy consumption. The objective function is a 

global minimum of entropy production, which is equivalent to minimal exergy losses. 

The constants, the state and working parameters, are subject to industry interests. PA 

method does not include entropy produced in reactor. CPA replaces chemical reactors 

with a virtual heat exchanger system producing the same amount of entropy. It then 

combines the chemical reactor network (CRN) with heat exchange network (HEN) to 

perform PA and produce a globally minimal entropy production. With the method, it can 

give out the optimal design of the process, which all the details of the process can be 

visualized, after the synthesis of the process. 

1.3.2 Heat and Power Integration 

More and more efforts were focused on heat and power integration in the past 

decades [26-34]. In heat and power integration, heat engines and heat pumps are 

included in addition to heat exchanger network. A heat engine is used to convert the heat 

into work, by transporting heat from a higher temperature hot source to a lower 

temperature cold source. A heat pump, in contrast with heat engine, transports heat from 

a lower temperature cold source to a higher temperature hot source with additional input 

of work. The three heat transportation devices have their own characteristics: A heat 

exchange can only transport heat from higher temperature to lower temperature (by 

temperature gradient). Heat pump, complementary to heat exchanger and with the cost 

of additional work, can be used to upgrade the heat and therefore make heat 

transportation against the requirement of temperature gradient. Heat pump transports 

heat as the heat exchanger, except that it generates work at the same time. A schematic 

diagram of heat engine and heat pump is shown in figure 1-4. When combined the above 

mentioned three heat transport devices, heat and power integration is beyond the scope 
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of pinch analysis technology [32]. The location of heat pump in the heat and power 

integration was discussed in Linnhoff, et al. (1983) [33, 34]. General Formulations of 

heat and power integration were given by Holiastos, et al. (2002) [29]. In their work, the 

optimal heat and power integration network were separated into two sub networks: Heat 

exchanger network (HE) and Heat engine and pump (HEP) network. One stream can be 

spitted into two and enter the two sub network. The formulation was given with the 

objective function of minimizing the utility cost and the constraints of thermodynamics 

principles related with the HE and HEP sub networks.  

 

Figure 1-3 A demonstration of composite curves  

 

Figure 1-4 A demonstration of heat pump and heat engine  
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1.4 Process Simulation 

Today, most process simulation is performed by simulation tools, among which 

Aspen is a prevailing one. Aspen simulation software (Aspen) is widely used in both 

academy and industry. It covers a broad range of process simulation, static and dynamic. 

It has a GUI interface and a strong data base for physical properties of chemical 

substances. One key issue in Aspen simulation is convergence. Here we brought an 

overview of the convergence methods applied in aspen simulation software. There are 

two convergence methods applied in Aspen: sequential modular (SM) and equation 

oriented (EO). The SM method solves the problem block by block in the flow sheet. For 

each block, SM method gives out the outlet streams with the parameters characteristics 

of the unit itself, the inlet stream, and operation parameters. Convergence is defined as  

old new

old

X X
X
−           (1) 

After each unit calculation is finished, it iterates the computation until the convergence 

criteria are met. The EO method, on the contrary, solves all the equations 

simultaneously. Therefore, EO method is quick to convergence and can handle 

complicated recycles which require repeated iteration in SM method. But EO method 

needs a good initial guess to start. This initial guess is often supplied by the computation 

results of SM method. Therefore, when process simulation and integration is complex 

and contains a lot of recycle streams, a combination of SM and EO methods is necessary 

to improve the convergence.  

There are several computational strategies applied in the SM method for 

convergence. The first method is direct substitution. The direct substitution method is 

applied when there is a tear stream. It is simple to apply since there is no tuning 

parameter for convergence. The problem is formed as following: 

( )1k kx F x+ =            (2) 

After iterations, it can often stably converge at a very slow rate. The second method is 

Wegstein method. It is a linear secant method developed from the direct substitution 

method. It is fast to converge compared with direct substitution method. The problem is 

formed as follows: 
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( ) ( )1

1

k k

k k

F x F x
s

x x
−

−

−
=

−
         (3) 

1
sq

s
=

−
          (4) 

( ) ( )1 1k k kx qx q F x+ = + −          (5) 

Where  

s is the secant approximation of derivative; 

q is an acceleration parameter.  

The upper and lower boundary of q is often set as: 5 0q− ≤ ≤ . 

Newton method is the third method to the convergence of SM. The problem is formed as 

following: 
1

1k k kx x J Fα −
+ = −          (6) 

Where  

α is the tuning parameter for step size, given by line search; 

J is the Jacobian matrix, given as: 

 

1 1

1

1

n

m m

n

F F
x x

J
F F
x x

∂ ∂⎡ ⎤
⎢ ⎥∂ ∂⎢ ⎥
⎢ ⎥=
⎢ ⎥
∂ ∂⎢ ⎥
⎢ ⎥∂ ∂⎣ ⎦

…

…

         (7) 

Broyden’s method is the fourth method to the convergence of SM. The problem is 

formed as following: 
1

1k k k kx x B Fα −
+ = −  

where Bk
-1 is the approximation of the Jacobian matrix.  

These four methods have different suitable application ranges in SM methods. All these 

four methods can be applied to tear stream problems. Secant, Broyden’s and Newton’s 

methods can be applied to design specification problems. Only Broyden’s and Newton’s 

methods can be applied to problems containing both design specification and tear 

streams. Compared with SM, the EO method is simple in the form.  All equations from 

each block are listed explicitly to the solver to solve out the solution simultaneously. It is 

in the general form of ( ) 0f x = .  
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The remainder of the thesis consists of four case studies in various chemical and 

biological systems. Chapters 2 and 5 are focused on parameter estimations of kinetics in 

chemical (PROX reaction) and biological (cell metabolism) systems. The central theme 

in these two efforts is focused on presenting solution strategies of differential algebraic 

optimization problems (DAOP), by transforming DAOP into nonlinear programming 

(NLP). An integration of curve fitting and nonlinear optimization is presented in these 

two case studies to support the aforementioned transformation. Chapters 3 and 4 are 

focused on integration of synthesis of processes in chemical industry, and analysis of the 

processes by simulation. Chapter 3 presents a case study of synthesizing optimal heat 

and power integration network for THF-water pressure swing distillation system. 

Chapter 4 demonstrates the application of integer programming in the synthesis of 

feasible thermal-chemical reaction cycles for hydrogenation production. Finally, 

summary and conclusion are given in Chapter 6. 
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2. Integrated Computational Strategies for the Parameter Estimation 
of PROX Reaction Kinetics in Fuel Cell System  

2.1 Introduction 

2.1.1 Hydrogen Purity Requirement for Different Types of Fuel Cell 

Hydrogen is required as a fuel source for the low and medium temperature fuel cell, 

such as alkaline fuel cell (AFC), proton exchange membrane fuel cell (PEMFC), and 

phosphoric acid fuel cell (PAFC). Hydrogen has to be generated from primary energy 

sources since currently no hydrogen infrastructure exits. Generally, the requirement for 

hydrogen purity decreases as the operating temperature of the fuel cell increases. 

Different types of fuel cell have different requirement on hydrogen purity and tolerance 

of each individual species in fuel gas. Carbon monoxide (CO), carbon dioxide (CO2), 

and nitrogen (N2) are major and common impurities in hydrogen (H2). PEMFC operates 

at relative low temperature. Therefore, the carbon monoxide concentration in the fuel 

gas has to keep under a few ppm in order to keep PEMFC constantly operating [35]. 

PEMFC fuel cell is not sensitive to the existence of carbon dioxide (CO2) in the fuel gas. 

It appears to have minor performance losses when carbon dioxide is beyond twenty-five 

percent in concentration of the fuel gas. The PAFC, on the other hand, operates at a 

much higher temperature. It can tolerate as much as one to two percent of carbon 

monoxide in the fuel gas without significant performance loss [36]. The PAFC has rapid 

performance degradation when carbon dioxide is presented in the fuel gas. Nitrogen is 

treated as inert gas in all types of fuel cells.  

2.1.2 Overview of PROX Reaction to Remove CO in PEMFC 

Polymer electrolyte membrane fuel cells (PEMFC) have been used as energy source 

for automotives [35, 37-39], communication and remote area power station [40] for 

years. As an automotive or remote area distributed power source, the flow rate of the 

hydrogen feed stream for PEMFC will change drastically and periodically. The 

performance of the anode catalyst of PEMFC is very sensitive to trace amount of carbon 

monoxide in the feed stream of hydrogen [41, 42]. Fuel gas is supplied from reforming 

and water gas shift reaction, the carbon monoxide concentration in the fuel gas is close 

to one to two percent. The concentration of carbon monoxide has to be further cleaned 
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up down to a few ppm to meet the requirement of hydrogen purity for PEMFC. 

Meanwhile, when there is a rapid loading change as expected in transportation and other 

disperse application, carbon monoxide concentration can present a spike. This requires a 

further clean up to generate a safety margin in the hydrogen purity. 

There are several ways to remove carbon monoxide from fuel gas, which include 

methanation, palladium membrane, and preferential oxidation (PROX). PROX is often 

used as the method to remove carbon monoxide in industry. We therefore focused our 

research on the PROX reaction. A good operation is based on a careful and predictive 

addition of measured amount of air to the fuel system. A clear understanding of the 

reaction mechanism, and the value of each parameters in the expression of the reaction 

kinetics, is vital important for further development of process control to maintain carbon 

monoxide content at trace amount under different operation condition of PROX reactor 

[43]. Studies should be focused on providing kinetics of different catalysts for further 

process designs and simulations to find a series of optimal operation points with less 

carbon monoxide content and hydrogen loss. The oxidation reaction rates of carbon 

monoxide and hydrogen at different temperature are different. Temperature is raised up 

by the reaction heat released from both of the oxidation reactions in an adiabatic reactor. 

Therefore, it is very important to simulate and find a series of optimal operation 

conditions for different load of fuel cell at different inlet temperatures with the 

knowledge of kinetics parameters of these two reactions. 

In recent years, various catalysts have been tested and applied to PROX reaction, 

which include Pt/Al2O3 [44-47], Pt/A-zerolite [48, 49], Ru/Al2O3, Rh/Al2O3, Pd/Al2O3 

[46], and nano-gold based catalysts [50-60]. Some non-precious mental catalysts, such 

as CoO and NiO have also been studies [61, 62]. It turns out that there is no significant 

carbon monoxide methanation activity on Pt/Al2O3 catalyst in the temperature range 

between 423 and 523K [45]. The performance of catalyst is not significantly influenced 

by the presence of water in the feed stream. When the components of gas mixture 

contain hydrogen, carbon monoxide, carbon dioxide, and water only, methanation and 

reverse water-gas-shift reactions might exist in the temperature range considered in this 

work. Studies in Kahlich et al. show that the effort of both the methanation and reverse 

water-gas-shift reactions are minor [45, 63]. So we can conclude it is safe to assume 
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there are mainly and only two competing oxidation reactions presented in the PROX 

system.  

The nature of the PROX reaction is a competition of two oxidation reactions from 

hydrogen and carbon monoxide. The carbon monoxide oxidation reaction is 

( ) 0 -1
2 2 298

1CO O CO g      H -283kJmol
2

+ → Δ =      (1) 

The hydrogen oxidation reaction is  

( ) 0 -1
2 2 2 298

1H O H O g      H -242kJmol  
2

+ → Δ =      (2) 

Noble metal catalysts, such as supported platinum, ruthenium, and rhodium, with 

alumina as carrier, appear a preferential selectivity for the carbon monoxide oxidation 

reaction [46, 64]. This is a well-known fact that carbon monoxide binds very strong to 

the surface of noble mental surfaces at low and moderate temperatures. This addition 

reaction taken place on the catalyst surface is preferred to the direct catalytic oxidation 

of hydrogen. The kinetics of PROX reaction has been studied for many different types of 

noble mental catalyst for decades. Some forms of PROX reaction kinetics are listed in 

table 2-1. 

2.1.3 Purpose of this study 

The purpose of this work is to present a mathematical method of parameter 

estimation based on optimization and SPLINE method for a one dimensional, non-

isothermal plug flow reactor at steady state conditions, with the aim of using 

measurements including temperature profile, inlet and outlet concentrations. In this 

work, mathematic models of PROX reactor with a two reactions mechanism of PROX is 

applied to describe mass balance and energy balance of PROX reactions. A splines 

method is proposed to the regression of temperature profile, which can inherently 

promise the smoothness of the curve to get temperature derivative. The splines method is 

verified to be an effective method with good accuracy in this work. Optimization method 

is applied to obtain reaction kinetics parameters by optimally fitting the energy balance 

equation of the system. Optimization calculation is performed by AMPL with MINOS as 

the solver for this highly nonlinear problem.  
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Table 2-1 CO oxidation reaction expressions: 

A simple first order rate expression for CO oxidation on a platinum/alumina catalyst [64] 

( )-1 1
CO CO COr k C mol s kg   −=                                                                                          (A1) 

 

( )3 1 1
CO

1000k 0.026exp m  s kg  
T

− −⎛ ⎞= −⎜ ⎟
⎝ ⎠

                                                                       (A2) 

Rate expression with the introduction of parameter λ  [45, 65]  
0.4 0.82

CO 1 COr k P λ    =                                                                                                           (A3) 

2 2O O

CO CO

2C 2P
λ   

C P
= =                                                                                                         (A4) 

2

8 0.51 0.76
CO,TOF CO O

78r 1.4 10 exp P P   
RT

−−⎛ ⎞= × ⎜ ⎟
⎝ ⎠

                                                                         (A5)

Rate expression in Langmuir-Hinshelwood (LH) expression [66, 67] 

( )
2

0 a
p CO O

2
0 ads
a CO

Ek exp C C
RTr C,T    
ΔH1 K exp C

RT

⎛ ⎞−⎜ ⎟
⎝ ⎠=

⎛ ⎞⎛ ⎞+ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

                                                                        (A6) 

2

m
L L CO O

CO n
L CO

k K P P
r    

1 K P
=

+
                                                                                                     (A7) 

2 2

2 2

n
CO O CO O

CO n
CO CO O O

k k P P
r   

0.5k P k P
=

+
                                                                                           (A8) 

2.2 Mathematic Model of PROX Reactor 

2.2.1 Mass balance and heat balance 

The mechanism of PROX reaction is considered to contain two major reactions: 

oxidation of hydrogen and oxidation of carbon monoxide, as mentioned above. Both of 

the oxidation reactions are exothermic. In many past studies, researches and commercial 

applications, PROX reactor is filled with a monolithic catalyst [68-71]. Hence, a 

monolith reactor model with reaction kinetics of carbon monoxide oxidation and 

hydrogen oxidation is applied in this work. Assumptions of the monolith catalyst reactor 
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are listed as follows, which are similar to the assumption applied in the work of Bissett 

et al. [69]:  The reactor in our work is assumed to be a steady state one dimensional (gas 

flow is along with the axial of the reactor) adiabatic reactor. The gas components 

considered in our work are hydrogen, oxygen, balanced nitrogen, water, carbon 

monoxide, and carbon dioxide either as reactants or products. The reaction kinetics 

considered is oxidation of carbon monoxide and hydrogen on metal catalysts.  The 

proposed PROX reactor model is composed by two oxidation reactions: 

( ) o
2 2 298

1CO O CO g ,       ΔH 283kJ/mol
2

+ → = −      (3) 

( ) o
2 2 2 298

1H O H O g ,       ΔH 242kJ/mol
2

+ → = −      (4) 

The reaction kinetics of a commercial catalyst was studied by Choi and Stenger [72] and 

is applied in this work as a reference to compare and verify the proposed mathematical 

method. 

2
0.1 0.529559.3352.8exp   CO CO Or P P

RT
−−⎛ ⎞= ⎜ ⎟

⎝ ⎠        (5) 

2 2
0.51874220.53exp   H Or P

RT
−⎛ ⎞= ⎜ ⎟

⎝ ⎠         (6) 

A component balance is developed for hydrogen, carbon monoxide, oxygen and 

nitrogen, in which nitrogen is treated as an inert balanced gas. 

  
CO

CO

dF r
dV

= −           (7) 

2
 

2

H
H

dF r
dV

= −           (8) 

( )2

2

1  
2 CO

O
H

dF r r
dV

= − +         (9) 

2 0NdF
dV

=           (10) 

Since the model of PROX reactor is a one dimensional adiabatic plug flow reactor, and 

the two oxidation reactions are exothermic, there is a temperature change along the 

reactor. The heat balance is therefore set up based on the simplification of heat capacity 

since the major content of gas mixture is hydrogen and nitrogen.  
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2 2

2
2 2 2

  CO COH H

H p pH N N

r r r rdT
dV F c F c

− Δ − Δ
=

+
        (11) 

2.2.2 Splines method 

Splines functions are piecewise polynomial functions satisfying certain global 

smoothness properties, which is important to this work since the gradient of temperature 

with the reactor volume or axial position is an input to solve the reaction kinetics 

parameters. There are several splines methods, which include B-splines, Bézier curve, 

Cubic splines, NURBS curve, and Thin Plate splines. In this work, a Cubic splines 

method, of which quadratic and linear splines can be treated as a specific case, is used to 

fit temperature curve along the PROX reactor’s axial by maple software after the 

comparison of property and effect of different methods of curve fit recommended by 

maple. Mathematically, when a series of temperature points along with the reactor is 

given, such as ( )ii lT , , a piecewise-polynomial function fi, such as cubic splines, can 

satisfy to minimize the value of ( )( )2ii Tlf −Σ . The temperature curve of the PROX reactor 

is fitted by cubic splines method with some measured temperature points along with the 

reactor length, as shown in figure 2-1. 

 

Figure 2-1 A schematic diagram of temperature sampling for PROX reactor  

PROX reactor shell 

Single outer sheath of  

profile probe type thermo couple 

Temperature profile  

at reactor inlet 

Temperature profile  

at reactor outlet 
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Temperature is assumed to change in one dimensional (along with reactor axial) since 

the reactor model is adiabatic one dimensional plug flow reactor. One of the simulated 

temperature profile data are listed in table 2-2.  

Table 2-2 Temperature profile of simulated No. 12 data set along the fraction of reactor axial 

Reactor axial fraction 0 0.1 0.2 0.3 0.4 0.5 

Temperature (K) 393.15 396.97 401.03 405.35 409.98 414.93 

Reactor axial fraction 0.6 0.7 0.8 0.9 1.0  

Temperature (K) 420.25 426.00 432.23 439.00 446.42  

 

In practice, temperature profile data should be measured from experiments. In this work, 

temperature profile is obtained by a simulation in afore mentioned reactor model with 

kinetics from the above mentioned reference model studied by Choi and Stenger [72]. A 

series of explicit polynomial expression is obtained between every two points in the 

temperature profile, such as ( )11, −− ii zT and ( )ii zT , . A typical temperature profile from one 

of the simulation based on the reference model is shown in figure 2-2. 

 

Figure 2-2 Splines regression of temperature profile 

The overall effect of applying splines method to data regression in this research work is 

presented in 2Figure 2-3 Comparison of temperature gradient obtained from method of 

SPINEs and method of energy balance., which compares the temperature gradient 

calculated from the splines method and from energy balance of the reactor with the 

reference model.   
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Figure 2-3 Comparison of temperature gradient obtained from method of SPINEs and method of 

energy balance.   

Cubic splines approximation is to apply a combination of different relatively low 

degree approximations of function between each pair of data points, and systematically 

match function values and derivatives up to second order for cubic splines 

approximation to produce a smooth curve. Cubic splines approximation is found to be 

useful and convenient in practice of chemical engineering. It provides both continuous 

first and second order derivatives which is good for most chemical processes and 

models. Cases where cubic splines approximation are found particularly superior than 

other methods regularly used in chemical engineering include, but not limited to: non-

smooth or rapidly varying function, where there are many data points to be used, 

calculating the derivative of the function (which is the key step in this work), and 

calculating the integral of the function. Interpolation of discrete data by higher degree 

polynomial often shows inferior oscillation behavior compared with cubic splines 

interpolation, as shown in figure 2-4. 
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Figure 2-4 Interpolation with polynomial and cubic spline 

Therefore, in most engineering and scientific application, cubic splines approximation is 

widely used. Suppose we have ( )1+m  data points. They divide the region of interest into 

m parts with ( )1−m  interior points. The degree of freedom of the problem is explored as 

follows. On each of the m  subintervals, a cubic polynomial is used. This generates a 

total of m4  constants to be determined. For example, in the above demonstration 

example, there are totally six data points. So the m  is five. Therefore, twenty constants 

are to be determined when cubic splines approximation is used. The number of equations 

comes from the follows. The cubic spline approximation is continuous at each interior 

point for zero, first and second order derivatives. For zero order continuity, each interior 

point has a y equation from left and right side. We need ( )122 −+ m equations to specify 

the known y value at ( )1−m interior points and two end points. For each interior point, 

we need to specify ( )1−m equations for first order derivative specifications, and another 

set of ( )1−m equations for second order derivative. 

At this stage, the degree of freedom of cubic splines approximation is equal 

to ( )[ ]1224 −+− mmm . We need another two more equations to solve out the set of 

constants of cubic splines approximation. There are several ways to specify these two 

equations with the first or second order derivatives at the end points. If we know the 
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value of first order derivative, we can use the values directly. But in many cases these 

values are not available. We can set the second order derivatives 0" =y  for the end 

points, which is called nature or linear cubic splines approximation. We can set "
2

"
1 yy = , 

and "
1

"
−= nn yy , which is called parabolic cubic splines approximation. We can also get the 

"y value from the closest two points numerically. According to research works from 

others in the past, the choice of end conditions to complete the cubic splines 

approximation did not cause widely different results and hardly to decide if one set of 

conditions make more sense than another. For each point, we have the following set of 

equations for cubic splines approximation. 

( ) ( ) ( )3 2
i i i i i i iy a x x b x x c x x d= − + − + − +       (12) 

( ) ( )2' 3 2i i i i iy a x x b x x c= − + − +        (13) 

( )" 6 2i i iy a x x b= − +          (14) 

 We set the length of each subinterval as ( )iii xxh −≡ +1 . For each subinterval i , we have 

two points, ix and 1+ix . We can have the following equations: 

  i iy d=           (15) 

3 2
1    i i i i i i i iy a h b h c h d+ = + + +         (16) 

'    i iy c=           (17) 

' 2
1    i i i i i iy a h b h c+ = + +         (18) 

" 2    i iy b=           (19) 

"
1 6 2    i i i iy a h b+ = +          (20) 

We can express ia , ib , and ic in terms of "y . We set "
ii yS ≡ . This gives us the following 

equations with equations of y  and "y . 

1    
6

i i
i

i

S Sa
h

+ −
=          (21) 

   
2

i
i

Sb =           (22) 
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1 12  
6

i i i i i i
i

i

y y h S h Sc
h

+ +− +⎛ ⎞= − ⎜ ⎟
⎝ ⎠

       (23) 

We can put the above coefficients into the equation of 'y . It gives the following 

equations after a lot of simplification. 

( ) 1 1
1 1 12 2 6    i i i i

i i i i i i i
i i

y y y yh S h h S h S
h h

+ −
− − +

⎡ ⎤⎛ ⎞ ⎛ ⎞− −
+ + + = −⎢ ⎥⎜ ⎟ ⎜ ⎟

⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
   (24) 

The above equation constitutes a tri-diagonal linear algebraic system where there are n  

data pairs and ( )1−n  separate cubic equations. It can be combined end conditions to 

generate the cubic equations. 

2.2.3 Parameter Estimation and Optimization Method 

The problem statement is: given the reactor temperature profile, flow rate and 

compositions of the streams, identify, among all possible combination of reaction 

kinetics parameters of the two oxidation reactions, the optimal set of reaction kinetics 

parameters necessary to replicate the reactor temperature gradients. The mathematical 

formulation is as following: 

1 2 1 2 1 2 1

2

, , , , , , 1 , ,

min      
n

k k E E a a b i spl i cal i

dT dT
dV dV=

⎧ ⎫⎪ ⎪⎛ ⎞ ⎛ ⎞−⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭

∑       (25) 

Subject to: 

2 1 1

2 2 2

2 2 2 2

2 1
2 , 1 , ,

, , ,

exp exp
   

a b ao o
O i H CO i O i CO

i i

cal i H i pH N i pN

E Ek P Hr k P P Hr
RT RTdT

dV F c F c

⎛ ⎞ ⎛ ⎞− −
− Δ − Δ⎜ ⎟ ⎜ ⎟

⎛ ⎞ ⎝ ⎠ ⎝ ⎠=⎜ ⎟ +⎝ ⎠
  (26) 

2
242 /    o

HHr kJ molΔ = −         (27) 

28.3 /    o
COHr kJ molΔ = −         (28) 

2 2, ,1atm    O i O iP C= ×          (29) 

, ,1atm    CO i CO iP C= ×          (30) 

2

2

0
, 0   O

O i T
T

F TC C
F T

=          (31) 
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0
, 0    CO

CO i T
T

F TC C
F T

=          (32) 

2 2 2
  T N O H COF F F F F= + + +         (33) 

Nomenclature is provided at the fifth part of this chapter. The optimization method 

is derived from a least square of the difference between temperature gradient derived 

from energy balance with a subscription of cal and the temperature gradient which is 

derived from splines regression based on measured temperature points along the reactor 

axial. The objective function is therefore the sum of square of the difference between n 

sets of the two temperature gradients. The equation (26) represents the energy balance 

for each of the ith data set. The reactor is one dimensional adiabatic under steady state 

condition. Temperature only changed along the reactor axial. Temperature is not a 

variable of time. The energy released from two exothermic oxidation reactions are used 

to heat up the temperature of the flow. Reaction heat released from hydrogen oxidation 

is about ten times the reaction heat from carbon monoxide oxidation. Therefore, 

temperature gradient is physically a reflection of the relative reaction rate of the two 

reactions, and is used as the objective function to explore the reaction kinetics.    

In practice, feed stream is usually a hydrogen-rich stream with less than 1% (mol) of 

carbon monoxide. A good commercial catalyst is developed to be able to selectively 

react carbon monoxide with oxygen under a proper operation condition, though a very 

little of hydrogen is inevitable to react with oxygen. Therefore, based on stoichiometric 

relation, the content of oxygen is limited to be close to the content of carbon monoxide. 

Thus, the composition of the stream can be simplified as hydrogen and nitrogen as far as 

heat capacity is concerned. The denominator of equation (26) represents previously 

mentioned assumption. Heat capacity of hydrogen and nitrogen at different temperature 

are listed in table 2-3, from which we can conclude that the average of the heat capacity 

at different temperature is a good estimation for heat capacity value at varying 

temperature.   
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Table 2-3 Heat capacity of hydrogen and nitrogen at temperature varying from 100°C to 600°C 

(kJ/kmol-K) 

 373°C 473°C 573°C 673°C 773°C 873°C Average 

H2 29.133 29.299 29.318 29.365 29.523 29.789 29.404 

N2 29.202 29.472 29.951 30.571 31.247 31.916 30.393 

2.3 Results and Discussion 

The Splines method to simulate the temperature profiles in the reactor based on 

measured temperature points along the reactor and therefore the temperature gradient 

derived from Splines methods is feasible for the 15 sets of data with varying inlet 

conditions in inlet temperature and composition, as shown in table 2-4 and table 2-5.  

Table 2-4 Inlet operation conditions of PROX reactor 

Flow rate of N2 

(mol/sec) 

Flow rate of H2 

(mol/sec) 

Flow rate of O2 

(mol/sec) 

Flow rate of CO 

(mol/sec) 

Temperature 

(K) 

5.6 14 0.1 0.3 373.15 

5.6 14 0.1 0.3 379.15 

5.6 14 0.1 0.3 386.15 

5.6 14 0.1 0.3 393.15 

5.3 14 0.1 0.6 373.15 

5.3 14 0.1 0.6 379.15 

5.3 14 0.1 0.6 386.15 

5.3 14 0.1 0.6 393.15 

4.9 14 0.1 1 373.15 

4.9 14 0.1 1 379.15 

4.9 14 0.1 1 386.15 

4.9 14 0.1 1 393.15 

5.5 14 0.2 0.3 373.15 

5.5 14 0.2 0.3 379.15 

5.5 14 0.2 0.3 386.15 
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Table 2-5 Outlet operation conditions of PROX reactor 

Flow rate of N2 

(mol/sec) 

Flow rate of H2 

(mol/sec) 

Flow rate of O2 

(mol/sec) 

Flow rate of CO 

(mol/sec) 

Temperature 

(K) 

5.6 13.9614 0.2774 0.0933 389.81 

5.6 13.8576 0.2748 0.092 397.49 

5.6 13.9528 0.2715 0.0902 406.61 

5.6 13.9477 0.2679 0.088 415.88 

5.3 13.9412 0.5652 0.0892 399.00 

5.3 13.9349 0.5609 0.0869 407.79 

5.3 13.9271 0.5554 0.0837 418.33 

5.3 13.9186 0.5492 0.0798 429.20 

4.9 13.9173 0.9505 0.0837 410.33 

4.9 13.9079 0.9439 0.0799 420.65 

4.9 13.8959 0.9353 0.0746 433.22 

4.9 13.8827 0.9253 0.0679 446.42 

5.5 13.9614 0.2776 0.1938 389.88 

5.5 13.9576 0.275 0.1925 397.58 

5.5 13.9528 0.2718 0.1908 406.69 

 

The detailed comparison between temperature gradient from SPLINES method and from 

energy balance calculation is listed in table 2-6. The averaged relative residue is given in 

equation (34). 
2

, ,

1

,

100%   
n

spl i cal i

i

cal i

dT dT
dV dV

dT
dV

=

⎛ ⎞
−⎜ ⎟

⎝ ⎠ ×∑        (34) 

The results are at a percentage value of 4.26. Therefore, with less than 5% as tolerance, 

the splines method is considered as a qualified method to estimate the temperature 

gradient at the inlet and outlet of the reactor. Applying this method to a one dimensional 

adiabatic plug flow reactor, the value on left hand side of energy balance equation can be 

obtained from experimental temperature measurements.  
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Table 2-6 Comparison of temperature gradient derived from Splines method and energy balance 

calculation 

 Inlet 
ispldV

dT
,
 

icaldV
dT

,
 Inlet 

ispldV
dT

,
 

icaldV
dT

,
 

1 14.82 14.72 9 28.25 27.86 

2 16.20 160.9 10 30.91 30.46 

3 17.92 17.79 11 34.21 33.68 

4 19.75 19.60 12 37.72 37.10 

5 21.31 21.14 13 14.87 14.77 

6 23.36 23.10 14 16.26 14.54 

7 25.84 25.55 15 17.37 15.86 

8 28.49 28.14    

Outlet 
ispldV

dT
,
 

icaldV
dT

,
 Outlet 

ispldV
dT

,
 

icaldV
dT

,
 

1 18.73 18.87 9 49.10 50.15 

2 20.76 20.93 10 55.94 57.24 

3 23.33 23.53 11 65.03 66.70 

4 26.12 26.37 12 75.51 77.65 

5 31.34 31.77 13 18.82 18.97 

6 35.16 35.68 14 20.86 18.59 

7 40.11 40.75 15 23.44 20.54 

8 45.64 46.42    

 

After obtaining the values on left hand side of energy balance equation, an optimization 

method is applied to get the optimal set of reaction kinetics parameters which can 

minimize the least square error between temperature gradient derived from SPLINE 

method and from the right hand side of energy balance. AMPL optimization software is 

applied to perform the optimal search of the reaction kinetics data. The optimal search 

results and reference value from Choi and Stenger’s study, which in this work can be 

considered as global optimal values, are compared in table 2-7.  
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Table 2-7 Comparison of optimal search results of reaction kinetics parameters and literature value 

of reaction kinetics parameters 

 k1 k2 E1 E2 a1 b1 a2 

Estimation 471.40 17.30 29559.3 18183.7 0.87 -1 0.53 

Literature 352.8 20.53 33092 18742 0.5 -0.1 0.5 

 

The final results given by AMPL are performed with MINOS 5.5. The optimal objective 

function value, as defined in equation (35) is 14.71 after 285 iterations.  
230

, ,1 spl i cal ii

dT dTf
dV dV=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑         (35) 

Although there is some deviation from the absolute value of each reaction kinetics 

parameters, the overall result is convincible with the relative residue value equals to 

2.38%, which is defined in equation (36).  

230

, ,1
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,1

1
spl i cal ii

spl ii

dT dT
dV dV

n
dT
dV
n

=

=

⎛ ⎞−⎜ ⎟
⎝ ⎠

−

∑

∑
        (36) 

2.4 Conclusion 

A systematic method is developed to combine Splines method and optimization 

method to solve out the optimal set of reaction kinetics parameters which reflect the 

PROX reaction in a one dimensional adiabatic plug flow reactor model, based on 

assumptions close to the practice in industry. The Splines method is applied to simulate 

the temperature profile along the reactor axial, given measured discrete temperature 

points along the reactor axial. Results here show that the simulation brings a relative 

residue at the level of 5%. An optimization routine based on AMPL performed by 

MINOS 5.5 is then followed to get the optimal sets of reaction kinetics which can mostly 

reflect the energy balance. The final evaluation of reaction kinetics parameters not only 

close in the absolute value of the reaction kinetics parameters from literature which is 

considered as global optimal values, but also keep the relative deviation less than 3% for 
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the given 15 data sets with varying inlet operation conditions. The method developed in 

this chapter is expected to be applied in industry, by using the data from a practical 

testing unit of PROX reaction, to obtain the reaction kinetics parameters and prepare for 

the further development of advanced process controls. This is a concern when today’s 

fuel cell industry is facing a lot of screening of different catalyst under limited capital 

and development period.      

2.5 Nomenclature 

r   reaction rate 

R   gas constant 

P   pressure  

F   flow rate 

V   reactor volume 

ΔH°   standard reaction heat 

cp   heat capacity 

C   concentration 

Subscript 

CO   carbon monoxide  

O2   oxygen 

N2   nitrogen 

H2   hydrogen 

spl   calculation derived from splines method 

cal   calculation derived from energy balance 

i   ith data set 
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3.  Optimal heat and power integration of pressure swing distillation 
systems 

3.1 Introduction 

Conventional fluid mixture separation has been extensively studied using various 

strategies, including extractive and entrainer distillation [73-78], reactive distillation, 

adsorption and desorption [79], and [80], membranebased separation [81-83], and 

pressure swing distillation (PSD) [84-91]. Of these separation techniques, distillation-

based separation is most common step utilized to date - employed to handle even the 

most complex mixture separation tasks [92, 93]. Ironically, traditional distillation 

designs and configurations are both inefficient and energy intensive. In most industrial 

cases, up to 95% of the heat supplied to the bottoms reboiler is rejected by the 

condenser. This inefficiency, its widespread use, and extraordinary energy consumption 

rate (distillation processes account for three percent of US energy consumption; a 

number which has remained constant for 20 years but is now beginning to rise) calls into 

question the justified continued use of distillation as an economically viable process [94-

97]. Furthermore, with recent spikes in energy costs, identifying alternative heat 

utilization and distribution strategies that result in lower energy requirements is critical 

from an economic standpoint.   

Many systems of fluid mixtures exhibit non-ideal vapor liquid equilibrium 

(azeotropic) away from vacuum pressures, presenting additional complexities that render 

standard distillation ineffective for achieving purity above (or below) certain 

(azeotropic) compositions. One key consequence of overcoming azeotropic limits (over 

simple mixtures) is the resulting increase in already large heating and cooling loads. 

Thus, an important challenge is to carry out azeotropic separation with minimum 

incurred utility requirements. This has been the subject of academic and industrial 

research for decades (non-academically for thousands), resulting in several 

comprehensive studies of hundreds of multiple component systems that possess one (or 

more) azeotropic point(s). The most common, industrially relevant azeotropic systems 

include acetonitrile-water, phenol-benzaldehyde, trichloroethylene-propanol, ethanol-

water, and tetrahydrofuran-water (considered in this work) among others.     
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Several methodologies have been developed to increase the overall energy 

efficiency of distillation processes, especially for azeotropic separation. Heat integration 

of distillation columns was used as early as 1910 by Carl von Linde in cryogenic 

distillation [98]. Other early studies were able to show significant reduction in energy 

use through the use of complex column configurations [99].  Means of designing more 

efficient distillation networks by methods, such as column stacking, have also been 

proposed [100].  More recently, column sequencing and heat integration for distillation 

systems have been developed through the use of optimization formulations, such as 

mixed integer nonlinear programming (MINLP) [101].  Over the past several years, 

much effort has been devoted to improving and optimizing the design and simulation of 

a complex column sequence and configuration for various systems [102-112]. This is 

especially true for establishing frameworks that include and can successfully identify 

non-intuitive and counterintuitive designs [105], and [29]. Furthermore, until recently, 

the nonconvex nature of several of the resulting mathematical programs did not allow for 

a guarantee of global optimality of solution flow-sheets. 

In this work we investigate the separation of azeotropic mixtures and propose a 

strategy for the minimization of energy requirements through simultaneous heat and 

power integration. Specifically we determine minimum utility requirements for 

azeotropic separation based on heat and power integration networks, significantly 

improving the economics of pressure-based processing of azeotropic systems. The paper 

is organized in the following manner. First, we provide a brief description of pressure 

swing distillation with relevant material and energy balance models. We next provide 

details of the simulations performed to generate candidate distillations systems followed 

by a description of the mathematical formulation employed for the heat and power 

integration of the candidate systems. Finally, we present and discuss results generated 

from our heat and power integration strategy and draw conclusions with regard to the 

energy loads associated with the separation of azeotropes through PSD.    

3.2 Process Description 

Pressure Swing Distillation (PSD) is a process whereby equilibrium (or non-

equilibrium) staged separation of binary (or multi-component) mixtures occurs at two or 
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more pressures [86].  It is often employed in situations when the vapor liquid 

equilibrium of a mixture is non-ideal and strongly dependent on operating conditions, 

particularly pressure. Such is often the case for mixtures, especially azeotropes, where 

phase separation mass transfer is not possible at certain compositions. However, these 

compositions (azeotropic points), typically vary thermodynamically, resulting in a shift 

in the VLE curve at different pressures.  This behavior is shown in figure 3-1 for the 

THF-water system as an illustration of this pressure sensitive phenomenon.  As such, 

one strategy is to employ PSD as a means to exploit this curve shift and circumvent 

limitations in equilibrium separation caused by the presence of azeotropic points. 
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Figure 3-1 Example phase diagram of pressure sensitive azeotropic system under different pressure. 

 

A typical PSD design consists of two distillation columns - one operating at low pressure 

(PL) and the other at high pressure (PH), one or more pumps for liquid compression, and 

one or more valves for liquid expansion. Both types of pressure changers operate 
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between the corresponding column pressures.  Our analysis is restricted to the separation 

of minimum-boiling azeotropes. The process diagram for such a PSD scheme is 

presented in figure 3-2.  

 

Figure 3-2 A schemedic flow chart of pressure swing distillation for THF-water. 

In this configuration the external feed, F, enters the first column (operated at PL) at 

temperature TF and composition xF. Exiting the top of the first column with temperature 

1DT and composition
1Dx , the distillate stream, D1, is fed into the second column 

(operated at PH) via pumping. The distillate of the high pressure column, D2, is expanded 

to PL and recycled back into the first column, as a kind of recycle. It is important to note 

two key characteristics of minimum-boiling PSD systems: (i) the bottoms products 

streams, B1 and B2, are at (relatively) high temperature with near-pure compositions in 

either component and (ii) distillate stream compositions, 
1Dx  and 

2Dx ,  are near-

azeotropic (
1Dx∗ ,

2Dx∗ ) at their respective column pressures. Overall material, energy, and 

component balance equations can be written for the above PSD configuration (around 

each column, respectively) as follows: 

Column 1 at PL: 

2 1 1F D D B+ = +           (1) 
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1 1 2 1 11 1 21 1 2D B F Dp D p B p F p D R CD c T B c T Fc T D c T Q Q+ − − = +      (2) 

2 1 12 1 1F D D BFx D x D x B x+ = +         (3) 

Column 2 at PH: 

1 2 2D D B= +            (4) 

2 2 1 2 22 2 12 2 1D B Dp D p B p D R CD c T B c T D c T Q Q+ − = +       (5) 

1 2 21 2 2D D BD x D x B x= +          (6) 

Where 
1Bx ≅  0 (or 1), 

2Bx ≅   1 (or 0), 
1Dx  ≅  

1Dx∗ , and 
2Dx  ≅

2Dx∗  

The proximity to which the bottoms streams reach purity and to which the distillate 

streams approach their respective azeotropes depend on several factors, including (but 

not limited to) the number of column trays (equilibrium stages), column operating 

pressures, column heights, resource limits on available utilities, and the azeotropic 

system itself. The aggregate affects of these factors on system performance and 

separation efficiency have been studied extensively and abound in the literature [84, 85]. 

However, of all these factors, azeotropic separation based on PSD processes has one 

major drawback, energy consumption. Typically, for such systems successful separation 

requires large heating and cooling loads (reboiler and condenser duties). Table 3-1 

illustrates the relationship between pressure, boiling temperature, and composition for 

THF-water, as an example. Therefore, depending on selected column operating 

conditions (e.g., pressures) and the desired proximity of the distillates to azeotropic (and 

for the bottoms product, pure) compositions, the amount and type of heating and cooling 

requirements needed can render a PSD system cost prohibitive. This observation has 

motivated the need for strategies to apply heat integration techniques to PSD system 

design and much outstanding work has been done on this front [84, 89, 100, 103]. 

However, we establish that utility load savings can be further increased with the 

consideration of both heat and power integration in PSD designs, as shown in figure 3-3. 
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Table 3-1 Azeotropic properties of THF-water system 

Pressure 

(KPa) 

Boiling Point 

(K) 

THF 

(mol %) 

101.3 336.71 0.8238 

202.6 358.09 0.7696 

405.2 382.51 0.7066 

607.8 398.44 0.6661 

810.4 410.56 0.6360 

1013 420.47 0.6120 

1215.6 428.92 0.5922 
a Physical property model: Wilson 

 

 

Figure 3-3 A schematic diagram of heat and power network for plant-wise and PSD process streams 
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3.3 Mathematical models 

3.3.1 Models for finite-reservoir heat engines  

Several thermodynamic studies and analyses of finite-reservoir heat engines and 

heat pumps can be found in the literature [28, 29, 113]. In this work we develop a 

mathematical analysis leading to the formulation of a minimum utility cost problem for 

finite reservoir heat and power integration. In synthesizing finite reservoir heat and 

power integration, it is important to first consider the power that can be generated from 

heat engine. Let us consider a cycle operating between a hot utility with known flow rate 

(FH), known heat capacity (cp,H), and known inlet temperature ( )in
HT  and a cold utility 

with known heat capacity (cp,C), and known inlet ( )in
CT  and outlet ( )out

CT  temperatures. 

This net power, engineW
•

, can be determined through first and second law analysis. From 

first law principles, we can obtain an expression for the net power that can be produced 

from such a system, shown in figure 3-4: 

( ) ( ), ,
in out out in

engine H p H H H C p C C CW F c T T F c T T
•

= − − −       (7) 

 

Figure 3-4 T–H diagram for an isolated/reversible (optimal) heat engine 

In further, the system is assumed isolated, the total entropy change of the system becomes equal to the sum 

of the utility stream entropy changes   

ΔStot=ΔSutil=ΔSH+ΔSC=0         (8) 
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where 0tot util H CS S S SΔ = Δ = Δ + Δ = and from second law , ln
out
H

H H p H in
H

T
S F c

T
Δ = , and 

, ln
out

C
C C p C in

C

T
S F c

T
Δ = for hot/cold utility streams with constant specific heat. Therefore, the follows can be 

obtained:   

,

,

ln

ln

in
H
in

C p CC
out

H p HC
in

C

T
F cT
F cT

T

ϕ = =          (9) 

 

Equation (7) can be written as:  

( ) ( ),
in in out in

engine H p H H C C CW F c T T T Tϕ
•

⎡ ⎤= − − −⎣ ⎦       (10) 

3.3.2 Models for finite-reservoir heat pump  

The heat pump model can be obtained from first law and second law similar to 

heat engine model. From first law principles, we can obtain an expression between the 

heat load from finite reservoir and power from the heat pump: 

( ) ( ), ,
out in in out

pump C p C C C H p H H HW F c T T F c T T
•

= − − −       (11) 

Similar to heat engine, from the second law we can obtain an expression as follows: 

,

,

ln

ln

in
H
in

C p CC
out

H p HC
in

C

T
F cT
F cT

T

ϕ = =  

 Equation (11) can be written as:  

( ) ( ),
out in in in

pump H p H C C H CW F c T T T Tϕ
•

⎡ ⎤= − − −⎣ ⎦       (12) 

3.3.3 General problem formulation 

The mathematical formulation of the minimum total utility (hot/cold/electric) cost 

problem can now be presented. The objective is the sum of the costs of hot, cold and 

electrical utilities. For the case where hot and cold utilities may be used by both sub-

networks, the formulation is shown below. If infinite work generation is to be avoided, 
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one of the two quantities δH
HEP and δC

HEP should be bounded. 

( ) ( ) ( ) ( )1 1 1 1, , ,
,

min 1 1
i i i
HEP HEP
H C

n nHEP HEP HEP HEP
h H c n C w C i i i i Hi i

c c c c a
η θ δ
δ δ

δ δ δ δ δ θ η δ+ = =
⎛ ⎞+ + + + + − − − −⎜ ⎟
⎝ ⎠∑ ∑  (13) 

subject to  

δi+aiηi−δi+1−ciθi=0 ∀ i∈ [1, n]        (14) 

( ) ( )
1 1

1 1 0
n n HEPHEP

CH

high lowi i

bi i di i
T T

δδ
η θ

= =

+ − − − − =∑ ∑       (15) 

δi≥0∀ i∈ [1, n+1] 

0≤θi≤1 ∀ i∈ [1, n]         

  (16) 

0≤ηi≤1 ∀ i∈ [1, n]         (17) 

0HQ ≥            (18) 

0cQ >            (19) 

( ) ( )1Hi p i ii
a F c T Tρ += −          (20) 

( ) ( )1Ci p i ii
c F c T Tρ += −          (21) 

Equation 13 is the objective function which (in this work) represents the total utility cost 

(hot/cold/electric). Equation 14 quantifies the heat exchange sub-network in each of the 

ith temperature intervals, based on the energy balance. Enthalpies of the hot and cold 

composite curves are distributed between the HE sub-network and (heat engine and 

pump) HEP sub-network in each of the ith temperature intervals.  An ηi fraction of 

enthalpy of the hot composite curve is used in HE sub-network while the rest of enthalpy 

of hot composite curve is used in HEP sub-network. Similarly, θi fraction of enthalpy of 

the cold curve is used in HE, while 1- θi fraction is used in HEP. Equation 15 represents 

the overall entropy balance for HEP sub-network. Equations 16 and 17 provide bounds 

for the fractions θi, and ηi.  By the second law of thermodynamics, equations 18 and 19 

state that all available heat must be positive in each interval. The above mathematical 

formulation is solved to identify the optimal HE and HEP network solutions. The above 

formulation can be structured to perform pinch analysis or heat exchange network 
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synthesis only, if θi, and ηi are set to 1 – meaning all the enthalpy contributions are used 

for heat exchange only. 

3.4 Illustrative Example 

Here we consider pressure swing distillation for the recovery of tetrahydrofuran 

(THF) from an aqueous mixture. THF is a commonly used industrial solvent 

manufactured by the acid-catalyzed dehydration of 1,4-butanediol. The typical mass 

fraction of the THF dehydrate is xF=0.8 [77]. THF and water can form azeotrope, which 

prevents the application of simple distillation to obtain anhydrous THF. Conventionally 

THF dehydrate has been extensively studied using different kinds of distillation and 

other methods based on other mechanism, extractive distillation [73, 78], pressure swing 

distillation (PSD) [73, 76], and membrane [75, 79]. Of these separation techniques, 

distillation-based separation is most commonly adopted by industry to date [78]. 

Frequently researches were focused on adding a third compound, entrainer, to the THF-

water mixture in order to break the azeotrope. However this method has its limitation 

when impurity in THF is concerned in many applications [80]. In order to compare with 

a well studied and fully improved heat integrated distillation system to demonstrate the 

benefits of heat and power network, we developed a THF-water pressure swing two-

column distillation based on the following operation conditions from literature [84, 85], 

shown in figure 3-5: 

(1) Heat and cold streams from the condensers and reboilers, together with three 

plant-wise process streams as shown in table 3-2, are sent to heat and power 

network. This is shown in figure 2.    

(2) Feed rate is 1×106mol/hr. the THF concentration is 6% mol.  

(3) The pressure in the first column, PL, is 46.7kPa. 

(4) The pressure in the second column, PH, is 446kPa. 

(5) ε1,THF is 0.01. ε2,THF is 0.03. 

(6) The design has no feed preheating. 

(7) Column at PL has fifteen trays. 

(8) Column at PH has twenty trays. 

(9) The feed tray of raw feed stream for the first column is the third tray. 
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(10) The feed tray of the recycle stream for the first column is the forth tray. 

(11) The feed tray for the second column is the tenth tray. 

(12) Total amount of hot and cold utilities are bounded from the optimal amount of 

hot and cold utilities required in Ahmad (2002)’s paper [85], at which the 

consumption of hot utility is no more than 4.2×106kJ/hr, or 1166.67kw. The 

consumption of cold utility is no more than 7.6×106kJ/hr, or 2111.11kw. 

Table 3-2 Table Process streams from plant-wise and PSD system  

Stream Supply temp. 

۫K 

Target temp. 

۫K 

Absolute heat utility 

(1×106kJ*) 

Absolute heat utility 

(kJ/s) 

C1 453.15 455.15 7.4 2055.55 

H1 473.15 463.15 3.2 88.89(kJ/s ۫K) 

H2 413.15 412.15 8.4 2333.33 

T1(H) 315.77 315.77 7.63 2119.44 

B1(C) 352.77 352.77 10.81 3002.78 

T2(H) 386.18 386.18 3.16 877.78 

B2(C) 393.38 393.38 4.33 1202.78 
*based on an hour, C1, H1, H2 are from plant-wise; T1, B1, T2, B2 are from PSD system 
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Figure 3-5 Aspen flowsheet of pressure swing distillation for THF-water. 

The final heat and power network for the above process streams from plant-wise and 

THF-water PSD system requires the same amount of hot utility as in Ahmad’s paper, 
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which is 1166.67kW. The amount of cold utility required is 1010.26kW, which is at 

47.86% compared with the cold utility consumed in Ahmad’s paper. Meanwhile, this 

heat and power integration generates 36kW work from the heat engine.  

3.5 Results and discussion 

3.5.1 Process simulation 

The process is simulated using the AspenOne2004 package. Recommendations for 

the design, column sequence, and stream configuration are based on past research [84, 

85]; and final flow-sheet and simulation results are generated using Aspen Plus. The 

Wilson equation of state is used as the thermodynamic fluid package for the PSD 

simulations, based on that it is suitable for strongly nonlinear solutions and as used in 

past research. Simulated flow-sheets were created based on configurations in the 

illustrative study case.  Aqueous THF feed concentration is 6 mol%, with a flow rate of 

1×106mol/s. The desired outlet compositions of water and THF are set to be near pure. 

The first column was operated at low pressure. The bottom flux is near pure water, 

which contains about 1ppm THF at 99.9%. The second column is near pure THF, which 

contains about 16ppm water. The bottom impurity concentration (at ppm level) is much 

more sensitive to the reflux ratio than the top impurity concentration. The reflux ratio of 

each column is considered a design variable in the simulation to provide flexibility and 

to better achieve a desired purity in the bottoms. Therefore, it is practical to adjust the 

reflux ratio of each column so that a minimal reflux ratio is achieved based on the 

column configuration and concentration specification. The top concentration is 

controlled by mass balance. This is reflected in the practical operation as a strict control 

of flow rate in the bottom and distillate streams. For each column, the calculation type is 

set for equilibrium stage calculation. The valid phase is vapor-liquid since THF and 

water are miscible. The convergence is set to be strongly azeotropic, which is 

recommended for highly nonlinear two-phase column calculations due to slow 

convergence. Pressure regulators such as pumps and expansion valves are included to 

adjust recycle streams to the appropriate inlet pressure for each column. All 

thermodynamic parameters and thermodynamic properties data used (for all 
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components) in our simulations were supplied by the Aspen Property Database. The 

pressures considered in our simulations are 46.7kPa as PL, and 446kPa as PH. It can be 

seen that we simulate the PSD of THF-water based on same condition as given in the 

past research [84, 85]. This is because the primary interesting in this study is to 

demonstrate that heat and power integration can achieve a better energy efficiency than 

heat integration only. It is shown that pump work accounts for a small percentage of the 

total utility cost, at a network requirement of 2.36 kW. This motivates the need to 

consider strategies for reducing heating and cooling costs, since they represent a 

considerably large fraction of total utility costs.  

3.5.2 Heat and power integration 

In attempts to reduce the utility costs associated with heating and cooling 

requirements generated by our PSD simulations, we have applied the optimization 

formulation developed in the previous section to an illustrative case study of PSD system 

consisting of two hot process streams with constant temperatures, two cold process 

streams with constant temperatures, one hot utility with constant temperature and one 

cold utility with varying temperature for cooling water, and three additional plant-wise 

process streams. The hot and cold utilities are not to be used to generate power, since the 

overall process goal is not power generation. The heat and power integration problem is 

solved with the aid of software developed in the UCLA Process Systems Engineering 

laboratory. Given in per mole basis of near pure product produced, the minimum amount 

of utility consumption can be found. In the past in heat and power integration, hot and 

cold utility can not be presented simultaneously, since in that case, the heat and power 

integration can become a power generator. Different from past researches [29], both hot 

and cold utility can be included simultaneously in the heat and power integration in this 

research, since they are bounded with their upper limit. The temperature-enthalpy 

diagram of optimal heat exchange network of the illustrative case study for THF-water 

azeotropic distillation is presented in Error! Reference source not found. The solid 

lines comprise the hot composite curve. The dotted lines comprise the cold composite 

curve. A minimum approach temperature, ΔT, is set to be 5 K to reflect the temperature 

gradient required by heat exchangers. The simulation results when including a HEP sub-
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network after heat and power integration is presented in figure 3-7. The difference 

between the hot composite curve and cold composite curve is the work generated in this 

case. The net work that can be generated is 36kW. This is negligible compared with the 

hot and cold utility duties. But it is sufficient to self sustain the power supply from the 

system itself since the pump requires only 2.36kW to transport fluid from low pressure 

column to high pressure column. The work required by the PSD process is due primarily 

from pump requirements, which in this case study can be compensated fully with power 

generated from heat and power integration. Both heat engines and heat pumps are used 

in optimal HEP sub-network. When the hot curve is above the cold curve, a heat engine 

is applied. When the cold curve is above, a heat pump is applied. The results form the 

illustrative study show that utility costs can be reduced significantly after applying heat 

and power integration compared with heat integration only.  

 

Figure 3-6 TEMPERATURE-ENTHALPY CHANGE (T-ΔH) DIAGRAM: HEN 
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Figure 3-7 TEMPERATURE-ENTHALPY CHANGE (T-ΔH) DIAGRAM: HEPN 

3.6 Conclusions 

A methodology for the identification of minimum utility cost for the separation of 

azeotropes via pressure swing distillation (PSD) is proposed. The proposed methodology 

consists of three steps: (1) PSD column sequencing and stream configuring based on 

thermodynamics (2) PSD simulation to determine process operating conditions base on 

sensitivity analysis (3) heat and power integration and HEN/HEP network synthesis to 

identify minimum hot/cold/electric utility requirements for a given set of PSD process 

operating conditions. In this work, the first two steps were directly inherited from past 

research [84, 85]. We have presented a formulation suitable for a system of four process 

streams from PSD and other plant-wise process streams. The formulation is based on the 

work of Holiastos and Manousiouthakis [29], and established under what conditions 

HEN only or HEP networks should be implemented. For THF-water system, it is more 

favorable to employ heat and power integration compared with the optimal results 

obtained from HEN pinch analysis [85]. For a PSD illustrative case study, results show 

that it can save cold utility up to 52%, keep same amount of hot utility consumption, and 

generate extra power to compensate the power consumption from the pumps in PSD 

systems, compared with the optimal results obtained in past study. 
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3.7 Nomenclature 

PL, PH     column pressure (kPa), 

F, D1, D2, B1, B2  column flow rate,  

xF, 
1Dx , 

2Dx , 
1Bx , 

2Bx    flow concentration,  

1Dpc , 
1Bpc , 

Fpc , 
2Dpc , 

2Bpc  thermal capacity of column flow,  

1RQ , 
1CQ , 

2RQ , 
2CQ    heat duty, 

2DT , 
2BT , 

1DT , 
1BT , FT   column temperature, 

1Dx∗ , 
2Dx∗     azeotropic composition, 

FH , FC    utility flow rate,  

cp,H , cp,C   utility heat capacity,  
in

HT ,  in
CT    utility inlet temperature,  

out
HT , out

CT    utility outlet temperature,  

engineW
•

, pumpW
•

  power, 

ΔStot, ΔSutil, ΔSH, ΔSC  total entropy change, 

ϕ     heat flow capacity ratio, 

Qi    heat taken by heat exchange network 
HEP
HQ , HEP

CQ    heat taken by heat engine and pump network 

hc , cc , wc    utility cost coefficient  

ic , ia     enthalpy of cold, and hot composite stream 

iθ , iη     fraction of cold, and hot composite enthalpy 
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4. Integrated Computational Strategies for the Synthesis of Sustainable 
Energy Systems in Thermo-Chemical Cycle for Hydrogen Production  

4.1 Introduction 

4.1.1 Method to produce hydrogen 

Hydrogen gas has long been thought of as a future energy source to replace the 

consumption of fossil fuels. It is a clean energy source, producing no carbon emissions. 

The energy cycle is based on the cleanest, most abundant, natural, and elementary 

substances: hydrogen, oxygen, and water [114]. This inexhaustible energy source burns 

more efficiently than fossil fuel and releases 117.6 MJ/kg when combusted at 298K into 

liquid water, compared to only 46.36 MJ/kg for the combustion of n-octane [115]. 

Production of hydrogen, however, creates a challenge. 

4.1.1.1 Electrolysis 

The popular method for hydrogen production, the electrolysis of water, is very 

inefficient. It involves the conversion of primary energy to electricity and electricity to 

hydrogen [114]. Electrolyses have been around since the 1800s [114] and have a total 

efficiency from 27% to 32% [116]. The electrolysis is required 140 MJ per kilogram 

hydrogen to complete. After that an additional energy of 15 to 40 MJ per kilogram 

hydrogen must be exerted to compress or liquefy the hydrogen for proper storages [116]. 

Other methods have been described in the literature besides electrolysis, such as the 

reforming of fossil fuels, high temperature cracking paired with a high temperature 

nuclear energy source, and the gasification of biomass and wastes [116]. All of these 

methods have their own problems. 

4.1.1.2 Reforming 

Reforming fossil fuels produces hydrogen concentrations of 70-80%, when steam 

reforming is done, and 40-50% for the partial oxidation and auto thermal reforming on a 

dry basis [117]. Although steam reforming can yield 80% hydrogen, it is a highly 

endothermic process and often produces carbon monoxide in the end products [117]. The 

gasification of biomass, such as used edible oils [118], is another option for hydrogen 
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production. Edible oils wastes (EOW) can be blended with high rank, low grade coals, 

and gasified to produce fuel. The gasification produces low NOx, and SOx emissions. 

However, the EOW is 78.1% carbon and so hydrogen production is limited [118].  

4.1.2 Thermo-chemical cycle 

Another method for hydrogen production, and the topic of this paper, is the use of 

thermo-chemical cycles. A thermo-chemical cycle is a non-isothermal composite of 

several reactions, which occur at thermodynamically favored temperatures [115]. The 

energy supplied to a thermo-chemical cycle is largely consumed by the regeneration of 

the reactants, rather than the formation of the product [115]. A thermo-chemical cycle 

can be used to simulate the splitting of water into hydrogen and oxygen. In such a 

proposed cycle water would be added to set of reactants, producing hydrogen and 

oxygen, while the remaining products are recycled back as reactants. The net reaction for 

the cycle would be equation (1). 

( ) ( ) ( )2 2 2
1H O l H g O g   
2

→ +        (1) 

In this study we propose a thermo-chemical cycle for the production of hydrogen, 

with a potential automatic selection process. An initial level one analysis is executed to 

determine the feasibility of the model. The proposed cycle is then modeled through the 

use of Aspen Tech software and a pinch analysis is performed. Through the pinch 

diagram an efficiency of the proposed cycle is calculated. 

4.1.3 Automatic selection of thermo-chemical cycle 

A reaction cluster is often valued from some criteria, such as process safety, 

environmental protection and economic viability. Process safety tends to constraint the 

species involved in the reaction cluster to be nontoxic, non-flammable reactants and 

byproducts. Environmental consideration requires reducing the byproducts and 

eliminating hazardous compounds. Economic viability is significantly determined by the 

reaction yield. Thermodynamics play an important role in reaction yield since it sets an 

upper bound on a reaction attainable yield. When the yield of the process, specified by 

thermodynamics, is greater than or equal to the yield ensuring economic feasibility, then 
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the corresponding reaction is called thermodynamically feasible. The purpose of the 

work is to screen out some reaction clusters which are thermodynamically feasible under 

a certain temperature range within a database of some selected chemical species, which 

can meet environmental and safety criteria. 

The yield is related with another variable, ∆G, in the thermodynamics. According to 

the fundamental knowledge of thermodynamics, ∆G, should be less than or equal to zero 

in order to achieve a thermodynamically feasible reaction. Thermodynamically, ∆G is 

sensitive to the reaction temperature. However, a reaction itself sometimes requires a 

stringent temperature, usually very high, to achieve thermodynamic feasibility. When 

there is no operational temperature at which the reaction can be carried out, it may be 

implemented through a reaction cluster, that is, a set of reactions (constitutive reactions) 

whose sum is the overall reaction. To ensure substantial yield on the overall reaction, 

each reaction within the cluster must be a thermodynamically feasible reaction cluster.  

The following is an example of a reaction cluster: 

A+B C+D→          (2) 

A+E F+D→          (3) 

B+F E+C→          (4) 

Equations (3) and (4) are a reaction cluster to produce an overall reaction as equation 

(2).  

4.2 Optimization Models and Simulation Models 

4.2.1 Integer Problem Formulation 

This research work has been demonstrated in a paper from Manousiouthakis et al. 

[119]. Here we adopted their problem formulation. We then implement the formulation 

with AMPL modeling language. The calculation work is provided by the public service 

of NEOS with a proper solver from Argonne National Lab. We verified our calculation 

results with the published results in the aforementioned paper [119].   

Since temperature of each reaction is either at the lower end or upper end of the 

temperature range, the temperature of each reaction is therefore set at either TL or TU. 

The problem is formulated as the following. The related thermal data and preset 
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parameter values are listed in table 4-1 and table 4-2. 

 

min{ }hc       {1,2,... 1} Rh N∈ −  

( )
1 1
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i j

c d cδ γ
= =
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=

≤∑      {1,2,... }Rj N∈    (10) 

( ) ( )1 ... 0  ij ij ij nδ δ φ δ φ− − =    {1,2,... } {1,2,... } S Ri N j N∈ ∈   (11) 

( ) ( )1 ... 0 j ij ij niγ γ φ γ φ− − =    {1,2,... } {1,2,... }S Ri N j N∈ ∈   (12) 

u
ij ij0     δ δ≤ ≤      {1,2,... }  {1,2,... } S Ri N j N∈ ∈  (13) 

( ) ( )1 ... 0   j ij ij niγ γ φ γ φ− − =    {1,2,... } {1,2,... }S Ri N j N∈ ∈   (14) 

u
ij ij0  δ δ≤ ≤      {1,2,... }  {1,2,... } S Ri N j N∈ ∈  (15) 

0   u
ij ijγ γ≤ ≤      {1,2,... }  {1,2,... }S Ri N j N∈ ∈   (16) 

( )1 0 ij jiη η − =     {1,2,... }  {1,2,... }S Ri N j N∈ ∈   (17) 
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0 u
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sη
=

≤∑      {1,2,... }Rj N∈    (21) 

1
 

SN

ij
i

sθ
=

≤∑      {1,2,... }Rj N∈    (22) 

   j LT T=      {1,2,... }j h∈     (23) 

 j UT T=      { 1, 2,... }Rj h h N∈ + +    (24) 

4.2.2 Auto thermal cycle applied in this study 

We chose a cycle based on the literature [120]. The cycle we will analyze, shown in 

figure 4-1, is as follows. The proposed thermo-chemical cycle will be developed with a 

temperature constraint of 850◦C (1123K) and at a pressure of 1 bar due to the 

requirement from DOE. 

2 2 3 4 23F eC l   4H O F e O   6H C l  H  + → + +  (800-1200K)   (25) 

3 4 3 2 2F e O   8H C l 2F eC l   F eC l   4H O+ → + +  (400-600K)   (26) 

3 2 22F eC l   2F eC l   C l  → +    (500-700K)   (27) 

2 2 2C l   H O 2H C l  1 O   + → +    (900-1200K)   (28) 

4.2.3 Level One Analysis Assumption 

The level one analysis assumes that the cycle operates as described by figure 4-1 

and that the feeds are stoichiometric and each reaction goes to completion. Only the 

thermal requirements of heating, cooling, and separating the pure hydrogen and oxygen 

are considered in this initial stage of analysis. 

4.2.4 Level Two Sensitivity Analysis Assumption and Development Methodology 

Aspen Plus is used to build each reactor separately. Model Analysis Tool, 

Sensitivity, was used to perform the sensitivity analysis. The entire inlet streams in the 

analyses are set at a pressure of 1 bar. The sensitivity analysis is performed one variable 

after another. This is mathematically equal to partial derivative to temperature and feed 

ratio. The temperature analyses were done at stoichiometric feed ratios and at a pressure 
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of 1 bar. After the temperature analyses were completed, feed ratio sensitivity analyses 

were executed for each reaction at the optimal temperature, as determined by the 

temperature analysis. Once the temperature and feed ratio analyses were completed then 

competing reactions were considered. 

4.3 Results and Discussion 

4.3.1 Auto thermal Selection 

4.3.1.1 Confirmation to Literature 

The Holiastos paper [119] presented a case study on the decomposition of water, 

which is a highly infeasible and a very important reaction from a clean energy 

generation point of view, with a data base of fifty species for the overall reaction. 

2 22 O 2H O2H +→          (29) 

The formulation featured two reactions per cluster. The objective function has weights 

for every species in the cluster. As with the same parameter values in Holiastos paper 

[119], we reached the same results. The data are listed in table 4-1. The parameter values 

for the case study of the decomposition of water are listed in table 4-2. The code is 

implemented with AMPL modeling and computation language. The solver is provided 

by NEOS from Argonne national lab. By putting a constraint on the value of the 

objective function, many potential candidates of thermodynamically feasible reaction 

clusters are found.  The confirmation is a demonstration of the capability of further 

exploration and innovation in other thermal cycles with potential reaction clusters, based 

on a proper thermodynamics data base. The reaction cluster we reached at TL = 400Kand 

TU = 1600K is as follows, which is the same as the Holiastos work [119]: 

When the objective function value is equal to fifteen, we reach the following reaction: 

T=400K: 

2 2 2 2 5 2 2 3 3 2 5 2 2C H Cl C H OH H O C H Cl C H Cl H O+ + → + + +     (30) 

T=1600K: 

2 3 3 2 3 2 2 2 2 2 5 2 2C H Cl C H Cl H O C H Cl C H OH Cl H+ + → + + +    (31) 

When the objective function value is equal to seventeen, we reach the following 



 

     

50 

 

 

reaction: 

T=400K: 

( )2 2 2 4 2 2 3 3 2 3 2C H g C Cl 2H O C H Cl C H Cl O+ + → + +     (32) 

T=1600K: 
2

2 3 3 2 3 2 2 4 2C H Cl C H Cl C H C Cl 2H+ → + +       (33) 

When the objective function value is equal to nineteen, we reach the following reaction: 

T=400K: 

2 5 2 2 4 2 2 3 3 2 2C H OH + C l  + C C l  + H O 2C H C l + H  + O→     (34) 

T=1600K: 

2 3 3 2 2 5 2 2 4 22C H C l  + H O C H OH + C l  + C C l  + H→     (35) 

When the objective function value is equal to twenty one, we reach the following 

reaction: 

T=400K 

2 2 2 2 4 2 2 3 3 2C H Cl +C Cl +2H O 2C H Cl +O→       (36) 

T=1600K 

2 3 3 2 2 2 2 4 22C H Cl C H Cl +C Cl +2H→        (37) 

4.3.1.2 Application with NIST Data for Potential Thermal Cycles 

According to the NIST data base [121], ∆H and ∆S are related with temperature by 

the Shomate equation as follows: 
2 3 4

o o
298.15

Bt Ct Dt EH H At F H
2 3 4 t

− = + + + − + −      (38) 

( )
2 3

o
2

Ct Dt ES Aln t Bt G
2 3 2t

= + + + − +       (39) 

t T/1000=           (40) 

Coefficients of different species used in the auto selection work in this paper are listed in  

table 4-3. The thermodynamic data used were the least square linear fits of the free 

energy of formation vs. temperature relationships of the species in the data base.  The 

fits were calculated by the thermodynamic relation ∆G = ∆H − T ∆S, where ∆H and ∆S 



 

     

51 

 

 

were given, for a certain range, based on the Shomate equation and their coefficients 

from NIST data base [121]. The following species and their parameter values are listed 

in table 4-4. The AMPL optimization code verified by the Holiastos case study [119] is 

used here. TL is set to be 300K and TU is set to be 1300K to reflect the real operation. 

The number of reactions in the reaction cluster is varied from one to four to meet the 

constraints that the number of reactions in any potential reaction clusters should not 

beyond four. Elements are constrained to be Fe, Cl, O, so that the total number of 

elements is equal to four for the Fe-Cl thermal cycle. The result is that no feasible 

reaction clusters can be found by the above AMPL optimization code. This further 

suggests that a reliable and good data base is essential to carry out any further analysis 

on the auto selectivity of a thermal cycle. 

4.3.2 Level One Analysis of the Proposed Cycle 

Using the NIST thermodynamic database [121] an initial efficiency of the process 

shown in figure 4-1, was obtained. The enthalpy change for each stage of the cycle was 

obtained using the data shown in table 4-5 and equation (38) [121]. It was assumed that 

each reaction took place within the range suggested by the literature [120]. Reaction one 

takes place at 950K, immediately at the melting point of iron (II) chloride [122]. 

Reaction two takes place at 400K as to keep the required heat at a minimum. Reaction 

three is assumed to operate above the boiling point of iron (III) chloride, 589K [122], 

and so it is at 620K as to reduce a pinch. Reaction four, the reverse Deacon, has been 

shown to perform better at higher temperatures [122], and so it functions at our proposed 

temperature limit of 850◦C or 1123K. The heats of each reaction at the temperatures 

described above are calculated using the NIST data [121], and given in table 4-6. All of 

the necessary heat exchangers, not including the heats of reaction, are shown in figure 4-

2, assuming that the oxygen and hydrogen exit at 298K and that the water enters the 

system at 298K. Using the data from table 4-6 and figure 4-2, a pinch diagram can be 

constructed to determine the required heat for the cycle. The pinch diagram for the level 

one analysis is shown in figure 4-3. The pinch diagram has a minimum approach 

temperature of 20K and it is assumed that a reservoir of heat and cold source at 1173K 
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and 278K is available to supply the needed utility. The curves were shifted so that a 

pinch of 21.7K occurs at 261 kJ. The amount of heating and cooling for producing one 

mole of hydrogen is displayed in table 4-7, along with the total heating cost, Q. To 

calculate the efficiency we will use the equation (48) [123], which needed results from 

equation (38) [121]. For efficiency of level one, the work term will only include the cost 

of separating the hydrogen and oxygen from the remaining components. The work is 

equal to the Gibbs energy of separation, ∆Gsep, [123]. 

( )
1

ln
n

sep i
i

G RT y
=

Δ = − ∑         (41) 

In equation (41), R is the gas constant, T is the absolute temperature, n is the flow of 

each component, and y is the mole fraction. The cost of separation for the cycle is shown 

in table 4-8. Given that the heat of formation of water, -285.83 kJ/mol [122], and that 

our level one analysis assumes that one mole of water is consumed, we obtain a level 

one efficiency of 34.5%. This level one efficiency is greater than the range of 27% to 

32% efficiency obtained when performing low temperature electrolysis [116]. This 

validates the continuation of examining the proposed thermo-chemical cycle. 

4.3.3 Level two Analysis of the Iron-Chlorine Cycle 

In this section we further analyze the proposed thermo-chemical cycle, adding to 

our criteria thermodynamics, equilibrium compositions, and likely competing products. 

Each reaction was modeled and optimized using Aspen Plus 2004: AspenONE software. 

This was done by using Gibbs reactors and the solids thermodynamic base method. After 

a sensitivity analysis was completed on each reaction, the cycle was constructed using 

Aspen. With the completed cycle, a pinch analysis was executed and the efficiency 

calculated. 

4.3.3.1 Sensitivity Analysis 

To optimize the process, temperature and feed ratio sensitivity analyses were 

performed for each reaction. As mentioned before, each reactor was built separately in 

Aspen Plus and the Model Analysis Tool, Sensitivity was used.  The entire inlet streams 

in the analyses were at a pressure of 1 bar. The temperature analyses were done at 
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stoichiometric feed ratios and at a pressure of 1 bar. After the temperature analyses were 

completed, feed ratio sensitivity analyses were executed for each reaction at the optimal 

temperature, as determined by the temperature analysis. Once the temperature and feed 

ratio analyses were completed then competing reactions were considered. The  following  

sections  describe  the  setup  and  the  results  of  each sensitivity analysis. 

4.3.3.2 Reaction One 

Reaction one, shown below, has a stoichiometric feed ratio of three FeCl2 to four 

H2O. So in the temperature analysis we supplied 3 kmol/hr iron (II) chloride and 4 

kmol/hr water to the reactor. 

(g)H  l(g) 6HC  (s)Oe F  O(g)4H  (s,1)l eC 3F 24322 ++→+     (42) 

The results of the temperature sensitivity analysis for reaction one are shown in figure 4-

4. As can be seen from the analysis, reaction one gives a higher yield at higher 

temperatures until the reactor reaches the melting point of the iron (II) chloride. The 

reactor will operate at 950K where the iron (II) chloride is in the liquid phase and the 

conversion rate is the highest. At 950K, one bar, and the stoichiometric feed ratio the 

conversion of reactants is 73.95%, demonstrating the need for the feed ratio sensitivity 

analysis. With a temperature of 950K, the feed ratio sensitivity analysis for reaction one 

was then completed. Figure 4-5 displays the effects of the feed ratio on reaction one, 

showing how the minimum conversion occurs at the stoichiometric ratio. The analysis 

suggests that we should supply the reactor with excess water. A competing reaction was 

suggested for reaction one [124]. 

6HCl(g)  eO(s) 3F O(g)3H  (s,1)3FeCl 22 +→+      (43) 

Temperature and feed ratio analyses, as shown in figure 4-6 and figure 4-7 respectively, 

were performed with the Aspen software to determine the conditions at which our 

proposed reaction is favored. It was found that the alternative reaction was favored in the 

liquid region (above 950K), and at nearly all feed ratios at 950K. A test confirmed that 

FeO is not formed when the reactor temperature is at 900K, therefore reactor one will 

operate at 900K and with excess water. 
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4.3.3.3 Reaction Two 

For reaction two a feed of 1 kmol/hr magnetite and 8 kmol/hr hydrogen chloride 

was supplied for the temperature sensitivity analysis. 

O(g)4H  (s)FeCl  g)(s,eCl 2F 8HCl(g)  (s)Oe F 22343 ++→+     (44) 

The best temperature for the reaction was found to be at the 400K limit. The results of 

the temperature and feed ratio sensitivity analysis are shown in figure 4-8 and figure 4-9, 

respectively. The feed ratio analysis suggests that running reactor two with some excess 

HCl will yield 100% conversion. The reactor will operate at 400K and 1 bar. 

4.3.3.4 Reaction Three 

For reaction three, a feed of 2 kmol/hr iron (III) chloride was provide for all of the 

temperature sensitivity analysis. 

(g)Cl  (s)2FeClg)(s,2FeCl 223 +→        (45) 

It was found that iron (III) chloride will only decompose when it is in the gaseous phase, 

as shown in figure 4-10. A feed ratio analysis was not applicable since there is only one 

reactant. It has been noted that FeCl3 prefers to combining to Fe2Cl6 [123], this could 

affect the reaction and the overall cycle. Using Aspen, a pure stream of FeCl3 was fed at 

different temperatures into a Gibbs reactor to see what the products are. The results of 

that analysis are shown in figure 4-11. The dimer is favored in the yellow section of 

figure 4-11. The amount of unconverted FeCl3 increases with temperature until 1020◦C, 

and what is being converted below that temperature goes to the dimer. So it is favorable 

to be above 1000◦C, breaking the temperature limit of 850◦C. To overcome the dimer we 

tried another reactor configuration, as shown in figure 4-12, consisting of two reactors. 

The first reactor represents what actually happens. When the FeCl3 becomes a gas, it 

immediately converts into a dimer. This first reactor operates at 316◦C (589K) and at a 

pressure of 1 bar, with the feed being the FeCl3 and FeCl2 produced in the second 

reaction. 46 kg/hr of FeCl2 is produced in the first reactor and is separated out, along 

with the initial feed of FeCl2. The gases then enter a reactor operating at 850◦C (1123K) 

and 1bar, where an additional 6 kg/hr of FeCl2 is produced. The majority of the dimer is 

converted back to iron (III) chloride. Compared with above two reactor system, the 
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single reactor system only produces 0.33 kg/hr of FeCl2 under the same conditions, 

operating at 850◦C, compared to the 21.46 kg/hr produced with the two reactor system. 

The two reactor system will be used, but it still is not efficient, as only 8.5% of the initial 

FeCl3 was converted to iron (II) chloride. Further sensitivity analyses were performed on 

the second reactor in the two reactor system, shown in figure 4-13. Given the results of 

those analyses, reaction three will consist of a two reactor system, as shown in figure 4-

12, except with the second reactor operating at 1000◦C (1273K) and 0.01 bar. 

4.3.3.5 Reaction Four 

Reaction four, the reverse Deacon reaction, was tested with a feed of 1 kmol/hr 

chlorine and 1 kmol/hr water. 

(g)2O  l(g) 2HC O(g)H  (g)Cl 222 +→+       (46) 

This reaction, as shown by figure 4-14, proceeds better at high temperatures. The feed 

ratio analysis was performed at 850◦C and a pressure of 1 bar. The results of that test, as 

shown in figure 4-15, present that one reactant should be in excess. Reactor four is 

therefore operated at 850◦C (1123K) with excess water. With the above sensitivity 

analysis of the four reactions, we can decide the optimal operation and develop the 

Aspen process modules, constrained from the DOE required lower and upper boundary 

of temperature.  

4.3.4 Aspen plus process model 

We developed the proposed cycle based on the results of the sensitivity analyses 

with the Aspen Plus 2004 software. Figure 4-16 shows the Aspen flow sheet for the 

design. The proposed design has two feed streams and three product streams, which 

enter and leave at 298K and at a pressure of 1 bar, producing one million kmol of 

hydrogen per year. 

Reactor one is operating at a temperature of 900K and a pressure of 1 bar. The feed 

to the reactor includes FeCl2 from reaction three, water produced in reaction two, and a 

recycle stream of excess water from the first reactor. The products, which include 

magnetite, hydrogen, hydrogen chloride, and unreacted water, are heated to 1123K, so 
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the gases can be removed in FLASH-1 (figure 4-16). The solid magnetite then enters a 

heater, where it is cooled to 400K before entering the second reactor. The vapor stream 

from reactor one is separated into its components in SEP-1 (figure 4-16). The hydrogen 

chloride is cooled to 400K and enters the second reactor, while water is recycled back 

into the reactor at 900K. The hydrogen gas is sent out and cooled to 298K as our 

product. Reactor two, which operates at 400K and 1 bar, is fed the hydrogen chloride 

and magnetite from reaction one, hydrogen chloride produced from reaction four, and 

the unconsumed HCl in a recycle stream. To get the conversion to 100%, an additional 

feed of HCl is added. The product, consisting of FeCl2, FeCl3, H2O, and HCl, is sent to a 

heater where it is heated to 550K for the flash. The solids from FLASH2 (figure 4-16) 

are heated to 589K and sent to a reactor which model the phase change take place, while 

the vapor is further separated. The HCl from SEP2 (figure 4-16) is recycled back into the 

reactor, while the water is heated to 900K and sent to reactor one. Reactor three consists 

of two reactors, RXN-3A and RXN-3B, as shown in figure 4-16, which operate at 

different temperatures and pressure. The first reactor operates at 589K and 1 bar, while 

the second reactor operates at 1273K and 0.01bar. RXN-3A simulates the dimerization 

of FeCl3, as it becomes a gas after is passes through PHASE1. The products of RXN-3A, 

FeCl2, FeCl3, Fe2Cl6, and Cl2, are flashed so the solid iron (II) chloride can be separated 

out. The FeCl2 is heated to 900K where it then enters RXN-1. The remaining vapor is 

separated into Cl2, which is heated to 1123K and sent to the fourth reactor, FeCl3, which 

is recycled back into the reactor, and Fe2Cl6, which is heated to 1273K before entering 

RXN-3B. RXN-3B in figure 4-16 has the dimer Fe2Cl6 as a feed and discharges FeCl2, 

FeCl3, Cl2, and a small amount of the dimer. The FeCl3 is separated out, cooled to 589K, 

and sent back into RXN-3A (figure 4-16). The FeCl2 is cooled to a solid, using heaters 

and a reactor to model the solidification, and sent to the first reactor at 900K. The 

chlorine is cooled to 1123K and routed to the fourth reactor and the unconverted dimer is 

sent back to RXN-3B. The fourth reactor operates at 1123K and 1 bar. Water is fed in 

from an outside source, along with a recycle stream of water from the reactor and 

chlorine produced in the third reaction. The products consist of oxygen, hydrogen 

chloride, unreacted chlorine, and excess water. The excess water is recycled directly to 
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the fourth reactor while the unreacted chlorine is purged from the system at 298K. The 

hydrogen chloride produced in the reaction is cooled to 400K and fed into reactor two 

while the oxygen is collected as product at 298K. 

4.4 Data and Results 

4.4.1 Summary of the four reactions 

A summary of the materials being consumed and produced in the cycle is given in 

table 4-9. The process achieves 100% yield with respect to hydrogen production, as all 

of the water consumed in the cycle is converted into hydrogen gas. The cycle consumes 

water and hydrogen chloride, while producing hydrogen, oxygen, and chlorine gas. The 

oxygen and hydrogen, however, does not come out in the stoichiometric ratio, according 

to equation (1), as more than water contributes to the making of hydrogen. Reactor one 

converts 100% of the limiting reagent, as shown in table 4-10. Excess water in the 

amount of 8226.1 kg/hr is run through the reactor, adding additional volume to the 

reactor. A total of 74070.3 kg/hr of material is flowing through the reactor. Table 4-11 

shows the results for reactor two. 33297.3 kg/hr of excess hydrogen chloride flows 

through the reactor converting all of the magnetite. The total material flow through 

reactor two is 61777.3 kg/hr. Reaction three is divided into two reactors. The results for 

the first reactor are shown in table 4-12. The majority of the iron (III) chloride is 

converted into the dimer, with only 0.1% of the FeCl3 remaining. 2107.6 kg/hr of iron 

(II) chloride is also produced in this stage of the reaction. The total flow rate through 

RXN-3A (figure 4-16) is 78021.8 kg/hr. The second part of reaction three, table 4-13, 

produces an additional 26831.3 kg/hr of FeCl2. The mass flow through RXN-3B (figure 

4-16) is 60803.5 kg/hr. The overall conversion of FeCl3 to FeCl2 and Cl2, for reaction 

three, is 58.3%. However, the recycle streams allow the correct amount of FeCl2 and 

chlorine to be produced as the feed of iron (III) chloride is nearly double the amount that 

comes from the second reaction. The results for reaction four are shown in table 4-14. 

The reactor achieves a conversion of 89.2%, with respect to chlorine. 1628.3 kg/hr of 

oxygen is produced, as opposed to the ideal 1826.4 kg/hr of oxygen produced according 

to equation (1) and our hydrogen production rate. The total mass flow rate through the 
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fourth reactor is 13094.2 kg/hr. 

4.4.2 Pinch Analysis and the Level Two Efficiency of the Proposed FeCl Cycle 

To calculate the level two efficiency of the cycle, the heat duties of each heater and 

reactor were collected from the Aspen flow sheet. Table 4-15 shows the thermal 

requirements for temperature changes. Table 4-16 displays the heat required for 

isothermal steps. Figure 4-17 illustrates the heat exchanges that must take place for a 

production of one million kmol/yr of hydrogen. Based on figure 4-17, table 4-15, and 

table 4-16, a pinch diagram was constructed (figure 4-18). The pinch diagram (figure 4-

18) has an approach temperature of 20˚C at an enthalpy of 17590.7 kW. Using equation 

(26), as done with the level one calculation, a level two efficiency of the proposed cycle 

can be determined. 

( )

0.5
WQ

OHΔH
E 2

o
298K

+

−
=

         (48) 

Q is defined by the thermal heat required according to the level two pinch diagram 

(figure 4-18). A different definition of work (W) will be used for the level two analyses. 

Where before W was equal to the work required to separate out the hydrogen and 

oxygen from the process, it is now the thermal equivalent of all of the separations that 

are used in the Aspen simulation. Work will be calculated using equation (49), as before. 

∑=Δ=
i

sep lnRT-   G W ii yn
        (49) 

The utility needed for the proposed cycle, based on Error! Reference source not 

found., is given in table 4-17. A total of 34218 kW is needed for one million kmol/yr of 

hydrogen, making Q equal to 1079 kJ/mol H2. The separation costs for each reaction 

were calculated and can be found in table 4-18. A total of 7343 kW million kmol/yr 

hydrogen of separation is needed for our hydrogen production of one million kmol per 

year, or 231.6 kJ/mol H2. 

According to the level two analyses, our cycle requires 34218 kW of thermal heat 

(Q) and 7343 kW of work (W) to produce one million kmol of hydrogen per year. Using 

equation (48) [123], and knowing the value of ( )OHΔH 2
o
298K to be -285.83 kJ/mol [122], 
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we obtain a level two efficiency of 18.53%. This value is much less than the efficiency 

for low temperature electrolysis, 27%-32% [116], so the proposed iron-chlorine cycle 

will not be pursued further. 

4.5 Conclusions 

In this study we outlined a methodology that can be used to developed alternative 

thermo chemical cycles. We proposed an iron-chlorine cycle for the production of 

hydrogen and calculated the level one and level tow efficiencies. Any further 

considerations of this cycle are not recommended. The iron-chlorine thermo-chemical 

cycle for the production of hydrogen has a level two efficiency of 18.53%. The cycle 

constructed could produce one million kmol of hydrogen per year. However the 

efficiency is much too low. An efficiency of at least 30% is needed to justify any further 

development of the cycle. The cycle not only has a low efficiency but it also consumes 

and produces chlorine containing substances. This is attributed to the temperature limit 

of 850˚C, which has to be broken for reaction three. Reaction four had a lower yield of 

89.2%, which could be increased with a higher temperature, and dictated that the cycle 

cannot be closed. The formation of the dimmer Fe2Cl6, in reaction three, did not prevent 

the cycle from being closed, as 100% conversion was achieved through recycle streams, 

but it did increase the thermal requirements. If we did continue developing the cycle, the 

efficiency would be recalculated and most likely decrease. The amount of work would 

increase, because the cost of pumping materials and pressurizing the hydrogen would 

have to be considered. Pump and heater efficiencies would also have to be included, 

along with pressure drop considerations and heat losses. An actual method and cost 

would have to be determined for the separations, not just an estimated value, which 

would most likely increase the work needed. In our simulations, we have found it 

especially difficult to separate out the hydrogen from the others which reaction one 

products.  
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4.6 Appendix 

Table 4-1 Standard free energies of formation 

( ),f i i iG T a T bΔ = +  

Species Slope (ai) Intercept (bi) Species Slope (ai) Intercept (bi)

Br2(g) -0.32526 96.098 CH3NO3 -0.57308 120.740 

BrCl(g) -0.31784 77.958 CH3OH -0.41221 -43.118 

C2Cl2O -0.44474 -3.042 CH4(g) -0.32620 54.509 

C2H2(g) -0.33923 347.710 CHBrO -0.36191 -42.778 

C2H2Cl2 -0.51173 195.025 CHClO -0.38986 -54.593 

C2H2O -0.39220 137.752 H2O2 -0.36042 -25.071 

C2H3Br -0.36850 123.200 CN(g) -0.27411 494.647 

C2H3Cl3 -0.47259 -88.819 C2HCl5 -0.63411 16.616 

C2H3Cl -0.37943 84.409 CO(g) -0.26548 -54.204 

C2H4(g) -0.40480 220.351 CO2(g) -0.32387 -300.201 

C2H4Br2 -0.46442 26.072 Cl2 -0.29995 63.012 

C2H5Br -0.40372 -4.374 C2Cl4 -0.60026 200.458 

C2H5Cl -0.41918 -33.344 H2 -0.19530 54.015 

C2H5OH -0.55450 14.154 H2O -0.27542 -166.447 

C2H6 -0.43084 79.732 HBr -0.26472 19.268 

C2H5NH2 -0.63935 396.532 HNO3 -0.46729 191.292 

C3H5NO2 -0.68298 362.175 HCl -0.25125 -37.714 

C3H6O -0.59735 266.525 N2 -0.25844 55.956 

CH2Br2 -0.37005 40.689 N2O(g) -0.33123 175.921 

C3H8 -0.60167 202.033 N2O4(g) -0.54584 212.821 

CH2O(g) -0.34178 -6.595 N2O5(g) -0.63529 250.630 

CH3Br -0.31490 -1.833 NH3 -0.30678 56.694 

CH3Cl(g) -0.39016 56.083 NO(g) -0.28026 148.167 

CH3NH2 -0.44391 163.702 NO2(g) -0.34609 122.333 

CH3NO2 -0.49927 127.550 O2 -0.27601 59.625 
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Table 4-2 Parameter values for the decomposition of water case study 

50SN =  2RN =  

1 id i= ∀  1 ic i= ∀  

1 1φ =  2 2nφ φ= =  

4u
jδ =  4u

jγ =  

1l
jδ =  1l

jγ =  

0.0z =  varieds =  

variedLT =  variedUT =  

Table 4-3 Coefficients of the Shomate equation 

 FeCl2(l) FeCl2(s) FeCl3(g) FeCl3(s) Fe3O4(s) 

(≤ 900K) 

Fe3O4(s) 

(> 900K) 

A 102.17 73.67 82.91 979.11 104.21 200.83 

B 0.00 22.54 0.20 -4704.36 178.51 0.00 

C 0.00 -10.12 -0.05 9295.17 10.62 0.00 

D 0.00 1.47 0.00 -6246.96 1.13 0.00 

E 0.00 2-0.25 -0.47 -12.50 -0.99 0.00 

F -341.80 -365.56 -279.44 -593.98 -1163.34 -1174.14 

G 263.52 199.39 441.82 2301.47 212.06 388.08 

H -311.34 -341.83 -253.13 -399.41 -1120.89 -1120.89 

 H2O(g) HCl Cl2  

(≤ 1000K) 

Cl2  

(> 1000K) 

H2 O2 

A 30.09 32.12 33.05 42.68 33.07 29.66 

B 6.83 -13.46 12.23 -5.01 -11.36 6.14 

C 6.79 19.87 -12.07 1.90 11.43 -1.19 

D -2.53 -6.85 4.39 -0.17 -2.77 0.10 

E 0.08 -0.05 -0.16 -2.10 -0.16 -0.22 

F -250.88 -101.62 -10.83 -17.29 -9.98 -9.86 

G 223.40 228.69 259.03 269.84 172.71 237.95 
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H -241.83 -92.31 0.00 0.00 0.00 0.00 

 Fe FeO Fe2O3 

(298-950K) 

Fe2O3 

(950-1050K)

Fe2O3 

(1050-2500K) 

Fe(OH)2 

A 23.97 45.7512 93.44 150.62 110.94 56.71 

B 8.37 18.78553 108.36 0.00 32.05 132.14 

C 0.00 -5.9522 -50.86 0.00 -9.19 -83.60 

D 0.00 0.852779 25.59 0.00 0.90 17.25 

E 0.00 -0.08127 -1.61 0.00 5.43 0.71 

F 0.27 -286.743 -863.21 -875.61 -843.15 -593.72 

G 62.06 110.312 161.07 252.88 228.35 124.72 

H 7.79 -272.044 -825.50 -825.50 -825.50 -574.04 

 Fe(OH)3      

A 65.09      

B 182.26      

C -100.72      

D 19.04      

E -0.83      

F -862.05      

G 128.66      

H -832.62      
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Table 4-4  Standard free energies of formation 

( ),f i i iG T a T bΔ = +  

Species Slope (ai) Intercept (bi) 

FeCl2(l) -0.0975 44.18 

FeCl2(s) -0.0778 35.461 

FeCl3(g) -0.077 35.006 

FeCl3(s) -0.211 26.633 

Fe3O4 -0.1833 85.892 

H2O(g) -0.0341 15.584 

HCl -0.0282 12.825 

Cl2 -0.0259 10.627 

H2 -0.028 12.686 

O2 -0.03 13.711 

Fe -0.0271 12.393 

FeO -0.0511 23.369 

Fe2O3 -0.1519 73.961 

Fe(OH)2 -0.1024 47.05 

Fe(OH)3 -0.1237 57.504 

Table 4-5 Standard enthalpy values for given species  

 

H2O(l) H2O(g) HCl 

Cl2 

≤ 1000K 

Cl2 

>1000K 

298.15 -285.84 -241.83 -92.31 2.26  

400 -278.12 -238.38 -89.34 3.53  

500 -270.17 -234.91 -86.42 7.10  

600 -260.91 -231.33 -83.48 10.74  

700 -248.30 -227.64 -80.50 14.41  

800 -228.94 -223.83 -77.47 18.11  

900 -198.00 -219.89 -74.40 21.83  

1000 -149.22 -215.83 -71.26 25.56 25.57 
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1100 -74.86 -211.64 -68.07  29.32 

1200 34.31 -207.32 -64.83  33.08 

 

H2 Fe(OH)3 

Fe2O3 

298-950K 

Fe2O3 

950-1050K 

Fe2O3 

1050-1500K 

298.15 0.00 -832.65 -825.54   

400 2.96 -821.40 -814.06   

500 5.88 -808.98 -801.44   

600 8.81 -795.46 -787.79   

700 11.75 -781.03 -773.23   

800 14.70 -765.87 -757.83   

900 17.68 -750.10 -741.60   

1000 20.68 -733.82  -724.98  

1100 23.72 -717.16   -710.41 

1200 26.80 -700.18   -696.30 

 O2 Fe FeO FeCl3(g) FeCl3(s) 

298.15 -0.02 7.79 -272.05 -253.14 -399.48 

400 3.02 10.53 -266.85 -245.08 -389.13 

500 6.13 13.30 -261.59 -237.02 -377.79 

600 9.32 16.16 -256.17 -228.88 -365.62 

700 12.59 19.10 -250.62 -220.69 -355.55 

800 15.91 22.13 -244.95 -212.47 -353.78 

900 19.29 25.24 -239.17 -204.23 -370.10 

1000 22.71 28.43 -233.28 -195.98 -417.91 

1100 26.18 31.70 -227.30 -187.71 -514.33 

1200 29.70 35.06 -221.23 -179.44 -680.18 

 FeCl2(l) FeCl2(s) Fe3O4(s) 

≤ 900K 

Fe3O4(s) 

> 900K 

Fe(OH)2 

298.15 -311.34 -341.83 -1120.92  -574.04 

400 -300.93 -333.86 -1104.65  -563.91 

500 -290.72 -325.80 -1086.46  -553.48 
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600 -280.50 -317.56 -1066.22  -542.55 

700 -270.28 -309.18 -1043.95  -531.18 

800 -260.06 -300.67 -1019.67  -519.45 

900 -249.85 -292.07 -993.38 -993.38 -507.44 

1000 -239.63 -283.38  -973.30 -495.20 

1100 -229.41 -274.61  -953.22 -482.81 

1200 -219.19 -265.79  -933.13 -470.33 

Table 4-6 Heat of reaction for each reaction in the cycle, at their appropriate 
temperatures, on the basis of producing one mole of hydrogen 

Reaction T 

(K) 
rxnΔH  

( )kJ  

( ) ( ) ( )2 2 3 4 23FeCl s 4H O Fe O s 6HCl H g+ → + +  950 204.50 

( ) ( ) ( ) ( ) ( )3 4 3 2 2Fe O s 8HCl g 2FeCl s,g FeCl s 4H O g+ → + +  400 -246.24 

( ) ( ) ( )3 2 22FeCl g 2FeCl s Cl g→ +  620 -165.84 

( ) ( ) ( ) ( )2 2 2
1Cl g H O g 2HCl g O g
2

+ → +  
1123 59.31 

Table 4-7 Utility required for the thermo-chemical cycle based on the level one 
pinch analysis and on the basis of one mole of hydrogen 

Heating required 499kJ/mol H2 

Cooling required 214kJ/mol H2 

Net heat requirement (Q) 713kJ/mol H2 

Table 4-8 Separation costs as determined by the level one analysis for producing 
one mole of hydrogen 

Separation Energy (kJ/mol H2) 

Hydrogen 46.5 

Oxygen 11.7 

Total 58.2 
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Table 4-9 Species consumed and produced in the proposed Iron-Chlorine Cycle 

Material In (kg/hr) Out (kg/hr) 

Hydrogen 0 230.12 

Oxygen 0 1628.25 

Chlorine 0 878.19 

Water 1833.41 0 

Hydrogen Chlorine 903.16 0 

Table 4-10 Material flow for reactor one 

Species In (kg/hr) Out (kg/hr) 

H2O 30662.0 22435.9 

FeCl2 43408.3 0 

H2 0 230.1 

HCl 0 24973.0 

Fe3O4 0 26431.4 

Table 4-11 Material flow for reactor two 

Species In (kg/hr) Out (kg/hr) 

HCl 35346.0 2048.7 

Fe3O4 26431.3 0 

H2O 0 8226.1 

FeCl2 0 14469.4 

FeCl3 0 37003.0 

Table 4-12 Material flow for the first stage of reactor three 

Species In (kg/hr) Out (kg/hr) 

FeCl2 14469.4 16577.0 

FeCl3 63552.4 62.7 

Fe2Cl6 0 60792.6 

Cl2 0 589.6 
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Table 4-13 Material flow for the second stage of reactor three 

Species In (kg/hr) Out (kg/hr) 

Fe2Cl6 60803.5 10.9 

FeCl2 0 26831.3 

FeCl3 0 26456.6 

Cl2 0 7504.7 

Table 4-14 Material flow for reactor four 

Species In (kg/hr) Out (kg/hr) 

H2O 5000.0 166.6 

Cl2 8094.2 878.2 

O2 0 1628.3 

HCl 0 7421.2 

Table 4-15 Thermal requirements, for temperature changes, for producing one 
million kmol/yr hydrogen 

Heater Tin (˚C) Tout (˚C) Heat Duty (kW) 

HEATER1 626.85 850 6226.69 

HEATER2 850 24.85 -774.54 

HEATER3 850 126.85 -4963.80 

HEATER4 850 126.85 -4188.41 

HEATER5 850 626.85 -3195.94 

HEATER6 126.85 276.85 2183.26 

HEATER7 276.85 126.85 -68.52 

HEATER8 276.85 626.85 1679.29 

HEATER9 276.85 315.85 395.88 

HEATER10 315.85 1000 6471.73 

HEATER11 315.85 626.85 958.46 

HEATER12 1000 315.85 -4970.95 

HEATER13 1000 676.85 -7509.92 

HEATER14 676.85 626.85 -254.96 
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HEATER15 315.85 850 45.91 

HEATER16 1000 850 -166.40 

HEATER17 24.85 100 160.28 

HEATER18 100 850 809.79 

HEATER20 850 126.85 -1244.66 

HEATER21 850 24.85 -103.95 

HEATER22 850 24.85 -382.03 

HEATER23 24.85 126.85 20.46 

Table 4-16 Thermal requirements, for reactions and phase changes, for producing 
one million kmol/yr hydrogen 

Unit Temperature (˚C) Heat Duty (kW) 

RXN-1 626.85 10625.65 

RXN-2 126.85 -7886.27 

RXN-3A 315.85 -5407.30 

RXN-3B 1000 13328.57 

RXN-4 850 1676.04 

PHASE-1 315.85 8735.79 

PHASE-2 676.85 -4634.73 

HEATER19 100 1151.71 

Table 4-17 The utility required for producing one million kmol of hydrogen per 
year with the proposed cycle, based on the level two analysis 

Utility Thermal Requirement (kW) 

Hot 20959 

Cold 13259 

Total (Q) 34218 
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Table 4-18 The separation cost required, based on the level two analysis and a 
production of one million kmol H2/year for the proposed cycle 

Work requirement Thermal equivalent 

( )sep RXN 1ΔG −  4396 

( )sep RXN 2ΔG −  225 

( )sep RXN 3AΔG −  18 

( )sep RXN 3BΔG −  1499 

( )sep RXN 4ΔG −  1205 

Total (kW) 7343 
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Figure 4-1 Diagram of the proposed iron-chlorine thermo-chemical cycle for 
hydrogen production 

 

 

Figure 4-2 Diagram  showing  the  temperature  and  enthalpy  changes  of  the 
species  in  the  cycle  for  the  level  one  analysis,  for  producing  one  mole  of 
hydrogen 
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Figure 4-3 Pinch diagram for the level one analysis, based on producing one mole of 
hydrogen for 50% of all work that is required 

 

 

Figure 4-4 Temperature sensitivity analysis of reaction one at a pressure of 1 bar 
and a stoichiometric feed ratio 
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Figure 4-5 Feed ratio sensitivity analysis, on a molar basis, of reaction one at a 
temperature of 950K and a pressure of 1 bar 

 

 
 

Figure 4-6 A comparison of reaction one and an alternative reaction under various 
temperatures 



 

     

73 

 

 

 

Figure 4-7 A comparison of reaction one and an alternative reaction under various 
feed ratios and a temperature of 950K 

 

 

Figure 4-8 Temperature sensitivity analysis of reaction two at a pressure of 1 bar 
and a stoichiometric feed ratio 
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Figure 4-9 Feed ratio sensitivity analysis, on a molar basis, of reaction two at a 
temperature of 400K and a pressure of 1 bar 

 

 

Figure 4-10 Temperature sensitivity analysis of reaction three at a pressure of 1 bar 

 



 

     

75 

 

 

 

Figure 4-11 The result of feeding FeCl3 into a reactor at different temperatures 
 

 
 

Figure 4-12 Aspen flow sheet, with results, of a two reactor system for reaction 
three, with the feed being the predicted solids from the second reactor for a 1 
kmol/hr production of hydrogen 
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Figure 4-13 Temperature sensitivity analysis at 1 bar and pressure sensitivity 
analysis at 850◦C of the second stage of reaction three 

 

 

Figure 4-14 Temperature sensitivity analysis of reaction four at a pressure of 1 bar 
and a stoichiometric feed ratio 
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Figure 4-15 Feed ratio sensitivity analysis, on a molar basis, of reaction four at a 
temperature of 850◦C and a pressure of 1 bar 
 

 

Figure 4-16 Aspen flow sheet of the proposed Fe-Cl cycle 
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Figure 4-17 Diagram showing the necessary temperature changes for producing 
one  million  kmol/yr  hydrogen,  with  each  stream  labeled  with  the 
corresponding heater number 

 

 

Figure 4-18 Pinch diagram for the level two analys, based on producing one million 
kmol/yr of hydrogen 
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5. Integrated Computational Analysis for the Dynamic Model of 
Monoclonal Antibody Production 

5.1 Introduction 

In this chapter, we introduce a novel computational approach for the estimation of 

parameters in a dynamic model of mammalian cell culture. There is great interest of late 

in developing accurate, quantitative, models for mammalian cell culture, owing to its use 

as a platform for the production of antibody therapies. In this regard, Chinese Hamster 

Ovary (CHO) cell cultures are the most widely implemented platform in the industry 

[125]. Monoclonal antibodies are now the fastest growing segment within 

biopharmaceuticals [126], and are the second-most heavily developed sector in the 

industry [127]. Antibody therapies have a broad range of diagnostic and therapeutic 

applications [126, 128]. Many of these require large doses (> 100 mg) over an extended 

duration, necessitating manufacturing processes capable of multi-kilogram annual 

capacity [129]. Historically, process development has been guided by experimentation 

and heuristics developed from previous experience [130, 131]. As a result, development 

has also historically been laborious and costly. Moreover, process improvements made 

in this regard are often application specific, and cannot be easily extended or applied to 

another manufacturing.  

Modeling techniques have been proposed based upon either (1) a dynamic or (2) a 

pseudo-steady-state interpretation of cellular metabolism [132-135]. Pseudo-steady-state 

techniques typically rely upon a stoichiometric material-balancing approach, which can 

simultaneously evaluate the relative activities of many competing reactions [132]. Non-

dynamic models cannot, however, capture time-sensitive processes such as gene 

regulation or other cellular control. Typically, dynamic models are developed in much 

the same way as their non-dynamic counterparts – individual chemical species are 

selected for material balancing in assumed networks of metabolic reactions – except that 

the resulting time-derivatives are not set to zero. A fundamental challenge in developing 

dynamic models is to create a model comprehensive enough to adequately capture the 

cellular behavior of interest, while still maintaining mathematical tractability 

(solvability). By eliminating time-dependence, non-dynamic models often do not face 
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this problem to nearly the same degree – stoichiometric models typically formulate as a 

simple linear system. Moreover, dynamic models may incorporate highly non-linear 

kinetics to describe reaction or control processes that, apart from their inherent 

mathematical complexity, require a large number of parameters which may or may not 

be known or even obtainable. 

We, therefore, examine one such dynamic model (suggested by Gao, et al. [132]) 

and apply a systematic approach for the de novo estimation of such dynamic parameters. 

The approach is generalizable to a variety of dynamic models, and is based upon convex 

optimization meaning global optimality of the estimate is ensured. 

 

  
 

Figure 5-1 Metabolic network for hybridoma cell  
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5.2 Process Description  

A number of researchers [136, 137] have used a generic reconstruction of core 

metabolism in proliferating mammalian cells to facilitate development of their own 

models. The particular reconstruction considered here consists of some thirty-two unique 

reactions (figure 5-1). The system considers glucose as the primary carbon substrate, and 

a variety of amino acids as nitrogen substrates. Lactate and carbon dioxide are 

considered the major carbonaceous wastes, and ammonia the major nitrogenous waste. 

Biomass (primarily as protein) and a monoclonal antibody are considered to be products 

of interest.  

By applying metabolic flux analysis [138], subject to a least-squares fit of both 

experimental and perturbed flux data, Gao et al. [132] identified only seventeen of the 

thirty-two possible metabolic reactions to have significant activity during the 

exponential phase of cell growth. The corresponding, reduced, metabolic reconstruction 

is depicted in figure 5-2. 

 

Figure 5-2 Reduced metabolic network for hybridoma cell   
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This subset of seventeen reactions was then further reduced by drawing upon a technique 

used by Bastin [139], which combines (concatenates) reactions that share common 

metabolites. In so doing, as many unquantifiable intermediate compounds as possible are 

eliminated from the system. Bastin suggested an algorithmic approach to achieve the 

optimal combination of reactions, but for small reaction sets (such as that in figure 5-2) 

combination by manual inspection is sufficient. The re-combination resulted in 

nine”macro-reactions”, listed in table 5-1. In total, the number of distinct metabolites in 

the reconstruction was reduced from some thirty-six intra-andextra-cellular compounds 

to only eleven purely extra-cellular (and therefore quantifiable ) compounds. For 

convenience, the five compounds that serve as substrates in the macro-reactions are 

assigned a single-letter reference, as follows: GLC (G), GLU (U), GLN (Q), ASN(S), 

ASP (F),  

Table 5-1 Macro reactions for hybridoma cell 

E1 ( )GLC G 2LAC→  

E2 ( ) ( ) 2GLC G +2GLU U 2ALA+2CO +2LAC→

E3 ( ) ( ) 2GLC G +2GLU U 2ASP+2LAC+6CO→  

E4 ( )GLU U PRO→  

E5 ( ) 3ASN S ASP+NH→  

E6  ( ) ( )GLN Q +ASP F ASN+GLU→  

E7 ( )GLC G +AAA BioMass→  

E8 AAA Mab→  

E9 ( ) 3GLN Q GLU+NH→  

 

5.3 Formulation of the Model 

The resulting model is dynamic, and consequently must incorporate some form of 

reaction kinetics. In their investigation, Gao et. al assume that cell growth is essentially 
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substrate-limited, and that simplified Monod kinetics therefore govern the behavior of 

each macro-reaction. Each of the nine macro-reactions, consequently, is assigned rate 

expressions of the following general form: max,
1 ,

( )( ) ( )
( )

SN
i m

j m j m
i i m i j

c tr t r X t
c t k=

=
+∏  (1) 

Here, rj and rmax,j are, respectively, the realized and maximum rates for reaction j; Ci is 

the concentration of substrate i (of ni total substrates in reaction j); ki,j is the Monod (half 

saturation) constant for substrate i in reaction j; and [X] is the concentration of viable 

cells in culture. The complete kinetic expressions for each of the nine macro-reactions 

are listed in table 5-2. 

Table 5-2 Kinetics expression of macro reactions  

E1 
1 max,1

1G

GXr r
k G

=
+

 

E2 
( )( )2 max,2

2 2G U

GUXr r
k G k U

=
+ +

 

E3 
( )( )3 max,3

3 3G U

GUXr r
k G k U

=
+ +

 

E4 
4 max,4

4U

UXr r
k U

=
+

 

E5 
5 max,5

5S

SXr r
k S

=
+

 

E6  
( )( )6 max,6

6 6Q F

QFXr r
k Q k F

=
+ +

 

E7 
7 max,7

7Q

QXr r
k Q

=
+

 

E8 
8 max,8

8Q

QXr r
k Q

=
+

 

E9 
9 max,9

9Q

QXr r
k Q

=
+

 

 

From a simple perspective of material balance, the concentration of each extra-cellular 

metabolite is directly calculable based upon its rate of consumption or generation by vi-
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able cells, and the rate at which it enters or leaves the containment vessel: 

( ) ( ) ( )t t t
•

= +C Sr u          (2) 

C is a column vector of concentrations for each of the M extra-cellular metabolites in the 

reduced macro-reaction system. S is an M×N matrix of stoichiometric coefficients, 

cataloguing each of the N macro-reactions.  

1 2 3 4 5 6 7 8 9

3

1 1 1 0 0 0 0.0508 0 0
0 0 0 0 0 1 0.0577 0.0104 1
2 2 2 0 0 0 0 0 0
0 0 0 0 1 0 0 0 1
0 2 2 1 0 1 0.0016 0.0107 1
0 0 0 0 1 1 0.006 0.0072 0
0 0 2 0 1 1 0.0201 0.0082 0
0 2 0 0 0 0 0.0133 0.011 0
0 0 0 1 0 0

r r r r r r r r r
GLC
GLN
LAC
NH
GLU
ASN
ASP
ALA
PRO

− − − −
− − − −

− − − − −
= − − −

− − −
− −
−

S

2

0.0081 0.0148 0
0 2 6 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0

CO
Biomass

Mab

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

That is, the entry in row j and column i of S (si,j) is the stoichiometric coefficient for 

metabolite i in reaction j; positive if i is generated, and negative if i is consumed. The 

vector r is columnar, and holds the reaction rates for each of the N macro-reactions. 

Lastly, the vector u is also columnar, and describes the net rate of flow for each of the M 

extra-cellular metabolites into or out of the containment vessel (reactor). 

For a culture operating in batch-mode, the vector u is necessarily zero. 

Using the Monod kinetics described in table 5-2 to fully expand a single row of the 

matrix product in equation 2 yields the following complete kinetic expression for 

glucose (e.g.). 

( )( ) ( )( )max,1 max,2 max,3 max,7
1 2 2 3 3 7

0.0508
G G U G U Q

GX GUX GUX QXG r r r r
k G k G k U k G k U k Q

•

= − − − −
+ + + + + +

 

5.4 Problem formulation 

Problem Statement:  

Given afore described dynamic model of cellular metabolism, estimate kinetic 
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parameters that provide the best approximation to experimentally obtained 

concentration data for the metabolites of interest. 

 

In total, the scheme of nine macro-reactions is parameterized by twenty-one unique rmax,i 

and kj,i values. The ideal values for these parameters would be such that the total error 

between predicted concentration time-courses and experimentally measured time-

courses is minimized for all eleven quantifiable metabolites. Specifically, we chose to 

minimize the following objective over all metabolites j: 
2exp

, , , ( )

( )min  1
( )i

i

c t i i

c t
c t

⎛ ⎞
−⎜ ⎟

⎝ ⎠
∑a K r(t)

        (3) 

This is a simple least-squares objective, normalized to prevent errors in larger 

concentration values from dominating the objective value. Being a convex objective, its 

optimization over a set of convex constraints necessarily implies global optimality of the 

solution. 

5.5 Solution Strategy 

To facilitate the tractability of our approach, we discretize the continuous time-

scale over which the dynamic model is defined. Specifically, by using Euler 

discretization over a time increment Δt, we replace infinitesimal differentials with finite 

differences and recast each differential equation into an equivalent, purely algebraic, 

form. Mathematically, for a single metabolite j, the general discretized model may be 

derived as follows. 

( ) ( ) ( ) ( )1, , =0      1, , , 1, ,m i m i i i S mc t c t t S u t i N m N+ ⎡ ⎤− − Δ − ∀ = ∀ =⎣ ⎦r t … …    (4) 

1 ,

( )( ) ( ) =0     1,...,
( )

SN
i

j j R
i i i j

c tr t a X t j N
c t k=

− ∀ =
+∏      (5) 

,{ } , { } , { ( )} , ( ) 0S RR RN NN N
j i j j ia k r t c t×= ∈ = ∈ = ∈ >a K r(t)R R R    (6) 

Naturally, the error of discretization is a direct function of the time increment Δt. In 

practice, on-line concentration data for cell cultures are only available over time scales 

of rather coarse resolution (minutes to hours); the discretization error associated with 
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such scales would be commensurately large. To reduce this error, we use non-linear 

(spline) fitting of the experimental data to interpolate the unavailable data, and convert 

the discrete time-series into a continuous function. In so doing, we gain the ability to 

select an arbitrarily small time increment and minimize the error of discretization. The 

problem, as formulated, constitutes the minimization of a non-linear objective over a set 

of non-linear constraints.  

( ) ( ) ( ) ( )

2exp

, , , ( )

1, ,

1 ,

,

( )min  1
( )

. .

=0      1, , , 1, ,

( )( ) ( ) =0     1,...,
( )

{ } , { } , { ( )} , (

i

S

S RR R

i

c t i i

m i m i i i S m

N
i

j j R
i i i j

N NN N
j i j j i

c t
c t

s t

c t c t t S u t i N m N

c tr t a X t j N
c t k

a k r t c

+

=

×

⎛ ⎞
−⎜ ⎟

⎝ ⎠

⎡ ⎤− − Δ − ∀ = ∀ =⎣ ⎦

− ∀ =
+

= ∈ = ∈ = ∈

∑

∏

a K r(t)

r t

a K r(t)

… …

R R R ) 0t >

   

We have chosen MINOS (Stanford Business Software, Inc.) to perform our 

optimization, which implements an efficient augmented Langrangian algorithm for this 

type of problem [140]. 

5.6 Results and Discussion 

Using the experimental concentration data furnished in Gao et al. [132], optimal 

values of rmax and the Monod constant (k) are obtained for each macro-reaction subject 

to our stated formulation, in table 5-3. It was noted that several of the returned Monod 

constants were either quite large or quite small. In Monod kinetics, when the constant is 

much larger than or smaller than the corresponding substrate concentration, the 

denominator of the expression is dominated by the larger quantity. The kinetic 

expression may be correspondingly simplified. Examining the experimental 

concentration data, we judiciously selected which kinetic expressions to simplify based 

upon the relative difference in magnitude between the predicted Monod constant and the 

observed maximum or minimum concentration value for each corresponding substrate. 

As no experimental data was furnished for glutamate, an average glutamate 

concentration as predicted by the optimization was used for comparison instead. A 

summary of the comparison is given in table 5-4; and the corresponding simplified 



 

     

87 

 

 

kinetic expressions are given in table 5-5. 

Table 5-3 Optimal values of rmax and the Monod constant (k) for initial full model  

rmax,1 

L/mmol•s 

rmax,2 

L/mmol•s 

rmax,3 

L/mmol•s

rmax,4 

L/mmol•s

rmax,5 

L/mmol•s

rmax,6 

L/mmol•s

rmax,7 

L/mmol•s 

rmax,8 

L/mmol•s

17.6168 19.9664 -5.53453 0.722606 16.1457 10.7072 7.93861 0.004288

rmax,9 

L/mmol•s 

U 

mmol/L 

kg,1 

mmol/L

kg,2 

mmol/L

kg,3 

mmol/L

ku,2 

mmol/L

ku,3 

mmol/L 

ku,4 

mmol/L

144.249 4.41536 11.827 16.8711 2.1641 0.001 11.7238 2.62144

ks,5 

mmol/L 

kq,6 

mmol/L 

kq,7 

mmol/L

kq,8 

mmol/L

kq,9 

mmol/L

kf,6 

mmol/L   

4.92926 10.8083 279.774 5.46104 8.50191 0.145936   

Table 5-4 Concentration bounds of each species during the exponential period  

 LAC Biomass GLN GLC ASN 

2.2 24.49 2.66 3.48 0.44 

ASP ALA Pro Mab  

Maximum 

Concentration 

(mmol/L) 0.24 1.61 0.47 1.48×10-4  

 LAC Biomass GLN GLC ASN 

0.52 4.55 0.03 1.63 0.39 

ASP ALA Pro Mab  

Minimum 

Concentration 

mmol/L 0.06 0.44 0.28 3.56×10-5  

 

The optimization was then redone using the simplified kinetics, and a new set of optimal 

parameter values were returned. These revised kinetic parameters, given in table 5-6, 

were then used (with the model demonstrated in equation 2) to simulate continuous time-

course data for each metabolite for which experimental data was furnished; namely 

glucose, glutamine, lactate, aspartate, asparagine, alanine, biomass, and the monoclonal 

antibody. In figures 5-3 through 5-6 (See appendix) the results of our simulation are 

plotted against the experimental data, and against the simulation results presented by 

Gao.  
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Table 5-5 Simplified kinetics expression 

E1: ( )GLC G 2LAC→   1 max,1r r X=                        

E2: ( ) ( ) 2GLC G +2GLU U 2ALA+2CO +2LAC→ 2 max,2r r X=                          

E3: ( ) ( ) 2GLC G +2GLU U 2ASP+2LAC+6CO→  
( )3 max,3

,3U

UXr r
K U

=
+

                 

E4: ( )GLU U PRO→  
4 max,4

,4U

UXr r
K U

=
+

                      

E5: ( ) 3ASN S ASP+NH→  5 max,5r r X=                        

E6 : ( ) ( )GLN Q +ASP F ASN+GLU→  
( )( )6 max,6

,6 ,6Q F

QFXr r
K Q K F

=
+ +

 

E7: ( )GLC G +AAA BioMass→  7 max,7r r X=                           

E8: AAA Mab→  
8 max,8

,8Q

QXr r
K Q

=
+

                     

E9: ( ) 3GLN Q GLU+NH→  9 max,9r r X=                           

Table 5-6 Revised kinetic parameters 

a1 

L/mmol•s 

a2 

L/mmol•s 

a3 

L/mmol•s 

a4 

L/mmol•s 

a5 

L/mmol•s 

-0.03478 1.35243 0.346309 8.07889 -3.43688 

a6 

L/mmol•s 

a7 

L/mmol•s 

a8 

L/mmol•s 

a9 

L/mmol•s 

U 

mmol/L 

-38.1822 115.219 0.003349 9.85333 0.405463 

ku3 

mmol/L 

ku4 

mmol/L 

kq6 

mmol/L 

kq8 

mmol/L 

kf6 

mmol/L 

0.104386 1.81634 27.9254 3.93857 0.001 

 

Briefly, in simulating concentration data, Gao arbitrarily chose very small Monod 

constants. Consequently, each kinetic expression was (arbitrarily) simplified as in 

equation 7, and only the values of rmax became relevant. The remaining rate parameters 
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were then estimated by metabolic flux analysis using a least-squares objective [138]. 

max,( ) ( )j m j mr t r X t=          (7) 

It is evident in the plotted results that arbitrary omission of the Monod kinetic parame-

ters does not allow adequate fitting of the experimental data. Conversely, the systematic, 

optimization-based, parameter estimation approach we have implemented provides a 

remarkably better fit by not arbitrarily excluding the non-linear kinetic behavior. Indeed, 

the final value of our normalized least-squares objective is 1.69, calculated as follows for 

the set of metabolites having experimental data.  
2 2 2 2 2 2

n=20

i=2

2 2 2

Q LAC Pr1 1 1 1 1 1
Q LAC Pr

1 1 1

i i i i i i

i i i

G S F o
G S F o

Biomass Mab ALA
Biomass Mab ALA

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− + − + − + − + − + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
+ − + − + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∑
  (8) 

5.7 Conclusions 

We have described a systematic, optimization-based, method for the estimation of 

kinetic parameters in a dynamic model of cellular metabolism. The technique described 

is general, and its application to a biological model is merely an illustrative example of 

its utility. The approach is suitable for any underdetermined dynamic model, and does 

not require the model be adulterated in any way. It makes no a priori assumptions 

regarding the value of the model parameters. 

We have also demonstrated the utility of non-linear spline fitting for experimental 

data having a coarse time-resolution. Continuous data interpolation permits selection of 

suitably small time-increments for discretization, minimizing the associated error. 
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5.8 Appendix 

 

Figure 5-3 Continuous time-course data comparison for biomass, and monoclonal 
antibody 
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Figure 5-4 Continuous time-course data comparison for glucose, and lactate 
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Figure 5-5 Continuous time-course data comparison for glutamine, and alanine 
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Figure 5-6 Continuous time-course data comparison for aspartate, and asparagine 
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6. Summary and Conclusions 

Integrated computational strategies are essential in advancing the analysis, design, 

and synthesis of chemical and biological systems, where many problems in these areas 

are related with parameter estimation from a large pool of experimental data and a set of 

modeling equations in complicated mathematical forms. The thesis demonstrated the 

potential of using a combination of several mathematical methods, particularly the 

nonlinear optimization, and curve fitting, for parameter estimations with the illustrative 

examples of two case studies in the research of chemical reaction kinetics and cell 

metabolism, which have common feature in a set of modeling equations in the form of 

DAE . In essence, with the application of curve fitting, the differential terms in the 

modeling equations can be removed; and the dynamic optimization problems caused by 

the DAE can be transformed into nonlinear optimization problems with AE (algebraic 

equations), which can be solved by existing nonlinear solvers developed and proved in 

the past decades. The thesis also provided illustrative examples in the integration of 

applying linear and nonlinear optimization methods to design and synthesize of chemical 

systems, and using process simulations to analysis and simulate the optimized systems.  

The first case study focused on the parameter estimation of kinetics for the PROX 

reaction in the fuel cell system. Specifically, a differential algebraic equation of energy 

balance, which contains all the parameters of PROX reaction kinetics, is transformed 

into a nonlinear algebraic equation; after applying curve fitting to the temperature 

profiles along the reaction axial and estimating the temperature gradient, the differential 

item, from the fitting curve. Nonlinear optimization routine is then applied to the 

transformed algebraic equation and experimental data to obtain the parameter values of 

PROX reaction kinetics. All prediction errors based on this method is within five 

percent.    

The second case study addressed the design and improvement of processes in 

traditional chemical industry, with particular focus on the application of optimal heat and 

power integration, which is a potential of boosting the economics of many distillation 

systems. In essence, the work is focused on the formulation of an optimal problem to 

discover the minimal utility amount consumed by the heat and power integrated network 
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between process streams and utility streams. The results showed that a saving of 52% of 

total cold utility and a self sustained power supply for pumps used between the pressure 

swing distillation columns of THF-water system can be achieved from the application of 

heat and power integration network, with the comparison based on the minimal utility 

even reported in the past research for the same set of operational and feed conditions. 

The third case study addressed the potential application of integer programming in 

synthesizing new chemical process. A process simulation method can be further applied 

to analysis the sensitivity of the synthesized process.  

 The forth case study addressed the parameter estimation of metabolism kinetics in 

cell culture. With the same theme of parameter estimation from modeling equations in 

DAE forms, as demonstrated in the first study case, curve fitting method is first applied 

to concentration portfolios of each of the measurable metabolites. The modeling 

equations in DAE forms are then discreted, which leads to a large scale nonlinear 

optimization problem, with kinetics parameter as unknowns and metabolite 

concentration value obtained from the curve fitting. Nonlinear solver are applied to this 

optimization problem and kinetics parameters are obtained with an average of less than 

ten percent discrepancy between predicted value of metabolite concentration and 

measured metabolite concentration. 

In conclusion, this study work demonstrated that the integrated computational 

strategies, e.g., a combination of curve fitting and nonlinear optimization, can enable the 

parameter estimation from modeling equations in the form of DAE. The integration of 

computational optimization methods and process simulation tools bring the analysis, 

design, and synthesis of chemical and biological systems with a promise for complicated 

systems and has potential to drastically alternate the direction of cell metabolism 

research from experimental trial and error method to computational system engineering 

method.       
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