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Abstract 

Evaporation of water is ubiquitous, found in a multitude of natural processes and industrial 

applications. While scientific studies of water evaporation have been performed for over a century, 

there exists continued interest in determining the fundamental transport phenomena at the liquid-

vapor interface. Improved understanding of the rate-limiting transport mechanisms at the liquid-

vapor interface would allow designing more efficient thermal systems for electronics cooling, 

energy storage, and other critical applications. However, the phenomena occurring in the 

interfacial region are extremely challenging to probe experimentally, often occurring across only 

a few nanometers to micrometers. High precision sensing techniques are needed to elucidate 

transport phenomena at the liquid-vapor interface. 

This thesis develops a megahertz frequency piezoelectric sensing technique using a quartz 

crystal microbalance (QCM) to quantify evaporation rates with high precision. It identifies the 

difference in QCM’s frequency response to changes in the droplet contact area and contact angle 

using a multiphysics computational model validated using experimental measurements. The QCM 

contact area sensing technique is then combined with side-view contact angle measurement to 

study sessile droplet evaporation under different conditions. This hybrid QCM-imaging technique 

provides a higher precision than imaging alone and is used to determine the evaporation rate of 

water droplets in a dry nitrogen flow at different temperatures.  

With the QCM-imaging measurement technique, this thesis studies a series of nominally 

pure water droplets in a nitrogen cross-flow. The experimental observations are combined with a 

multiscale computational model to investigate the mass accommodation at the liquid-vapor 

interface. The computational model combines the macroscopic flow field with the kinetic theory 

of gasses near the interface to determine the mass accommodation coefficient (AC) during the 
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evaporation process. Further, the QCM determines the amount of non-volatile impurities in the 

nominally pure water droplets, indicating how challenging it can be to obtain impurity-free water 

and keep it clean. This research obtains an AC close to 0.001 across multiple droplets in the dry 

nitrogen (diffusively-limited) environment. This model can provide predictive capabilities for 

evaporation in non-condensable gas streams. This thesis also extends the model to analyze water 

droplets with non-volatile impurities. Specifically, the evaporation of aqueous potassium chloride 

droplets into nitrogen flow was analyzed over a wide range of molality (10-5 – 1 mol/kg). Under 

these conditions, the accommodation is relatively stable around 0.001. This result indicates that 

potassium chloride does not strongly influence the accommodation during evaporation. 

The QCM is also employed to study nanoscale phenomena, including electrochemical 

fabrication of nanomaterials and evaporation of liquids confined in nanopores. A two-step 

anodization approach is used to obtain an ordered array of cylindrical alumina nanopores. The 

creation of these nanopores is monitored during the fabrication process using the QCM to obtain 

and control the pore geometry. Our analysis indicates that a mass resolution of approximately 20 

ng/s can be achieved using the QCM to elucidate the nanoscale phenomenon. Finally, the 

evaporation of water into pure vapor confined in single-ended nanopores is studied. A one-

dimensional theoretical model based on the kinetic theory of gasses is developed that links the far-

field temperature and pressure to the QCM measurement of mass flux from the nanopores to 

determine evaporation kinetics and mass accommodation at the liquid-vapor interface. This 

modeling approach allowed investigation of the meniscus shape and the tensile pressure in the 

condensed phase.  It was found that confinement in the pore produces high tensile pressure when 

the liquid meniscus recedes far into the pores, strongly affecting the mass accommodation at the 

liquid-vapor interface.
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1. Introduction 

1.1 Motivation and Objectives 

Evaporation of water is a fundamental phenomenon in nature and industrial applications. 

Evaporation has undergone extensive investigation for more than a century, beginning with droplet 

evaporation studies by Maxwell [1] and Langmuir [2]. Continued interest in droplets exists due to 

the central role droplet evaporation plays in modern life, as in fuel combustion [3]–[6], inkjet 

printing [3], desalination [7], spray cooling, fire suppression [8], microfluidics [9], [10], DNA 

synthesis [11], and natural phenomena such as precipitation and dew formation [4]. Additionally, 

evaporation of water confined in nanopores has the potential to solve high power density electronic 

device cooling challenges [12]–[19]. However, creating high flux evaporative cooling devices 

requires a fundamental understanding of evaporation, importantly the rate-limiting transport 

mechanism for a system. 

 At the interface, liquid to vapor phase change is governed by evaporation, which is a highly 

coupled heat and mass transfer phenomenon that is only partially understood at a fundamental 

level. A critical unknown parameter in theoretical descriptions of evaporation kinetics is the 

accommodation coefficient (AC). Vapor molecules traveling with Brownian motion occasionally 

impinge on the liquid-vapor interface. One of two things can happen: the molecule can either 

reflect back into the vapor or condense. The AC is the ratio of vapor molecules that impact the 

liquid and condense (‘accommodate’) to the total number of vapor molecules impinging on the 

 _________________________________________________________________________________________  

Portions of this chapter previously appeared as: B. Murray and S. Narayanan, “The role of wettability on the 

response of a quartz crystal microbalance loaded with a sessile droplet,” Sci. Rep., vol. 9, no. 1, Nov. 2019, Art. 
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Portions of this chapter previously appeared as: B. Murray, M. J. Fox, and S. Narayanan, “Quantifying the 

evaporation rate of sessile droplets using a quartz crystal microbalance,” J. Appl. Phys., vol. 128, no. 3, Jul. 2020, 

Art. no. 035101, doi: 10.1063/5.0005239. 

Portions of this chapter previously appeared as: B. Murray, M. J. Fox, and S. Narayan, “Analyzing interfacial 

transport for water evaporating into dry nitrogen,” Appl. Therm. Eng., vol. 202, Feb. 2022, Art. no. 117910, doi: 

10.1016/j.applthermaleng.2021.117910. 
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interface. This ratio ranges from 0 to 1, where 0 is the total reflection, and 1 is the total 

accommodation of molecules. In prior experiments, non-polar liquids show an AC of unity while 

polar liquids such as water show a wide range of values, from 0.001 to 1 [20]–[23]. The variation 

in AC for water can be attributed to multiple definitions of AC [24], various experimental 

conditions and procedures, non-condensable gasses, and dissolved impurities [20], [21], [25]. 

Furthermore, it is challenging to accurately determine the physical quantities necessary to quantify 

the AC, such as pressure [20] temperature [26] near the interface. Previous works have used data 

extrapolation to obtain these quantities close to the interface [20], which can introduce inaccurate 

measurements into the measurements of AC.  

Real-world processes do not operate in ideal conditions due to unavoidable dissolved non-

volatile and gaseous impurities. The influence of non-water molecules on evaporation is poorly 

understood, particularly how the transport at the liquid-vapor interface is affected. For water 

evaporating in dry air, heat and mass transfer phenomena are inherently inseparable, wherein the 

conduction and convection of heat and the diffusion of vapor in the ambient can all play significant 

roles. Besides geometric factors, ambient conditions and other parameters can affect evaporation 

[4], [27], [28]. Self-cooling during evaporation can also cause a temperature gradient leading to 

surface tension-driven Marangoni flows [4]. While computational modeling can account for many 

of these accurately, as done in several prior efforts [29]–[41], a primary unknown remains to be 

the treatment of transport across the liquid-vapor interface when non-condensable gasses exist. 

1.1.1 Multi-Component Systems 

Multi-component systems, like air-water, are common in many industrial applications. For 

example, air-liquid binary systems are relevant in electronic cooling [42], water desalination [43], 

climate control [44], [45], and water harvesting systems [46]. However, the theoretical framework 
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for single-component systems must be extended to account for binary systems, wherein one of the 

components could also be non-condensable gas [47]. In this regard, prior studies have considered 

Ar/Ne mixtures using molecular dynamics [48]–[50] and other gas mixtures by direct numerical 

simulation [51]–[54] and theoretical analysis [55]–[57]. Recent work by Ohashi et al. [51] 

investigates higher pressures of non-condensable gas in a two-component system of equal size and 

mass. It shows the vaporizing component’s AC to decrease to 𝜎 = 0.1 with increasing non-

condensable concentration, which aligns with trends observed in experiments [20], [21], [58]. In 

all prior studies, the AC decreased with increasing non-condensable gas concentration. Bird et al. 

[59] investigated water evaporating into the air by molecular dynamics up to a mole fraction of 

approximately 0.49 at 380 K and higher temperatures. This work showed a decrease in 

accommodation coefficient with increasing non-condensable gas (air) and proved the validity of 

Schrage’s relationships [47] for water-air systems. Though most efforts consider comparable vapor 

and non-condensable gas mole fractions, evaporation of room temperature (295 K) water in dry 

air represents an extreme case of relatively low vapor mole fractions (~0.03). This thesis addresses 

this extreme case to facilitate accurate modeling of similar operating conditions. 

1.1.2 Non-Volatile Impurities 

Non-volatile impurities are common in many applications, namely DNA mapping, 

diagnosis of diseases [60], spray cooling [61], corrosion [62], desalination [7], microelectronic 

cooling, inkjet printing, and power apparatus applications [63]. Evaporating droplets of saline 

solutions can be challenging to study, with salt concentration increasing over time as the water in 

the droplet evaporates, leading to non-linear evaporation rates, heat fluxes, and crystallization 

phenomena [64]. It is well known that increasing the mole fraction of salt concentration decreases 

the saturation pressure (Raoult’s Law). However, the effect on interfacial transport is unclear. The 
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influence of saline non-volatile impurities on interfacial transport can be elucidated by determining 

the AC of water droplets with increasing salinity.  

1.1.3 Evaporation from Nanostructures 

Evaporation from micro or nanostructured surfaces is a phenomenon found across nature 

and in many industrial applications such as transpiration [65], water desalination [66], and 

electronics cooling [14]–[19], [42], [67]–[76]. Specifically, nanoporous evaporation shows 

promise in cooling high-power, high-density integrated circuits [77]. Heat fluxes exceeding 1000 

kW/cm2 can be generated by high-frequency microwave GaN devices requiring innovative cooling 

strategies to be developed [78]. However, quantifying phenomena occurring inside nanoporous 

structures is inherently challenging. Gravimetry and visual imaging methods cannot accurately 

capture the small changes of mass needed to quantify evaporation at the nanoscale. Calorimetric 

approaches are commonly used, quantifying evaporation through an amount of heat flux at the 

interface. Measuring heat flux at this scale requires specialized fabrication techniques to obtain the 

necessary accuracy.  

Recent experimental [17], [73] and theoretical [14], [74], [79], [80]  works have elucidated 

some aspects of evaporation of liquids confined in nanopores. Lu et al. [17] used an intricate 

membrane to study water evaporation and found an AC of 0.3 over various conditions. In their 

experimental setup, the liquid flow rate was controlled by a pump, and the liquid meniscus was 

assumed fixed at the pore outlet. While this may produce higher heat flux, other phenomena such 

as liquid receding into a pore can also occur. No previous work has been able to experimentally 

quantify the dynamics of a receding meniscus, while numerically validated theoretical approaches 

[74], [79], [80] have shown receding dynamics are important to evaporation kinetics. 
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1.1.4 Summary and Overview of Approach 

Regardless of the shape of the evaporating interface, sessile droplet, flat plane, or confined 

in a nanopore, high sensitivity measurements of physical quantities are required to elucidate 

evaporation kinetics at the liquid-vapor interface. In this thesis, a quartz crystal microbalance 

(QCM) is used to investigate evaporation phenomena with higher accuracy than is provided by the 

traditional method of gravimetry, calorimetry, or visual imaging. QCMs have been used 

extensively as thickness monitors for deposition processes since they can yield sensitivities close 

to ng/cm2. This high sensitivity to surface phenomena has made it a device of interest for studying 

the evaporation of droplets [81]–[86] as well as other wetting and surface phenomena [87]–[108]. 

QCMs are high frequency (~MHz) piezoelectric oscillating acoustic devices sensitive to changes 

in mechanical stress on their surface which then changes their resonant frequency. By measuring 

the change in resonant frequency, surface phenomena can be sensed.  

Visual imaging and gravimetry are the most common method to measure sessile droplet 

evaporation. Gravimetry alone cannot provide the droplet wetting characteristics and can be 

challenging inside experimental chambers or vacuum environments. High-resolution visual 

imaging can give droplet geometry; however, determining the location of the contact line can be 

difficult. To precisely determine the contact line with visual imaging, the solid surface must be 

perfectly level, and the camera’s focal plane must be on the center of the droplet; even then, the 

measurement depends on the transition of pixel color, which can be influenced by lighting 

intensity. A QCM can be employed as a contact radius sensor for sessile droplets, reducing the 

overall uncertainty in measuring droplet volume compared to high-resolution visual images alone. 

Further, a QCM is also helpful in determining the amount of non-volatile impurities in a sessile 

droplet after evaporation and can be used where gravimetric or overhead imaging is not possible.  
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Evaporation of water confined in nanopores is often measured by calorimetric methods or 

by measuring liquid flow rate into a device. In either case, sophisticated device fabrication is 

needed. Studying the effect of pore diameter, spacing or length may require an entirely new device, 

which can be prohibitively expensive. QCMs offer a high-speed, precise, tunable, and inexpensive 

method for determining liquid evaporation out of nanopores. Fabrication of nanopores can be 

performed with simple electrochemical techniques to make anodic alumina nanopores, and 

frequency can be measured at ten samples per second with a resolution of 1 Hz (17.7 ng/cm2, 

5MHz QCM). For example, a typical QCM with nanopores has a total pore volume of 0.3 µL 

volume over 1.2 cm2 area, which would be a total areal mass density of 250,000 ng/cm2. Hence, 

the sensor would have over 14,000 points of resolution between a fully filled pore and a dry pore. 

Not only is a QCM able to determine mass flux by the rate of change of frequency measurement, 

but it can also determine instantaneous liquid height in the pores. This makes a QCM a natural 

choice for elucidating nanoporous evaporation kinetics.  

1.2 Thesis Outline  

Chapter 1 includes a brief overview of the motivation of this thesis and the study of 

evaporation. It also contains an introduction to the basic kinetic theory of gasses equations of 

evaporation for single and multi-component systems used in this work, a summary of research 

contributions, and then concludes with a list of published and to be published work. Chapter 2 

contains the development and validation of a QCM as a contact area sensor for sessile droplets. 

The application of a QCM to sessile droplet evaporation is discussed in Chapter 3. Chapter 4 

develops a multiscale computational model to determine the AC of sessile water droplets and 

elucidates the AC of sessile water droplets at atmospheric pressure with a nitrogen cross flow. 

Chapter 5 presents a study of AC of sessile water droplets containing non-volatile saline impurities 
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using an extension of the model developed in Chapter 4. Chapter 6 includes the fabrication and 

theoretical development of a QCM as a sensor for evaporation out of nanopores. Chapter 7 details 

a one-dimensional numerical model based on KTG to analyze evaporation and the results of the 

evaporation of water confined in nanopores using a QCM. Finally, Chapter 8 summarizes this 

thesis and examines the potential future directions. 

1.3 Research Contributions 

Prior experimental studies have shown a wide range of results regarding accommodation 

at the liquid-vapor interface. Few works have investigated the influence of varying experimental 

parameters on accommodation. Computational works have often investigated non-polar molecules 

such as argon or water vapor only with small to moderate non-condensable gas mole fractions. In 

this thesis, accommodation at the liquid-vapor is investigated in detail by combining experimental 

and computational techniques for water sessile droplets evaporating in nitrogen flows with high 

non-condensable gas mole fractions as well as varying non-volatile impurities. In addition, 

evaporation kinetics of water confined in single-ended nanopores evaporating into its own vapor 

is also investigated. In summary, the main contributions include: 

 A novel sensing technique using a QCM was developed and validated to monitor sessile 

droplet radius more accurately than side-view imaging alone. 

 A multiscale computational model was developed and validated to extend macroscale 

experimental measurements to phenomena occurring at the microscale liquid-vapor interface 

with uncertainty quantification. 

 Accommodation of nominally pure water evaporating in a nitrogen flow was studied using the 

novel QCM technique and the multiscale model at ambient conditions 
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 Vapor accommodation was investigated with varying concentration non-volatile saline 

impurity in sessile droplets of water using the multiscale model at ambient conditions. 

 Developed fabrication process to create ordered nanopores on a QCM to study phase-change 

in nanoscale domains. 

 Kinetically limited evaporation of liquid confined in nanopores was studied using a 

combination of one-dimensional numerical KTG model and experimental measurements with 

the QCM technique developed in this research. 

1.3.1 List of Publications 

The results in chapters 2 – 7 of this thesis have either been published, submitted, or are in 

preparation for submission to a peer-reviewed journal, as listed here: 

[1] B. Murray and S. Narayanan, “The role of wettability on the response of a quartz crystal 

microbalance loaded with a sessile droplet,” Sci. Rep., vol. 9, no. 1, Nov. 2019, Art. no. 17289, 

doi: 10.1038/s41598-019-53233-y. 

[2] B. Murray, M. J. Fox, and S. Narayanan, “Quantifying the evaporation rate of sessile droplets 

using a quartz crystal microbalance,” J. Appl. Phys., vol. 128, no. 3, Jul. 2020, Art. no. 

035101, doi: 10.1063/5.0005239. 

[3] B. Murray, M. J. Fox, and S. Narayan, “Analyzing interfacial transport for water evaporating 

into dry nitrogen,” Appl. Therm. Eng., vol. 202, Feb. 2022, Art. no. 117910, doi: 

10.1016/j.applthermaleng.2021.117910. 

[4] B. Murray, Y. Jin, and S. Narayan, “The accommodation coefficient of aqueous potassium 

chloride sessile droplets evaporating with varying concentration,” in preparation. 

[5] B. Murray, X. Wang, and S. Narayan, “In-situ measurement of multi-step anodic alumina 

nanopore fabrication for nanoporous evaporativion applications,” in preparation. 
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[6] B. Murray, and S. Narayan, “Evaporation of liquid confined in single-ended nanopores using 

a novel QCM technique,” in preparation. 

As a graduate student, I have also contributed to the following publications, which are not discussed in 

this thesis: 

[7] C. A. Kennedy and M. H. Carpenter, “Higher-order additive Runge–Kutta schemes for 

ordinary differential equations,” Appl. Numer. Math., vol. 136, pp. 183–205, Feb. 2019, doi: 

10.1016/j.apnum.2018.10.007. 

[8] X. Li, B. Murray, S. Narayan, “Investigation of sessile droplet evaporation using a two-step 

ALE moving mesh model”, in preparation.  
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2. The Role of Wettability on the Response of a Quartz Crystal 

Microbalance Loaded with a Sessile Droplet 

This chapter elucidates the interaction between a sessile droplet's contact angle and a quartz 

crystal microbalance (QCM). The QCM's frequency response to changes in the droplet contact 

area is differentiated from variations in the dynamic contact angle. This objective is addressed by 

developing a computational model that couples the electrical and mechanical analysis of the 

quartz substrate with the visco-acoustic behavior of the sessile droplet. This analysis concludes 

that changes in the contact angle have an effect on the frequency response of the QCM only when 

the droplet height is on the order of the viscous decay length or smaller. On the other hand, 

changes in the interfacial contact area of the sessile droplets significantly impact the frequency 

response of the QCM regardless of the droplet height. 

2.1 Introduction 

Droplets play an important role in numerous applications such as fuel combustion, spray 

painting, evaporative cooling, droplet microfluidics, and manufacturing. They are also important 

in naturally occurring phenomena such as precipitation and dew formation. Consequently, it is 

essential to understand the interaction of droplets with various surfaces, especially their dynamic 

wetting behavior. One of the techniques to study the droplet wetting characteristics involves using 

a quartz crystal microbalance (QCM). QCMs are fabricated using quartz crystals cut along a 

specific crystallographic plane and patterned with metallic electrodes (e.g., Figure 2.1). When 

excited with an oscillating voltage, an unloaded crystal can be made to resonate at its fundamental 

frequency, 𝑓0. While an unloaded QCM is stress-free, it experiences damping when submerged in 

 _________________________________________________________________________________________  

 Portions of this chapter previously appeared as: B. Murray and S. Narayanan, “The role of wettability on the 
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a liquid or loaded with a droplet. The viscoelastic coupling between the liquid and the crystal 

decreases the resonant frequency (𝑓) of the QCM. Taking advantage of the QCM's sensitivity and 

its frequency response to surface phenomena, wetting and transport characteristics have been 

studied, which includes droplet spreading [87], [88], [99], contact angle [96], surface tension [96], 

[103], and electrowetting [103], [104]. Additionally, QCMs have also been used to determine 

viscosity [93], [94], [98], evaporation [81]–[84] and condensation [92] kinetics and for quantifying 

slip phenomenon [89], [90], [105]–[108]. 

 
Figure 2.1: Cross-section and top views of QCM with a centrally placed sessile droplet. The computational 

study of QCM response considers an AT-cut quartz crystal coated with concentric electrodes on both sides. 

 
Table 2.1: The frequency response of a water droplet of radius 10 µm and contact angles of 30°, 60° and 90° 

calculated from the computational model. 

Contact Angle 𝜃= 30° 𝜃 = 60° 𝜃 = 90° 

Frequency Response (Hz) −4.9689 × 10−2 −4.9682 × 10−2 −4.9683 × 10−2 

 

Although droplets have been studied extensively, it is not clear how surface wettability 

affects the response of a QCM. In particular, a quantitative comparison of the roles of the droplet 

contact angle and contact area on the QCM response is lacking. For example, Joyce et al. studied 

the evaporation of alcohols and saw unique frequency signatures corresponding to each liquid 

[84]. In this study, the authors describe the frequency response of the QCM during constant contact 

angle and constant area stages. Picknett and Bexon [29] noted these stages of evaporation for small 
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droplets evaporating in quiescent, low vapor pressure environments. Bourgès-Monnier and 

Shanahan [109] showed that these stages depend on the surface and the ambient conditions. 

However, in the work by Joyce et al., the role of wettability was not addressed explicitly since no 

quantitative relationship between the frequency response and the contact angle was given for 

droplets evaporating in a constant area mode [84]. Lin and Ward showed that the frequency 

response to a liquid partially covering the QCM surface is related to the contact area [96]. 

However, contact angles could only be calculated assuming the droplet to be a spherical cap if the 

volume of the drop was also known. Any dependence on the frequency response from a change in 

contact angle alone was not addressed. Pham and coauthors used a QCM to study the interfacial 

effects of drying colloidal suspensions and noted that the constant contact area evaporation stage 

response is essentially constant, indicating that the QCM response could be independent of the 

contact angle [83]. 

Contrary to the studies indicating that the QCM response is only a function of the droplet 

contact area, Zhuang et al.'s characterization of dynamic wetting attributed a change in the contact 

angle to the frequency response of the QCM [99]. Similarly, Bai and Hang concluded that the 

mismatch in their experimental and theoretical frequency shifts was likely due to the variation in 

the contact angle [110]. Prior studies have also been noncommittal on the role of wetting 

characteristics. For example, when Courtier et al. investigated the stages of evaporation using the 

QCM, they noted a weak increase in the frequency response when the droplet radius was seemingly 

pinned [82]. Since this was generally attributed to the effects at the edge of the droplet, it was not 

clear if the change in the frequency response was due to changing contact angle or microscopic 

variations in the contact area of the droplet. Similarly, while Shin et al. were able to correlate the 

frequency response to the mass of a droplet, for a single particular fluid, they described the need 
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for further studies to understand the effect of contact angle on the QCM response [111] as they did 

not consider the viscosity, density or area coverage of their droplets. 

In summary, although the QCM has attracted significant interest in studying droplets, it is 

not clear how wetting characteristics affect the frequency response. Understanding this aspect is 

crucial for QCM quantifying mechanisms such as evaporation, condensation, and dynamic wetting 

behavior. One of the main reasons for the lack of understanding is the challenge associated with 

conducting an experiment that can successfully decouple the effects of a droplet's contact angle 

and contact area. This chapter decouples these effects with detailed computational modeling 

combined with experiments to capture the QCM response. One of the crucial outcomes of this 

effort is identifying the range of contact angles that a QCM can sense. We found this to depend on 

the QCM characteristics, the liquid properties, and the size of the droplet. 

2.2 Background Theory 

The change in the resonance frequency, ∆𝑓 , of the QCM due to the deposition of a thin, 

rigid mass, ∆𝑚, on the crystal is given by Sauerbrey [112] (Eq. (2.1)), where 𝜌𝑞  is the density and 

𝜇𝑞  is the shear modulus of quartz, and 𝐴𝑞 denotes the active or electrode area of the quartz crystal. 

 Δ𝑓 = −
2𝑓0

2

(𝜌𝑞𝜇𝑞)
1 2⁄

 
Δ𝑚

𝐴𝑞
= −𝐶𝑓

Δ𝑚

𝐴𝑞
 (2.1) 

An unloaded QCM can be considered to be stress-free. When submerged in a semi-infinite 

liquid of density, 𝜌𝑙, and viscosity, 𝜇𝑙, the viscoelastic coupling between the liquid and the QCM 

will decrease the resonant frequency of the crystal. This decrease is derived from a force-balance 

by Kanazawa [113], [114] (Eq. (2.2)), which is seen experimentally and predicted 

computationally, as shown in Figure 2.7(a). 
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 Δ𝑓 = −
𝑓0

3/2

(𝜋𝜌𝑞𝜇𝑞)
1 2⁄

 (𝜌𝑙𝜇𝑙)
1/2 (2.2) 

Note that the total mass of liquid on the crystal does not play a role in Eq. (2.2). As the 

crystal oscillates, it drags the liquid close to the surface in phase with it. Away from the surface, 

the velocity in the liquid decays and is not in phase with the oscillating crystal. Mathematically, 

this is similar to the Stokes problem, which describes the velocity in the liquid as a damped 

sinusoid. For a QCM oscillating at an angular frequency, 𝜔, the effective decay length, 𝛿, is given 

by the following equation [96]. For a 10 MHz crystal submerged in water, 𝛿 is 170 nm. 

 δ = (
2𝜇𝑙

𝜔𝜌𝑙
)
1/2

 (2.3) 

By comparing Eqs. (2.1) and (2.2), an effective mass layer for a semi-infinite liquid can be 

determined. Considering the areal mass density, Δ𝑚/𝐴𝑞, to be 𝛿𝜌𝑙/2, Eqs. (2.1) and (2.2) can be 

found to be analogous [96]. Hence, the effective mass layer and the sensing capability of a QCM 

in a liquid media extends only to a distance of about 𝛿/2 from the surface of the QCM. 

Consequently, any phenomena occurring well beyond 𝛿/2 in the liquid are typically not sensed. 

However, there are exceptions to this rule. Factors known to affect the frequency response of the 

QCM include surface roughness [83], [115], hydrostatic pressure [116], and the conductivity of 

the liquid [117], [118]. Under certain conditions, each of these effects can be minor. For example, 

roughness and gravitational effects can be neglected with smooth polished surfaces and small 

droplets. In the case of liquid-like deionized water, the electrical conductivity is typically low 

(∼5.5 × 10−6 S/m), which is too small to influence the frequency response of the QCM [118]. 

Additionally, for liquids, longitudinal or compressional waves are also found to exist due 

to the non-uniform velocity profile at the surface of the QCM [100], [119], [120]. For a finite fluid 

layer with a liquid-air interface, this can impact the frequency response due to the formation of 
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stationary or standing waves between the QCM surface and the liquid-air interface [121]. While it 

is possible to see the effect of compressional waves on the frequency response, it only occurs at 

specific radii and heights. The response is magnified when the droplets are placed off-center 

relative to the center of the QCM electrode [121], [122]. Since the effect of compressional waves 

is minimal at the center of the electrode [100], [119], they are insignificant for small droplets 

(𝑟𝑑 ≪ 𝑟𝑒) centered on the QCM. In addition, the compressional waves become less prominent for 

quartz crystals with higher natural frequencies (𝑓0 > 4 MHz) and those with planar crystal 

geometries [121]. 

Compared to a semi-infinite liquid, the frequency response to a finite liquid volume is 

different, which can be derived as follows. The point mass sensitivity, 𝑐𝑓, of the QCM is known 

to depend on the surface velocity, 𝑣𝑠, as 𝑐𝑓(𝑟, 𝜃) ∝ |𝑣𝑠(𝑟, 𝜃)|2, where both 𝑐𝑓  and 𝑣𝑠  are expressed 

in cylindrical polar coordinates [123]. The velocity profile of a QCM can be considered to be a 

Gaussian function centered at the origin (Eq. ((2.4)), as assumed in many studies [87], [123], [124]. 

 
𝑣𝑠(𝑟, 𝜃, 𝑡) = 𝑣𝑐e

((𝑎−𝑏)cos2 𝜃−𝑎)
𝑟2

𝑟𝑒
2
cos (𝜔𝑡) 

(2.4a) 

 
𝑣𝑠(𝑟, 𝑡) ≈ 𝑣𝑐e

−𝑎
𝑟2

𝑟𝑒
2
cos (𝜔𝑡) 

(2.4b) 

In Eq. (2.4), 𝑣𝑐  is the velocity at the center of the electrode, 𝑎 and 𝑏 are intrinsic QCM 

constants, 𝑟 is the radial position, 𝑟𝑒 is the radius of the electrode, and 𝜔𝑡 is the phase of the 

oscillation [125]. For a planar crystal, the angular dependence can be neglected [123], and with 

𝑎 ≈  𝑏, the velocity only varies in the radial direction (Eq. (2.4b)). In this study, we also confirm 

the existence of a Gaussian velocity profile [87], [124] with computational modeling (Figure 

2.7(b)). In Eq. (2.4b), 𝑎 is a constant intrinsic to the QCM. While its value is not precisely 

determined, some literature report 𝑎 =  2 [125], [126], while Lin [87], [100] reports 𝑎 =  1. In 
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this study, 𝑎 is found by a regression analysis of the computed velocity profiles to be near unity, 

as discussed later. 

With the velocity profile known, the point mass sensitivity, 𝑐𝑓  , can be determined using 

the area-averaged value of 𝑣𝑠
2

 (Eq. (2.4b)) over the QCM surface [123], as shown in Eq. (2.5). The 

Gaussian distribution for QCM sensitivity, as confirmed by Hess [119], can be slightly ellipsoidal 

like the surface velocity (Eq. (2.4a)). However, it can be well approximated by ignoring its angular 

dependence [119], [123]. 

 𝑐𝑓(𝑟) = 𝐶𝑓

2𝑎

𝜋𝑟𝑒2
e−2𝑎𝑟2/𝑟𝑒

2
 (2.5) 

Further integration of 𝑐𝑓  along with the effective mass layer over a portion of the QCM 

surface will determine the frequency response of the QCM to finite liquid loading [87], 

 Δ𝑓 = −∫ ∫𝑐𝑓(𝑟
′, 𝜃)𝜌𝑠(𝑟

′, 𝜃)𝑟′𝑑𝑟′𝑑𝜃

𝑟

0

2𝜋

0

= 𝜋𝛿𝜌𝑙 ∫𝑐𝑓(𝑟
′)𝑑𝑟′

𝑟

0

 (2.6) 

Here, 𝜌𝑠(𝑟
′, 𝜃) is the areal mass density and has been replaced with an effective aerial mass 

density (𝛿𝜌𝑙/2). By using Eqs. (2.5) and (2.6), the frequency response, ∆𝑓, for a finite liquid 

radius can be found as 

 Δ𝑓 = −
1

2
𝐶𝑓𝛿𝜌𝑙(1 − e−2𝑎𝑟2 𝑟𝑒

2⁄ ) (2.7) 

In order to write Eq. (2.7) in a form analogous to Kanazawa's equation (Eq. (2.2)), 𝐶𝑓 and 

𝛿 can be replaced using Eqs. (2.1) and (2.4b), respectively. 

 Δ𝑓 = −𝑓0
3 2⁄ (𝜌𝑙𝜇𝑙)

1 2⁄

(𝜋𝜌𝑞𝜇𝑞)
1 2⁄

(1 − e−2𝑎𝑟2 𝑟𝑒
2⁄ ) (2.8) 

Equation (2.8) describes the frequency shift based on the finite contact radius, 𝑟, of a fluid 

on the QCM. For a large contact radius (𝑟 → ∞), Eq. (2.8) takes the form of Kanazawa's equation 
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for a crystal loaded with semi-infinite liquid. However, note that Eq. (2.8) does not include any 

information regarding the contact angle of the finite liquid since it is derived assuming a column 

with a contact radius, 𝑟, and infinite height. The application of Eq. (2.8) can be seen in Figure 

2.9(a). In order to determine the effect of contact angle on the resonant frequency, the force 

interactions between the crystal surface and the droplet must be examined. 

For a droplet on the QCM, the velocity in the fluid domain can be derived from the Navier-

Stokes equations, which can be simplified to Eq. (2.9) under the assumptions that spatial 

derivatives in the z-direction are much larger than spatial derivatives in x and y directions, and 

noting that the velocity in the x-direction, 𝑣𝑥, is much larger than the other velocity components 

[125]. 

 𝜌𝑙

𝜕𝑣𝑥

𝜕𝑡
= 𝜇𝑙

𝜕2𝑣𝑥

𝜕𝑧2
 (2.9) 

With Eqs. (2.4b) and (2.10) as boundary conditions and Eq. (2.11) as the initial condition, 

the solution of Eq. (2.9) is nearly identical to Stokes's second problem, as shown in Eq. (2.12) 

[100]. This analytical solution is compared with the computational result in Figure 2.4. 

 𝑣𝑥(𝑧 → ∞, 𝑡) = 0 (2.10) 

 𝑣𝑥(𝑟, 𝑡 = 0) = 𝑣𝑐e
−𝑎𝑟2 𝑟𝑒

2⁄  (2.11) 

 𝑣𝑥(𝑟, 𝑧, 𝑡) = 𝑣𝑐e
−𝑎𝑟2 𝑟𝑒

2⁄ −𝑧/𝛿cos (𝜔𝑡 − 𝑧 𝛿⁄ ) (2.12) 

For a liquid on the QCM surface, the velocity decays quickly in the z-direction. This 

velocity gradient gives rise to shear stress that damps the motion of the QCM surface. The shear 

stress, 𝑇𝑧𝑥 , on the QCM can be calculated from the velocity gradient at the crystal surface as 𝑇𝑧𝑥 =

−𝜇𝑙(𝜕𝑣𝑥 𝜕𝑧⁄ )│𝑧=0 , which gives 

 𝑇𝑧𝑥 = |𝑇𝑧𝑥| cos(𝜔𝑡 + 𝜋 4⁄ ) (2.13) 
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where the magnitude of the shear stress, |𝑇𝑧𝑥|, is given by 

 |𝑇𝑧𝑥| = 𝑣𝑐(𝜔𝜌𝑙𝜇𝑙)
1 2⁄ e−𝑎𝑟2 𝑟𝑒

2⁄  (2.14) 

Although the stress on the QCM surface is similar in form to the velocity (Eq. (2.12)), it is 

out of phase by 𝜋/4 and is proportional to (𝜌𝑙𝜇𝑙)
1/2. Since the viscous decay length, 𝛿, is typically 

small compared to the height of the droplet, the assumptions in Eq. (2.9) hold over the vast majority 

of the contact area between the droplet and the QCM. However, these assumptions do not hold 

near the contact line where the height of the droplet is comparable to the viscous decay length. In 

addition, the y and z-component velocities also become significant near the contact line. 

Consequently, there is no simple analytical solution for the force or the shear stress on the QCM 

surface in the contact line region as a function of the contact angle. Hence, a computational model 

is necessary to derive the force exerted on the QCM surface near the three-phase contact line. 

2.3 Computational Modelling of QCM Response 

By using computational modeling, the frequency response of the QCM can be determined 

for droplets of a given radius and contact angle. Specifically, the model predicts the electrical 

admittance of the QCM over a spectrum of excitation frequencies. The QCM exhibits resonance 

at the frequency, 𝑓, where the conductance (the real component of electrical admittance) is 

maximum. 

2.3.1 Fully-coupled Computational Model 

The fully-coupled model considers a droplet on an AT-cut quartz crystal to investigate the 

effect of contact angle and contact area on the QCM response (Figure 2.1). Dimensions of the 5 

MHz and 10 MHz QCMs used in this chapter are given in the Table A.3. The three-dimensional 

transient model directly couples a piezoelectric domain (quartz crystal) to a fluid domain (water 

droplet). The piezoelectric domain is given a sinusoidal voltage causing it to oscillate in a 
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thickness-shear mode. The oscillations at the solid-liquid interface give rise to highly damped 

shear and compressional waves in the fluid. In order to characterize the motion of the quartz crystal 

and the droplet, the computational model solves the governing equations in the piezoelectric and 

the fluid domains, as described below. To solve this highly coupled and complex system a 

commercially available finite element software (COMSOL Multiphysics® [127]) was used. All 

governing equations were solved in the frequency domain to capture the oscillatory nature of the 

QCM and droplet response. 

2.3.1.1 Piezoelectric Domain 

The equation governing the motion of the quartz crystal is given by 

 𝜌𝑞

𝜕2𝑢𝑞

𝜕𝑡2
= ∇ ⋅ 𝑇 = 0 (2.15) 

where 𝑢𝑞 is the displacement vector, 𝜌𝑞  is the density of quartz, and 𝑇 is the stress tensor. Since 

an oscillating potential is applied to the QCM, charge conservation in the quartz crystal requires 

that ∇ ⋅ 𝐷 = 𝜌𝑣, where 𝐷 is electric displacement vector and 𝜌𝑣 is the volumetric charge density. 

In order to account for the piezoelectric effect in quartz, a constitutive equation coupling Hooke's 

law with Maxwell's equation is used, as shown in Eq. (2.16) [128]. This equation relates 𝑇 and 

𝐷 with the strain, 𝑆, and the electric field, 𝐸. 

 [
𝑆
𝐷

] = [𝑠
𝐸 𝑑𝑡

𝑑 𝜖𝑇] [
𝑇
𝐸
] (2.16) 

Here, 𝑠, 𝑑, and 휀 are material properties denoting the elastic compliance, piezoelectric and 

permittivity tensors, respectively. The superscripts 𝐸 and 𝑇 denote evaluation at constant electric 

field and constant stress, respectively, and the superscript 𝑡 denotes transpose [128]. Generally, 

these properties depend not only on the chosen material but also on the plane along which the 

crystal is cut. Here, left-handed quartz property values were obtained from the 1978 IEEE Standard 
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on Piezoelectricity, and rotated at the Euler angles (ZXZ) of 𝛼 =  0, 𝛽 =  −54.75°, 𝛾 =  0 for 

an AT-cut crystal. These properties are listed in the Appendix A [127]. In practice, while the QCM 

consists of two metallic electrodes, they are neglected in the computational analysis since they are 

relatively thin and have low resistivity. 

2.3.1.2 Fluid Domain 

The acoustic waves generated at the solid-fluid boundary can be captured by linearizing 

the continuity, momentum, and energy conservation equations in the fluid domain. For small 

acoustic perturbations around the steady-state, the equations governing mass and momentum 

conservation are given by 

 
𝜕𝜌𝑙

𝜕𝑡
+ ∇ ⋅ (𝜌𝑙0

𝑣) = 0 (2.17) 

 𝜌𝑙

𝜕𝑣

𝜕𝑡
= ∇ ⋅ [−𝑝𝐈 + 𝜇𝑙(∇𝑣 + (∇𝑣)𝑡) − (

2

3
𝜇𝑙 − 𝜇𝐵) (∇ ⋅ 𝑣)𝐈] (2.18) 

Assuming an isothermal droplet (𝑇0 = 25 °C) in atmospheric conditions (𝑝0 = 101.325 

kPa), the dependent variables include the velocity, 𝑣, and pressure, 𝑝, which are small periodic 

perturbations arising from acoustic waves in the fluid. The small acoustic deviations in the fluid 

density, 𝜌𝑙𝑡 , can be found using the acoustic pressure, 𝑝, as 𝜌𝑙𝑡 = 𝜌𝑙0𝛽𝑇𝑝, where the equilibrium 

liquid density, 𝜌𝑙0 = 𝑓(𝑝0, 𝑇0) and 𝛽𝑇  is isothermal compressibility. Here, 𝜇𝑙and 𝜇𝐵 denote 

dynamic and bulk viscosity, respectively. These properties are listed in Table A.1 and Table A.2 

[129], [130]. 

A fully-coupled dynamic model solves Eqs. (2.15) to (2.18). As boundary conditions for 

the piezoelectric domain, a sinusoidal voltage, 𝑉 =  𝑉0 𝑐𝑜𝑠(𝜔𝑡) is applied at the bottom or non-

sensing electrode of the QCM (Figure 2.8), while the top or sensing electrode is grounded (𝑉 =

 0). The remaining areas on the QCM are assigned a zero charge density, or 𝑛 · 𝐷 =  0. At the 
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quartz-droplet interface, a continuity in velocity (no-slip) condition is assigned. The remaining 

boundaries are left unconstrained. For analyzing droplets, a normal pressure given by the Laplace 

pressure, 2𝜎𝜅, is applied to the fluid domain at the air-water interface based on the surface tension, 

σ [130] and the curvature, 𝜅. The fully-coupled model is meshed, as shown in Figure A.1. Since 

the fully-coupled model interfaces the piezoelectric and fluid domains directly, analysis of large 

droplets becomes computationally challenging. For this reason, large droplets are analyzed using 

a decoupled model where the droplet and the crystal are analyzed separately and then coupled 

indirectly, as described below. 

2.3.2 Decoupled Computational Model 

In the decoupled model, the droplet and the QCM are indirectly coupled with continuity in 

velocity and stress at the interface, as shown in Figure 2.2. In this case, the frequency response to 

different contact angles and areas can be obtained by mapping the shear stress from an independent 

droplet analysis to the QCM surface. 

The decoupled model obtains a normalized stress profile from a finite element model of a 

sessile droplet with an oscillating base. The base is prescribed a velocity in the x-direction that is 

Gaussian in form as experienced by a droplet on a QCM surface (Eq. (2.4b)). The stress profile 

(Eq. (2.19a)) is then determined as a complex-valued function of the polar coordinates and time 

(�̃�, 𝜃, 𝑡). Subscript 𝑖𝑗 in Eq. (2.19a) denotes zx, zy, and zz directions. A non-dimensional radial 

coordinate, �̃� (Eq. (2.19b)), is useful in capturing the stress near the three-phase contact line region 

for various sized droplets. 

 �̃�𝑖𝑗(�̃�, 𝜃, 𝑡) =
𝑇𝑖𝑗(�̃�, 𝜃, 𝑡)

√𝜔𝜌𝑙𝜇𝑙|𝑣𝑠(�̃�, 𝜃)|
 (2.19a) 

 �̃� = (𝑟𝑑 − 𝑟)/𝛿 (2.19b) 
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Figure 2.2: Interfacing the droplet with QCM in a decoupled model. 

 

The normalized stress components for water droplets of 90° contact angle and different 

radii are shown in Figure 2.5(c). The stresses for all droplets lie on the same curve when non-

dimensionalized in magnitude and position by Eqs. (2.19a) and (2.19b), respectively. For a given 

contact angle and viscous decay length, the edge effects due to stress propagate a fixed distance 

into the droplet from the contact line. This contact line region width is fixed even as the radius of 

a droplet increases since the geometry (normalized using 𝛿) is identical for a given contact angle; 

thus the normalized fluid velocity and stress profiles will also be similar. 

The shear stress profile (�̃�𝑖𝑗(�̃�, 𝜃, 𝑡)) is then mapped onto the QCM surface as a velocity-

dependent boundary stress in place of a physical droplet (Eq. (2.20)). This approach allows 

efficient calculation of the QCM response by reducing the computational demands significantly. 

 𝑇𝑖𝑗(𝑟, 𝜃, 𝑡) = −(𝜔𝜌𝑙𝜇𝑙)
1 2⁄ �̃�𝑖𝑗(�̃�, 𝜃, 𝑡)

𝜕𝑢𝑥

𝜕𝑡
 (2.20) 

Here, 𝑢𝑥  is the displacement of the QCM surface in the x-direction, which depends on the potential 

applied at the QCM electrodes. Analogous to a droplet placed on the QCM, this stress damps the 

oscillations to result in a shift in the resonance frequency compared to an unperturbed QCM. 

2.4 Results 

2.4.1 Effect of Droplet-Surface Interaction on the QCM Response 

Using computational modeling, the frequency response, Δ𝑓 = 𝑓 − 𝑓0, of the QCM was 

obtained for a water droplet of radius 10 µm and moderate contact angles of 30°, 60°, and 90°. The 
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shift in resonant frequency from the natural frequency of the crystal (𝑓0 ≈ 10 MHz) is shown in 

Table 2.1. In this case, since the frequency shifts are almost identical, the model indicates a 

negligible effect of the contact angle on the QCM response. This result can be explained based on 

the droplet-QCM interaction, as shown in Figure 2.3, which compares the computed stresses at the 

droplet-QCM interface at different contact angles and phases (𝜔𝑡) of oscillation. The stress 

components are normalized by the magnitude of shear stress exerted by an equivalent semi-infinite 

liquid on the QCM (Eq. (2.14)). Figure 2.3(a) compares the normalized stress components, �̃�𝑧𝑥, 

�̃�𝑧𝑦, and �̃�𝑧𝑧, and Figure 2.3(b) shows the normalized stress components along an axis oriented at 

45° from the x-axis on the xy-plane (see Figure 2.1). For the crystal oscillating along the x-

direction, the dominant stress is �̃�𝑧𝑥, which is non-zero across the entire droplet. For a significant 

portion of the droplet area, �̃�𝑧𝑥 is identical for all the contact angles. On the other hand, �̃�𝑧𝑦 and 

�̃�𝑧𝑧 are relatively small compared to �̃�𝑧𝑥 for a large portion of the droplet at all phases of oscillation. 

However, in the contact line region, �̃�𝑧𝑦 and �̃�𝑧𝑧 are also prominent, and all the components of 

stress show contact angle dependence.  

Complementary to the stress profiles, the velocity in the droplet is dominated by the shear 

wave along the x-direction, arising from the QCM surface motion. As the crystal oscillates, it drags 

the liquid close to the surface in phase with it. Away from the surface, the velocity in the liquid 

decays and is out of phase with the oscillating crystal. Figure 2.4 shows the computed x-velocity 

along the axis of the droplet (z-axis) plotted at various phases (𝜔𝑡) along with the theoretical 

velocity described by Stokes’s second problem for a semi-infinite fluid (Eq. (2.12)). It can be seen 

that the computed velocity at the center of a small droplet matches the theoretical prediction. The 

x-velocity decays quickly in the vertical direction and does not change much in the radial and 

angular directions, as shown in Figure 2.4(b). For a chosen liquid, a decay length (𝛿) can be defined 
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based on the distance from the surface where the shear wave amplitude decays to 𝑒−1 of its value 

at the crystal surface (Eq. (2.4b)). For water on a 10 MHz crystal, 𝛿 ≈  170 nm. This parameter, 

as shown later, is important in determining if a QCM can sense variations in the contact angle of 

a droplet.  

 
Figure 2.3: (a) Contour plots of normalized �̃�𝒛𝒙, �̃�𝒛𝒚, and �̃�𝒛𝒛 for contact angles of 90°, 60°, and 30°. (b) 

Normalized �̃�𝒛𝒙, �̃�𝒛𝒚, and �̃�𝒛𝒛 as a function of the radial location at different phases of oscillation for different 

contact angles. The normalized stresses are considered along an axis at 45° from the x-axis on the x-y plane. 

 

Compared to the x-velocity, the y and z components are an order of magnitude smaller and 

prominent only near the contact line where the height of the droplet surface is comparable to the 

decay length, 𝛿. The changes in the velocity components near the contact line explain the deviation 
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of the stress values from that of a semi-infinite liquid for which �̃�𝑧𝑥 = 1, �̃�𝑧𝑦 = 0 and �̃�𝑧𝑧 = 0. 

These variations in the stress profiles are important to determine the effect of contact angle on the 

frequency response of the QCM. For a 10 µm water droplet with moderate contact angles on a 10 

MHz crystal, although the stress profiles have notable differences, the variation is only near the 

contact line of the droplet (0.95 <  𝑟/𝑟𝑑  < 1). As a result, the difference in the overall shear stress 

is insufficient to affect the frequency response significantly. 

It can be argued that the lack of variation in the frequency response is due to the use of a 

droplet (𝑟𝑑  =  10 µm) much smaller than the QCM electrode (𝑟𝑒 = 2.5 mm). In particular, 

droplets with a larger contact line region can be expected to show a noticeable difference in the 

frequency response for different contact angles. In order to probe this aspect, the computational 

model was used to obtain the frequency response for water droplets of radius 10, 100, and 1000 

µm and contact angles of 30°, 60°, and 90° on a 10 MHz quartz crystal. Figure 2.5(a) shows the 

computed shift in the resonance frequency (∆𝑓) of the QCM for different contact angles and radii. 

 
Figure 2.4: (a) Normalized x-velocity along the vertical z-axis of a 60° droplet of 10 µm radius. Computational 

results are shown with solid lines and theoretical values (Eq. (2.12)) with dashed line and symbols. The 

maximum percent difference between any two corresponding curves is 0.08%. x- (b), y- (c) and z-velocity (d) 

components for a 60°, 10 µm droplet, normalized to maximum velocity. 
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Figure 2.5: (a) Frequency response of different contact angles at various radii. (b) Frequency response for 

different contact angles and contact radii close to 100 µm. Inset shows the frequency shift for a 100 µm 

droplet and different contact angles. (c) Normalized stress for a droplet of contact angle 90° and different 

radii. Normalized stress is calculated along a line 45° from the x-axis. 

 

Evidently, large changes in the droplet radius (10 µm → 100 µm → 1000 µm) cause 

distinct frequency variations. However, for a given radius, a change in the droplet contact angle 

alone results in a much smaller variation in the frequency response of the QCM. By investigating 

droplets around 100 µm, a comparison of the frequency response from a changing radius versus a 

changing contact angle can be seen in Figure 2.5(b). Any variation in the frequency response from 

a change in the contact angle is dwarfed in comparison to a 1 µm change in droplet radius. For 

large droplets, where the height, as well as the radius, are much larger than the decay length (𝛿), 

the frequency responses for a fixed radius and different contact angles are almost identical. Hence, 

large droplets do not seem to amplify the effect of contact angle on the frequency response. In 

order to understand why this takes place, the stress exerted at the contact line region is compared 

to the overall stress at the droplet-QCM interface.  

Figure 2.5(c) shows the normalized stress components (�̃�𝑖𝑗) at the droplet-QCM interface 

(Eq. (2.19a)). The normalized stress components are shown in the contact line region for droplets 

of 90° contact angle and different radii. For large droplets, it is apparent that the shear stress, �̃�𝑧𝑥, 

exerted at droplet-surface interface matches that of a semi-infinite liquid as we move away from 

the contact line region and closer to the droplet center. In the contact line region, the stress values 
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can differ from the center of the droplet and show contact angle dependence, as seen earlier in 

Figure 2.3. Although the contact line region expands with the size of the droplet, the relative 

contribution of the stress exerted near the contact line becomes less prominent compared to the 

overall stress exerted by the droplet on the QCM. In addition, the QCM sensitivity can also 

deteriorate away from the center of the electrode [87], [123], [124] (Eq. (2.5)). As a result, the 

QCM is less sensitive towards the edge of large droplets. Therefore, for sufficiently large droplets, 

a change in the contact angle is imperceptible, and the QCM response can be considered to be a 

function of the contact radius alone. Droplets with dimensions (height, radius) on the order of the 

decay length (𝛿) may show a frequency response to a changing contact angle with a constant 

radius. 

2.4.2 Regime Map for Contact Angle-Dependent Frequency Response 

For the water droplets considered, while the analysis has not indicated any dependence of 

the frequency response on the contact angle, this observation cannot be generalized. Indeed, it is 

possible to detect variations in the contact angle using a QCM for specific combinations of liquids, 

droplet sizes, and QCM characteristics. To determine conditions suitable for sensing contact angles 

with a 10 MHz crystal, water (𝛿 ≈ 170 nm) droplets of 10 µm radius with contact angles of 0.5° 

to 90°, and glycerol (𝛿 ≈  5 µm) droplets of 2.6 µm and 10 µm radii with contact angles of 15° to 

165° were analyzed. Figure 2.6(a)-(c) shows the frequency responses for the various droplets. 

At a fixed radius, a shift towards lower resonance frequency (∆𝑓 = 𝑓 − 𝑓0) can be 

observed as the contact angle increases, which can gradually taper off, making higher contact 

angles indistinguishable. For a 10 µm water droplet, the response stops changing beyond 2.5° 

(Figure 2.6(a)). For a 10 µm glycerol droplet, the response is invariant beyond 60° (Figure 2.6(b)). 
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And for a smaller glycerol droplet (𝑟𝑑  =  2.6 µm), the resonance frequency decreases until 𝜃 ≈

150° and then increases again, giving the same response at 165° as 120° (Figure 2.6(c)). 

 
Figure 2.6: The frequency response of (a) 10µm radius water, (b) 10µm radius glycerol, and (c) 2.6µm radius 

glycerol droplets. (d) Normalized �̃�𝒛𝒙 stress profiles on the surface of a 10µm radius water droplet at various 

contact angles. (e) Regime map of contact angle-dependent frequency response. The line 𝒓𝒅 𝜹⁄ = 𝐜𝐨𝐭 (𝜽 𝟐⁄ ) 

separates droplets with frequency responses that show contact angle dependence from those that show 

responses independent of contact angle variations. 

 

For droplets with dimensions approaching the viscous decay length (𝛿), as the contact angle 

changes, the stress profiles vary and differ significantly from the bulk value corresponding to a 

semi-infinite liquid. For a water droplet (𝑟𝑑 = 10 µm), Figure 2.6(d) illustrates this aspect when 

the contact angle is varied between 0.5° to 2.5°. With characteristic dimensions (ℎ, 𝑟𝑑) larger than 

the viscous decay length, the stress profiles for large droplets approach the bulk value at the center 

of the droplet, as shown in Figure 2.6(d) for contact angles varied from 5° to 30°. Consequently, 

the frequency response becomes invariant to the changes in the contact angle. By extension, it is 

easy to see how the QCM response to other liquids, like glycerol, may show higher sensitivity to 

changes in contact angle. With a decay length 30 times larger than that of water, contact angles as 

large as 60° can be sensed for a 10 µm glycerol droplet. 

This understanding can be used to derive a general criterion for the measurable range of 

contact angles based on a comparison of the droplet size and the viscous decay length. 

Geometrically, the radius (𝑟𝑑) and the height (ℎ) of a droplet are related to the contact angle as 

𝑟𝑑  =  ℎcot(𝜃/2). We note that the variations in the droplet contact angle can be sensed by the 

QCM when the droplet height is less than the decay length. Mathematically, the measurable range 
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of contact angles is then given by 0 <  𝜃 < 2 cot−1(𝑟𝑑 𝛿)⁄ . This criterion is shown as a dashed 

curve in Figure 2.6(e), denoting 𝑟𝑑/𝛿 =  cot(𝜃/2) to highlight the region where contact angle 

effects can be sensed using the QCM. To test this criterion, the frequency responses corresponding 

to water and glycerol droplets shown in Figure 2.6(a)-(c) are plotted in Figure 2.6(e). The data 

points in Figure 2.6(a)-(c) showing contact angle dependence satisfy this criterion and lie on the 

left side of the dashed curve, whereas data points that do not show contact angle dependence lie 

on the right side of the dashed curve in Figure 2.6(e). 

Clearly, 𝑟𝑑/𝛿 controls the measurable range of contact angle. As 𝑟𝑑/𝛿 grows with larger 

droplets, the maximum contact angle that can be detected by the QCM decreases. In this regard, a 

larger decay length (δ) would allow studying contact angle effects for larger droplets. Apart from 

the thermophysical properties of the liquid, since δ is related to QCM characteristics (Eq. (2.4b)), 

crystals with lower natural frequencies may allow studying the contact angle effects of larger 

droplets. Finally, it is important to note that Figure 2.6(e) is not intended to be a precise cut-off. 

However, it provides a useful guideline to determine if the frequency response of the QCM is a 

function of contact angle (∆𝑓 =  𝑓(𝜃, 𝑟𝑑)) or mainly a function of contact radius ((∆𝑓 =  𝑓(𝑟𝑑)). 

2.4.3 Model Prediction Versus Theory 

Figure 2.5(c) shows that the shear stress, 𝑇𝑧𝑥, was found to be identical to Eq. (2.13), 

derived from theory, for a major portion of the droplet area. The interfacial stress approaches the 

value of a semi-infinite liquid (Eqs. (2.13), (2.14)) within a distance of approximately 𝛿 from the 

contact line. The figure also indicates that all the droplets of the same contact angle exhibit the 

same non-dimensional form. Hence, Eq. (2.19a) can be used to extrapolate the shear stress profiles 

for droplets of any radii sufficiently large (𝑟𝑑 ≫ 𝛿). However, for droplets where the radius or 

height are comparable to 𝛿, the stress cannot be scaled up to other radii because it does not reach 
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the bulk stress value. However, it can still be used for the decoupled analysis of a droplet of similar 

size.  

 
Figure 2.7: (a) Comparison of computational frequency response to Kanazawa's equation and experimental 

results. (b) Comparison of computed velocity (solid) of a wetted QCM along lines parallel to the x-axis to a 

fitting of Eq. (2.4b) with the parameters 𝒗𝒄 = 𝟎. 𝟎𝟓𝟑𝟔 m/s and 𝒂 =  𝟎. 𝟖𝟓𝟐𝟑 (dashed). Inset showing contour 

plot of velocity across the QCM surface indicates weak angular dependence of velocity. Dotted lines on the 

contour plot correspond to y-locations plotted in the main figure. 

 

For a semi-infinite liquid loaded on the QCM, the frequency response was predicted using 

the decoupled model and compared with experiments and theory (Figure 2.7). Using 𝑇𝑧𝑥 (Eq. 

(2.13)) as the boundary condition over the entire QCM surface, the decoupled model predicts the 

frequency response for liquids with different densities and viscosities. The experiments were 

performed using QCM200 system (Stanford Research Systems) with a 5 MHz AT-cut quartz 

crystal of 1-inch diameter, submerged in a temperature-controlled beaker with a water-glycerol 

mixture (Fisher Chemical). The density and the viscosity of water-glycerol mixture for the 

experiments and the simulations were obtained from Volk and Kähler [131] and Cheng [132]. For 

the range of density and viscosity considered, Kanazawa's equation (Eq. (2.2)) was also used to 

predict the frequency response of the QCM. Figure 2.7(a) shows good agreement in the frequency 

shifts predicted using the decoupled model, Kanazawa's equation, and those observed in the 

experiments. This shows that the decoupled model can be used to investigate stress-based loads 

on the surface of a QCM. 
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Figure 2.8: (a) Magnitude of acoustic pressure (Pa) from compressional waves in (a) a finite liquid layer of 

height 𝟗𝝀/𝟒 and (b) a 5 mm radius droplet where it has a height of 𝟗𝝀/𝟒 over the predicted compressional 

lobes. Both (a) and (b) have symmetry over the x-axis. 

 

The velocity profile obtained from the computational model for a semi-infinite liquid can 

be compared to the expected profile given by Eq. (2.4b). For a 10 MHz QCM loaded with water, 

the value of 𝑎 in Eq. (2.4b) is 0.852, and 𝑣𝑐 =0.054 m/s. Figure 2.7(b) shows this nonlinear fitting 

and the computed velocities along several lines parallel to the x-axis, as indicated by the inset. The 

computational prediction of QCM’s surface velocity matches well with the expected Gaussian 

velocity distribution. Note also that the value of 𝑎 obtained in this study is close to the value 

presumed in the literature (𝑎 ≈ 1) [87]. 

Prior research has shown that compressional or standing waves in the liquid can lead to a 

unique frequency response for droplets of a particular size and placed at specific locations on the 

QCM [121], [122]. For a horizontal water-air interface, resonance based on compressional modes 

occur at heights of (2𝑛 −  1)𝜆/4, or odd multiples of 𝜆/4, which has been shown in the previous 

efforts [100]. The computational model in this chapter accurately predicts these resonances. Figure 

2.8(a) shows the pressure waves in a liquid reservoir of height 9𝜆/4 on the QCM surface, 

surrounded with air and symmetry over the x-axis. In the case of a finite reservoir, the yz-plane 

has a pressure minimum while there exist two compressional lobes on either side of the center of 

the electrode along the x-axis. This was also found in prior research [100], [121], [122]. On the 
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other hand, Figure 2.8(b) shows a 5 mm radius droplet with a contact angle of 10.35° that 

corresponds to a height of 9𝜆/4 over where the compressional modes occur in Figure 2.8(a). In 

this case, the yz-plane still has minimum pressure, but compressional lobes do not appear. There 

exists only a small region of constructive interference. Hence, compressional waves were not 

found to be a major factor in the droplets in comparison to the case of a finite liquid reservoir. This 

was also noted by Couturier [121], who found high frequency (𝑓0 > 4 MHz) planar crystals to 

have a weaker frequency response to compressional waves. 

2.4.4 Model Prediction Versus Experiments 

For a crystal (𝑓0 = 10 MHz) loaded with large water droplets (𝑟𝑑 >  1 mm), since 

moderate contact angles have a negligible effect on the frequency response (Figure 2.6(e)), the 

response can be approximated as a function of droplet radius (Eq. (2.8)). Figure 2.9(a) shows the 

shift in the resonance frequency of the QCM for droplets of different radii using Eq. (2.8). Also 

plotted are the frequency responses obtained from the computational model and experiments, 

showing good agreement with Eq. (2.8). In this case, experimental results were obtained by 

recording the radius of a water droplet on a horizontal 10 MHz QCM with gold electrodes using a 

commercial system (eQCM, Gamry Instruments) and overhead imaging using a Nikon D610 

DSLR and InfiniProbe TS-160 macro lens. Deionized water droplets (Sigma Aldrich) of known 

volume were deposited at the center of the electrode multiple times for repeatability. The frequency 

response for small droplets was also predicted using Lin and Ward's study [96], which uses a first-

order approximation, and Kanazawa's equation (Eq. (2.2)). Since the effect of contact angle can 

be neglected for the droplet dimensions considered, the computational predictions and 

experimental results agree well with Eq. (2.8). For small droplets (𝑟𝑑 ≪ 𝑟𝑒), there is a good 
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agreement with Lin and Ward's study. As droplets become larger, the response approaches 

Kanazawa's equation, which is applicable for semi-infinite liquids. 

 
Figure 2.9: (a) Effect of droplet radius on frequency response, normalized to electrode radius and the 

frequency response of a QCM with a semi-infinite liquid (|∆fK|). Error bars represent one standard deviation 

and are smaller than the marker for the first six experimental data points. (b) The frequency response of a 

2.5 µl evaporating sessile droplet compared with radius and contact angle measurements. (c) Visualization of 

an evaporating sessile droplet on 10 MHz QCM. 

 

For large droplets, the contact angle independence and radius dependence was also 

observed in experiments involving evaporation of water droplets on the QCM. In this case, the 

frequency response of the evaporating sessile droplet was determined using a commercial system 

(eQCM, Gamry Instruments) with a 10 MHz AT-cut crystal. Figure 2.9(b) shows the characteristic 

curve of frequency response over time. These experiments were conducted while observing the 

change in the shape of the droplet, as shown in Figure 2.9(c). Visualization allowed monitoring 

the radius of the droplet versus time [133], which is plotted in Figure 2.9(b) along with the 

frequency response. Note that similar curves were also reported in earlier studies without a 

definitive conclusion regarding the dependence of QCM response on the contact angle [82]–[84], 

[122]. 

The visualization clearly shows a constant contact radius mode of evaporation. From the 

deposition of the droplet until 𝑡 = 200 seconds, the radius measured and shown in Figure 2.9(b) 

is constant during this period while the contact angle changes from almost 80° to 30°. As 

anticipated from the regime map (Figure 2.6(e)) and computational results shown in Figure 2.5(a) 
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and (b), the large variation in the contact angle of a 1 mm-sized droplet produces no discernible 

frequency response of the QCM. As the contact line de-pins and the radius decreases, the frequency 

increases proportionally. This observation agrees with the computational model, which confirms 

that the QCM is ineffective in keeping track of any change in the contact angle for larger droplets 

but is sensitive to changes in the contact area of a droplet. 

2.5 Conclusions 

Although QCMs have been used widely to study droplets on different surfaces, it was not 

clear how the contact angle or wettability of a droplet affects the frequency response of the QCM. 

In this chapter, the roles of droplet contact angle and contact area on the frequency response of a 

QCM were determined using detailed computational modeling supported with experiments. 

The computational model solves the piezoelectric (quartz) and fluid (droplet) domains, 

which allows predicting the frequency response of droplets with different contact angles and radii. 

The model indicates a negligible change in the resonance frequency of the QCM when the contact 

angle of a 10 µm droplet was varied from 30° to 90° on a 10 MHz AT-cut quartz crystal. To see if 

larger droplets show similar behavior, the model predicted the frequency response of water 

droplets with a radius of 10, 100, and 1000 µm and contact angles of 30°, 60°, and 90°. The stress 

profiles at the droplet-QCM interface show notable differences when the contact angle is changed 

for these droplets. However, the variations in the stress profiles are confined to the contact line 

region of the droplet and less prominent compared to the overall stress exerted at the droplet-QCM 

interface. Hence, the QCM would not sense any change in the contact angle. However, it is quite 

sensitive to changes in the droplet radius. 

The conditions suitable for sensing variations in the droplet contact angles were found to 

depend on the viscous decay length, 𝛿. By comparing the droplet geometry with 𝛿, it is possible 
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to estimate the range of contact angles that can be sensed by the QCM. This study found the 

measurable range of contact angles to be 0 < 𝜃 < 2 cot−1(𝑟𝑑/𝛿) Consequently, for large droplets, 

the QCM response depended mainly only on the droplet radius. Using visualization of evaporating 

droplets, we found similar behavior in experiments, wherein no change in frequency was observed 

when the droplet was pinned, and the contact angle was decreasing. However, the resonance 

frequency increased significantly as the droplet receded during evaporation. In summary, this 

chapter provides a more in-depth insight into the role of wettability on the frequency response of 

a QCM, which will allow interpreting data from a QCM accurately to elucidate mechanisms like 

evaporation, condensation, and droplet spreading. 
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3. Quantifying the Evaporation Rate of Sessile Droplets Using a 

Quartz Crystal Microbalance 

This chapter quantifies the evaporation rate of sessile droplets using a quartz crystal 

microbalance (QCM). Specifically, the evaporation of water droplets on a gold-coated flat surface 

exposed to dry nitrogen at different temperatures is analyzed. In this approach, a QCM is used as 

a radius sensor and determine the contact angle by droplet imaging, which calculates the 

instantaneous volume and the evaporation rate. For comparison, evaporation using computational 

modeling and an experimental technique based on droplet imaging alone is quantified. In general, 

the QCM-based approach provided higher accuracy and a better agreement with the model 

predictions than the approach using imaging only. With modeling and experiments, the role of 

droplet self-cooling, vapor advection, and diffusion on sessile droplets’ net rate of evaporation is 

also elucidated. For all the conditions analyzed in this chapter, the evaporation rate was found to 

decrease monotonically. We found this reduction to take place even in the presence of a steadily 

increasing droplet temperature due to a shrinking evaporation area. Considering the vapor transport 

mechanisms occurring in the ambient, we find diffusion to be the rate-limiting process controlling 

the net evaporation rate of the droplet. 

3.1 Introduction 

Droplet evaporation has been studied for over a century, starting with the works of Maxwell 

[1] and Langmuir [2]. The continued interest in this field is due to the role of droplet evaporation 

in applications such as evaporative cooling [12]–[16], fuel combustion [3], [4], inkjet printing [3], 

microfluidics [9], [10], desalination [7], and natural phenomena like dew formation and 

 _________________________________________________________________________________________  

Portions of this chapter previously appeared as: B. Murray, M. J. Fox, and S. Narayanan, “Quantifying the 

evaporation rate of sessile droplets using a quartz crystal microbalance,” J. Appl. Phys., vol. 128, no. 3, Jul. 2020, 

Art. no. 035101, doi: 10.1063/5.0005239. 
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precipitation [4]. Sessile droplet evaporation is a highly coupled heat and mass transfer 

phenomenon, often involving convection and diffusion of heat and vapor into the ambient 

atmosphere and heat conduction through the substrate. Besides, the self-cooling of the liquid 

droplet can result in a temperature gradient, which can lead to thermo-capillary flow [4]. This 

process also depends on other parameters such as the surface topology and chemistry, ambient 

vapor composition, and temperature [4], [28]. 

A quartz crystal microbalance (QCM) can be used to investigate the evaporation of liquids. 

QCMs are resonators consisting of a quartz substrate with metal electrodes. They are used 

extensively in deposition processes as thickness monitors with resolutions better than 1 nm. As 

noted previously (Chapter 2), the high sensitivity to surface phenomena allows the use of QCMs 

to study evaporation [81]–[85] and wetting characteristics of liquids [19]-[35].  

Zhuang and coauthors have also used the QCMs to study droplets. Their studies cover 

different aspects of the interfacial phenomenon, including droplet spreading [99], colloidal 

suspensions [81], and the rheological behavior of complex fluids like silicone oils [107]. However, 

these studies do not consider droplet evaporation. Lee et al. investigated evaporating droplets on 

nanoporous superhydrophobic surfaces [85]. This study found that droplet evaporation from a 

superhydrophobic surface followed a constant contact radius mode in the early stage of 

evaporation and a combination of a constant contact radius and constant contact angle modes 

without a Cassie–Wenzel transition in the final stage. Again, the evaporation rate was not 

quantified.  

Couturier et al. studied the evaporation of water droplets on gold electrodes by obtaining 

the frequency responses at multiple overtones or resonances. Similar to the study conducted by 

Joyce et al., Couturier et al. also note the variation in the frequency when the droplet is pinned 
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versus when it is receding [82]. However, they observed a weak increase in the frequency, although 

the droplet appeared pinned. They concluded that this observation is “related to the edge of the 

droplet,” and there was no quantification of the evaporation rate. Indeed, the QCM response is 

related to the contact line dynamics. However, this aspect was clarified in Chapter 2, wherein the 

frequency response of a QCM loaded with a droplet was predicted using detailed computational 

modeling and experiments [101]. Under most situations involving large droplets, where the droplet 

height is much larger than the viscous decay length, changes in the contact angle alone would is 

imperceptible in the frequency response of the QCM. On the other hand, the QCM is indeed quite 

sensitive to microscopic changes in the droplet radius.  

The prior efforts indicate the potential to use QCMs to study evaporation of various liquids 

[81]–[85], wherein using a QCM in place of a traditional approach may allow for higher sensitivity 

and better resolution. This chapter uses a QCM, for the first time, to quantify the evaporation rate 

of a droplet. Unlike the previous approaches to study evaporation, this study leads to a quantitative 

relationship between evaporation flux and the frequency response of the QCM. Additionally, this 

method allows quantifying the evaporation rate with higher accuracy compared to techniques 

based on imaging alone. This technique is especially useful when a gravimetric approach and 

overhead imaging is infeasible. 

3.2 Background Theory 

The QCM theory in this chapter is based on the relationships investigated in Chapter 2. 

Where QCM response to changes in sessile droplet contact radius is derived and given as Eq. (3.1). 

 

 ∆𝑓 = −𝑓𝑜
3/2

√
𝜌𝜇

𝜋𝜌𝑞𝜇𝑞
(1 − 𝑒−2𝑎𝑟2 𝑟𝑒

2⁄ ) (3.1) 
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Here, Δ𝑓 is the change in resonance frequency (Δ𝑓 = 𝑓 − 𝑓0), 𝑓 is the resonant frequency, 

𝑓0 is the unloaded resonant frequency, 𝜌 is the fluid density, 𝜇 is the fluid viscosity, 𝜌𝑞 is the quartz 

density, and 𝜇𝑞 is the quartz shear modulus. Equation (3.1) describes the frequency shift based on 

the finite contact radius, r, of a fluid on a QCM with electrode radius re. For a large contact radius, 

Eq. (3.1) becomes Kanazawa’s equation, Eq. (2.2). Here, the constant 𝑎 is intrinsic to the QCM. 

Although its value is not precisely determined, multiple efforts have reported values of unity for 

the type of QCM used in this work (Figure 3.1(a)), which is a planar AT-cut crystal with concentric 

keyhole-shaped electrodes [87], [100], [101], [134]. Consequently, 𝑎 =  1 in this work as well. 

However, 𝑎 could have other values since it depends on several factors, including the electrode 

patterns on the QCM and the crystal concavity [87], [100], [134]. This constant could be calibrated 

by placing a series of varying radius droplets at the center of the QCM and measuring their radius 

by other methods, such as overhead imaging and performing a least-squares fit of Eq. (3.1) to 

obtain 𝑎 for a particular QCM [101]. 

Note that Eq. (3.1) does not indicate any contact angle dependence. As found in Chapter 

2, the contact angle is only relevant for microscopically-tiny droplets [101]. For example, for a 

water droplet of diameter 1 mm, using a 10 MHz QCM, changes in the contact angle can affect 

the frequency response only when the contact angle is less than 0.02°. For such low contact angles, 

the droplet height approaches the decay length, δ, which can affect the frequency response. This 

dependence is negligible for large contact angles, and the frequency response is related only to the 

droplet radius. We leverage this knowledge to quantify evaporation using the QCM. 

Moreover, a thin film surrounding a macroscopic droplet can also affect the QCM’s 

frequency response. However, we expect its contribution to the overall frequency response to be 

negligible. For example, for the QCM used in this work, Eq. (3.1) will yield a frequency response 
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of −136 Hz for a 1 mm diameter water droplet. For a thin film surrounding the droplet, with the 

shape of an annulus of inner radius 0.5 mm, outer radius 0.6 mm, and a thickness of 10 nm, the 

frequency response would be −6.8 Hz, using Eq. (6) of Ref. [21] integrated from 0.5 to 0.6 mm 

with an areal mass density of 9.98 mg/m2. In this extreme example involving a 100 μm-wide thin 

film, the total frequency shift would be −142.8 Hz, wherein the contribution from the thin film is 

less than 5%. In reality, the thin film region can be significantly narrower and thinner, having a 

relatively smaller effect on the overall frequency response. Similarly, its contribution is negligible 

when analyzing large droplets. For example, a 100 μm-wide and 10 nm thick film surrounding a 2 

mm diameter droplet will only contribute 2% towards the total frequency response.  

3.3 Experimental Methods 

We use two approaches to calculate the instantaneous droplet volume. The first approach 

is based entirely on droplet visualization (Method 1), and the second approach uses a combination 

of imaging and QCM measurements (Method 2), as listed in Table 3.1. 

Table 3.1: Methods of volume determination. 

 Method 1 (M1) Method 2 (M2) 

Height Imaging Imaging + QCM 

Radius Imaging QCM 

 

Method 1 or M1 is image-based, which uses a single side-view image of a droplet to obtain 

the height as well as the radius. Method 2 or M2 is a QCM-based approach, which uses the 

frequency response to determine the radius, and the side-view image to determine the height. Both 

methods are performed simultaneously for comparison and use the same images for height 

determination. 

For both methods, the calculation of height, ℎ = 𝑟 tan(𝜃/2), assumes a spherical cap, 

where the contact angle, 𝜃 was measured using a goniometer (Ramé-Hart), and droplet radius, 𝑟, 

was obtained from the respective radius measurements. In general, the contact angle approach is 
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not strictly necessary, and height, ℎ could be measured directly from images using a calibrated 

camera or a cathetometer. In this chapter, we use a goniometer to measure contact angles due to 

its high accuracy and sampling rate.  

The goniometer, consisting of a light source and a camera, finds the contact angle and 

droplet radius by finding the liquid-vapor interface by locating the regions that correspond to the 

maximum change in the intensity of light or image contrast. The interface is then fit to a circular 

profile by a least-squares curve fit. The contact angle is found by numerical differentiation at the 

three-phase contact point. The width of the profile at this location determines the radius for M1. 

For accuracy, the droplet dimensions were obtained by scaling the images using a precision 

calibration target.   

The radius measured by the QCM for M2 does not depend on the spherical cap assumption. 

Here, Eq. (3.1) is employed to find the radius. In order to calibrate the QCM, it is submerged in 

deionized water multiple times to obtain the average Δ𝑓, which corresponds to the leading terms 

in Eq. (3.1). In this case, the error the measurement of the leading terms is the standard deviation 

of Δ𝑓 measured in the submersion trials. Eq. (3.1) is then solved to determine 𝑟, the radius of the 

droplet. In each experiment, the unloaded frequency corresponds to the average frequency 

recorded before the deposition of the droplet. 

The spherical cap assumption is a good approximation for droplets with dimensions smaller 

than the capillary length, 𝜅−1 = √𝛾 𝜌𝑔⁄ , where 𝛾 is the surface tension, and 𝑔 is the acceleration 

due to gravity. All droplets examined in this work have dimensions smaller than the capillary 

length for water, which is approximately 2.7 mm. Larger droplets can be considered by replacing 

the spherical cap assumption with an axisymmetric assumption and using the droplet profile to 

determine the height, which along with radius from the QCM, can determine the volume. 
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Evaporation of sessile droplets was studied using a planar 10 MHz AT-cut and polished 

QCM with keyhole-shaped gold electrodes, as shown in Figure 3.1(a). All experiments use 

deionized (DI) water. The frequency of the QCM was monitored and recorded by a commercially 

available system (eQCM, Gamry Instruments). The experiments were conducted by placing the 

QCM inside an enclosure maintained at the desired temperature and moisture, as illustrated in 

Figure 3.1(b). The enclosure was supplied with nitrogen gas at low speeds to displace moist air. 

The humidity in the enclosure was held constant at 0-2%. Temperature measurements indicate a 

constant temperature during the experiment in the enclosure. Measurements were acquired using 

humidity (Honeywell HIH-4000) and temperature sensors (J-Type thermocouples). A manual 

syringe with a 22-gauge needle was used to deposit droplets on the QCM surface. The needle 

entered the enclosure from the top through a 1/8” diameter hole. In this study, water droplets of 

approximately 2.5 µL in volume were deposited onto a QCM. An IR camera (FLIR A655sc) 

monitored the temperature of the QCM during evaporation. Three environmental temperatures (26 

°C, 35 °C, and 40 °C) were investigated to demonstrate the feasibility of using a QCM for 

measuring the evaporation rate of the droplets at different operating conditions. These enclosure 

temperatures, which were also the initial states of the QCM, were maintained by heating the 

enclosure walls and the nitrogen gas supply line.  

The frequency response and the visual and infrared images were recorded as the droplet 

evaporated. The volume of the sessile droplet is calculated as 𝑉 = 𝜋(3𝑟2ℎ + ℎ3)/6 assuming a 

spherical cap, where V, r, and h are the volume, radius, and height of the droplet, respectively. The 

evaporation rate is determined by taking the time derivative of the volume. In order to minimize 

the noise in the calculated derivative of the droplet volume, a piecewise linear fit was applied to 

the raw volume data to determine the evaporation rate. 
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Figure 3.1: (a) Cross-sectional and top views of the QCM - a planar AT-cut crystal with concentric keyhole-

shaped electrodes, loaded with a centrally-placed sessile droplet. (b) Top view of the experimental testbed, 

showing a QCM loaded with a droplet imaged using visual and IR cameras, with additional sensors. Not 

shown is a syringe needle entering the enclosure from the top to deposit a water droplet on the QCM. 

  

3.4 Model Overview 

A computational model was used to compare with the evaporation rates determined by the 

QCM and visualization approach. Assuming evaporation to be quasi-steady, the model determines 

the evaporation rate for a given radius and height. The model, which is symmetric about the xz-

plane, consists of a water droplet on a flat quartz surface surrounded by vapor, as shown in Figure 

3.2. The coupling of the water and vapor domains involves conduction, convection, radiation, and 

evaporation mechanisms, as described below. A commercial finite element software (COMSOL 

Multiphysics® [135]) was used to solve this multiphysical system. 

 
Figure 3.2: The computational domain for modeling evaporation with boundary conditions. The image on the 

right (with hidden walls) shows the QCM placement within the enclosure. The model consists of the QCM 

domain (white), the droplet (blue), and the vapor domain (gray). 

 



44 

 

Since the characteristic velocity and temperature difference is relatively small in the liquid 

domain, heat transfer by convection and radiation are neglected compared to heat conduction, as 

shown in Eq. (3.2). Moreover, thermocapillary flow in small water droplets was found negligible 

by Girard et al. [136]. Therefore, Eqs. (3.2) and (3.3) govern the droplet and QCM domains with 

a velocity of 𝒖 = 𝟎. Heat transfer in the vapor domain occurs by convection and conduction, as 

shown in Eqs. (3.2) and (3.3). For the 35 °C and 40 °C trials, the radiation from the enclosure walls 

on the droplet and QCM is also included, as given in Eq. (3.4). 

 𝒒 =  −𝑘𝛻𝑇 (3.2) 

 𝜌𝐶𝑝𝒖 ∙ 𝛻𝑇 +  𝛻𝒒 =  0 (3.3) 

 −𝒏 ∙ 𝒒 = 𝜖𝜎(𝑇𝑤𝑎𝑙𝑙
4 − 𝑇4) (3.4) 

Here, q is the heat flux vector, 𝑘 is the thermal conductivity, T is temperature, 𝜌 is the fluid 

density, 𝐶𝑝 is the specific heat capacity, and 𝒖 is the velocity vector in the vapor domain. For 

radiation, 𝒏 is the vector normal to the surface, 𝜖 is the emissivity of the surfaces, taken to be 0.95 

in the IR wavelength range, and 𝜎 is the Stefan-Boltzmann constant. The density, specific heat 

capacity, and thermal conductivity above correspond to the respective domains on which Eqs. (3.2) 

and (3.3) are applied. 

In the vapor domain, the temperature and moisture concentration gradients can affect the 

density causing a buoyancy-affected flow. The equations governing this flow are 

 𝜌𝑣(𝒖 ∙ 𝛻)𝒖 = 𝛻 ∙ [−𝑝𝑰 + 𝜇𝑣(𝛻𝒖 + (𝛻𝒖)𝑡)] − 𝜌𝑣𝒈 (3.5) 

 𝛻 ∙ (𝜌𝑣𝒖) = 0 (3.6) 

Here, 𝜇𝑣 is the dynamic viscosity of pure nitrogen gas, g is the acceleration due to gravity, 

𝑰 is the identity matrix, and superscript 𝑡 denotes transpose. The transport of water vapor through 
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nitrogen gas occurs via diffusion and convection, which depends on the nonisothermal flow 

parameters, as shown in Eq. (3.7). 

 𝛻 ∙ (−𝐷𝛻𝑐) + 𝒖 ∙ 𝛻𝑐 = 0 (3.7) 

Here, 𝐷 is the diffusion coefficient, and 𝑐 is the concentration of water vapor in the vapor 

domain. 

The study models evaporation at the liquid-vapor interface as a boundary heat sink to 

account for evaporative self-cooling, as shown in Eq. (3.8), where 𝐿𝑣 is the latent heat of 

evaporation. 

 𝑞𝑒𝑣𝑎𝑝 = −𝐿𝑣 𝐽evap (3.8) 

The evaporation flux, 𝐽evap, is determined from the vapor flux at the liquid-gas interface. 

For this calculation, the vapor concentration at the liquid-vapor interface is the saturation 

concentration corresponding to the interface temperature.  

We solved the governing equations (3.2) to (3.8) with boundary conditions consisting of a 

flow inlet on the left side of the domain with 0% humidity and a velocity (~10 cm/s) parallel to the 

QCM surface (see Figure 3.2). The top, bottom, and right sides of the computational domain are 

flow outlets representing atmospheric pressure. The xz-plane represents the plane of symmetry. 

The QCM and droplet surface represent no-slip boundaries. All the required temperature-

dependent material properties were obtained from Ref. [54], except for the specific heat capacity 

of quartz, which was obtained from Ref. [55]. The density of dry nitrogen, 𝜌𝑁2
, was modified to 

include moisture, as shown in Eq. (3.9), where 𝑀𝑊 and 𝑀𝑁2  are the molar masses of the water 

vapor and nitrogen gas, respectively. The thermal conductivity, specific heat capacity, and 

viscosity of the vapor domain were assumed to be the same as pure nitrogen gas since the effect 

of moisture on these properties will be less than 2% [139]. All properties used in the computational 
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model were temperature-dependent except for the thermal conductivity and density of quartz, 

which was assumed constant. 

 𝜌𝑣  =  𝜌𝑁2
+ 𝑐(𝑀𝑊 − 𝑀𝑁2

) (3.9) 

3.5 Results 

3.5.1 Frequency Response of the QCM Loaded with Evaporating Droplet  

Figure 3.3(a) shows the normalized frequency response, ∆𝑓 |∆𝑓𝑚𝑎𝑥|⁄ =

(𝑓 − 𝑓𝑜) (𝑓𝑜 − 𝑓𝑚𝑖𝑛)⁄ , of evaporating droplets at different temperatures. The normalized frequency 

was obtained from raw data shown in Figure 3.3(b). After deposition, the first stage of evaporation 

results in a relatively constant frequency response even as the droplet is evaporating until the 

frequency begins to increase to reach the unloaded resonant frequency (∆𝑓 = 0). 

 
Figure 3.3: The measured frequency response during evaporation of a water droplet into a dry nitrogen 

stream at 26 °C, 35 °C, and 40 °C, with the droplet deposition occurring at t = 0 s. (a) Normalized frequency 

response using the maximum frequency shift seen in each trial, and (b) the measured frequency. 

 

In general, we can classify the frequency response into two regions, namely to the constant 

contact radius (CCR) and the variable contact radius (VCR) modes of evaporation. Note that 

similar behavior was seen in previous studies as well. For example, Picknett and Bexon [29] had 

described the evaporation of droplets in the constant contact angle and constant contact radius 

modes in their study. The transition from a nearly constant frequency to an increasing frequency 
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response is not surprising since Eq. (3.1) indicates that only changes in radius affect the frequency 

response. During evaporation, the CCR mode lasts until the contact angle reaches the receding 

contact angle. At this point, the droplet begins to recede (VCR mode), and the frequency begins to 

increase. Furthermore, higher temperatures result in faster evaporation of the water droplet. This 

variation is evident in Figure 3.3(a), based on the total time taken for the normalized frequency to 

return to zero. We also observe a proportional decrease in the duration of evaporation in the CCR 

mode with increasing temperature. The VCR mode may involve a constant contact angle – 

however, this depends on various factors, including surface wettability and roughness. In this case, 

the VCR mode typically ends with a simultaneous decrease in both the contact radius and the 

contact angle. This aspect is evident in Figure 3.4, which shows the variations in the contact angle, 

height, and contact radius of the droplets obtained using both methods (M1 and M2). 

3.5.2 Comparison of QCM and Imaging-based Characterization 

Figure 3.4 shows the transition from the CCR to the VCR mode of evaporation with both 

methods M1 and M2, indicating when the droplet begins to recede. Although the radius and height 

calculated from M1 and M2 generally agree, minor differences do exist. For example, Figure 3.4(a) 

shows a case where the variations of the radii from M1 and M2 do not agree between 450 to 600 

seconds. The radius seen from the image (M1) drops quickly and then becomes stable, whereas 

the radius from the QCM (M2) is steadily decreasing. These differences mainly arise from the 

calculation of the droplet radius based on an image cross-section, which may not always coincide 

accurately with the droplet center. Besides, the shape of the droplet contact area may also deviate 

from being perfectly circular and symmetric. However, these issues do not affect the QCM 

response since it responds to any variations in the contact area of the droplet. Thus, the effective 

 



48 

 

radius determined by M2 monotonically decreases and captures the real change in the contact area 

of the droplet.  

 
Figure 3.4: Visual images of the droplet from the side for experiments conducted at (a) 26 °C, (b) 35 °C, and 

(c) 40 °C.  The radius and height measurements (left axis) from image analysis (M1) and the QCM-based 

(M2) approaches. The contact angle measured using the goniometer (±𝟎. 𝟏°) is also shown (right axis). 

Vertical dashed lines correspond to the time points for the visual images above. The uncertainties in the 

measurements of radius and height vary throughout evaporation, with average values of ±𝟖. 𝟗 𝝁m and ±𝟑. 𝟖 

𝝁m for M1, and ±𝟐. 𝟐 𝝁m and ±𝟏. 𝟒 𝝁m for M2, respectively. 

 

Figure 3.5 shows the precision in the radius measurement using M1, wherein the typical 

error in the radius measurements is ~10 µm. The error depends on the transition of the pixel color 

in each image at the edge of the droplet from black to white. This calculation involves taking a 

gradient of the grayscale image across the widest part of the droplet, which results in two peak 

values at the corners of the droplet. The separation of the peaks determines the diameter of the 
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droplet. The half-width of each peak quantifies the error in determining the diameter, and in turn, 

the radius. This calculation does not account for any deviation of the focal plane from the exact 

center of the droplet, which would be the case when the droplet is not perfectly circular, central, 

and symmetric. For M2, the QCM response is directly related to the amount of area occupied by 

the droplet [101]. Hence, the QCM does not require the precise measurement of two edges of the 

droplet. Using the frequency response of the QCM, the radius is measured with an error of ~2 µm, 

which is found by the propagation of uncertainty using Eq. (3.1).  

 

Figure 3.5: The image of a droplet in the 40 °C trial at 133 seconds after deposition on the QCM. The inset 

shows a higher magnification image demonstrating the challenge in resolving the contact line region with 

high accuracy (~𝟏𝟎 𝝁𝐦). 

 

Using the radius and height measured by M1 and M2, Figure 3.6 shows the corresponding 

volumes throughout the evaporation process for each method and the respective temperatures. The 

volume versus time graphs are nearly linear; however, towards the end of the evaporation, the 

slope decreases, and the variation is non-linear. Both methods capture the decreased drop lifetime 

with increased temperature. The difference in the uncertainty of volumes measured using the two 

methods is directly related to the accuracy of measuring the radius of the droplet since the contact 

angle is measured using the goniometer in both M1 and M2.  Hence, M2 is more accurate than M1 

due to higher accuracy in its radius measurements. While Figure 3.6 includes error bands, they are 

not easily noticeable. For comparison, Figure 3.7 shows the error magnitudes using the two 

methods.  
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Figure 3.6: The change in droplet size normalized by the initial volume (~2.5 µL), using methods M1 and M2, 

for experiments conducted at different temperatures. Error bands, while too small to be noticeable, were 

calculated by the propagation of uncertainties in the measurements of radius and height. 

 

Figure 3.7 shows how the imaging approach of finding the radius in M1 and M2 can affect 

the error in the volume measurement. While the error in each trial has a consistent pattern, M2 is 

generally more accurate than M1. In the initial stages of evaporation, the normalized error of the 

image-based M1 is approximately 0.03 when the droplet is large, while the normalized error of the 

QCM based M2 is around 0.005, six times more accurate even though both methods share the 

same contact angle information and the radius measurement for M2 is only four times more 

accurate than M1. This difference is because the propagated error in the volume measurement is 

more dependent on the measured radial error than the contact angle error. 

 
Figure 3.7: Error in the normalized volume shown in Figure 3.6. The error in M1 is more significant than the 

error in M2 for all experiments. 
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3.5.3 Quantifying Evaporation Dynamics Using QCM and Imaging 

In order to determine the evaporation rates, linear segments are fit to the volume curves 

shown in Figure 3.6. Figure 3.8 shows the normalized evaporation rate of the droplets at different 

temperatures using both M1 and M2. We calculated the evaporation rates using different volume 

vs. time data segments and conducted a weighted least-squares linear regression. These segments 

are small enough to capture the decreasing trend in the evaporation rate. The weights, w, for each 

data point were calculated using the corresponding uncertainty in volume, δ, as 𝑤 = 𝛿−2. Hence, 

the weight for each data point (i.e., volume) is inversely proportional to the uncertainty in the data 

point. Then an iterative approach described by York [140] was used to determine the slope and its 

standard error for each line segment. The error bars in Figure 3.8 represent the standard errors of 

the slope of the best fit line obtained by the weighted least-squares linear regression.  

Figure 3.8 also shows the evaporation rate predicted by the computational model for 

different temperatures. Initial testing of the computational model showed little difference in results 

between using M1 or M2 droplet shapes. Hence, the droplet geometry in the quasi-steady model 

used the higher accuracy height and radius measurements from M2. In general, the evaporation 

rate decreases as the droplets get smaller, as seen in previous work [30]. During the initial stages 

of the CCR mode, the evaporation rate decreases slowly due to the decreasing contact angle with 

a nearly constant radius. Subsequently, the evaporation rate beings to increase in the VCR mode 

since the droplet radius is also decreasing. This transition occurs at approximately 385 s, 255 s, 

and 175 s for the 26 °C, 35 °C, and 40 °C trials, respectively.  

The rates calculated by both the experimental techniques show a similar trend to that of the 

computational model, although in general, M2 follows the model predictions more closely. Early 

in the CCR stage, when the droplet is large, the evaporation rate calculations by M1 and M2 are 
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similar and match the model predictions. However, as the droplet contracts, both M1 and M2 

deviate from the model predictions to different extents, as shown in Figure 3.8. We find M2 to be 

closer to the model predictions than M1 based on the cumulative deviation evaluated as the root 

mean square error or √(∫(�̇�𝑀 − �̇�𝐶)2𝑑𝑡)/∆𝑡, where �̇�𝑀 is the normalized evaporation rate 

measured using either M1 or M2, �̇�𝐶 is the rate predicted by the computational model, and ∆𝑡 is 

the total duration. Table 3.2 compares the root mean square errors for M1 and M2 for different 

experiments. Here, the measured evaporation rate was linearly interpolated to match the time 

points of the model predicted evaporation rate so that integration could be performed. Considering 

all the data points, the closest agreement between M2 and the model prediction is in Figure 3.8(b) 

(35 °C). Over the three trials, the average root mean square error of M1 is approximately 40% 

greater than the average error of M2.  

 
Figure 3.8: A comparison of the evaporation rates obtained from both methods with the computational 

predictions during different experiments. 

 

The deviations seen in the measurements from the model could be due to multiple reasons. 

The deviations in the evaporation rate using M2 could arise from the estimation of the contact 

angle, which requires imaging. Furthermore, the droplets could be receding unevenly or non-

uniformly towards the center of the QCM, as observed in the IR imaging (Figure 3.9(a)). The QCM 

sensitivity is also known to decrease away from the center, which can affect the analysis of large 
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droplets. In the case of M1, the significant variations in the evaporation rate could arise from an 

incorrect estimation of the volume using only images. This variation can be significant for M1 as 

the droplet reduces in size since it fails to capture the geometry accurately; however, we see a 

better agreement between M2 and the model predictions due to the use of QCM to determine the 

droplet radius.  

Table 3.2: Root mean squared error in the normalized evaporation rate for each method, × 𝟏𝟎𝟑. 

 26 °C 35 °C 40 °C Average 

M1 0.051 0.101 0.209 0.121 

M2 0.056 0.039 0.166 0.087 

 

We also want to note that the computational model simplifies the complex nature of flow 

around the QCM, which could fail to capture any deviations in the evaporation rate due to subtle 

variations in the flow field, sudden pinning, and de-pinning effects, causing disturbances in the 

boundary layers surrounding the droplet. In summary, although we see a general agreement in 

rates obtained using M1, M2, and model predictions, each procedure has its inherent limitations. 

Nevertheless, a combination of imaging, the frequency response of the QCM, and computational 

modeling could lead to a better understanding of factors affecting the evaporation behavior of 

liquids.  

3.5.4 Effect of Self-cooling and Evaporation Area 

In each trial, the droplet temperature decreases due to evaporation-induced cooling. As the 

quartz substrate is insulating and has a small thermal mass (relative to the heat of vaporization), 

the droplet and the QCM provide the energy required for evaporation. This heat transfer results in 

a rapid decrease in the internal energy, and consequently, the temperature of the droplet and the 

quartz substrate, which is illustrated by infrared images of the QCM (Figure 3.9). As the droplet 

decreases in size, the temperature increases gradually back to the initial temperature of the QCM.  
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From Figure 3.8, we note that the evaporation rate decreases as the droplet becomes 

smaller, causing less evaporative self-cooling. This decrease allows the droplet and the QCM to 

gain energy from the ambient nitrogen stream, causing an increase in the temperature. The QCM 

temperature, which can be a proxy for the droplet temperature, is shown in Figure 3.9(d). Here, 

the exposed quartz surfaces consisting of areas not coated with gold electrodes allow estimating 

the average temperature of the QCM from the IR images. The self-cooling of the droplet, and by 

extension, the QCM is evident in the temperature variation shown for each trial. As the ambient 

temperature increases, the evaporation rate and the rate of self-cooling increase, causing a more 

substantial decrease in the average temperature of the QCM.  

 
Figure 3.9: The infrared images of the quartz substrate and the shrinking droplet at an oblique angle of 45° 

from the surface normal at a distance of 15 cm, when (a) 𝑻𝒐 = 26 °C, (b) 𝑻𝒐 = 35 °C, and (c) 𝑻𝒐 = 40 °C. (d) 

The change in the temperature of the quartz substrate during different experiments. An emissivity of quartz 

(0.95) was assumed over the entire image to quantify the temperature of the quartz substrate. Due to this 

assumption, the temperature variation of the droplet and the gold electrode, indicated in (a) to (c), is only 

qualitative. 

 

It should be noted that the droplets were deposited at 26 °C for each experiment. However, 

the instantaneous droplet temperature is difficult to determine by IR imaging due to the angular 

dependence of emissivity [141], non-zero transmissivity, and the variable thickness of the water 

droplet. Considering the thermal time constant of the droplet (~1 s), we expect it to equilibrate 

with the quartz substrate relatively quickly, thus enabling the use of quasi-steady modeling of 

droplet evaporation. In order to confirm this behavior, we conducted a three-dimensional thermal 

diffusion analysis to predict the temperature of the droplet and the QCM. Figure 3.10 shows the 
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predicted variation in the temperature of the droplet and the QCM when the ambient temperature 

is 35 oC. In this case, after depositing a droplet, initially at 26 oC, the system reaches a quasi-

equilibrium state in 5 s. Initially, a finite temperature difference of 9 °C exists between the QCM 

and the evaporating droplet, which subsequently approaches 3 °C after 5 seconds. As the droplet 

evaporates, the temperature difference between the QCM and the droplet decreases further, as 

shown in the IR images (Figure 3.9(b)) and the computational results described in Section 3.5.5, 

where the droplet approaches the QCM temperature.  

 
Figure 3.10: The volume-averaged temperature of the QCM and the droplet immediately following the 

deposition of the droplet. The insets show temperature contours at various time points (dotted vertical lines). 

The legend for the contour plots is in oC. 

 

This analysis shows that after initial equilibration, the droplet temperature follows a similar 

trend as the quartz substrate temperature, which is important since it affects the evaporation flux 

at the liquid-vapor interface. Figure 3.11 superposes the volumetric evaporation flux (mm3/s/mm2) 

on the average substrate temperature for different experiments, indicating that the evaporation flux 

follows the temperature variation and shows a similar trend. And as expected, a higher temperature 

corresponds to a larger evaporation flux and a shorter droplet lifetime. Although the overall trends 

are similar, unlike the gradual rise seen in the average temperature of the substrate, we can see 

minor deviations in the evaporation flux. As mentioned earlier, these deviations can be due to the 

non-idealities, which include pinning-depinning effects, and non-centric droplet evaporation that 
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can affect the imaging accuracy. Such aspects are not captured in the computational model, which 

assumes ideal evaporation of a centrally-located droplet on the quartz substrate. More importantly, 

we can see that the average evaporation flux (mm3/s/mm2) increases (Figure 3.11), but the net 

evaporation rate (mm3/s) decreases (Figure 3.8). These trends indicate that the decrease in the net 

evaporation rate observed in the experiments is due to the reduction in the liquid-vapor interfacial 

area available for evaporation. 

 
Figure 3.11: The volumetric evaporation flux and the average temperature of the quartz substrate as a 

function of time for different experiments. 

 

3.5.5 Role of Vapor Advection and Diffusion 

Figure 3.12 shows the predicted temperature and vapor concentration distributions at three 

time-points for the 35 °C trial. Initially, the temperature contours on the droplet, and the QCM 

surface show large gradients (Figure 3.12(a)), which decreases with time (Figure 3.12(c)). The 

minimum temperature of the droplet in Figure 3.12(a) is 28.5 °C. The large temperature gradients 

agree with those viewed with the infrared camera (Figure 3.9(b)), where the minimum droplet 

temperature is approximately 30 °C, and the QCM temperature is uniform.  

The local cooling of the droplet affects the vapor concentration at the surface of the droplet, 

lowering the concentration gradients in the vapor, a contributing factor to the decreasing net 

evaporation rate over time (Figure 3.8(b)). Subsequently, the droplet and the QCM do gain energy 

from the ambient, which results in a steady rise in temperature. As the temperature gradients 
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decrease, the droplet approaches the QCM temperature (Figure 3.12(c)). This steady rise in droplet 

temperature should enhance the local evaporation flux. Meanwhile, a continuous decrease in the 

droplet size lowers the net evaporation area. For the experiments conducted in this study, the net 

result of these competing effects was an evaporation rate that continually decreased, as shown in 

Figure 3.8(b). In other words, the increase in the droplet temperature did not have as much effect 

as the decreasing surface area of the droplet. Indeed, Figure 3.8(a) and (c) demonstrate non-

monotonicity in the evaporation rate. However, this variation is not due to the droplet temperature. 

Any change in droplet temperature would be reflected in the QCM temperature because of the low 

heat capacity of the quartz crystal, ~48 mJ/K. In Figure 3.9(d), the QCM temperature is either 

constant or monotonically increasing. Therefore, the droplet temperature must also be monotonic. 

Hence, the non-monotonic variations in the evaporation rate are due to other effects described 

earlier.  

In Figure 3.12, the contours of the vapor concentration, as relative humidity (RH), are also 

shown as projections on the computational boundaries. The disturbance from the inlet velocity 

skews the concentration profiles to the left. While vapor advection distorts the RH contour at 10%, 

the inner contour rings (higher RH values) are nearly circular, indicating that vapor transport near 

the droplet surface is not significantly affected by vapor advection but controlled by vapor 

diffusion. This behavior can also be explained based on the mass transfer Peclet number, 𝑃𝑒 =

𝑢𝑑/𝐷, where u, d and D denote free stream velocity, droplet diameter, and vapor diffusivity in air, 

respectively. In this case, 𝑃𝑒~10 for a substantial duration of evaporation. Hence, any disturbance 

in the low-speed ambient gas flow is small and only affects the evaporation rate slightly. 

Finally, although the predicted evaporation rate trend is in agreement with M2, the quasi-

steady computational model cannot capture non-ideal environmental factors such as changes in 
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the flow patterns. Additionally, the non-ideal behavior of the droplet, such as contact line de-

pinning, is not captured using the computational model. Such non-ideal phenomena can influence 

the observed rates of evaporation, and the QCM can capture these effects because of its highly 

accurate determination of radius. This capability makes the QCM a reliable tool for capturing the 

evaporation rate of sessile droplets. 

 
Figure 3.12: Temperature and relative humidity (RH) contours for 35 °C trial at (a) 74.5 s, (b) 227.5 s, and (c) 

337.6 s. Temperature contours are shown on the droplet and QCM surface, while relative humidity contours 

are shown on the plane of symmetry and the boundaries of the computational domain. 

 

3.6 Conclusions 

Evaporation of droplets is an essential phenomenon with wide-ranging applications. 

Therefore, understanding the role of various factors affecting evaporation dynamics is crucial. 

Although quartz crystal microbalances (QCMs) have been used to study droplets and evaporation, 

previous studies have not used QCMs to quantify the evaporation rates of liquids. This work 

quantifies the evaporation of water droplets by combining QCM and droplet imaging. We make 

use of the QCM to measure the instantaneous radius of a sessile droplet while the droplet 

visualization provides the contact angle. These measurements allow the calculation of droplet 

volume and the evaporation rate. In order to test the validity of this approach, we compare the 

evaporation rate obtained using the QCM with model predictions and a technique using imaging 
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only. We also discuss the physics governing the evaporation process for the conditions analyzed 

in this chapter.  

This study uses a dry nitrogen stream at different temperatures to cause evaporation. In all 

environments, although the evaporation rate obtained by the image-based and the QCM-based 

approach generally agree, they start to differ as the droplet volume decreases. We also found that 

the QCM results follow the monotonic variation in the evaporation rate predicted by the 

computational model. Compared to the imaging-only approach, the QCM provides a better match 

with the model predictions due to higher accuracy in determining the droplet radius, and 

consequently, droplet volume and evaporation rate. This work shows that a QCM is a useful tool 

for determining the sessile droplet evaporation rate through its application as a high accuracy 

radius sensor, especially in environments where gravimetric or overhead imaging is not possible. 

In this work, the QCM approach captures the enhancement in the evaporation rates when 

the water droplet is in a nitrogen stream of higher temperatures. With infrared imaging and 

computational modeling, we study the effects of droplet self-cooling, heat transfer with the 

ambient, and droplet size on the net evaporation rate. Due to the relatively low thermal mass of 

the QCM, depositing droplets of low temperature and subsequent evaporation can result in 

significant thermal gradients. After some time, these gradients become less prominent due to heat 

transfer from the ambient. Although this heat transfer results in a steady increase in the droplet 

temperature, which supports a rising evaporation flux, it is not sufficient to offset the effect of the 

shrinking area of evaporation. Hence, we observe a decreasing trend in the overall evaporation 

rate. With droplets of diameter ~1 mm, evaporating into dry nitrogen atmospheres at 25 to 40 °C, 

we found vapor diffusion to be the rate-limiting mechanism. We find the QCM-imaging combined 

approach to introduce less error into the quantifying of the evaporation rate than using droplet 



60 

 

visualization only. Additionally, this approach provides better accuracy as the droplet shrinks in 

size. This technique is especially useful for elucidating the evaporation phenomenon when 

overhead imaging or gravimetric approaches are not viable. Furthermore, while this chapter 

quantifies the evaporation of pure water into a dry nitrogen environment, similar techniques can 

be used in the presence of active heating, humid environments, and liquid mixtures to elucidate 

the evaporation process. 
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4. Analyzing Interfacial Transport for Water Evaporating into Dry 

Nitrogen 
 

Designing air-water systems for industrial applications requires a fundamental 

understanding of mass accommodation at the liquid-vapor interface, which depends on many 

factors, including temperature, vapor concentration, and impurities that vary with time. Hence, 

understanding how mass accommodation changes over a droplet’s lifespan is critical for predicting 

the performance of applications leveraging evaporation. In this chapter, experimental data of water 

droplets on a gold-coated surface evaporating into dry nitrogen is coupled with a computational 

model to measure the accommodation coefficient at the liquid-vapor interface. We conduct this 

measurement by combining macroscopic observations with the microscopic kinetic theory of 

gasses. The experiments utilize a sensitive piezoelectric device to determine the droplet radius with 

high accuracy and imaging to measure the droplet contact angle. This setup also quantifies the 

trace amounts of non-volatile impurities in the droplet. For water droplets evaporating in a pure 

nitrogen stream, the accommodation coefficient directly relates to vapor flux over the droplet’s 

surface and is affected by the presence of impurities. We obtained a surface-averaged 

accommodation coefficient close to 0.001 across multiple water droplets evaporating close to room 

temperature. This quantification can aid in conducting a more accurate analysis of evaporation, 

which can assist in the improved design of evaporation-based applications. We believe the 

modeling approach presented in this work, which integrates the kinetic theory of gases to the 

macroscale flow behavior, can provide a basis for predicting evaporation kinetics in the presence 

of extremely dry non-condensable gas streams.  

 _________________________________________________________________________________________  

Portions of this chapter previously appeared as: B. Murray, M. J. Fox, and S. Narayan, “Analyzing interfacial 

transport for water evaporating into dry nitrogen,” Appl. Therm. Eng., vol. 202, Feb. 2022, Art. no. 117910, doi: 

10.1016/j.applthermaleng.2021.117910. 
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4.1 Introduction 

The evaporation of water in dry air is a commonly occurring phenomenon in nature and 

industrial applications. Hence, droplet evaporation has undergone extensive investigation for more 

than a century, beginning with Maxwell’s [1] and Langmuir’s [2] pioneering works. Nevertheless, 

there is continued interest in evaporation for its role in applications such as fuel combustion [4]–

[6], microfluidics [9], [10], desalination [7], inkjet printing [3], spray cooling, fire suppression [8], 

and DNA synthesis [11]. Particularly, evaporative cooling [12]–[19] has gained significant interest 

in recent years for managing heat in various applications. However, enabling high flux evaporation 

requires a fundamental understanding, especially for determining the rate-limiting transport 

mechanism, which in many cases can be the transport across the liquid-vapor interface.  

One of the critical unknown parameters in calculating the transport across the liquid-vapor 

interface is the mass accommodation coefficient (AC), which controls evaporation kinetics. In 

general, prior experiments have shown that ACs for non-polar substances are close to unity. At the 

same time, ACs for water can span orders of magnitude from 0.001 to 1, as noted by multiple 

authors [20]–[23]. The reasons attributed to this wide range in AC often include varying definitions 

of ACs [24], experimental conditions and procedures, and dissolved impurities [20], [21], [25]. 

Also, it is challenging to determine the physical quantities necessary to quantify AC, such as 

pressure [20] and temperature [26] near the interface [26]. This challenge is often addressed by 

data extrapolation [20]. While these issues can result in the inaccurate prediction of evaporation 

and a wide range of AC, accounting for the presence of non-condensable gas during evaporation 

introduces more challenges.  

Like single-component systems, multi-component systems, such as air-water, are common 

in many industrial applications. For example, air-liquid binary systems are relevant in electronic 
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cooling [42], water desalination [43], climate control [44], [45] and water harvesting systems [46]. 

However, the theoretical framework for single-component systems does not hold for binary 

systems, wherein one of the components could be non-condensable. In this regard, prior studies 

have considered Ar/Ne mixtures using molecular dynamics [48]–[50], and other gas mixtures by 

direct numerical simulation [51]–[54] and theoretical analysis [55]–[57]. Recent work by Ohashi 

et al. [51] investigates higher pressures non-condensable gases in a two-component system of 

equal size and mass. It shows the vaporizing component’s AC to decrease to 𝜎 = 0.1 with 

increasing non-condensable concentration, which aligns with trends observed in experiments [20], 

[21], [58]. Indeed, in all prior studies, the AC was found to decrease with increasing non-

condensable gas concentration. While most efforts consider comparable vapor and non-

condensable gas mole fractions, water evaporation in dry air represents an extreme case of 

relatively low vapor mole fractions (~0.03). This study addresses this extreme case to facilitate 

accurate modeling of similar operating conditions.  

For water evaporating in dry air, heat and mass transfer phenomena are inherently 

inseparable. The conduction and convection of heat and vapor diffusion in the ambient can all play 

significant roles. Besides geometric factors, ambient conditions, and other parameters [4], [27], 

[28], self-cooling during evaporation can cause a temperature gradient leading to surface tension-

driven Marangoni flows [4]. While computational modeling can account for many of these 

accurately [29]–[41], the primary unknown remains to be the treatment of transport across the 

liquid-vapor interface. This work investigates this aspect by considering the evaporation of water 

droplets in a non-condensable gas (nitrogen) atmosphere.  

This work describes a theoretical model to quantify evaporation flux at the liquid-vapor 

interface when water droplets evaporate in a dry environment. We also determine the AC for water 
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by coupling experiments with numerical modeling. As the AC depends on interfacial conditions 

such as temperature, impurities, and ambient vapor concentration, it can change during evaporation 

due to self-cooling of the droplet, accumulation of impurities, and changes in the surrounding gas. 

We quantify these changes during evaporation for determining the AC accurately. The theoretical 

model described in this chapter and the AC measured for water evaporating in dry nitrogen can 

help predict evaporation in similar systems without performing exhaustive experiments and 

computational modeling. We demonstrate this by comparing our model predictions with 

experiments in different settings. Since water evaporation in dry air is a ubiquitous phenomenon 

and crucial in several industrial applications, the theoretical model and the AC determined in this 

chapter can be used as an interface condition in computational models to predict performance 

accurately.  

4.1.1 Theoretical Model for Evaporation of Binary Systems  

At the microscale, the Knudsen layer is the non-equilibrium gas region near the interface 

[142]. This layer, typically described using the Boltzmann transport equation [47], [53], [143]–

[147], controls the interfacial transport of molecules from the liquid to the vapor phase. Other 

approaches to analyze this region to quantify interfacial transport includes statistical rate theory 

[25] and molecular dynamics [24], [48], [59], [142], [148]–[152]. 

In this chapter, we extend the theory of single component evaporation (Eq. (4.2)) to analyze 

multi-component evaporation. Hertz [153] and Knudsen [154] provide the evaporation rate of 

mercury in vacuum based on the equation commonly known as the Hertz-Knudsen Equation.  

 

�̇�′′ = √
𝑚

2𝜋𝑘𝐵
(𝜎𝑒

𝑝𝑠(𝑇𝑙)

√𝑇𝑙

− 𝜎𝑐

𝑝𝑣

√𝑇𝑣

) (4.1) 



65 

 

Here, �̇�′′ is the mass flux, 𝑚 is the mass of a single molecule, 𝑘𝐵 is the Boltzmann constant, 

𝜎𝑒 and 𝜎𝑐 are the evaporation and condensation coefficients, 𝑇𝑙 is the liquid temperature, 𝑇𝑣 is the 

vapor temperature at the edge of the Knudsen layer, 𝑝𝑠(𝑇𝑙) is the saturation pressure evaluated at 

the liquid interfacial temperature and 𝑝𝑣 is the vapor pressure evaluated at the edge of the Knudsen 

layer. Figure 4.1(a) shows the location of 𝑝𝑠, 𝑇𝑙 , 𝑝𝑣 and 𝑇𝑣 relative to the liquid-vapor interface and 

Knudsen layer. It is essential to note that while 𝜎𝑒 and 𝜎𝑐  is not specified independently in several 

studies, a common simplification of 𝜎𝑒 = 𝜎𝑐 = 𝜎 is often made [20], [47], [155]. 

Eq. (4.1) does not include the evaporation flux’s effect on the velocity distribution near the 

liquid-vapor interface. Since this effect is not negligible, Schrage [47] derived Eq. (4.2).  

 

�̇�′′ = 𝜎√
𝑚

2𝜋𝑘𝐵
(
𝑝𝑠(𝑇𝑙)

√𝑇𝑙

−
𝑝𝑣

√𝑇𝑣

Γ(𝜙𝑣)) (4.2) 

 Γ(𝜙) = 𝑒−𝜙2
− 𝜙√𝜋(1 − erf(𝜙)) (4.3) 

Here, 𝜎 is the accommodation coefficient and Γ(𝜙𝑣) is a function of 𝜙𝑣 - the ratio of the 

drift velocity, 𝑢𝑣, to the mean thermal velocity, 𝜙𝑣 = 𝑢𝑣 √2𝑘𝐵𝑇𝑣/𝑚⁄ . This function is a natural 

outcome of Schrage’s selection of a drifting Maxwellian distribution for vapor molecules traveling 

back to the liquid surface [47]. Comparing Eq. (4.1) with Eq. (4.2) in the limit of low evaporation 

rates shows that Schrage’s equation predicts twice the evaporation flux as the Hertz-Knudsen 

equation for an AC of unity [25]. Recent molecular dynamics simulations have shown results in 

line with Schrage’s analysis, and ACs close to unity for a selection of fluids [151], including pure 

water [59], [148], [149] at high evaporation rates.  

Following Schrage’s analysis [47], Eq. (4.4) gives the molar evaporation flux, 𝐽𝑖, for the 

𝑖th gas component. 
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 𝐽𝑖 = 𝜎𝑖√
𝑅

2𝜋𝑀𝑖
(𝑐𝑠

𝑖(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣
𝑖√𝑇𝑣Γ(𝜙𝑣

𝑖 )) (4.4) 

Here, 𝑅, is the universal gas constant, 𝑀𝑖, is the molar mass, 𝑐𝑠
𝑖(𝑇𝑙) is the molar saturation 

concentration evaluated at the liquid temperature and 𝑐𝑣
𝑖  is the molar concentration at the edge of 

the Knudsen layer. The concentrations are related to the pressure by the ideal gas law, 𝑐 = 𝑝 𝑅𝑇⁄ . 

While Eq. (4.3) gives Γ(𝜙𝑣
𝑖 ), 𝜙𝑣

𝑖  is defined for each component of the gas, as shown in Eq. (4.5),  

 𝜙𝑣
𝑖 =

𝐽 𝑐𝑣⁄

√2𝑅𝑇𝑣 𝑀𝑖⁄
   (4.5)  

where the total flux and concentration for the system are 𝐽 = ∑ 𝐽𝑖
𝑖  and 𝑐𝑣 = ∑ 𝑐𝑣

𝑖
𝑖 , respectively. 

Eq. (4.5) is akin to a Mach number, denoting the ratio of the gas velocity, 𝐽/𝑐𝑣, to the mean thermal 

velocity, √2𝑅𝑇𝑣 𝑀𝑖⁄ . 

For evaporation in a binary system of water and nitrogen where each component is denoted 

by the superscripts 𝑊 and 𝑁 respectively, Eq. (4.4) can be expanded into two mass conservation 

equations, Eqs. (4.6) and (4.7). 

 𝐽𝑊 = 𝜎𝑊√
𝑅

2𝜋𝑀𝑊
(𝑐𝑠

𝑊(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣
𝑊√𝑇𝑣Γ(𝜙𝑣

𝑊)) (4.6) 

 𝐽𝑁 = 𝜎𝑁√
𝑅

2𝜋𝑀𝑁
(𝑐𝑠

𝑁(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣
𝑁√𝑇𝑣Γ(𝜙𝑣

𝑁)) (4.7) 

Since nitrogen is the non-condensable gas in this system, its net flux at the interface is zero, 

𝐽𝑁 = 0. While a small amount of dissolved gas is expected in the water droplet, it is negligible. 

For nitrogen at 25 °C, the mole fraction solubility is 1.183 × 10−5 [137]. which indicates that for 

every mole of water evaporated only 1.183 × 10−5 moles of nitrogen leave the droplet. Hence, 𝐽𝑁 

can be taken to be zero when compared with 𝐽𝑊. Furthermore, as the partial pressure of each 



67 

 

component, 𝑝𝑖, must sum to the total system pressure, 𝑝, the concentrations, 𝑐𝑠
𝑁(𝑇𝑙) and 𝑐𝑣

𝑁 can be 

written in terms of the concentrations of water vapor and the total system pressure at the interface 

and at the edge of the Knudsen layer, which results in the following equation. 

 √
𝑇𝑣

𝑇𝑙
=

𝑝𝑣 − 𝑐𝑣
𝑊𝑅𝑇𝑣

𝑝𝑖𝑣 − 𝑐𝑠
𝑊(𝑇𝑙)𝑅𝑇𝑙

Γ(𝜙𝑣
𝑁) (4.8) 

Here, 𝑝𝑖𝑣 is the pressure on the gas side of the liquid-vapor interface. From Eq. (4.8), it is 

clear that the temperature jump across the Knudsen layer, Δ𝑇 = 𝑇𝑙 − 𝑇𝑣, is linked to both the 

pressure difference and concentration difference across the Knudsen layer. With absolute pressure 

close to 105 Pa for systems in atmospheric conditions and the pressure ratio (𝑝𝑣/𝑝𝑖𝑣) nearly unity, 

we assume a constant pressure across the Knudsen layer (𝑝 = 𝑝𝑣 = 𝑝𝑖𝑣). In this work, diffusion 

limited evaporation occurs at the liquid-vapor interface. However, at high evaporation flux, 

pressure-driven flow is possible. Hence, the pressure difference between 𝑝𝑣 and 𝑝𝑖𝑣 is cannot be 

neglected at high flux. Then a change in pressure over the Knudsen layer must be determined by 

another method so that the temperature change over the Knudsen layer can be computed as in Eq. 

(4.8). If the temperature change over the Knudsen layer was assumed zero (Δ𝑇 = 0) Eq. (4.8) 

could be used to determine a pressure difference (𝑝𝑣 − 𝑝𝑣𝑖). 

 
Figure 4.1: (a) Physical system described by the kinetic theory of gases with the Knudsen layer. (b) An 

equivalent computational model that neglects the Knudsen layer but accounts for temperature and 

concentration discontinuities. 
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Providing an accurate value for 𝐽 = 𝐽𝑊 using Eq. (6) is the main challenge for modeling 

evaporation. Since the Knudsen layer thickness is comparable to the mean free path, computational 

models for continuum analysis often neglect the variation of properties across the Knudsen layer 

(Figure 4.1(a)). We use the kinetic theory of gases to account for the temperature and concentration 

variations in the Knudsen layer, which can be incorporated in the computational models as vapor 

concentration and temperature jump conditions, as illustrated in Figure 4.1(b). In this regard, the 

temperature across the Knudsen layer will vary from 𝑇𝑙 to 𝑇𝑣, as determined by Eq. (4.8). While 

Eq. (4.8) can be solved analytically, the solution for 𝑇𝑣 is unwieldy. Here, we propose a 

simplification (see Section B.1) to calculate 𝑇𝑣 as an explicit function of 𝑇𝑙.   

 𝑇𝑣 ≈ 𝑇𝑙 +
2𝑅

𝑝
(𝑐𝑠

𝑊 − 𝑐𝑣
𝑊)𝑇𝑙

2 +
𝑅2

𝑝2
(𝑐𝑠

𝑊 − 𝑐𝑣
𝑊)(3𝑐𝑠

𝑊 − 5𝑐𝑣
𝑊)𝑇𝑙

3 (4.9)  

Equation (9) allows determining the temperature jump using parameters at the liquid-vapor 

interface (𝑇𝑙), and the edge of the Knudsen layer (𝑝, 𝑐𝑣
𝑊), which are related to the variables solved 

by the continuum models, making it possible to analyze evaporation under different operating 

conditions using standard software packages.  

4.2 Methods 

4.2.1 Experimental Technique 

Precise experimental techniques are needed to investigate evaporation and quantify the AC. 

In this study, we monitor the geometry of an evaporating droplet with high accuracy to quantify 

the evaporation rate. In this regard, we use a quartz crystal microbalance (QCM) as an accurate 

sensor to determine the droplet radius and the amount of non-volatile impurity in the evaporating 

water [86], [101]. QCM devices are typically used as film thickness monitors in deposition 

processes with sensitivities close to ng/cm2 (see Section B.1). This high sensitivity to surface 

phenomena makes it a tool of interest for studying the evaporation of droplets [81]–[86] and other 
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wetting and surface phenomena [87]–[92], [94], [96]–[101], [103]–[108]. While the QCM can be 

misunderstood to operate like a typical microbalance, QCMs may not respond to mass changes 

directly but to the acoustic properties of the adjacent media. For example, the shear stress exerted 

by a Newtonian fluid drop on the oscillating surface of the QCM affects its response. Chapter 2 

and 3 showed how QCMs, as a radius sensor, reduce the overall uncertainty in measuring droplet 

volume during evaporation by a factor of six compared to high-resolution visual images alone. 

This chapter uses this previously developed approach.  

Equation (4.10) relates the QCM’s frequency shift to the droplet contact radius, 𝑟𝑑, where 

the QCM electrode radius is denoted as 𝑟𝑒 (Figure 4.2(a)). Here, 𝑎 is an intrinsic constant that can 

vary depending on the type of QCM used. In this case, 𝑎 = 1 since this study uses a planar AT-

cut crystal with concentric keyhole-shaped electrodes (Figure 4.2(a)) [86], [87], [100], [101], 

[134]. 

 Δ𝑓 = −𝑓0

3
2
√

𝜌𝜇

𝜋𝜌𝑞𝜇𝑞
 (1 − 𝑒

−2𝑎
𝑟𝑑

2

𝑟𝑒
2
) (4.10) 

 
Figure 4.2: (a) The top and cross-sectional views of the QCM loaded with a centrally placed sessile droplet. 

The QCM used in this work is a planar AT-cut crystal with concentric keyhole-shaped electrodes. (b) 

Overhead schematic of the experimental chamber and a QCM loaded with a backlit droplet imaged using a 

camera, with additional sensors and the nitrogen inlet. Not shown is the flow outlet directly above the droplet, 

which also allows a syringe needle to enter the enclosure from the top to deposit the water droplet on the 

QCM. 

 

Note that Eq. (4.10) does not indicate contact angle dependence. Our previous work has 

found that contact angle only influences the frequency response for microscopically-thin droplets  
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[101]. For example, the frequency response of a 10 MHz QCM loaded with a 1 mm diameter water 

droplet is only affected by changes in the contact angle when the contact angle is less than 0.02°. 

Thus, the frequency response is mainly related to the droplet radius, where the sensitivity of the 

QCM to radial changes is 1 Hz/µm. Therefore, a QCM can be used as a high-precision contact 

radius sensor to quantify droplet evaporation. Meanwhile, we use droplet imaging to measure the 

change in contact angle during evaporation, as illustrated in Figure 4.2(b).  

Noting that impurities can affect the AC, we use the same setup to quantify the impurity 

content (~nanograms) in the droplet. This aspect is often overlooked with the assumption that the 

evaporating water is pristine, which in many cases is not accurate. However, eliminating all 

impurities is a daunting challenge since even the most pristine sources of water and clean setups 

can consist of microscopic contaminants. During evaporation, the QCM frequency increases 

continuously to approach the unloaded resonant frequency. However, the experiments typically 

result in a slight difference between the initial and final resonant frequencies due to non-volatile 

impurities in the droplet. To determine the non-volatile impurity content, 𝛥𝑚, in the droplet, we 

use Eq. (4.11). The mean frequency, after it stabilizes within 1 Hz, determines the net frequency 

shift. The frequencies, recorded at 5 samples/second, stabilized in the final 30-60 seconds for all 

the trials. In order to use Eq. (4.11), the inner radius of impurity deposition must be known and 

can vary as 0 ≤ 𝑟𝑖 < 𝑟𝑜 giving a low estimate at 𝑟𝑖 = 0 and high estimate at 𝑟𝑖 = 𝑟𝑜. Section B.2 

provides more details on impurity quantification. 

 𝛥𝑓 = −𝐶𝑓

 𝛥𝑚

𝜋(𝑟𝑜2 − 𝑟𝑖
2)

 (𝑒
−2𝑎

𝑟𝑖
2

𝑟𝑒
2
− 𝑒

−2𝑎
𝑟𝑜

2

𝑟𝑒
2
) (4.11) 

The calculation of evaporation rate and AC relies on the accuracy of radial and volumetric 

measurements during evaporation. A combination of droplet visualization and QCM frequency 

measurements achieves this objective. A goniometer (Ramé-Hart 590-U2) provides image-based 
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measurements to determine the droplet’s contact angle over time. The goniometer images a backlit 

droplet and determines the liquid-vapor interface to find the droplet’s contact angle.  

Meanwhile, the frequency response of the QCM determines the droplet radius over time. 

For each experiment, the unloaded frequency of the QCM, 𝑓0 is defined as the mean frequency 

recorded before depositing the droplet. The QCM is periodically calibrated by submerging it in 

deionized water to obtain a frequency shift relative to its operation in the air. This frequency shift 

corresponds to the leading terms in Eq. (4.10). With these values, the radius of the droplet, 𝑟𝑑, can 

be determined using Eq. (4.10).  

The height, ℎ, of the sessile droplet is calculated as shown below (Eq. (4.12)), assuming a 

spherical cap, where 𝜃 is the contact angle obtained from the goniometer. The volume, 𝑉, of the 

sessile droplet is calculated as Eq. (4.13). Both Eq. (4.12) and Eq. (4.13) are geometrical 

relationship of a spherical cap. The droplet radius is less than the capillary length for water. The 

droplets are also large enough to neglect the extension due to disjoining forces. Hence, the 

spherical cap assumption used in this chapter is reasonable. Section B.2.1 contains additional 

details supporting this assumption. 

 ℎ = 𝑟𝑑 tan
𝜃

2
 (4.12) 

 𝑉 =
𝜋ℎ

6
(3𝑟𝑑

2 + ℎ2) (4.13) 

The time derivative of the volume (𝑑𝑉/𝑑𝑡) gives the volumetric evaporation rate (�̇�). The 

average evaporation flux,  𝐽�̅� can be calculated as the ratio of the volumetric rate and droplet 

surface area, �̇�/𝐴, where 𝐴 = 𝜋(𝑟𝑑
2 + ℎ2). A piecewise linear fit was applied to the raw volume 

data to minimize the noise in the calculated volume derivative and determine the evaporation rate.  
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Uncertainty analysis is carried out on each experimental parameter, which is then used in 

conjunction with sensitivity analysis of the computational model to determine the uncertainty in 

the resulting AC. Further detail can be found in Section B.4.  

4.2.2 Experimental Procedure  

All experiments involved a cleaning procedure for the QCM to ensure a clean crystal 

surface. The cleaning procedure consisted of a series of sonication steps in various solutions, 

including 50 mM NaOH, 1 part Toluene to 2 parts Acetone, Acetone, Isopropyl Alcohol, and 

finally DI water. The QCM was suspended in each of these solutions for at least 5 minutes. In 

between sonications, the QCM was washed via a syringe with the next solution. After finishing 

the DI water sonication, the QCM was dried using a pure nitrogen gas stream, then placed into the 

sealed chamber until measurements began.  

Experiments to evaluate the AC of sessile droplets were conducted inside an enclosure 

(Figure 4.2(b)) maintained at room temperature. The temperatures recorded with ±0.5 ℃ 

uncertainty indicated a constant temperature in the enclosure during experiments. Nitrogen gas 

was supplied to the enclosure at low speed, with the flow rate recorded using a rotameter (±5 L/hr 

uncertainty). The nitrogen flow allowed displacing moisture in the enclosure to maintain a constant 

humidity of 0%–2%. Ultrahigh purity nitrogen gas (99.999% N2, Airgas) was chosen as the process 

gas for its consistency in properties and similarity to dry air that is typically used in industrial 

applications. Humidity and temperature measurements were acquired using Honeywell HIH-4000 

and J-Type thermocouples, respectively. The humidity sensor and a thermocouple were placed in 

the upstream flow to capture the inlet conditions and a second thermocouple was placed in the 

downstream flow. Contact angle measurements took place using transparent enclosure windows, 

as illustrated in Figure 4.2(b). Experiments used deionized (DI) water with evaporation residue < 
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1 ppm (HiPerSolv, VWR). Droplets approximately 2-4 μl in volume were deposited onto the QCM 

via a manual glass syringe equipped with a clean 22-gauge stainless steel needle entering the 

enclosure through a 1/8 in. diameter hole directly above the center of the QCM. The droplets were 

initially at ambient temperature and pressure. This 1/8 in. diameter hole also served as an outlet 

for vapor flow. The frequency response of the planar 10 MHz AT-cut polished QCM with keyhole-

shaped gold electrodes (Figure 4.2(a)) was recorded using an eQCM system (Gamry Instruments). 

The gold-coated surface was chosen for inertness and reusability to get consistent wetting 

dynamics.  

The QCM measurements include recording frequency several minutes before droplet 

deposition to form a reliable baseline frequency. The droplet was then deposited onto the center of 

the QCM. Frequency, humidity, and temperature measurements were recorded throughout the 

deposition and evaporation process. After droplet deposition, the droplet was brought into focus 

using the goniometer to continuously record the contact angle for the duration of the experiment. 

Data acquisition was completed approximately 60 seconds after the droplet had evaporated 

completely and the frequency response of the QCM plateaued. All measurements were then 

stopped, and the QCM remained in the sealed chamber until the next experiment.  

4.2.3 Computational Modeling  

The computational model supplements the experiments to quantify the AC. Assuming 

quasi-steady evaporation, the computational model determines the temperature, pressure, and 

vapor concentration in the ambient for a droplet undergoing evaporation in a dry environment. The 

quasi-steady assumption in this model involves a static droplet geometry, and solving for a 

stationary solution. The applicability of this assumption is discussed in Section B.3.4. As 

mentioned earlier, the model does not explicitly solve the Knudsen layer but considers jumps in 
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properties (temperature, vapor concentration) based on the kinetic theory of gases. Thus, it 

combines evaporation, conduction, convection, and radiation mechanisms in the water and 

surrounding gas domains using the finite element method framework provided by COMSOL 

Multiphysics software® [156]. More details regarding the model, including a schematic of the 

computational model, boundary conditions, material properties, and uncertainty analysis, are 

contained in Section B.3.  

Fourier’s law (Eq. (4.14)) and conservation of energy (Eq. (4.15))  govern heat transfer in 

the solid, liquid, and vapor domains. In the liquid domain, since the characteristic temperature and 

velocity gradients are relatively small, convection and radiation are negligible compared to heat 

conduction. Although thermocapillary effects can cause flow inside droplets, these effects are 

negligible for tiny water droplets and small evaporation rates [136]. Therefore, the velocity in the 

liquid domain was taken as 𝒖 ≈ 0. In the vapor domain, heat transfer by convection is considerable 

and is governed by Eqs. (4.14) and (4.15) with a nonzero 𝒖. 

 𝒒 = −𝑘∇𝑇 (4.14) 

 𝜌𝐶𝑝𝒖 ⋅ ∇𝑇 + ∇𝒒 = 0 (4.15) 

In Eqs. (4.14) and (4.15), 𝒒 is the heat flux vector, 𝑘 is the thermal conductivity, 𝑇 is 

temperature, 𝜌 is the fluid density, 𝐶𝑝 is specific heat capacity, and 𝒖 is the velocity in the vapor 

domain. In the vapor domain, the flow field is affected by the nitrogen stream, water vapor 

concentration, and temperature gradients, causing density variations and making buoyancy effects 

significant. The governing equations of flow in the vapor domain are  

 𝜌𝑣(𝒖 ⋅ ∇)𝒖 = ∇ ⋅ [−𝑝𝑰 + 𝜇𝑣(∇𝒖 + (∇𝒖)𝑡)] − 𝜌𝑣𝑔�̂�  (4.16) 

 ∇ ⋅ (𝜌𝑣𝒖) = 0 (4.17) 
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where 𝜌𝑣 and 𝜇𝑣 are the density and dynamic viscosity of the water-nitrogen gas mixture, 

respectively, g is the acceleration due to gravity in the negative �̂� direction, 𝑰 is the identity matrix, 

and superscript 𝑡 denotes transpose. Diffusion and convection govern water vapor transport in the 

ambient nitrogen gas, as shown in Eq. (4.18). 

 ∇ ⋅ (−𝐷∇𝑐𝑊 + 𝒖𝑐𝑊) = 0 (4.18) 

Here, 𝐷 is the diffusivity and 𝑐𝑊 is the concentration of water vapor in nitrogen. We should note 

that the governing Eqs. (4.14) to (4.18) are standard and solvable using various software packages. 

However, in evaporation, a crucial model input is the interface conditions provided as follows. 

The evaporation flux in the model, which is a boundary condition provided from 

experimental observations, is enforced by an integral constraint on the droplet’s surface, as shown 

in Eq. (4.19). The measured volume rate of change in the experiment, �̇�, controls the molar 

evaporative flux on the droplet, 𝒏 ⋅ 𝑱, where 𝑱 depends on the gradient of vapor concentration at 

the liquid-vapor interface (Eq. (4.20)).  

 −�̇� = 𝑀𝑊 ∬
1

𝜌𝑙
𝒏 ⋅ 𝑱 𝑑𝐴 (4.19) 

 𝑱 = −𝐷∇𝑐𝑊 (4.20) 

Here, 𝜌𝑙 is the mass density of liquid water at the interface. Note that 𝑱 determined using Eq. (4.20)  

can also be equated to the vapor flux derived from kinetic theory (Eq. (4.6)), which allows 

determining the local and average mass accommodation coefficient, 𝜎𝑤.  

4.3 Results and Discussion 

The AC can be calculated if the evaporation flux, liquid and vapor temperature, and water 

vapor concentration at the edge of the Knudsen layer are known (Eq. (4.6)). The following sections 

describe the evaporation kinetics observed in multiple experiments using the QCM. Using the 
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evaporation rates from experiments in the computational model, we determine the average AC for 

water evaporating into dry nitrogen. Since the calculation of local AC depends on several 

parameters, we discuss briefly how local temperature, concentration, and flux vary across the 

surface of an evaporating water droplet. Finally, we also show how our simplified interfacial flux 

model and the accurate value of AC can yield good agreement with evaporation experiments in 

other settings.    

4.3.1 Droplet Evaporation Experiments 

We performed multiple experimental trials involving evaporation of sessile water droplets 

(2-4 μL) at room temperature (23.5-25.5 °C). Figure 4.3 shows the variation of different parameters 

in multiple trials consisting of different initial droplet volumes.  

Table 4.1: Measured non-volatile impurities in evaporated droplets. 

Droplet: 1 2 3 4 5 6 

Final Δ𝑓 (Hz) -88.6 -60.0 -120.8 -50.8 -67.8 -78.5 

Low Estimate (ng) 58.0 37.6 73.8 30.6 40.3 46.0 

High Estimate (ng) 85.8 52.9 100.3 40.8 52.9 59.4 

Low Estimate (ppm) 14.2 9.3 23.5 10.8 14.4 22.6 

High Estimate (ppm) 21.0 13.1 32.0 14.4 19.0 29.2 

 

The first row of Figure 4.3 shows the QCM’s frequency response of the evaporating 

droplets. The frequency response shows two distinct modes corresponding to the constant contact 

radius (CCR) and the variable contact radius (VCR) modes of evaporation. These modes were also 

noted by Picknett and Bexon [29] in their landmark study. The transition from the CCR to the 

VCR mode occurs where the frequency response changes from nearly constant to an increasing 

value. Physically, this change represents the droplet de-pinning itself on the QCM surface. During 

evaporation, the contact angle decreases until the receding angle is reached, at which point the 

CCR mode ends, and the VCR mode begins. At this point, the contact line de-pins, and the 

frequency begins to increase, as expected from Eq. (4.10). The frequency continues to increase to 
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a value just less than the unloaded resonant frequency. The slight difference between the initial 

(unloaded) and final resonant frequencies corresponds to the mass of non-volatile impurities from 

the water droplet. The non-volatile impurities in each droplet are on the order of nanograms that 

are not macroscopically visible. Hence, in typical evaporation experiments, these values are 

seldom reported. However, it is crucial to know the impurity content in the evaporating water to 

understand its effect on the accommodation coefficient.  

 
Figure 4.3: Six experimental trials of droplet evaporation are shown in separate columns with their measured 

quantities in rows: frequency shift (first row), radius (second row, solid line), height (second row, dashed 

line), contact angle (second row, dash-dotted line), volume (third row), evaporation rate (fourth row), and 

evaporation flux (fifth row). 
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The frequency shift of the QCM after complete evaporation determines the impurity mass 

based on Eq. (4.11). The amount of non-volatile impurities is tabulated in Table 4.1, which shows 

that the high and low estimates vary by approximately 30%. The highest amount of mass, 100 ng, 

is minimal to be captured by conventional microbalances. While state-of-the-art mass balances 

have resolutions close to 100 ng, the corresponding -120 Hz frequency shift for the QCM is 

significantly larger than its 1 Hz resolution. The parts per million (ppm) measurements of the 

impurities are calculated in terms of mass fractions using the droplet’s initial mass. The water used 

in these experiments has an evaporation residue of 1 ppm by weight. So, it can be inferred that 

some contaminants came from the laboratory environment. In non-QCM based sessile droplet 

evaporation, it would be nearly impossible to quantify impurities to this precision and of this 

magnitude.  

The second row of Figure 4.3 shows the change in radius and contact angle during droplet 

evaporation. Each trial’s radius measurement is flat until the receding contact angle is reached. 

Although the contact angle shows a general decreasing trend in most experiments, minor 

differences among the trials result from variations in the surface energy caused by slight 

differences in cleaning, handling, and environmental factors. Consequently, we also see a little 

spread in the receding angle of 17° ± 2°. The droplet’s height decreases almost linearly and does 

not have any abrupt change during the transition from the CCR to VCR mode. Error bands are 

included in the radius, contact angle, and height measurements. The accuracy of the radius 

measurement using the QCM is high, with the uncertainty smaller than the line width. In the case 

of the contact angle, the uncertainty is small when the droplet is large but increases as the contact 

angle decreases.  
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The evaporation rate of each droplet is shown in the fourth row of Figure 4.3. The error in 

the calculation of the evaporation rates was obtained by York’s method [86], [140]. This method 

determines the slope and the intercept for a line fitting the volume versus time curve, which yields 

the evaporation rate every 60 s. More details regarding this method are provided in Section B.4.1. 

The initial droplet evaporation rate depends on the droplet size, specifically on the radius. The 

evaporation rate generally decreases over time in all the trials. Compared to the average 

evaporation rate, larger droplets (Droplet 1) have slightly higher evaporation rates, while smaller 

droplets (Droplet 6) have marginally lower evaporation rates for similar ambient conditions. Due 

to the comparable initial size of the droplets, this observation is small but discernable in the fourth 

row of Figure 4.3. This size dependence agrees with diffusive theories of sessile droplet 

evaporation, where the evaporation rate is proportional to the droplet contact radius [30]. The last 

few data points in row 4 of Figure 4.3 in all trials are not as accurate as the initial data points. This 

observation is mainly due to two factors: (1) the volume data is more accurate when the contact 

angle is large, and (2) the droplet may not be receding evenly, which would violate the assumptions 

of Eq. (4.10). This trend can be seen quantitatively in the relative size of the error bars, wherein 

the error bars grow proportional to the uncertainty in volume measurement towards the end of 

evaporation.   

Non-monotonicity in each droplet’s evaporation rates can be attributed to many competing 

factors, most importantly, the temperature variations during evaporation and vapor recirculation 

in the test chamber. The recirculation in the chamber would cause the overall moisture content in 

the test chamber to vary with time, influencing the droplet's evaporation rate. A thermocouple 5 

inches (12.7 cm) upstream from the droplet indicated a 0.1-0.6 K decrease in the chamber 

temperature due to evaporative cooling of incoming air. Considering the thermocouple uncertainty 
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(±0.5 K), a slight decrease in upstream chamber temperature indicates some flow recirculation 

inside the chamber. Our previous work on the evaporation of sessile droplets also showed that the 

QCM temperature decreases due to self-cooling, which is expected here as well [86]. In this 

chapter, the self-cooling of the droplet and the experimental chamber is captured in more detail 

via the computational model discussed later.   

The fifth row of Figure 4.3 shows the evaporation flux in each droplet. For most of the 

droplet lifetime, the evaporative flux is constant within measurement uncertainty. Notably, the 

time-averaged evaporation flux is lowest for the largest droplet (Droplet 1), with the smallest 

droplet (Droplet 6) having the highest flux throughout evaporation. This inverse relationship 

between droplet size and evaporative flux can be best explained by lower droplet self-cooling, 

which increases the average saturation concentration at the droplet surface, corresponding to a 

higher average evaporation flux. The temperature dependence of water vapor saturation pressure 

far outweighs the effect of curvature as described by Kelvin’s equation. Using a radius of curvature 

of 1 mm would lead to vapor pressure increasing only by a factor of 1.000001, whereas a 1 °C 

increase from 20 °C to 21 °C would increase the vapor pressure by about 150 Pa - a factor of 1.06.  

4.3.2 Droplet Temperature  

The QCM is a thermally insulating surface under the evaporating droplet, which allows for 

self-cooling that affects evaporation kinetics. The heat capacity of the QCM crystal is also low due 

to the small size (7 mm radius, 0.16 mm thickness) and moderate specific heat (740 J/kgK) of 

quartz. Moreover, heat transfer from the ambient atmosphere to the QCM is limited due to the low-

speed flow. In effect, these factors result in comparable QCM and droplet temperatures. The 

computational model discerns these effects of self-cooling due to evaporation. 
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Figure 4.4: (a)-(c) Temperature contour plots on the surface of the QCM and droplet (𝑻𝒍) of Droplet 5 at 

times 72.3, 252.3, and 432.3 seconds, respectively. (d) Surface averaged temperature (𝑻𝒍), QCM upper surface 

temperature, and ambient temperature (𝑻𝟎) over time of Droplet 5. Nitrogen flow is in the positive x-

direction. 

 

Figure 4.4(a)-(c) show the model-predicted temperature of the droplet and QCM surface 

(for Droplet 5) at various times. The effect of the nitrogen flow is noticeable, however, minor. In 

a purely diffusive environment, the temperature profile across the droplet and QCM surface would 

be symmetric. However, nitrogen flowing in the x-direction causes a non-symmetric temperature 

variation, with a minimum upstream. This asymmetry is due to higher self-cooling upstream via 

increased vapor advection even though the nitrogen gas is warmer than the droplet. The flow 

pattern around the droplet and the vapor flux distribution on the droplet can be seen in Figure 4.6 

and Figure 4.7, respectively. Over time, the droplet’s average temperature increases due to (a) the 

decreasing size, which makes heat diffusion across the droplet more efficient, and (b) the 

decreasing evaporation rate, which slows self-cooling. Consequently, the droplet surface and QCM 

temperatures start to converge, as shown in Figure 4.4(d).  

4.3.3 Vapor Concentration at the Edge of the Knudsen Layer 

Figure 4.5(a)-(c) show the water vapor concentration on the droplet’s surface over time 

(for Droplet 5). The vapor concentration is the highest near the base of the droplet, where the 

temperature is highest. As the droplet evaporates and becomes more isothermal, the difference 

between concentration at the apex and base decreases. Due to the relationship between temperature 

and concentration (Eq. (4.8)), the minimum concentration is also on the droplet’s upstream side, 
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where the temperature is minimum. The minimum concentration increases over time as the droplet 

becomes warmer compared to the initial conditions.  

 
Figure 4.5: (a)-(c) Water vapor concentration (mol/m3) on droplet surface (top and side views) at times 72.3, 

252.3, and 432.3 seconds, respectively. (d)-(f) Contour plot (labeled black lines) of water vapor concentration 

(mol/m3) and the shaded (colored) plot of temperature (°C) on the yz-plane cross-section at time 72.3, 252.3, 

432.3 seconds, respectively. 

 

Figure 4.5(d)-(f) show water vapor concentration and temperature on the yz-plane - the 

mid-plane through the droplet normal to flow direction. The vapor concentration contours show 

wider spacing near the droplet’s apex than the contact line, implying a larger flux from the droplet 

at the base than the apex. This phenomenon is particularly acute in Figure 4.5(f), where the droplet 

has a low contact angle. The concentration drops sharply away from the interface due to dry 

nitrogen gas flow around the droplet.  

The temperature cross-sections in Figure 4.5(d)-(f) illustrate the effect of self-cooling on 

the droplet and the QCM. The droplet’s self-cooling lowers the QCM’s temperature, resulting in 
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a sizeable temperature gradient across the crystal in the radial direction. The surrounding nitrogen 

gas, which is at ambient temperature, heats the QCM to balance the self-cooling. Figure 4.5(d)-(f) 

also show the temperature discontinuity across the liquid-vapor interface where the vapor 

temperature is greater than the liquid temperature. To balance self-cooling, heat conduction from 

the base and the top (across the Knudsen layer towards the liquid-vapor interface) requires the 

liquid temperature at the interface (𝑇𝑙) to be lower than both the base and the vapor temperature 

(𝑇𝑣). This observation is in line with previous efforts on unheated water evaporating into 

atmospheric conditions that have also shown 𝑇𝑙 < 𝑇𝑣 [26]. 

4.3.4 Flow Pattern   

The inlet nitrogen stream is level with the QCM, and the QCM acts like a flat plate where 

a boundary layer forms, as shown in Figure 4.6. The incoming flow has a low stagnation point on 

the front of the droplet, while flow separation occurs behind the droplet, where a small flow 

recirculation occurs on the far downstream side of the droplet. These streamlines, highlighted in 

red, are also shown in the insets of Figure 4.6(a) and (b). These streamlines later form a vortex at 

the trailing edge of the QCM surface. As the droplet evaporates, the contact angle decreases, with 

the front stagnation point disappearing and the recirculation area decreasing, as shown in Figure 

4.6(b) and (c), eventually leading to an attached flow, as shown in Figure 4.6(c). The inset to Figure 

4.6(b) shows how the recirculating streamlines occur over less area, and the black streamlines stay 

attached to the droplet surface for longer distances relative to streamlines in Figure 4.6(a). Later 

in the experiment, the streamlines are fully attached across the QCM surface, as shown in Figure 

4.6(c), and these few streamlines form a much smaller vortex relative to Figure 4.6(a).  
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Figure 4.6: Velocity streamlines and concentration distribution on xz-plane (symmetry plane) of Droplet 5 at 

times 72.3, 252.3, and 432.3 seconds, respectively. Insets to (a) and (b) show streamlines on the droplet's 

downstream side near the QCM surface. Streamlines, highlighted in red, show stagnation points or vortices. 

 

Figure 4.6 also shows the concentration profile in the QCM and droplet along the symmetry 

plane. The concentration profile downstream is higher than that upstream of the droplet due to the 

advection from the nitrogen flow carrying vapor across the droplet's surface. With decreasing 

droplet contact angle, vapor advection increases, with a notable difference behind the droplet.  

The changes in flow patterns during evaporation can have interesting effects. In a purely 

diffusive isothermal environment, the evaporation rate would be expected to decrease as the 

contact radius and contact angle decrease (�̇� ∝ 𝑟𝑑, 𝜃2) [30]. However, the evaporation rate may 

not monotonically decrease with time in an advective-diffusive environment. While the flow 

pattern changes, the droplet's temperature rises, and the droplet geometry changes (contact radius, 

contact angle decreasing), each having competing effects on the evaporation rate. The overall 

balance of these effects determines the evaporation rate and can make for a non-monotonic change 

in rate over time, as seen in the evaporation rate measurements in the fourth row of Figure 4.3.  

4.3.5 Evaporation Flux Distribution  

While the experiments determine the total evaporation rate and average flux, the 

computational model indicates how local evaporation flux varies across the droplet surface. Figure 

4.7 shows the evaporation flux along three lines on the droplet surface, directly facing the nitrogen 

flow (0 °, 𝑦 = 0, 𝑥 ≤ 0), perpendicular to the flow direction (90 °, 𝑦 ≥ 0, 𝑥 = 0) and along the 

flow direction (180 °, 𝑦 = 0, 𝑥 ≥ 0) for Droplet 5 at various times. The inset in each Figure 4.7(a)-
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(c) shows the orientation of the lines on the droplet. The flux on the droplet's surface is the lowest 

at the apex and has a singularity at the contact line, which is also found in simple diffusive theories 

[30].  

Differences are observable between fluxes along the different lines on the droplet. The flux 

on the droplet's upstream side (along 0°) is the highest as anticipated, while the flux on the 

downstream side (along 180°) is the lowest. Values along both lines converge at the apex, as they 

all share the same point. The cause of the reduced evaporation flux on the downstream side is due 

to higher vapor concentration and lower concentration gradients. The minimum flux on the droplet 

occurs along the 180° line, approximately halfway up the droplet. The flux along the line 

perpendicular to flow (along 90°) lies between the fluxes along 0° and 180°. This variation 

indicates a near monotonic decrease in flux from the droplet upstream to the downstream side 

along the azimuths. 

 
Figure 4.7: Flux distribution and the ratio of flux to accommodation coefficient (𝑱 𝝈⁄ ) on droplet surface 

facing the nitrogen flow (0 °, 𝒚 = 𝟎, 𝒙 ≤ 𝟎), perpendicular to the flow direction (90 °, 𝒚 ≥ 𝟎, 𝒙 = 𝟎) and 

opposite the flow direction (180°, 𝒚 = 𝟎, 𝒙 ≥ 𝟎) for Droplet 5 at times 72.3, 252.3, and 432.3 seconds, 

respectively. The lines denoting the ratio of flux to accommodation coefficient are shown directly on top of 

one another. 

 

As the droplet evaporates, the flux does not change significantly in value, which is expected 

as the average flux (Figure 4.3, fifth row for Droplet 5) is nearly constant over time. However, at 

the contact line, the local evaporative flux increases as the droplet contact angle decreases with 

time, which is in line with analytical solutions to diffusion flux from spherical droplets [29], [30], 
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[34], [36], [37]. The computational model indicates that the evaporation flux at the contact line 

varies more gradually in the initial stages but changes more sharply at later stages as the droplet 

becomes small and the vapor gradient increases, as shown in Figure 4.5(f).  

Figure 4.7 (right vertical axis) shows the ratio of the local molar flux to the local AC (𝐽 𝜎)⁄ . 

This ratio is equivalent to the driving potential term, (𝑐𝑠
𝑊(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣

𝑊√𝑇𝑣Γ(𝜙𝑣
𝑊)), of Eq. (4.6). 

Here, the value of this ratio is nearly constant over the majority of the droplet surface but changes 

slowly in time, which implies that the term (𝑐𝑠
𝑊(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣

𝑊√𝑇𝑣Γ(𝜙𝑣
𝑊)) of Eq. (4.6) varies 

slowly over the droplet, and most of the variation in the local AC is only near the contact line. The 

values of 𝑇𝑙, 𝑇𝑣, and 𝑐𝑣
𝑊 are determined directly from the computational model. 

4.3.6 Accommodation Coefficient of Water Evaporating in Dry Nitrogen 

 
Figure 4.8: Distribution of AC on the surface of the evaporating droplet in Droplet 5 at 72.3 seconds. Similar 

distributions are also seen at later times. 

 

Figure 4.8 shows a snapshot of how the accommodation coefficient (Eq. (4.6)) varies over 

the droplet's surface for Droplet 5 at 72.3 seconds, varying almost by a factor of 5 from minimum 

to maximum. As mentioned before, the calculated values of AC depend on several factors, 

including the evaporation flux observed in the experiments, the predicted variation of temperature 

and concentration. The AC is highest at the droplet's contact line and is the lowest on the 
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downstream side, just below the apex. This lowest AC region is also where the temperature is 

relatively high that corresponds to a higher saturation vapor concentration and minimum flux due 

to flow recirculation affecting vapor concentration and transport. The maximum calculated value 

of AC occurs along the contact line, where evaporation flux is maximum.  

4.3.7 Accommodation Coefficient  

 
Figure 4.9: The surface-averaged accommodation coefficient over time for each experimental trial. Note that 

these values correspond to droplet evaporation close to room temperature. Blue points and solid error bars 

are from the quasi-stationary solution of the computational model. The black points and dashed error bars 

are from a modified model (see Section B.4). 

 

Over the lifetime of the droplet, the AC can change due to multiple factors, including 

interfacial conditions such as temperature, accumulation of non-volatile impurities, and changes 

in ambient vapor concentration. Figure 4.9 shows how the average AC changes over time for each 

droplet. Overall, the accommodation coefficient is nearly constant during evaporation in every 

trial, even as the evaporation rate decreases, temperature increases, and unavoidable non-volatile 

impurities accumulate. The average AC lies around 0.001 under these conditions across the six 

trials. The value of 𝜎 = 0.001 is determined from a weighted average of the data in Figure 4.9. 

This information is tabulated in Table B.1. Droplet 3, however, shows a trend of decreasing AC 

with time, which could be due to the accumulation of impurities in the droplet. This droplet 

contained the highest amount of deposited solids (Table 4.1) measured in ppm of all experimental 

trials, making any effect of impurities most visible in this trial. Experiment-averaged values of AC 

close to 0.001 have been reported before in some experiments [20]. However, in this study, the 
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AC is not averaged over the lifetime of the droplets and is determined as a function of time while 

the droplet undergoes a dynamic process. Additionally, the accumulation of non-volatile impurities 

(Table 4.1) and a high non-condensable gas mole fraction of 0.97 at the liquid-vapor interface are 

factors affecting the AC value, which are quantified in this chapter. 

Furthermore, it is essential to quantify uncertainty in the reported values of AC. The error 

bars shown in Figure 4.9 are determined by numerically finding the sensitivity of the average AC 

to the three main input parameters to the computational model, the evaporation rate, the ambient 

chamber temperature, and the nitrogen flow rate. We did not include AC for Droplet 2 at 840 

seconds and Droplet 6 at 485 seconds due to the uncertainty associated with these points, which 

were orders of magnitude higher than the remaining points. Details included in the appendix show 

the contribution from each parameter to the total error (Figure B.3).  

4.4 Application of the Evaporation Flux Model and AC 

Additional experiments of sessile droplets evaporation were performed to gauge the 

accuracy of the evaporation flux model, and the AC of 0.001 observed under similar operating 

conditions. In this case, sessile drops of approximately 3 µL were deposited on a 12x12x2 mm 

aluminum nitride heater (Watlow) inside the same experimental enclosure (Figure 4.2(b)) with 

nitrogen cross-flow. The goniometer was used to monitor droplet volume. Constant heat flux was 

supplied to the heater in the four experiments, with the heater temperature measured by an 

integrated K-type thermocouple. Table 4.2 gives an overview of the experiment parameters. The 

volumetric flux of each droplet evaporating at different temperatures was determined and is shown 

in Figure 4.10 (Table 4.2).  

We incorporated the evaporation flux model proposed in this chapter as an interface 

condition in a typical computational model that analyzed fluid flow and heat transfer in and around 
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the droplet. The objective here was to show that our model could predict the evaporation flux 

observed in experiments conducted at different droplet heating rates. The model geometry included 

the ceramic heater (rather than the QCM), which influenced the flow around the droplets. Further, 

the power delivered to the heater (Table 4.2) was included in the model as a heat source to obtain 

the experimentally measured heater temperature. The evaporation flux at the droplet-air interface 

was changed from Eq. (4.19) to Eq. (4.21) to prescribe the flux based on a given AC and the local 

temperature of the liquid-vapor interface. The derivation of this boundary condition can also be 

found in Section B.3.6. The remaining boundary conditions and governing equations are identical 

to the computational model used to determine the AC (Section 4.2.3). 

Table 4.2: Validation experiments parameters. 

Validation Experiment: V1 V2 V3 V4 

Heater Power (mW) 73 142 200 279 

Heater Temperature (°C) 29 35 40 46 

Initial Droplet Volume (mm3) 3.19 3.56 2.96 2.88 

Initial Contact Angle (°) 79.9 78.1 70.5 69.7 

Total Evaporation time (s) 589 427 292 191 

Time Segment Length (s) 100 80 60 40 

 

 
Figure 4.10: Volumetric flux over time for each validation experiment (Table 2) compared with the 

computational prediction using Eq. (4.21) as the interface flux condition with 𝝈 = 𝟎. 𝟎𝟎𝟏 ± 𝟎. 𝟎𝟎𝟎𝟏. 

Uncertainty in the computational result was determined by sensitivity analysis to the AC value and is shown 

as a colored band. 
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Figure 4.10 compares the volumetric flux from the model and experiments. The results 

from the computational model align well with the experimental results, with their error bars 

overlapping for each data. This figure illustrates the accuracy of the predicted evaporation flux 

using a conventional computational model that assumes an AC of 𝜎 = 0.001 ± 0.0001, which 

results in the spread shown in Figure 4.10. The discrepancy in the initial few seconds of droplet 

evaporation, wherein the computational prediction is lower than experimental measurements for 

some droplets, is due to the model not accounting for flow inside the droplet, which would promote 

evaporation by increasing the interface temperature. However, at later stages involving decreased 

droplet heights, internal flow is more restricted, and consequently, the impact of not including it 

in the model becomes minimal. The sensitivity and uncertainty analysis of the data in Figure 4.10 

can be found in Section B.4.2.  

In summary, predicting the performance of phase change devices is inherently challenging 

since several factors affect evaporation flux. Well formulated kinetic theory of gasses, such as 

Schrage’s analysis [47], describes evaporation at the liquid-vapor interface [48]. However, the AC 

for water-containing systems can vary over orders of magnitude [20] and should be considered a 

material-dependent property [47]. In many applications, such as those of air-water systems, the 

accumulation of impurities, both solid and non-condensable gasses, are unavoidable, and an AC 

of unity should not be used to predict device performance. In binary systems such as this work, 

the correct formulation of the kinetic theory of gasses can be used to predict device performance 

(Eqs. (4.6) and (4.7)) with a known AC. For air-water systems comparable to this work, such as 

evaporative cooling by jet impingement [42], desalination [7], [43], and water harvesting [46], an 
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AC value of 0.001 could be used to predict performance. This simple flux model yields good 

agreement with the experiments and that the AC value of 0.001 is correct and usable.  

4.5 Conclusion  

Evaporation is an essential phenomenon in many applications and understanding the 

influence of various factors on evaporation dynamics is crucial. In this chapter, a coupled 

experimental-computational analysis is performed on sessile droplet evaporation of nominally 

pure water of various sizes (2-4 μL) evaporating into a low-speed dry nitrogen stream in an 

enclosed humidity-controlled chamber. High-precision experimental measurements using a QCM 

as an instantaneous radius sensor was combined with multiscale computational analysis 

considering the Knudsen layer’s concentration, and temperature jumps to elucidate relationships 

between factors affecting the evaporation dynamics of sessile droplets, including determining the 

accommodation coefficient in Schrage’s binary gas relationships (Eqs. (4.6) and (4.7)) involving 

a non-condensable gas.  

This work finds the surface-averaged accommodation coefficient to be close to 0.001 for 

pure water droplets evaporating into a near-pure nitrogen environment at atmospheric pressure. 

While this value is low compared to a theoretical maximum of unity, it is not without precedent. 

The presence of non-condensable gas has been previously shown to reduce accommodation 

coefficients in numerical and theoretical works. Additionally, the surface-averaged 

accommodation coefficient’s value is nearly constant during evaporation, even as the evaporative 

flux changes with time.  

Furthermore, each nominally pure water droplet analyzed in this chapter contained some 

trace non-volatile impurities that created an annular residue onto the QCM at the end of 

evaporation. For these droplets, while the deposited impurity mass was less than 100 ng (32 ppm), 
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it influenced the evaporation rate, and thus the accommodation coefficient, seen most clearly in 

Droplet 3 (Figure 4.9), where the accommodation coefficient decreases markedly at the end of 

evaporation as the non-volatile impurities increase in concentration. It is particularly challenging 

to maintain deionized water in a pristine condition, and trace impurities cannot be measured easily 

using traditional methods (e.g., imaging, mass-balance). Hence, the presence of impurities is 

seldom reported. However, this study shows, for the first time, that QCM can measure trace 

impurities during evaporation. We believe further research can elucidate the effect of non-volatile 

impurities on evaporation kinetics. 

The evaporation flux was found to vary significantly over the liquid-vapor interface. 

Besides the vapor pressure and temperature distribution across the droplet surface, the flux 

distribution depends on the accommodation coefficient. For applications involving the evaporation 

of liquids into a non-condensable medium, we believe that the novel approach presented in this 

chapter involving the combined experimental-numerical technique can help determine the 

accommodation coefficients in the interfacial evaporation flux relationships. This technique is 

advantageous in applications where it is challenging to quantify interfacial quantities, such as 

temperature and vapor concentration, to predict evaporation kinetics.  
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5. Accommodation Coefficient of Aqueous Potassium Chloride 

Sessile Droplets Evaporating with Varying Saline Concentration 

Air-water evaporation systems are ubiquitous in industrial applications, including 

processes such as fuel combustion, inkjet printing, spray cooling, and desalination. In these 

evaporation-driven systems, a fundamental understanding of mass accommodation at the liquid-

vapor interface is critical to predicting and optimizing performance. Interfacial mass 

accommodation depends on many factors, such as temperature, vapor concentration, non-volatile 

impurity content, and non-condensable gasses present. Elucidating how these factors interact is 

essential to designing devices to meet demanding applications. Hence, high precision 

measurements are needed to accurately quantify accommodation at the liquid-vapor interface. A 

study of pure water droplets (Chapter 4) has shown surface averaged accommodation coefficients 

close to 0.001 throughout evaporation. While it is well established that saline non-volatile 

impurities reduce the evaporation rate of sessile droplets, the dynamic effect on mass 

accommodation during the droplet's lifespan is yet to be determined. This work combines 

experimental and computational techniques to determine the accommodation coefficient over the 

lifespan of 10-5 to 1 molal potassium chloride-water droplets evaporating on a gold-coated surface 

into dry nitrogen.  The study in this chapter uses a quartz crystal microbalance as a high-precision 

mass sensor to analyze the deposition of potassium chloride with precision on the order of 

nanograms. The computational model couples macroscopic measurements with the microscopic 

kinetic theory of gasses to quantify hard-to-measure physical quantities. This study will provide a 

basis for predicting evaporative device performance in conditions where non-volatile potassium 

chloride impurities are intrinsic to the application. 
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5.1 Introduction 

Evaporation of sessile droplets has seen an extensive study in recent years to leverage 

evaporation kinetics, control heat transfer and deposit solid particles [41]. Specifically, 

evaporation of aqueous solutions is essential for DNA mapping, diagnosis of diseases [60], spray 

cooling [61], corrosion [62], desalination [7], microelectronic cooling, inkjet printing, and power 

apparatus applications [157]. Droplets of saline solutions can be challenging to study, with salt 

concentration increasing over time as the water in the droplet evaporates, leading to non-linear 

evaporation rates, heat fluxes, and crystallization phenomena [64]. 

Liquid water is notoriously hard to keep pure and tends to accumulate impurities. 

Typically, water contains surfactants, electrolytes, and dissolved gasses as impurities in many 

applications. A large body of work focuses on the simpler case of pure water evaporating into an 

atmosphere of water vapor and non-condensable gas mixture. Even in this far less complex case, 

much debate surrounds the nature of interfacial mass accommodation at the liquid-vapor interface 

during evaporation. The mass accommodation coefficient (AC) in Schrage’s relationship (Eq. 

(4.4)) derived from the kinetic theory of gasses has been reported to vary over three orders of 

magnitude from 10-3 to 1 for evaporating water [20], [47]. This variation could be due to various 

definitions of ACs, dissimilar experimental conditions, and dissolved impurities. Furthermore, 

considering AC as a material property that depends on the liquid-vapor interface state, measuring 

the quantities needed to characterize the AC can be a challenge since pressure and temperature can 

vary across the Knudsen layer, which is on the order of the mean free path of a vapor molecule 

(~86 nm for water at 1 atm). Consequently, prior reports show significant disagreement in the 

temperature change across the Knudsen layer, with some cases also requiring extrapolation of data 

[158], which could have also resulted in significantly different ACs.  
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Our previous work coupling high-precision experimental measurements with 

computational modeling to investigate droplet evaporation into dry nitrogen flow indicates AC 

values close to 0.001 for nominally pure water at atmospheric conditions. While the exact form of 

relationships between interfacial mass accommodation and factors such as temperature, vapor 

concentration, non-volatile impurities, and non-condensable gasses are not known explicitly, some 

trends are clear. For example, increasing non-condensable gas pressure and the accumulation of 

non-volatile impurities are both known to decrease AC to some extent [20].  

This study elucidates the effect of dissolved non-volatile impurities (potassium chloride, 

KCl) on mass accommodation at the liquid-vapor interface by utilizing a multiscale computational 

and experimental framework. We believe that the AC’s determined using droplets with controlled 

impurity can serve as a predictive tool in designing systems involving saline water evaporation.   

5.2 Experimental Procedure 

Precise techniques are needed to monitor the droplet geometry during evaporation to study 

mass accommodation. In this work, tracking of the contact angle (𝜃) and volume (𝑉) over time is 

done by a goniometer (Ramé-Hart 590-U2). The goniometer records images of the evaporating 

droplet at a sampling rate of 1 image per second. The droplet profile is determined by finding the 

locations of pixels where there is a maximum change in light intensity from the background 

(bright) to the droplet (dark). A least-squares curve fit is then performed to obtain a profile. The 

profile is numerically differentiated at each three-phase contact point to obtain the left and right 

contact angles. The contact angle used in this chapter is the mean of the left and right contact 

angles. The droplet volume is obtained by integrating the area under the profile and scaling by a 

precision calibration target (Ramé-Hart) to convert from pixels to length units. The height, ℎ𝑑, and 

radius, 𝑟𝑑, of the droplet can be determined by assuming a spherical cap and using Eqs. (5.1a) and 
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(5.1b), respectively. The typical variation in the profile from a spherical cap can be seen in Figure 

B.1. 

 

ℎ𝑑 = (
6𝑉

3𝜋 cot2 (
𝜃
2) + 𝜋

)

1 3⁄

 (5.1a) 

 
𝑟𝑑 = ℎ𝑑 cot (

𝜃

2
) (5.1b) 

A piecewise weighted least-squares linear fitting of overlapping segments was used to 

determine the volumetric evaporation rate [86], [140]. This approach found a best fit line to the 

volume data in 120 s intervals that were centered 60 s apart, and the relative uncertainty in the 

volume was used as a weight to determine the uncertainty in the slope of the best fit lines. The 

slope provides the average volumetric evaporation rate over the corresponding time interval. 

Here, a quartz crystal microbalance (QCM) is used to analyze the deposition of KCl onto 

the substrate. Typically used to monitor deposition processes because of the linear relationship 

between frequency change and a rigid mass, as described by the Sauerbrey equation [112], these 

sensors can also accurately monitor sessile droplet contact area [86], [101]. 

The resonant frequency (𝑓) and resistance (𝑅) of a QCM can be monitored to deduce 

changes in phenomena occurring on the surface, such as rigid mass deposited on the surface, 

changes in liquid density, viscosity, and contact area. The measured total change in the resonant 

frequency, Δ𝑓 = 𝑓 − 𝑓0, is comprised of two parts, the frequency shift from a rigid loading, Δ𝑓𝑆 

(Eq. (5.2a)), and the frequency shift from a liquid loading, Δ𝑓𝐿 (Eq. (5.2b)). The response to 

simultaneous rigid and liquid loadings is additive, such that Δ𝑓 = Δ𝑓𝑆 + Δ𝑓𝐿. The change in 

resistance, Δ𝑅 = 𝑅 − 𝑅0, is directly proportional to Δ𝑓𝐿, (Eq. (5.2c)), through the motional 

inductance of the QCM, 𝐿1, [159]. 
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The frequency shift from a rigid loading on the QCM can be used to determine the non-

volatile impurity content, Δ𝑚, that is left behind after the liquid component of the droplet 

evaporates. In this work, the total non-volatile impurity content is composed of both intentional 

impurities (KCl) and unintentional impurities (e.g. contaminants from the ambient) with a 

precision on the order of nanograms. Pristine, impurity-free, water is rarely obtainable and not a 

realistic assumption in real systems. During the evaporation of a nominally pure water droplet, the 

QCM frequency increases as the droplet recedes and then plateaus at a value just below the 

unloaded resonant frequency. This difference between final and initial frequency is directly 

proportional to the amount of non-volatile impurities in the droplet. For high concentration KCl 

droplets, the frequency obtained after evaporation is much lower than the unloaded resonant 

frequency. To determine Δ𝑚, Eq. (5.2a) can be used where the non-volatile impurities are evenly 

distributed between an inner radius, 𝑟𝑖, and an outer radius, 𝑟𝑜. The derivation of Eq. (5.2a) follows 

the approach of Bácskai et al. [124] for annular deposits (Table 1: Eq. 3), with a sensitivity function 

of 𝑐𝑓(𝑟) = 2𝑎𝐶𝑓𝜋
−1𝑟𝑒

−2𝑒−2𝑎𝑟2 𝑟𝑒
2⁄  [101]. Here, 𝑟𝑖 and 𝑟𝑜 are dependent on evaporation conditions 

[34]. 

Equation (5.2b) was validated for use with droplets and was derived based on the shear 

stress developed between the oscillating QCM surface and a liquid droplet in Chapters 2 and 3. 

 

Δ𝑓𝑆 = −𝐶𝑓  
Δ𝑚

𝜋(𝑟0
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2
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2
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3
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2
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 Δ𝑅 = −4𝜋𝐿1Δ𝑓𝐿 (5.2c) 
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Combining the measured frequency and resistance shifts with Eq. (5.2) allows for determining the 

salt deposition phenomena. 

 
Figure 5.1: (a) Top, bottom, and side view of planar AT-cut QCM with electrodes loaded with a centrally 

placed sessile droplet. Top and bottom electrodes are of different radii, 𝒓𝒆 is of the top electrode. (b) Top view 

of experimental enclosure, with labeled components. 

 

Before each experiment, the QCM was cleaned with a series of sonication steps in solutions 

of de-ionized (DI) water, isopropyl alcohol, 1:1 50 mM NaOH to hydrogen peroxide, and DI water. 

The QCM was suspended in each of these solutions for at least 5 minutes, rinsed with the following 

solution, and dried in pure nitrogen.  

Experiments were conducted inside of a 45 x 45 x 299 mm aluminum enclosure (Figure 

5.1(b)) that was maintained at room temperature and was supplied nitrogen gas at low speed (95 

L/hr), measured by a rotameter with uncertainty ±5 L/hr. The nitrogen flow displaced moisture 

resulting in a constant humidity of <5% in the enclosure. Humidity and temperature measurements 

were performed by a Honeywell HIH-4000 and J-type thermocouples (±0.5 K uncertainty), 

respectively. Experiments used DI water with evaporation residue < 2 ppm (HPLC Grade, J.T. 

Baker) and as received potassium chloride (KCl) (Fisher Chemical, >99.4%) to create solutions of 

0-1 molal (0-0.97 molar). Droplets of approximately 4 μL were deposited onto the QCM with a 

syringe (22 ga) attached to a syringe pump (KD Scientific 110) at a rate of 8 μL/min through a 4.9 
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diameter hole directly above the center of the QCM (not shown in Figure 5.1(b)). Frequency and 

resistance were recorded using a commercial system (Stanford Research Systems, QCM200).  

 
Figure 5.2: The entire computational domain is shown on the left with exterior boundary conditions (red 

text). A close-up of the QCM and water droplet are shown on the right with the Cartesian axis directions 

labeled. The origin is located at the center of the base of the droplet. 

 

5.3 Computational Method 

A computational model was developed to couple the macro-scale experimental 

measurements with the kinetic theory of gasses, which provides interfacial conditions to determine 

the extent of mass accommodation at the liquid-vapor interface. This model is largely the same as 

the model in Chapter 4. In this chapter, the changes to the model are a change in the representative 

domain (Figure 5.2), and the model was extended to include non-volatile impurities. 

A representative domain (Figure 5.2) is created employing the symmetry found in the 

experimental work. Figure 5.2 shows the water droplet’s position on a flat quartz substrate 

surrounded by a gaseous domain that contains nitrogen and water vapor. The model is solved in 

commercially available finite element software, COMSOL Multiphysics® [160]. The main model 

uses a range of element shapes to mesh the complex geometry, with a total of > 650,000 elements 

and > 1,000,000 degrees of freedom to determine the accommodation coefficient. The model's 

fundamental governing equations and boundary conditions are identical to the model presented in 

Section 4.2.3 [161]. The governing equations of this are Fourier’s law, conservation of energy, 
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compressible Navier-Stokes, conservation of mass, as well as convective and diffusive transport 

of water vapor. As previously in Chapter 4, the liquid domain motion is neglected. In the pocket 

of air trapped between the QCM and the acrylic holder, there will be a temperature gradient with 

warmer temperatures on the bottom and colder temperatures at the top (bottom of the QCM). This 

temperature gradient direction could lead to Bénard cells forming under the right conditions. 

However, this pocket has a small height (2.5 mm) and a slight temperature difference (1.5 K), 

which gives a Rayleigh number of only 2.4. This value is much smaller than the critical Rayleigh 

number (Ra ~ O(103) [162]) for the formation of Bénard cells, so this region is also modeled as 

motionless. The external boundary conditions can be seen graphically in Figure 5.2. 

Instead of solving the Knudsen layer directly, Eqs. (4.6) & (4.8) can be used to calculate the 

differences in temperature and concentration from the liquid-vapor interface to the bulk vapor. 

This process is discussed in Section 4.2.3. However, unlike pure water, the saturation 

concentration of the droplet depends on the salt content. The lowering of the saturation 

concentration can be calculated by Raoult’s law, 𝑐𝑠
𝑊(𝑇𝑙) = 𝜒𝑊𝑐𝑠𝑝𝑢𝑟𝑒

𝑊 (𝑇𝑙). The water mole fraction, 

𝜒𝑊, is defined as in Ref. [163] and shown in Eq. (5.3). 

 𝜒𝑊 = (55.509 − 𝑚 𝐻𝑑)/(55.509 − 𝑚 𝐻𝑑 + 𝑚 𝑖𝑒) (5.3) 

Here, 𝑚 is molality (mol/kg), and 𝐻𝑑 and 𝑖𝑒 are 2.1 and 1.75 for KCl as defined by Zavitsas [163].  

 The molality of a droplet increases as water evaporates, leaving the salt behind. This 

‘excess’ salt is concentrated at the interface, wherever the interface is receding the fastest. Internal 

diffusion of potassium and chloride ions trends the concentration towards homogeneity, but the 

droplet will not be entirely homogenous, and the local (interfacial) KCl concentration cannot be 

ignored. The local molality is used in Eq. (5.3) to determine the mole fraction as a function of 

position. 
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The local molality is determined using a companion model to the primary model through 

a decoupled approach. The companion model consists of an axisymmetric droplet solving Fick’s 

2nd law on a shrinking domain (i.e., due to evaporation) over the entire lifetime of a droplet. The 

companion model takes the droplet’s shape over time and its initial (homogenous) molality to 

obtain the local molality as a function of time and space inside the droplet. This information is 

then used in the primary model to obtain the local molality at various times with minimal additional 

computational cost. Further description of the companion model and the decoupled approach can 

be found in the Appendix, Section C.1. 

Most material properties required for the model were obtained from Ref. [137], with quartz 

heat capacity from Ref. [138], aqueous electrolytic solution properties of thermal conductivity, 

density, viscosity, and heat capacity from Refs. [164]–[166]. Temperature dependence is included 

for all liquid and gaseous properties. Additionally, the density of the gaseous vapor is modified by 

the presence of lighter water vapor, 𝜌𝑔 = 𝜌𝑑𝑟𝑦
𝑁 + 𝑐𝑊(𝑀𝑊 − 𝑀𝑁). 

5.4 Results and Discussion 

We performed multiple experimental trials of sessile droplet evaporation with water 

droplets containing 0, 0.00001, 0.0001, 0.001, 0.01, 0.1, and 1 molal solutions of KCl. Employing 

Eq. (5.1), the goniometer determined volume and contact angle can be used to determine the height 

and radius for each droplet. Figure 5.3 shows the geometry of each trial over time. From the first 

row of Figure 5.3, the radius data shows a relatively flat region (constant contact radius, CCR) 

followed by a region with a receding radius (variable contact radius, VCR). Throughout 

evaporation, both the height (second row) and contact angle (third row) show somewhat linear 

trends, while the volume (fourth row) displays a concave-up shape.  
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The slope of the volume data with time decreases across all KCl concentrations, which can 

be seen as a decrease in the volumetric evaporation rate in the fifth row of Figure 5.3. Here, the 

volumetric evaporation rate is defined as −�̇�. No apparent trend in evaporation rate is clear from 

this data due to slightly differing initial volumes and droplet geometries. If the droplets were of 

the same geometry, the evaporation rate would be expected to be ordered by the salt content 

(lowering vapor pressure). However, the droplet evaporation rate is also dependent on geometry 

(radius, contact angle) [41]. The cause of the slight geometry variation in this work is due to 

changes in surface tension from the addition of KCl and variations in the semi-manual deposition 

process. Qualitatively, it was found that the initial height of the syringe above the substrate 

influenced the wetting dynamics during deposition resulting in a range of initial contact angles for 

the same volume of liquid. This variation in size does not affect the study’s goal of determining 

the AC of various aqueous solutions. Although, it can make comparing the evaporation rate of 

droplets challenging. There is an overall decreasing trend in each droplet’s evaporation rate that 

can be attributed to a combination of an increased proportion of non-volatile impurities and 

decreasing contact angle and radius. The evaporation rate of a pure fluid isothermal droplet is 

expected to scale with the contact radius (�̇� ∝ 𝑟𝑑) in a purely diffusive environment and scales 

with the surface area in an advectively driven case (�̇� ∝ 𝑟𝑑
2) [41]. Hence, with a low-speed dry 

nitrogen flow around the droplet, the evaporation is of mixed diffusive-advective character; neither 

scaling law is entirely appropriate.  

The volumetric evaporation flux (Figure 5.3, sixth row), defined as the ratio of the 

evaporation rate to the surface area (−�̇�′′ = − �̇� 2𝜋𝑟𝑑
2(1 + tan(𝜃 2⁄ )⁄ ), shows an increasing 

trend. This occurs because as the droplet shrinks and the radius stays relatively constant, the 

amount of diffusive flux increases slightly [30], and the flow pattern over the droplet changes, 
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promoting higher advection rates of water vapor. When the droplet is tall, vortices can form on the 

downstream side, decreasing the driving potential for evaporation. On the other hand, when the 

droplet is short and close to a flat plane, vortices will not form, leading to a net decrease in the 

water vapor content of the ambient downstream of the droplet, thereby increasing evaporative flux. 

However, this phenomenon is much less pronounced in the 1 molal droplets. This behavior is likely 

due to one of two factors caused by the increase in KCl concentration approaching the limit of 

solubility: (a) the onset of crystallization which prevents the droplet from reaching low contact 

angles, or (b) vapor pressure depression. 

Frequency and resistance data from these trials can be seen in Figure 5.4. Here, an initial 

plateau before droplet deposition is seen, followed by deposition of the droplet and then a steady 

frequency response corresponding to a constant contact radius mode of evaporation. The resistance 

measurements follow the same pattern, although the resistance increases when the droplet is 

deposited. When the concentration is below 0.1 molal, the frequency and resistance have steady 

plateaus until the radius begins to recede. The resistance increases at 0.1 molal and particularly at 

1 molal as the droplet evaporates while the radius is relatively constant or receding. This increase 

is a result of increasing salt concentration enough to raise the density-viscosity product (𝜌𝑑𝜇𝑑) in 

Eqs. (5.2b) and (5.2c), which are related to the frequency response of the QCM. Proportionality 

between Δ𝑓 and Δ𝑅 could be investigated to determine the value of Δ𝑓𝑠. The measured value of 

𝛥𝑅 can be used to calculate Δ𝑓𝐿, and then the value of Δ𝑓𝑆 is found by Δ𝑓𝑆 = Δ𝑓 − Δ𝑓𝐿. Eq. (5.2a) 

can then be used to determine the deposition of non-volatile impurities onto the substrate. The 

value of Δ𝑓𝑠 could elucidate the deposition process during evaporation in ways previously unviable 

by standard measurement methods. 
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Figure 5.3: Radius (first row), height (second row), contact angle (third row), volume (fourth row), 

volumetric evaporation rate (fifth row), and volumetric evaporative flux (sixth row) of all experiments. 

 

 
Figure 5.4: Frequency response (first row) and resistance response (second row)  over time for droplets of 

various KCl concentrations. 
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After some time in each trial, the frequency increases, corresponding to a decrease in the 

contact radius with the droplets entering a variable contact radius mode of evaporation. In the case 

of the pure water (0 M) trial, the frequency increases back to nearly the same value (Δ𝑓 ≈ 0 Hz) 

at the end of evaporation. For the droplets containing KCl, this is not the case. The frequency 

response corresponding to the highly complex deposition process at the end of evaporation is 

challenging to analyze. The dual effects of droplet drying (density, viscosity, area changes) and 

non-uniform deposition of KCl onto the QCM surface cause a frequency response that is not easily 

distinguishable. However, qualitatively, the higher concentrations of salt cause more significant 

frequency shifts at the end of evaporation due to larger amounts of mass being deposited on the 

crystal. From 0 to 0.01 molal droplets, the QCM obtains a steady value at the end of evaporation. 

The mass deposited on the QCM can be calculated by employing (5.2a) where 𝑟𝑜 can be taken as 

the maximum radius of the droplet and 𝑟𝑖 → 𝑟𝑜 as if all of the mass is deposited in an infinitely thin 

ring at the edge of the droplet. Based on microscope images (Figure 5.5), this approximation is 

reasonable, especially for low concentrations. This approach may over predict the mass deposited 

for the higher concentrations in Table 5.1Table 5.1 (0.001 and 0.01 molal). Here, a value of 𝑎 =

2.7, and 𝑟𝑒 = 6.284 mm are used in Eq. (5.2a). 

In Table 5.1, data for 0.0001 to 0.01 molal concentrations shows a calculated initial 

molality very close to the nominal value. Variations could be due to the assumptions made in 

calculating the mass from Eq. (5.2a) (deposition entirely at contact line, value of 𝑎), as well as 

possible variation in the true salt concentration in the deposited droplet. For 10-5 molal initial 

concentration, measurements indicate an initial molality on the order of 10-4, which is an order of 

magnitude higher than expected. However, the non-volatile impurities present in the original 

“clean” water sample is close to 1 ppm. In comparison, non-volatile impurities in 10-4 and 10-5 
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molal solutions are on the order of 30 ppm. This implies that the 10-5 molal droplets have more 

non-volatile impurities than would be expected for the prepared concentration of KCl. 

Table 5.1: Salt deposited after droplet evaporation. Data for each trial 0-0.01 molal concentrations. The 

frequency shift of final stable value, the mass of deposited non-volatile impurities assuming a deposition 

region at the maximum radius location, the concentration of non-volatile impurities in parts per million 

(ppm), and calculated initial molality to compare with nominal value. *For nominally pure water, non-

volatile impurity molar mass was taken as the molar mass of KCl for comparison. 

Molality Frequency Shift, Hz Deposited Mass, ng 

0 -2.8 -0.6 -0.3   15.3 3.0 1.8   

10-5 -24.3 -23.0 -22.8 -3.67 130.9 129.7 127.4 21.1 

10-4 -29.4 -11.5 -7.2   165.6 68.8 42.2   

10-3 -58.0 -40.5 -77.8   309.7 229.3 472.4   

10-2 -252.5 -307.4 -686.1   1374 1753 3692   

Molality Concentration, ppm Calculated Init. Molality, mol/kg 

0 4.12 0.76 0.40   5.5e-5* 1.0e-5* 0.5e-5*   

10-5 37.8 35.1 31.3 6.68 50.9e-5 47.3e-5 42.1e-5 9.0e-5 

10-4 42.8 19.0 11.8   5.8e-4 2.6e-4 1.6e-4   

10-3 89.3 75.7 129.1   1.2e-3 1.0e-3 1.7e-3   

10-2 470 560 1073   6.3e-3 7.5e-3 1.4e-2  

 

 For higher concentrations (0.1, 1 molal), the QCM data approaches non-physical values 

and is not shown in Figure 5.4 for clarity. The high salt concentration dries into a defined crystal 

structure, which likely causes large stress on the QCM surface. A QCM’s frequency and resistance 

measurements are stress-dependent, and the stress assumptions used to derive Eq. (5.2) likely do 

not hold. Hence, the final stages of drying of these two concentrations cannot be analyzed 

qualitatively using a QCM.  

Visual imaging of the salt deposition can also be performed. Figure 5.5 shows both side 

view profiles of deposited salt as well as microscope images near the initial contact line. Side view 

images of 0.01 molal concentrations and lower do not show any evidence of salt deposition, so 

only microscope images for the 0.001, 0.0001, 0.00001 molal concentrations are shown for brevity. 

At the highest concentration, large crystals form across the entire droplet area, thicker in the center 
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than at the edges. For a droplet starting with 0.1 molal KCl concentration, smaller crystals form 

surrounded by a region of more distributed KCl. The salt deposition pattern is more uniform across 

the droplet area than in the 1 molal case. This trend continues with the 0.01 molal droplets as the 

KCl shows a preference for depositing at the contact line. As the concentration decreases, the 

deposition region becomes more compact, particularly noticeable as a single line in the 10-5 molal 

cases. 

 
Figure 5.5: Side view images for high salt concentrations and microscope images for all salt concentrations 

after complete droplet evaporation. All microscope images are the same scale, with scale bar shown in 0.0001 

molal microscope image. 

 

The AC for each droplet over time can be calculated from a rearrangement of Eq. (4.6), 

where 𝜎𝑊 = 𝐽𝑊−1
√

𝑅

2𝜋𝑀𝑖 (𝑐𝑠
𝑊(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣

𝑊√𝑇𝑣Γ(𝜙𝑣
𝑊)). The right-most term on the right-hand 

side (𝑐𝑠
𝑊(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣

𝑊√𝑇𝑣Γ(𝜙𝑣
𝑊)), is an effective driving potential and varies over the surface of 

the droplet with changing temperature and flow conditions. Additionally, 𝐽𝑊 also changes across 

the surface of the droplet, with values highest near the contact line and lowest on the downstream 
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side of the droplet just below the apex. The surface-averaged value of the AC on the droplet takes 

into account the variation in flux and driving potential. The driving potential is expected to 

decrease with increasing salt concentration because 𝑐𝑠
𝑊(𝑇𝑙) decreases in line with Raoult’s law 

while the temperatures and vapor concentration in the flowing nitrogen were similar across all 

experiments. For the AC to vary with increasing KCl concentration, the flux (sixth row, Figure 

5.3) and driving potential must change relative to each other.  

The AC corresponding to each KCl concentration is shown in Figure 5.6. The AC was 

calculated using the first three evaporation rate data points (approximately 180 seconds of data) as 

individual inputs to the computational model to obtain three surface-averaged ACs and their 

associated uncertainties. To obtain the surface-averaged AC, the local AC is first computed using 

Eq. (4.6) across the entire droplet surface using local properties (molar flux, temperature, vapor 

concentration, pressure) and then averaged over the surface of the droplet. The model calculates 

the sensitivity of the main input parameters (evaporation rate, temperature, and nitrogen gas flow 

rate), and this is used to determine the uncertainty of the calculated AC value. For each 

concentration of KCl, the three ACs of the first three times are combined into a mean AC (�̅�) by 

means of a weighted average where the weights are the inverse square of the uncertainty (𝛿𝑖) of 

each of the individual ACs (𝜎𝑖), 𝜎 = ∑𝛿𝑖
−2𝜎𝑖 ∑𝛿𝑖

−2⁄ . The uncertainty for at each time point is 

calculated by the same method as in Appendix 0. The uncertainty of the mean AC (𝛿̅) can also be 

found, 𝛿̅ = 1 √∑𝛿𝑖
−2⁄ .  

The mean AC is shown in Figure 5.6(a) with error bars as 𝜎 ± 𝛿̅ where 𝜎 = 1.1 × 10−3 ±

6 × 10−5. From this data set, no obvious trend is seen with varying KCl. It is well established that 

droplets with higher salt concentrations will evaporate slower. The lack of trend in the AC data 

demonstrates that for KCl from 0 to 1 molal solutions any decrease in evaporative flux (𝐽𝑊) is 
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balanced by a decrease in the driving potential through a decrease in the saturation concentration. 

Even at a high concentration (1 molal), the value of AC is not distinguishable from nominally pure 

water. In Chapter 4, the AC of nominally pure droplets was determined to be approximately 0.001. 

Thus, the accommodation at the liquid-vapor interface in the KCl droplets here is dominated by 

effects other than the intentional KCl concentration, such as the high nitrogen gas concentration.  

However, at 0.01 molal, there is an interesting decrease in the AC. A saturated solution of KCl has 

a molality of about 4.3 mol/kg, so an initial concentration of 1 mol/kg is very close to saturation. 

The uncertainty of the data is about 25% of the values of AC for each data point. Hence, it can be 

concluded that the variation in the value of AC with KCl concentration is minor between nominally 

pure and near the solubility limit.  Figure 5.6(b) simplifies Figure 5.6(a) by including only one 

data point per salt concentration, with a weighted average.  

 
Figure 5.6: (a) Mean AC and associated uncertainty over the first 180 seconds of evaporation for varying KCl 

concentrations for the entire dataset. (b) Weighted mean for each KCl concentration. (b) is shown with 

weighted mean and its uncertainty as a horizontal line (�̅� = 𝟏. 𝟏 × 𝟏𝟎−𝟑 ± 𝟔 × 𝟏𝟎−𝟓). (c) Viscosity according 

to Jones-Dole equation for KCl over the range of experimentally investigated concentrations. 
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In regards to why aqueous KCl does not affect the AC to a noticeable degree could be 

explained by the weak influence that potassium and chlorine ions have on water’s bonding 

structure. Potassium and chlorine are relatively large ions with low charge densities, sometimes 

termed chaotropes, or “structure breaking” ions, where small ions with large charge densities are 

termed kosmotropes, “structure making”. Experiments have shown that large monovalent ions 

have a disordering effect on hydrogen bonding in water while small ions have the opposite effect 

[167]. Ion effects can be found in macroscopic properties such as viscosity [168], [169], where 

chaotropes decrease viscosity and kosmotropes increase viscosity. From the Jones-Dole equation, 

𝜇 𝜇0⁄ = 1 + 𝐴𝑐 + 𝐵𝑐1/2 …, the value of 𝐵 can be either negative or positive, reflecting either 

chaotropic or kosmotropic ions, respectively. In particular, KCl has a small, negative B value 

(−0.0152 [170]).  This means that KCl does not strongly influence the structure much however, 

both chaotropic and kosmotropic effects can be seen in its viscosity where there is an increase of 

viscosity near 0.05 mol/kg before decreasing and subsequently increasing when approaching 

saturation (Figure 5.6(c)). The first increase occurs around the same concentration where a 

decrease in accommodation coefficient is found, followed by an increase in AC when viscosity 

decreases. 

Samoilov [167], [171] proposed that viscosity could be understood in terms of the 

activation energy required to strip water molecules away from the first solvation shell of an ion. 

Kosmotropic ions require more energy to strip a water molecule from their shell than to strip one 

water molecule from another water molecule, while chaotropic ions require less energy to strip a 

water molecule from their shell. The AC may be influenced similarly. Thus, if strongly 

kosmotropic aqueous salts were to be studied using the methods in this work, it is possible that 

their AC would show a decreasing trend with increasing salt concentration, indicating that the 
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water molecules are held more tightly to a kosmotropic ion. This could potentially explain the 

relative dip in AC value for KCl droplets around 0.01 molal, where KCl shows a small amount of 

kosmotropic character in its viscosity. Using molecular dynamics, Wang et al. [172] found that for 

the same molar concentration of alkali metal chlorides (LiCl, NaCl, KCl) in a water droplet, LiCl 

had the most reduced evaporation rate, followed by NaCl, and KCl had an evaporation rate closest 

to pure water. Further experimental and molecular dynamics simulations are needed to investigate 

a range of anions and cations to fully elucidate this phenomenon with regards to accommodation 

at the liquid-vapor interface. 

5.5 Conclusion  

Evaporation is a complex, highly-coupled heat and mass transfer phenomenon essential in 

nature and many industrial applications. The fundamental understanding of factors that influence 

evaporation is critical to device and system design towards solving challenging problems such as 

electronics cooling and water desalination. This chapter performed a coupled experimental-

computational investigation of aqueous saline droplets of KCl evaporating into a dry nitrogen 

stream. The work in this chapter couples experiments using a goniometer to determine evaporation 

kinetics with a multiscale computational analysis considering the Knudsen layer and the 

macroscale heat transfer and gas flow around the droplet. In this modeling, the Knudsen layer is 

replaced by a boundary condition derived from conservation of mass. A QCM was used to 

investigate deposition phenomena during evaporation. This analysis allowed for the determination 

of the accommodation coefficient in Schrage’s binary gas equations (Eq. (4.4)) for water with a 

non-condensable gas (nitrogen). 

This work finds a weighted mean of the surface-averaged accommodation coefficient for 

22 experimental trials of aqueous KCl sessile droplets to be 1.1 × 10−3 ± 6 × 10−5. Considering 
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the uncertainty in the data, no trend of increasing or decreasing AC is found with varying KCl 

concentrations. While the value is low compared to a theoretical value of unity for a pure water 

droplet, significant impurities and non-condensable gas are present in all cases. The least amount 

of non-volatile impurities studied was about 0.4 ppm in a nominally pure water droplet, while the 

molar fraction of nitrogen gas near the interface is ~0.97 for all droplets, and the saline droplets 

have KCl concentrations approaching a saturated solution. It is clear that potassium chloride does 

not affect the value of AC by a large factor and the accommodation is dominated by the same 

phenomena that occur in the nominally pure droplets. Since these conditions are common in real-

world applications, we believe this study provides a basis for predicting evaporative flux at the 

liquid-vapor interface and the device performance when non-condensable gases and KCl 

impurities are intrinsic to the application. 

The particular properties of potassium and chloride ions may account for the lack of 

expected trend in the AC with increasing aqueous KCl concentration. The potential of the 

potassium and chloride ions to disrupt the hydrogen bonding structure of water could play a role 

in how water molecules undergo accommodation at the liquid-vapor interface. Future work will 

focus on other salts such as sodium chloride and magnesium sulfate, which show higher 

kosmotropic character to determine if variations in AC can be explained by how much salt orders 

or disrupts the structure of liquid water.  
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6. Anodic Alumina Nanopore Fabrication on a QCM 

In this chapter, the fabrication of a nanoporous anodic alumina array is fabricated on a 

quartz crystal microbalance (QCM) to construct a high-precision sensing device for evaporation 

of liquids confined in nanopores studies. A two-step anodization approach is performed to obtain 

a well-organized, tunable pore array. Current measurements and QCM frequency and resistance 

measurements are taken during fabrication and analyzed to predict the structure of the pores and 

characterize the QCM. A set of equations is also designed for use in liquid evaporation studies. 

6.1 Introduction 

Evaporation from micro or nanostructured surfaces is a phenomenon found across nature 

and in many industrial applications such as transpiration [65], water desalination [66], and 

electronics cooling [14]–[19], [42], [67]–[72], [74]–[76]. Specifically, nanoporous evaporation 

shows promise in cooling high-power, high-density integrated circuits [77]. Heat fluxes of >1000 

kW/cm2 can be generated by high-frequency microwave GaN devices requiring innovative cooling 

strategies [78]. However, quantifying phenomena occurring inside of nanoporous structures is 

inherently challenging.  In the case of evaporation of liquids contained in nanopores, gravimetry 

and visual imaging methods cannot accurately capture the small changes of mass needed to 

quantify evaporation at the nanoscale. Calorimetric approaches are commonly used, quantifying 

evaporation through an amount of heat flux at the interface. Measuring heat flux at this scale is 

inherently challenging, requiring specialized fabrication techniques to obtain the required 

accuracy. Additionally, studying the effect of pore diameter, spacing or length may require an 

entirely new device which would be prohibitively expensive. Quartz crystal microbalances 

(QCMs) offer a high-speed, precise, tunable, and inexpensive method for determining liquid 

evaporation out of nanopores. 
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QCMs, originally used to monitor thin film deposition processes [112], have been 

employed to quantify interfacial and wetting phenomena in the past few decades [81]–[108], [161]. 

Recently, a QCM has been used as a precise contact area sensor for studying sessile droplet 

evaporation, Chapters 2-4 (Refs. [86], [101], [161]). A QCM consists of a thin AT-cut quartz 

crystal substrate with patterned electrodes. Its resonant frequency responds to stress at the 

electrode surface. Data acquisition can be performed at 10 samples/second at a resolution of 1 Hz 

on a 5 MHz resonant frequency, corresponding to a mass sensitivity of 18 ng/cm2. By using thick 

(~8 μm, >99.99% purity) aluminum electrodes, tunable and highly ordered nanoporous alumina 

can be grown through simple electrochemical techniques while still providing an electrical 

connection to the crystal. Nanoporous structures on QCMs have been used in previous works to 

design humidity and gas sensors [173]–[175], study surface wettability [85], [176], [177], as well 

as determine fluid properties [178]. However, it has never been leveraged to study the evaporation 

kinetics of liquid out of nanopores. In this chapter, a nanoporous anodic alumina structure is 

fabricated on a QCM, and fabrication data is analyzed. 

Not only can nanoporous evaporation be measured with a QCM to high precision, but real-

time in-situ monitoring of the anodic alumina oxide nanopore fabrication process can be carried 

out.  

6.2 Theory 

Traditionally when determining thin film thickness with a QCM, Sauerbrey’s equation is 

used (Eq. (6.1)). This equation describes the linear relationship between the frequency shift, Δ𝑓 =

𝑓 − 𝑓0, in resonant frequency, 𝑓0, from the unloaded resonant frequency, 𝑓, to the areal mass 

density on the surface of the QCM, Δ𝑚 𝐴𝑞⁄ , where Δ𝑚 is the mass change over the electro-active 

area of the QCM, 𝐴𝑞. 
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Δ𝑓 = −𝐶𝑓

Δ𝑚

𝐴𝑞
 (6.1) 

Here, the proportionality constant 𝐶𝑓 is dependent on the unloaded frequency of the QCM and  

quartz material constants, having a theoretical value of 56.6 Hz × cm2/ug for a 5 MHz QCM. 

In Sauerbrey’s analysis, rigid mass layers on the QCM are approximated as increasing the 

thickness of the resonator, thereby increasing the wavelength, and decreasing the frequency of 

oscillation, not damping the magnitude of oscillation. However, when the load on the QCM surface 

is not a thin film but is a fluid layer, Eq. (6.1) does not hold. The oscillating motion of the QCM 

surface drags the fluid along with it, but this motion exponentially decays away from the crystal 

surface because fluids cannot sustain shear waves. The rate at which the motion decays is 

dependent on the frequency of oscillation, as well as the fluid density (𝜌) and dynamic viscosity 

(𝜇). From Stokes’s second problem, the decay length is δ = (𝜇 𝜋𝑓𝜌⁄ )1/2, which is approximately 

240 nm in water on a 5 MHz QCM. In one decay length away from the surface, the motion decays 

by 63%. Thus, a semi-infinite fluid has a finite frequency shift, which is not true for a rigid mass 

layer. Kanazawa and Gordon related the frequency shift of a QCM exposed to a Newtonian fluid 

as shown in Eq. (6.2a) [113], [114]. 

Additionally, the fluid on the QCM surface damps the motion of the crystal, and this can 

be measured by a change in equivalent circuit resistance, Δ𝑅 [159]. An increase in resistance is 

proportional to a decrease in the quality factor of oscillation. This quantity is directly measured on 

some commercially available hardware, such as the SRS QCM200 used in this work (Stanford 

Research Systems).  The change in resistance is related to the density and viscosity as in Eq. (6.2b) 

[159]. 
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𝛥𝑓 = −𝐶𝑓√
𝜌𝜇

4𝜋𝑓0
 (6.2a) 

 

𝛥𝑅 = 2𝐿1𝐶𝑓√
𝜋𝜌𝜇

𝑓0
 (6.2b) 

Here, the unloaded motional inductance of the QCM is 𝐿1, which is on the order of ~40 mH.  

 The effects of rigid mass loads (Eq. (6.1)) and Newtonian damping (Eq. (6.2a)) are additive 

to the entire frequency response of the QCM. Previous works have studied the effect of liquids in 

rough surfaces and porous structures on the QCM frequency [178]–[180]. Notably, the liquid in 

the nanopores behaves as an effective mass and follows Sauerbrey’s equation (Eq. (6.1)) and does 

not cause a damping effect. The additive frequency response is then shown in Eq. (6.3). 

 

Δ𝑓 = −𝐶𝑓 (𝜙ℎ𝜌𝑓 + √
𝜌𝑓𝜇

4𝜋𝑓0
) (6.3) 

Here, the mass change is replaced by Δ𝑚 = 𝜙ℎ𝜌𝑓 where the porosity (𝜙) and height (ℎ) of the 

pores are filled with a fluid with density 𝜌𝑓. 

The fabrication process can be analyzed by considering the changes in mass over the crystal 

surface. During the anodization processes, first the barrier layer grows to a height (ℎ𝐵𝐿) of ~52 nm 

[181], replacing aluminum with alumina and expanding at a volumetric ratio of 1.28 [182], 

corresponding to a linear ratio of 1.09 (ℎ𝐵𝐿𝐴𝑙2𝑂3
= 1.09ℎ𝐵𝐿𝐴𝑙

), increasing the mass of the QCM 

by Δ𝑚 = 𝐴𝑞ℎ𝐵𝐿𝐴𝑙2𝑂3
𝜌𝐴𝑙2𝑂3

− 𝐴𝑞𝜌𝐴𝑙ℎ𝐵𝐿𝐴𝑙
. Then, as pores begin to form, the fluid mass in the pores 

must also be considered. The porosity can be written in terms of the pore cross-sectional area to 

the total electro-active QCM area, 𝜙 = 𝐴𝑐𝑠 𝐴𝑞⁄ , which allows the mass change during the creation 

of pores to be written as Δ𝑚 = 𝐴𝑞𝜙𝜌𝑓Δℎ𝐴𝑙2𝑂3
+ 𝐴𝑞(1 − 𝜙)𝜌𝐴𝑙2𝑂3

Δℎ𝐴𝑙2𝑂3
+ 𝐴𝑞𝜌𝐴𝑙Δℎ𝐴𝑙. The total 

fluid damping load (Eq. (6.2b)) does not change during anodization, thereby not affecting the 
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frequency response of the QCM. The frequency response for the anodization processes can be seen 

in Eq. (6.4), where the unloaded frequency is of a smooth surface in air, and the loaded frequency 

is anytime during the fabrication process. If the frequency shift was calculated between two points 

after the barrier layer had formed and the QCM is submerged in the same liquid, then ℎ𝐵𝐿𝐴𝑙2𝑂3
=

ℎ𝐵𝐿𝐴𝑙
= 𝜇 = 0 could be used to obtain a simplified expression. 

 
Δ𝑓 = −𝐶𝑓 (𝜙Δℎ𝐴𝑙2𝑂3

𝜌𝑓 + ((1 − 𝜙)Δℎ𝐴𝑙2𝑂3
+ ℎ𝐵𝐿𝐴𝑙2𝑂3

) 𝜌𝐴𝑙2𝑂3

+ (Δℎ𝐴𝑙 − ℎ𝐵𝐿𝐴𝑙
)𝜌𝐴𝑙) − 𝐶𝑓√

𝜌𝑓𝜇

4𝜋𝑓0
 

(6.4) 

Here, Δℎ𝐴𝑙2𝑂3
 and Δℎ𝐴𝑙 are the height changes of alumina and aluminum, respectively. The oxide 

expands faster than aluminum consumption, and hence, these two values will not be equal.  

The pore walls and top and bottom surfaces are slowly dissolved during etching steps. 

Here, complete etching is performed between the first and second anodization. A partial etching, 

sometimes termed pore widening, would use the same analytical procedure. The change in mass 

from the dissolution in the vertical direction is Δ𝑚 = 𝐴𝑞𝜌𝐴𝑙2𝑂3
Δℎ𝐴𝑙2𝑂3

. In the radial direction, the 

pore wall is replaced by the fluid in the pores at constant pore height, as a change in porosity giving 

a change in mass of Δ𝑚 = 𝐴𝑞ℎ𝐴𝑙2𝑂3𝑖
𝜙𝑖 (

𝑟2

𝑟𝑖
2 − 1) (𝜌𝑓 − 𝜌𝐴𝑙2𝑂3

) where 𝑟 is the radius of the pore. 

The total distance etched from the pore height is identical to the change in radius, so Δℎ𝐴𝑙2𝑂3
=

𝑟𝑖 − 𝑟. The frequency response of the QCM is then shown in Eq. (6.5). During the etching process, 

Eq. (6.5) will only be valid for the first portion. After some time, the barrier layer will be etched 

to expose the aluminum substrate, and the pore walls will begin to collapse. Again, the frequency 

shift is taken from unloaded pores in air (𝜌𝑎𝑖𝑟 ≈ 0).  Eq. (6.5) only depends on initial geometrical 

parameters (subscript 𝑖) and densities. 
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Δ𝑓 = −𝐶𝑓 (𝜌𝐴𝑙2𝑂3
(𝑟𝑖 − 𝑟) + ℎ𝐴𝑙2𝑂3𝑖

𝜙𝑖 (
𝑟2

𝑟𝑖
2 − 1) (𝜌𝑓 − 𝜌𝐴𝑙2𝑂3

) ) − 𝐶𝑓√
𝜌𝑓𝜇

4𝜋𝑓0
 (6.5) 

Equations (6.4) and (6.5) can be used to determine the rate of pore growth, total pore height, 

and porosity of the anodic alumina nanopore structure by measuring the frequency response of the 

QCM during the fabrication process and is an alternative to visual methods at the end of 

fabrication. 

6.3 Fabrication Process and Analysis 

6.3.1 Overview 

The fabrication process to create nanoporous anodic alumina oxide is created on the surface 

of the QCM using standard electrochemical techniques [183]. Here, a two-step anodization process 

(anodize-etch-anodize) is performed in oxalic acid and a chromic-phosphoric acid mixture. This 

process results in hexagonally ordered nanopores. Table 6.1 contains a summary of the fabrication 

process. Second anodization was performed in three steps of 80, 78, and 110 minutes. 

Table 6.1: Summary of fabrication process. 

Step Solution Time Temperature Voltage 

First Anodization 0.3 M Oxalic Acid 50 min 2 °C 40 V 

Etching 
1 wt% Chromic & 

6 wt% Phosphoric Acid 
50 min 32 °C - 

Second Anodization 0.3 M Oxalic Acid 268 min* 2 °C 40 V 

 

Before each fabrication step (including the second anodization step) and after the final step 

of pore widening, the QCM was submerged in a range of solutions (n-hexane, isopropyl alcohol, 

water, 15 wt% glycerol-water, 45 wt% glycerol-water, and 3M NovecTM 7000). This step 

determines the pore geometry using the QCM and tracks any changes in the value of 𝐿1 using a 

range of viscosities and densities. The frequency and resistance shifts were analyzed by linear-

least-squares fitting to Eq. (6.3) to obtain information about the pore structure. 
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6.3.2 Determination of 𝑳𝟏 and 𝑪𝒇 

The value of 𝐿1 and 𝐶𝑓 are determined by submerging the QCM into various fluids over a 

wide range of densities and viscosities, which was carried out after each fabrication step. Table 

6.2 gives an overview of the range of solutions. In some previous works, chloroform was chosen 

as a high-density liquid. However, here 3M NovecTM 7000 is chosen to replace chloroform.  

Table 6.2: Comparison of densities and viscosities of fluids used for 𝑳𝟏 determination at 25 °C. 

 
n-Hexane 

[184] 

IPA 

[184] 

Water 

[131] 

15 wt% 

Glycerol [131] 

45 wt% 

Glycerol [131] 

3M NovecTM 

7000 [185] 

Density, kg/m3 655 781 997 1033 1110 1401 

Viscosity, mPa s 0.3 2.04 0.893 1.315 3.919 0.445 

 

Rearranging Eq. (6.3) with use of Eq. (6.2b) and by replacing the pore height by ℎ =

ℎ̇𝐴𝑙2𝑂3
𝑡 where ℎ̇ is the anodization growth rate of the pores and 𝑡 is the total anodization time 

(Table 6.1) to obtain Eq. (6.6). It is well established that the pores grow at a constant rate, and all 

of the anodization was performed under the same conditions. This equation is a fit to the entire 

experimental dataset. The intercept of this dataset (1 4𝜋𝐿1⁄ ) can be used to determine the value of 

𝐿1. The components of the slope of this equation, 𝐶𝑓𝜙ℎ̇𝐴𝑙2𝑂3
, can be determined later using 

fabrication data. The slope of this data is found to be 0.00041 s-2m3/kg and intercept 1.867 H-1, 

which gives 𝐿1 = 42.6 mH. Figure 6.1(a) shows the data collapsing on a single line, which shows 

the applicability of Eq. (6.6).  

 
−

Δ𝑓

Δ𝑅
= 𝐶𝑓𝜙ℎ̇𝐴𝑙2𝑂3

𝜌𝑡

Δ𝑅
+

1

4𝜋𝐿1
 (6.6) 

Equation (6.2b) can be written in a 𝑦 = 𝑚𝑥 + 𝑏 form where 𝑦 = Δ𝑅, 𝑚 = 𝐿1𝐶𝑓𝑓0
−1/2

, 𝑥 =

2√𝜋𝜌𝜇, and 𝑏 is an error term. The best fit line to the entire experimental dataset has a slope of 

101.24 H s−3/2 m2 kg−1 with an 𝑟2 = 0.98 indicating a good fit, Figure 6.1(b) shows this data 

and the linear fit. A reasonable value for 𝐶𝑓 can be found by taking 𝐿1 to be 42.6 mH and assuming 
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𝑓0 to be 5 MHz, thus, 𝐶𝑓 = 53.1 Hz cm2/μg. This very close to the theoretical value of 56.6 Hz 

cm2/μg. With 𝐶𝑓 determined, the value of 𝜙ℎ̇𝐴𝑙2𝑂3
 is then 4.62 nm/min. Porosity and rate can be 

determined using the fabrication data or other standard methods of pore analysis. 

 
Figure 6.1: Linear fitting of frequency and resistance data to find motional inductance (𝑳𝟏) and mass 

sensitivity (𝑪𝒇). Eq. (6.6) used in (a) and Eq. (6.2b) in (b). 

 

6.3.3 Total Mass Change 

The total mass change of each fabrication step is recorded in the frequency response. By 

measuring the mean frequency before submersion and after thorough rinsing with DI water and 

drying in N2, the difference corresponds to the net area mass change on the QCM surface (Δ𝑓 =

−𝐶𝑓Δ𝑚/𝐴𝑞) and is shown in Table 6.3.  

Table 6.3: Frequency shifts and corresponding areal mass change after each fabrication step. 

 1st Anod. Etching 2nd Anod. Part 1 2nd Anod. Part 2 2nd Anod. Part 3 

Frequency  

Shift, kHz 
-7.504 29.721 -12.241 -11.220 -13.925 

Mass Change, 

μg/cm2 
141.3 -559.5 230.4 211.2 262.1 

 

Using the frequency shift data in Eq. (6.4), and assuming all the changes in alumina and 

aluminum heights are proportional to the anodization time, a set of five linear equations can be 
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created with the unknowns ℎ̇𝐴𝑙2𝑂3
, ℎ̇𝐴𝑙, and ℎ𝐵𝐿𝐴𝑙2𝑂3

. Additionally, the values of 𝐶𝑓 and 𝜙ℎ̇𝐴𝑙2𝑂3
 

from Section 6.3.2 are used. This system is overdetermined, so a linear least-squares solving can 

be performed to obtain a solution where the three unknowns are then determined to be ℎ̇𝐴𝑙2𝑂3
=

31.3 nm/min, ℎ̇𝐴𝑙 = −29.0 nm/min, and ℎ𝐵𝐿𝐴𝑙2𝑂3
= 83 nm. The value of ℎ̇𝐴𝑙2𝑂3

 can then be used 

to determine the porosity as 𝜙 = 0.148. The barrier layer thickness of 83 nm is on the same order 

of magnitude as previous results [181], [186]. Extrapolation of growth rate from Hwang et al. 

[183] at 2 °C gives 44 nm/min, and Sousa et al. [187] at 4 °C gives 41.7 nm/min, which is quite 

close to the 31 nm/min determined here at 2 ℃. Additionally, a linear expansion rate can be 

calculated from ℎ̇𝐴𝑙2𝑂3
(1 − 𝜙)/ℎ̇𝐴𝑙 to be 1.087 which is in excellent agreement with the value of 

1.093 from [182]. 

Table 6.4: Pore and estimated substrate heights after each fabrication step based on fabrication time and 

calculated growth/consumption rate. 

 Unmodified 1st Anod. Etching 
2nd Anod. 

Part 1 

2nd Anod. 

Part 2 

2nd Anod. 

Part 3 

Pore Height, 

μm 
0 1.55 0 2.48 4.90 8.32 

Est. Substrate 

Height, μm 
9.09 7.66 7.66 5.38 3.15 ~0 

 

The summary of pore heights after each fabrication step is given in Table 6.4. Here, the 

final height of the aluminum substrate is taken as zero because the substrate was almost entirely 

consumed (Figure 6.4(c)). The estimated substrate height does not play a role in future evaporation 

experiments - it is included here only for completeness. 

6.3.4 Frequency and Resistance Response During Anodization 

First anodization was performed in 0.3M oxalic acid at around 2 °C and 40 V for 50 

minutes. Figure 6.2 shows the frequency response of the QCM during the anodization process. 

This shows three distinct regions: (1) a nearly constant frequency prior to submersion in the 
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oxalic acid, (2) a steady rate of decrease in frequency, and (3) a relatively constant frequency 

occurring after the QCM was removed from the acid bath and dried in N2 gas. The frequency 

decrease corresponds to Eq. (6.4), where adding oxygen and oxalic acid greatly reduces the 

frequency.  

Three areas can also be seen in the resistance response. Here, the middle region plateaus 

rather than decreases. This is because the addition of fluid in the nanopores plays no role in Eq. 

(6.2b) since the fluid moves rigidly within the nanopores and provides no damping. When the 

resistance returns to its original value at the end of the anodization process, it returns to the 

ambient air condition. The resistance fluctuates slightly during anodization because the bath 

temperature is not entirely constant, and small temperature changes can produce measurable 

viscosity and density changes of oxalic acid. 

 
Figure 6.2: Frequency and resistance shifts from unloaded in the air prior to submersion in oxalic acid 

recorded throughout anodization with a final period outside of acid in the air. Mass flux of the crystal 

surface, current, and acid temperature was recorded during the anodization process. Average mass flux is 

shown as a black dashed line. Anodization voltage was applied at time zero. 
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 To determine the rate of mass addition to the QCM during the anodization process, Eq. 

(6.2b) can be combined with Eq. (6.4) to eliminate the fluid viscosity and the time derivative of 

this expression can be taken to result in Eq. (6.7).  

 
�̇�′′ = −

1

𝐶𝑓

𝑑

𝑑𝑡
(

Δ𝑅

4𝜋𝐿1
+ Δ𝑓) = (𝜙(𝜌𝑓 − 𝜌𝐴𝑙2𝑂3

) + 𝜌𝐴𝑙2𝑂3
)ℎ̇𝐴𝑙2𝑂3

+ 𝜌𝐴𝑙ℎ̇𝐴𝑙 (6.7) 

Here, the mass flux, �̇�′′, can be found from the resistance and frequency measurements 

directly. When extended to physical densities and the pore structure, the right-hand term comprises 

the creation of alumina nanopores and filling with oxalic acid as well as the consumption of pure 

aluminum. This quantity should show the same trends as the electric current measured in the 

electrochemical cell (Figure 6.2). The oscillatory behavior in the anodization rate data is likely due 

to temperature fluctuations. The temperature is relatively constant during anodization, except when 

the QCM and its holder are submerged just before time zero. The large thermal mass of the holder 

temporarily warms the acid bath before the double jacket beaker, and the recirculating cooler return 

the bath to the set point.  

Based on the linear least-squares fitting in Section 6.3.3, the average growth rates of 

alumina, the consumption rate of aluminum, and porosity, along with the values of  𝐶𝑓 and 𝐿1 

which were determined in Section 6.3.2 an average rate of mass flux can be determined. This is 

calculated from the right-hand side of Eq. (6.7) and shown as a dashed black horizontal line in 

Figure 6.2. Additionally, the current measurement can be used to determine the growth rate of the 

pores. By assuming conservation of electrons, ℎ̇𝐴𝑙2𝑂3
= 𝑚𝐴𝑙𝐼 3𝐴𝑞𝑒𝜌𝐴𝑙⁄ , where 𝑚𝐴𝑙 is the mass of 

an aluminum atom, 𝐼 is current, and 𝑒 is the charge of an electron (1.602 × 10−19 C). By using an 

average value of 2 mA, and upper electrode area of 1.29 cm2 the current-calculated growth rate 

would be 32.2 nm/min. The agreement of the right-hand side of Eq. (6.7) with the derivative-based 
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data is exceptional, as well as the current-calculated growth rate’s agreement with the average 

QCM rate. This demonstrates the applicability of these equations to describe phenomena occurring 

in nanopores on a QCM. 

Identical results can be seen for the second anodization steps, which is not included here 

for conciseness. 

6.3.5 Frequency and Resistance Response During Etching 

Similar to first anodization, the chromic and phosphoric etching step can be analyzed in 

terms of its mass flux which is found in Eq. (6.8).  

 
�̇�′′ = −

1

𝐶𝑓

𝑑

𝑑𝑡
(

Δ𝑅

4𝜋𝐿1
+ Δ𝑓) = (ℎ𝐴𝑙2𝑂3𝑖

𝜙𝑖

2𝑟

𝑟𝑖
2 (𝜌𝑓 − 𝜌𝐴𝑙2𝑂3

) − 𝜌𝐴𝑙2𝑂3
)

𝑑𝑟

𝑑𝑡
 (6.8) 

 Unlike anodization, here the mass flux is dependent on the radius as a function of time. 

Due to the small (nm) dimensions involved, the leading term of the right-hand side is much larger 

than the density of alumina and dominates the mass flux, �̇�′′ ∝ −𝑟
𝑑𝑟

𝑑𝑡
. 

 Figure 6.3 shows the QCM response to remove the first anodization pores during the 

etching step. As noted in Section 6.2, when the pores collapse, data analysis becomes impossible. 

This is believed to occur around 2200 seconds. At this point, the frequency and resistance 

responses reach non-physical values as the QCM undergoes a rapid change in stress. However, 

once this stress subsides, the values return. After 2500 seconds, there must be macro-scale features 

in the remaining alumina because the resistance measurement is elevated from its value during the 

majority of the etching process, and there must be some additional fluid undergoing a damped 

shear wave motion. At close to 3400 seconds, the frequency and resistance stop changing, which 

implies that there is no more aluminum to etch as the chromic-phosphoric etching step is a selective 

etch only targeting alumina, not the aluminum substrate. The QCM shows a nearly 30 kHz 

frequency change from before to after etching when compared in air. This large change 
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corresponds to the removal of the pores and their associated aluminum and oxygen atoms. It is 

larger than the -7.5 kHz shift shown in Figure 6.2 because many oxygen atoms were added to the 

QCM during anodization, and there was at most slight net loss of aluminum atoms. The balance, 

~22.2 kHz, when used in Eq. (6.1) with the density of aluminum implies that a layer of ~1.43 μm 

was consumed during the first anodization-etch process. 

Equation (6.8) is best applied on the interval 0-2000 seconds where the pore structure 

exists. The mass flux shows a linearly decreasing trend before increasing. The negative value here 

indicates that mass is lost from the QCM surface, in line with the etching process. The linear 

increase in the magnitude of mass flux could mean the radius is increasing linearly if 𝑑𝑟 𝑑𝑡⁄ =

constant or non-linearly if 𝑑𝑟 𝑑𝑡⁄ ≠ constant. After 1500 seconds, the decreasing magnitude 

(increasing value) of the rate shows that something interesting is occurring when the pore walls 

have become very thin. However, it is challenging to analyze. From ~3000-3500 seconds, the mass 

flux approaches a rate of zero as the etching process completes and no more alumina remains. 

Variations (ripples) in the mass flux can be attributed to small temperature fluctuations as well as 

fluctuations from the stir bar present in the acid bath.  

The radius of the pore can be determined by Eq. (6.5). The initial porosity is used to 

determine the initial radius using the interpore spacing, 𝑎 = 105 nm (Figure 6.4 and Ref. [183]), 

where 𝑟𝑖 = 𝑎 √𝜙 2𝜋⁄ √3
4

= 21.2 nm. The calculated radius shows a linear trend until about 2200 

seconds. Above this time Eq. (6.5) does not represent the pore structure well. At 2394 seconds, the 

calculated radius reaches a local maximum value of 51.2 nm to the close-packing limit of 52.5 nm 

for a 105 nm interpore spacing. Any etching past 52.5 nm in a perfectly ordered cylindrical array 

would rupture pore walls. Here, 51.2 nm is within the margin of error, and pore walls have already 

likely begun to rupture. Once enough pores have combined, the calculated radius will decrease 
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because the fluid will no longer act as a rigid mass, increasing the damping on the QCM. Above 

2400 seconds, both the damping measurement (resistance) and radius show these trends. 

 
Figure 6.3: Frequency and resistance shifts from unloaded in-air crystal prior to submersion in chromic-

phosphoric acid recorded throughout etching with the final period outside the acid bath, in the air. Mass flux 

of the crystal surface and temperature of the acid was recorded during the etch process, and QCM was 

submerged at time zero. A large break in data around 2200 seconds is attributed to pore wall collapse.  Here, 

Eq. (6.5) was used to calculate the radius. 

 

6.3.6 Imagery 

Scanning electron microscopy (SEM) was performed on the QCM after the final 

anodization process. Images at 100X and 300X magnification can be seen in Figure 6.4(a)-(b). In 

these images, a highly ordered pore surface can be seen with an interpore separation of 95-105 nm 

and a diameter of 17-19 nm based on a porosity of 0.115. The visual camera image of the QCM 

surface in Figure 6.4(c) shows some evidence of pores on the lower portion of the surface. The 

anodization process continued until the aluminum layer below the pore was all but consumed at 

which point it was stopped. Thin layers of porous alumina and metallic layers are known to be 

transparent to visible light. The non-uniformity is either because of slight misalignment between 

the QCM (anode) and the cathode or because the aluminum substrate was non-uniformly thick. 

This non-uniformity does not affect the QCM response as can be seen by the linear fittings in 

Section 6.3.2.  
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Figure 6.4: (a) SEM image of nanoporous QCM at 100X magnification. (b) SEM image of nanoporous QCM 

at 300X magnification. (c) Camera image of QCM surface, optical transmission occurs in the lower region 

when the aluminum substrate is extremely thin. 

 

Figure 6.4(b) can be analyzed by grayscale thresholding to obtain a porosity. With a 

threshold of 12.24% where whitest (12.24%) pixels are set to white, and the remainder are set to 

black, we obtain a binary image indicating a porosity of 0.12. Note that only regions larger than 

200 square pixels were counted towards the pore area. This gives reasonable agreement with the 

QCM based calculation of 0.15. 

6.4 Conclusions 

In this chapter, a QCM was fabricated with an anodic alumina nanopore array to study the 

evaporation of water confined in single-ended nanopores. The fabrication was performed in a 

multistep process with a first anodization step to create ordered initiation sites, followed by an 

etching and second anodization to create a highly ordered array of parallel cylindrical pores.  

Frequency and resistance measurements were taken during the fabrication in a series of 

solutions of varying density and viscosity to characterize the pores. Equations were derived based 

on the theory that liquid inside oscillating nanopores will undergo rigid in-phase motion, unlike 

semi-infinite fluids near an oscillating flat plane. These relationships were shown to accurately 

predict the porosity of the QCM when compared with SEM image analysis. Additionally, the pore 

growth rate and height were determined in a non-destructive manner. 
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Further, Eqs. (6.2b) and (6.3) are shown to be applicable over a wide range of pore heights 

and fluid properties in Section 6.3.2. This is critical for developing a QCM as a high precision 

sensor for the study of evaporation out of nanopores. These equations form the basis of the data 

analysis to measure mass flux and receding depth directly. 
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7. Evaporation of Water Confined in Single-Ended Nanopores 

In this chapter, the quartz crystal microbalance (QCM) previously fabricated with anodic 

alumina nanopores and characterized in Chapter 6 is used to study the evaporation of water out of 

single-ended nanopores. First, a theoretical model is developed based on kinetic theory of gasses 

and mass transport resistances in the pore to obtain a model linking far-field (temperature, 

pressure) and QCM measurements (mass flux, receding length) to evaporation kinetics and 

phenomena occurring inside of nanopores. Then, this model is applied to experiments in multiple 

operating conditions. Mass accommodation at the liquid-vapor interface is found to be severely 

impacted as the liquid meniscus recedes down the length of the pore. 

7.1 Introduction 

Electronic devices are growing in power density, producing more heat in smaller packages 

requiring innovative cooling strategies. For example, heat fluxes of >1000 kW/cm2 can be 

generated by high-frequency devices [78]. Nanostructured surfaces have the potential to provide 

high heat fluxes and have been studied extensively [14]–[19], [42], [67]–[72], [74]–[77]. However, 

the understanding of evaporation kinetics of liquids, particularly water, confined in nanopores is 

still under-researched. Further, evaporation in nanoporous structures also occurs in nature [65] and 

in other industrial processes such as water desalination [66]. 

One of the major challenges in studying evaporation in nanopores is quantifying phase 

change at such a small scale. Gravimetry would require exceptionally accurate scales or large 

devices. Visual imaging methods cannot view individual pores, while electron microscopy requires 

highly specialized equipment to study dynamic “high” pressure processes such as evaporation. 

Calorimetric approaches are often found in literature using a calibrated resistive layer to both 

provide heating and record temperature. However, specialized fabrication techniques are required 
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to obtain the desired accuracy. Additionally, studying the effect of pore diameter, spacing or length 

may require an entirely new device which would be prohibitively expensive. Quartz crystal 

microbalances (QCMs) offer a high-speed, precise, tunable, and inexpensive method for 

determining liquid evaporation out of nanopores. 

Kinetic theory of gasses provides a set of equations conserving mass, momentum and 

energy which are applicable to flows in nanopores as well as flow in the far field. Recent works 

have created analytical models to study evaporation of liquids confined in nanopores [14], [74], 

[79], [80], [188]. However, the models require knowledge of the AC, receding length, and on 

occasion, need the meniscus shape to obtain predictive results. Additionally, these models are 

developed assuming a pore with two open ends where a liquid flow enters through the bottom to 

sustain evaporation. The model developed in this chapter builds on Refs. [74], [80] and applies to 

single-ended pores and doubled-ended pores. It takes experimental results and determines receding 

lengths, meniscus shapes, and ACs. 

QCMs were originally used to monitor thin film deposition processes [112], have been 

employed to quantify interfacial and wetting phenomena in the past few decades [81]–[108], [161]. 

The resonant frequency of a QCM responds to stress acting on the surface, which for this 

application is the changing density (liquid to vapor) in the pores fabricated on the surface. Data 

acquisition with a 5 MHz QCM can be performed up to 10 samples/second with a resolution of 1 

Hz on commercially available hardware. Theoretically, a 5 MHz QCM has a mass sensitivity of 

56.6 Hz cm2/μg, hence, a mass resolution of 18 ng/cm2. As shown in Chapter 6, nanopores can be 

fabricated on a QCM and volumes of 0.3 μL or more are achievable. Pores with this volume would 

hold 0.3 mg or 233 μg/cm2 of water. Full pores would give a response of 13 kHz, four orders of 

magnitude higher than the device resolution, providing exceptional measurement capability for 
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nanoporous evaporation kinetics. Nanoporous structures on QCMs have been used in previous 

works to analyze humidity and gas sensors [173]–[175] surface wettability [85], [176], [177], as 

well as determine fluid properties [178]. However, these structures have never been leveraged to 

study the evaporation kinetics of liquid out of nanopores. 

7.2 Model Overview 

Following the models of Refs. [74], [80], [143], a model to study the evaporation of 

nanopores can be developed. In this work, a 1D system of equations is developed to include 

transport resistances in the pore as well as in the far-field. Unlike the works of Refs. [74], [80], 

this model takes experimental data and obtains accommodation coefficients and determines the 

shape of the meniscus. The general pore geometry can be seen in Figure 7.1.  

 
Figure 7.1: Schematic diagram of pore geometry with location of important quantities noted. 

 

7.2.1 Far-Field Vapor Motion 

 First, the kinetic theory of gasses conservation equations are developed between the pore 

outlet (point 0) and the far-field (∞), Figure 7.1. Far from the pores, the velocity of vapor 

molecules can be described by Eq. (7.1) [143]. Here, the distribution function is given in 

cylindrical coordinates.  

 
𝑓∞ = 𝜋−

3
2𝜌∞𝑣𝑟𝐵∞

3 𝑒−(𝑣𝑟
2+(𝑣𝑧−𝑢∞)2)𝐵∞

2
 (7.1) 
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 Here, 𝑣𝑟 and 𝑣𝑧 are the radial and axial components of velocity, 𝜌∞ is the mass density in 

the far-field, 𝐵∞ = 1/√2𝑅𝑇∞ where 𝑅 is the ideal gas constant and 𝑇∞ is the temperature of the 

far-field and 𝑢∞ is the macroscopic vapor speed.  

The pore outlet can be seen as a flat, evaporating interface with the actual meniscus to be 

analyzed later. The distribution function at the pore outlet, 𝑓0, is composed of an outgoing (𝑣𝑧 >

0) and incoming (𝑣𝑧 < 0) component as shown by the piecewise function in Eq. (7.2). The 

remaining solid portion of the surface (i.e. not a pore) must be included for proper treatment of 

mass, momentum, and energy flux. However, the distribution function at the wall, 𝑓𝑤𝑎𝑙𝑙, is only 

partially known (Eq. (7.3)). The incoming flow has the same distribution as that incoming to the 

pore outlet, but the reflected flow density is not known and can be called 𝜌𝑤𝑎𝑙𝑙.  

 
𝑓0 = {𝜋

−
3
2𝜌𝑒𝑓𝑓𝑣𝑟𝐵𝐿

3𝑒−(𝑣𝑟
2+𝑣𝑧

2)𝐵𝐿
2
, 𝑣𝑧 > 0

𝛽𝑓∞, 𝑣𝑧 < 0
 (7.2) 

 
𝑓𝑤𝑎𝑙𝑙 = {𝜋

−
3
2𝜌𝑤𝑎𝑙𝑙𝑣𝑟𝐵𝐿

3𝑒−(𝑣𝑟
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2)𝐵𝐿
2
, 𝑣𝑧 > 0

𝛽𝑓∞, 𝑣𝑧 < 0
 (7.3) 

 Here, 𝜌𝑒𝑓𝑓 is the effective mass density at the pore outlet, which will be substituted later 

to include the effects of transport inside of the pore, 𝐵𝐿 = 1/√2𝑅𝑇𝐿 where 𝑇𝐿 is the temperature 

of the liquid interface, and 𝛽 is the backscattering parameter [143]. Eqs. (7.1) to (7.3) can be non-

dimensionalized using the parameters listed in Table 7.1 to emphasize the important physical 

relationships, and the resulting equations are given as Eqs. (7.4) to (7.6). 

Table 7.1: Non-dimensional parameters. 
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 Additive molecular properties at any point can be determined by multiplying the 

distribution function by property 𝜓 and then integrating over the entire velocity space. As in Eq. 

(7.7) where 𝜃 is the angular coordinate. 

 

∑𝜓 = ∫ ∫ ∫ 𝜓𝑓𝑑𝑣𝑟𝑑𝑣𝑧𝑑𝜃
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Here, the property 𝜓 can be (�̃�𝑧 , �̃�𝑧
2,

�̃�𝑧

2
(�̃�𝑟

2 + �̃�𝑧
2)) for mass, momentum, or energy 

conservation in the z-direction, respectively. As these three quantities are conserved, the 

distribution functions at any two points can be integrated and set equal to create three conservation 

functions as given in Eq. (7.8). For simplicity, the integrand with respect to 𝜃 has been removed 

from both sides of each equation as the distribution functions are axisymmetric and do not depend 

on 𝜃. 
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(7.8c) 

 Here, the influence of reflections on the surface are included through the porosity 𝜙. For 

conservation of mass, Eq. (7.8a), the wall cannot have a net flux, only reflecting the incoming 

molecules back to the far-field. Thus, ∫ ∫ �̃�𝑧𝑓𝑤𝑎𝑙𝑙𝑑�̃�𝑟𝑑�̃�𝑧
∞

0

∞

−∞
= 0. Using Eq. (7.6) to perform this 

integral, �̃�𝑤𝑎𝑙𝑙 can be determined as in Eq. (7.9) where 𝐹− is defined in Eq. (7.11a). 

 �̃�𝑤𝑎𝑙𝑙 = �̃�𝛽𝐹− (7.9) 

 Equations (7.4) to (7.6) with (7.9) can be substituted into Eq. (7.8) to obtain closed form 

solutions shown in Eq. (7.10).  

 
𝑆∞ =

𝜙

2√𝜋
(
�̃�𝑒𝑓𝑓

�̃�
− 𝛽𝐹−) (7.10a) 

 
𝑆∞

2 +
1

2
=

𝜙

4
(
�̃�𝑒𝑓𝑓
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+ 𝛽𝐺−) +

1 − 𝜙

4
𝛽 (

𝐹−

�̃�
+ 𝐺−) (7.10b) 

 
𝑆∞ (

𝑆∞
2

2
+

5

4
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𝜙

2√𝜋
(
�̃�𝑒𝑓𝑓

�̃�3
− 𝛽𝐻−) +

1 − 𝜙

2√𝜋
𝛽 (

𝐹−

�̃�2
− 𝐻−) (7.10c) 

Here, 𝐹−, 𝐺−, and 𝐻− follow the notation of Ref. [143] and are functions of only 𝑆∞. 

 𝐹− = √𝜋𝑆∞(erf(𝑆∞) − 1) + 𝑒−𝑆∞
2

 (7.11a) 

 
𝐺− = (2𝑆∞

2 + 1)(1 − erf(𝑆∞)) −
2

√𝜋
𝑆∞𝑒−𝑆∞

2
 (7.11b) 

 
𝐻− =

√𝜋𝑆∞

2
(𝑆∞

2 +
5

2
) (erf(𝑆∞) − 1) +

1

2
(𝑆∞

2 + 2)𝑒−𝑆∞
2

 (7.11c) 
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 From Eq. (7.10) �̃�, 𝛽, and �̃�𝑒𝑓𝑓 can be solved for as in terms of 𝑆∞. Here, the relationships 

are given in terms of 𝑆∞ for simplicity of the closed forms. From the moment method analysis, the 

pressure ratio, 𝑃𝑠𝑎𝑡(𝑇𝐿) 𝑃∞⁄ = �̃�𝑒𝑓𝑓�̃�
−2 = 𝑓(𝑆∞), uniquely determines the non-dimensional flux 

[143]. Hence, the temperature ratio (�̃�2 = 𝑇∞ 𝑇𝐿⁄ ) and the non-equilibrium backscattering 

parameter, 𝛽, are direct results of the non-dimensional flux (𝑆∞) [143]. Eqs. (7.12) and (7.13) do 

not depend on porosity, and the influence of porosity in Eq. (7.14) only changes the relative area 

that the mass flux is emitting from, 𝑆∞ is the mass flux considering the entire surface while 𝑆∞ 𝜙⁄  

is the mass flux relative to the pore cross sectional area. The lack of porosity dependence in Eqs. 

(7.12) and (7.13) is because �̃� and 𝛽 are only reflective of how the vapor molecules change in state 

from one end of the Knudsen layer to the other. In reality, the vapor immediately leaving the pore 

cannot be described by a 1D analysis, but have 2D flow characteristics very near to the pore outlet. 

However, at low flux and high Knudsen number, the flow reaches a uniform 1D flow in short 

distance [189] and Eqs. (7.12) and (7.13) can be used to relate the flow characteristics close to the 

pore outlet to the far-field. In this analysis, 𝑇𝐿 is calculated from �̃�2 = 𝑇∞ 𝑇𝐿⁄ , a comparison of IR 

camera temperature measurement and thermocouple measurement can be found in Section D.1. 

 
�̃� = −

√𝜋

8
𝑆∞ + √1 +

𝜋

64
𝑆∞

2  (7.12) 

 
𝛽 =

2(2𝑆∞
2 + 1)�̃� − 2√π𝑆∞

𝐹− + �̃�𝐺−
 (7.13) 

 
�̃�𝑒𝑓𝑓 = �̃� (

2√𝜋

𝜙
𝑆∞ + 𝛽𝐹−) (7.14) 

Further, �̃�𝑒𝑓𝑓 can be written in terms of the apparent accommodation coefficient at the pore outlet, 

𝜎0, and the non-dimensional saturated vapor density, �̃�𝑠𝑎𝑡. 
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 �̃�𝑒𝑓𝑓 = �̃�𝑠𝑎𝑡𝜎0 + (1 − 𝜎0)𝛽�̃�𝐹− (7.15) 

Thus the apparent accommodation coefficient can be solved from Eqs. (7.14) and (7.15). Eq. (7.16) 

shows that the apparent accommodation coefficient depends on 𝑆∞, 𝜙, and �̃�𝑠𝑎𝑡.  

 
𝜎0 =

2√𝜋�̃�𝑆∞

𝜙(�̃�𝑠𝑎𝑡 − 𝛽�̃�𝐹−)
 (7.16) 

7.2.2 In-Pore Transport 

Molecules evaporating inside the pore from the liquid-vapor interface will undergo a series 

of diffuse reflections before either leaving the pore into the far-field or returning to the liquid. The 

transport resistance can be thought of as a series resistance where the interfacial resistance, 

meniscus shape, and pore geometry play a role [74].  The apparent resistance seen from the far-

field is a summation of these series resistances. The left-hand side of Eq. (7.17) is the apparent 

resistance, and the right-hand side are the interfacial and pore geometry resistances. The influence 

of the meniscus shape is included through the use of the pore cross-sectional area (𝐴𝑐) and the 

meniscus area (𝐴𝑚). 

 1 − 𝜎0

𝜎0𝐴𝑐
=

1 − 𝜎

𝜎𝐴𝑚
+

1 − 𝜂

𝜂𝐴𝑐
 (7.17) 

Here, 𝜂 is the transmission probability of a molecule in the pore. This probability can take into 

account the length of the pore, tortuosity, Knudsen number, and non-condensable gasses. For this 

work, the transmission probability is defined in Section 7.2.4. Eq. (7.17) can be non-

dimensionalized by substituting 𝑋 = 𝐴𝑐/𝐴𝑚, where 𝑋 is simply the view factor of the meniscus 

to its base. 

 The mass flow rate is constant throughout the pore, and a radiation analogy can be 

employed. This allows for the calculation of the vapor density at the liquid-vapor interface by 

equating the mass flow rate at the pore inlet with the mass flow rate at the meniscus. Here, the flux 
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from the liquid-vapor interface is 𝐽1, and the flux towards the interface passing through the top of 

the pore is 𝐽0. Similarly, 𝐺1 and 𝐺0 are defined as the flux striking the liquid-vapor interface, and 

the flux leaving the pore to the far-field, respectively. 𝐽0 is defined from the incoming distribution 

function.  

 

𝐽0 = − ∫∫ �̃�𝑧𝑓0𝑑�̃�𝑟𝑑�̃�𝑧

∞

0

0

−∞

=
𝛽𝐹−

2√𝜋
 (7.18) 

𝐽1 is defined in terms of distribution functions and the reflected flux at the liquid-vapor 

interface.  

 

𝐽1 = 𝜎 ∫ ∫ 𝜋−
3
2�̃�𝑠𝑎𝑡�̃�𝑟�̃�

3𝑒−(�̃�𝑟
2+�̃�𝑧

2)�̃�2
𝑑�̃�𝑟𝑑�̃�𝑧 + (1 − 𝜎)𝐺1

∞

0

∞

0

= 𝜎
�̃�𝑠𝑎𝑡

2�̃�√𝜋
+ (1 − 𝜎)𝐺1 (7.19) 

Through conservation laws, 𝐺1 and 𝐺0 can be determined. Three conservation equations 

can be found to fully determine 𝐽1, 𝐺1, and 𝐺0. Eq. (7.20a) below takes the mass flow rate from 

the surface, 𝜙𝐴𝑚𝐽1 and multiplies it by a view factor (𝑋) and transmission probability (𝜂) to obtain 

the mass leaving the pore. The mass flow rate into the pore, 𝜙𝐴𝑐𝐽0, is multiplied by the 

transmission probability of making it to the liquid-vapor interface. The difference between these 

two quantities is set equal to the non-dimensional mass flux multiplied by the pore area (𝑆∞𝐴𝑐) to 

obtain a net mass flow rate. Eqs. (7.20b) and (7.20c) are the net mass flow at the liquid-vapor 

interface and at the pore outlet, respectively. 

 𝜙𝐴𝑚𝐽1𝑋𝜂 − 𝜙𝐴𝑐𝐽0𝜂 = 𝑆∞𝐴𝑐 (7.20a) 

 𝜙𝐴𝑚(𝐽1 − 𝐺1) = 𝑆∞𝐴𝑐 (7.20b) 

 𝜙𝐴𝑐(𝐺0 − 𝐽0) = 𝑆∞𝐴𝑐 (7.20c) 

Equations (7.18), (7.19) and (7.20) are then solved to obtain Eq. (7.21). 
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𝐺1 = (

1

𝜂
− 𝑋)

𝑆∞

𝜙
 +

𝛽𝐹−

2√𝜋
 (7.21a) 

 
𝐺0 =

𝑆∞

𝜙
+

𝛽𝐹−

2√𝜋
 (7.21b) 

Finally, the densities on the vapor side of the liquid-vapor interface (�̃�1) and at the pore outlet (�̃�0) 

can be determined.  

 
�̃�1 = √𝜋 �̃�(𝐽1 + 𝐺1) = (

2

𝜂
− 𝑋)

√𝜋�̃�𝑆∞

𝜙
+ 𝛽�̃�𝐹− (7.22a) 

 

�̃�0 = √𝜋 �̃�𝐺0 + ∫∫ 𝑓0𝑑�̃�𝑟𝑑�̃�𝑧

∞

0

0
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=
√𝜋�̃�𝑆∞

𝜙
+

𝛽

2
(1 − erf(𝑆∞) + �̃�𝐹−) (7.22b) 

7.2.3 Meniscus Shape 

 The density at the liquid-vapor interface (�̃�1) can be taken as the density which is in 

equilibrium with the liquid phase as it exists. However, �̃�1 is a function of the meniscus shape view 

factor (𝑋). The meniscus shape can be solved by knowing the pressure on both the liquid (𝑃𝑙𝑖) and 

vapor side of the interface (𝑃𝑣𝑖 = 𝜌1𝑅𝑇𝐿). Unlike previous works where there is flow into the pore, 

and the liquid pressure can be known from the flow characteristics, this work features a pore with 

a closed-end where liquid flow does not occur. The liquid pressure can be determined by using 

Kelvin’s equation (Eq. (7.23)) to relate �̃�1 and �̃�𝑠𝑎𝑡 [47]. Due to the large concave curvature of the 

interface, the equilibrium density is lower than that of a flat surface, and the liquid pressure will 

be a large negative value. Here, �̃�𝑠𝑎𝑡 is a function of temperature only [190].  

 
�̃�1 = �̃�𝑠𝑎𝑡𝑒

𝑃𝑙𝑖−𝜌𝑠𝑎𝑡𝑅𝑇𝐿
𝜌𝐿𝑅𝑇𝐿  (7.23) 

 The Young-Laplace equation (Eq. (7.24), [14]) written in terms of the 𝑧-coordinate where 

𝑧 is a function of 𝑟 can be used to determine the meniscus shape. For ease of calculation, Eq. (7.24) 
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can be non-dimensionalized using parameters in Table 7.1 as in Eq. (7.25). In this model, the total 

liquid pressure is considered spatially constant.  

 
𝑃𝑣𝑖 − 𝑃𝑙𝑖 = 𝛾 (

𝑧′

𝑟
(1 + 𝑧′2)−

1
2 − 𝑧′′(1 + 𝑧′2)−

3
2) −

𝐴

6π(𝑟𝑝 − 𝑟)
3 +

𝜖

2(𝑟𝑝 − 𝑟)
2 (

𝜋𝑘𝐵𝑇𝐿

𝑍𝑒
)

2

 (7.24) 
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�̃�′

�̃�
(1 + �̃�′2)−

1
2 − �̃�′′(1 + �̃�′2)−

3
2 +

Π2

(1 − �̃�)3
+

Π3

(1 − �̃�)2
 (7.25) 

Here, �̃�′ and �̃�′′ are the first and second derivatives of �̃� with respect to �̃�, 𝛾 is the surface tension, 

𝐴 is Hamaker’s constant [191], 𝜖 is the dielectric constant, 𝑘𝐵 is Boltzmann’s constant, 𝑍 is the 

valence of ions, and 𝑒 is the elementary charge. To solve Eq. (7.25), the boundary conditions of  

�̃�(�̃�0) = 0 and �̃�′(�̃�0) = ∞ are imposed on the domain [�̃�0, 0). This fixes the initial 𝑧-coordinate 

meniscus and the initial slope. The initial thickness, �̃�0 is defined as �̃�0 = 1 − 𝑡𝑒/𝑟𝑝 where 𝑡𝑒 is the 

thickness of the absorbed film. The non-dimensional parameters, Π2 and Π3 have values on the 

order of 4 × 10−5 and 10−3, respectively at 𝑇𝐿 = 300 K, 𝑟𝑝 = 25 nm, and are only functions of 

temperature and the pore radius. The non-dimensional pressure, Π1 has a value on the order of 

unity, but is also a function of the evaporation kinetics. 

 The absorbed film can be determined by following the approach of Ref. [14], where the 

minimum of the free energy of the system is found for a stable equilibrium. Eqs. (24) and (25) of 

Ref. [14] are repeated here in the symbols of this work. 

 
𝜌𝐿𝑅𝑇𝐿 ln (

𝜌𝑠𝑎𝑡

𝜌1
) −

𝛾

(𝑟𝑝 − 𝑡𝑒)
+

𝐴

6𝜋𝑡𝑒
3 −

𝜖

2𝑡𝑒2
(
𝜋𝑘𝐵𝑇𝐿

𝑍𝑒
)
2

= 0 (7.26) 

 
−
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2 +

𝐴

2𝜋𝑡𝑒4
−

𝜖

𝑡𝑒
3 (

𝜋𝑘𝐵𝑇𝐿

𝑍𝑒
)
2

≥ 0 (7.27) 

 The meniscus area (𝐴𝑚) is found from the profile calculated as a result of the ODE Eq. 

(7.25) and then integrated to find the area of the axisymmetric surface (i.e. the area of revolution),  
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𝐴𝑚 = 2𝜋𝑟𝑝
2 ∫ �̃�√1 + �̃�′−2𝑑�̃�

−𝑧(�̃�=0)

0

 (7.28) 

7.2.4 Transmission Probability 

Multiple models of transmission probability could easily be implemented with this model 

framework. Berman’s model used by Lu et al. [74], [192] works well for molecular flows at high 

Knudsen number, while the Knudsen number dependent model validated by Li et al. [79], [80] 

works over a range of Knudsen numbers up to continuum flow. Both of these examples are only 

valid for pure vapor, but if non-condensable components exist, a dusty gas model may be 

appropriate [193]. In this thesis, the transmission model by Li et al. [79], [80] is chosen for its 

ability to work over a range of Knudsen numbers. It is summarized below in Eq. (7.29).  

 
𝑊 =

𝜋𝐿

8Kn
(1 + 0.73Kn arctan(4Kn0.8)) (1 +

4Kn

1 + Kn
) (7.29a) 

 𝜂 = 𝑊 (𝑊 + 1)⁄  (7.29b) 

The Knudsen number is the ratio of the mean free path to the pore radius. Here, the average 

mean free path in the pore is calculated as in Ref. [194] using the mean vapor density in the pore, 

�̅� = (𝜌1 + 𝜌0)/2 and 𝑇𝐿. Using this model for transmission probability requires it is solved 

iteratively with the shape of the meniscus. 

7.2.5 Iterative Solving Methodology 

Equations (7.22a), (7.23), (7.25)-(7.29) can be solved iteratively to obtain a value for 𝐴𝑚. 

The density on the vapor side of the interface (Eq. (7.22a)) only weakly depends on 𝐴𝑚 so typically 

only 2-3 iterations are required to obtain convergent results. Once the meniscus shape converges, 

Eq. (7.17) can be employed to determine the accommodation coefficient (𝜎) for given 

experimental data. The process can be performed for each data point in time series data to obtain 

the accommodation coefficient as a function of experimental measurements. 
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Figure 7.2: Flow chart for iterative solving approach starting with experimental measurements and 

conservation equations. Iteration loop proceeds for each discrete time point in the experimental data and 

completes when the meniscus shape has converged at all times. 

 

7.3 Experimental Setup and Procedure 

7.3.1 Fabrication of Nanoporous Quartz Crystal Microbalance 

Fabrication was carried out by a multistep anodization-etch-anodization process for two 

crystals, with one crystal undergoing pore widening. The QCMs in this work were sourced from 

Fil-Tech (Boston, MA) with electrodes that were ~9 μm thick 99.99% aluminum. The crystal's 

nominal frequency was approximately 5MHz and was 1 inch in diameter, Figure 7.3(a). The 

precise details for the fabrication of QCM Q1 are described in Chapter 7. While QCM Q2’s 

fabrication process was a 15 minute 1st anodization in 2 °C 0.3 M oxalic acid at 40 V for 15 

minutes, etching in 1 wt% chromic & 6 wt% phosphoric acid to remove the oxide layer, 2nd 

anodization at the same conditions for 105 minutes, and a pore widening step in 5 wt% phosphoric 

acid at 35 °C for 15 minutes to widen the pores. The final geometrical characteristics of each 

crystal is given below in Table 7.2. 
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Table 7.2: Nanopore geometrical measurements. 

QCM Porosity, % Pore Radius, nm Pore Length, μm Total Volume, μL 

Q1 14.8 21.2 9.04 0.17 

Q2 32.7 31.5 3.34 0.14 

 

7.3.2 Experimental Setup 

The QCM was suspended inside a vacuum chamber using a custom-built holder that 

provided electrical connections and temperature control to the QCM as seen in Figure 7.3(b) and 

(c). The temperature control was achieved by flowing -20 °C ethanol-water mixture from a 

recirculating chiller through the temperature control block while simultaneously using a simple 

ON/OFF controller to control the input heat load to the resistive heaters to achieve the desired set 

point. This combination allowed stable temperatures as low as -8 °C to be achieved when measured 

with the embedded thermocouple, which corresponds to about 10 °C at the QCM when measured 

by an IR camera. The IR window (ZnS) was held at a constant 26 ± 0.5 °C by a resistive rope 

heater and PID temperature controller. This was done to prevent condensation on the window 

which would have prevented IR transmission. The sample holder, temperature control block, and 

environmental chamber were sealed by a series of o-rings which were compressed when the 

temperature control block was tightened to the sample holder. The tightening mechanism was 

designed such that the temperature control block and sample holder had minimal incidental contact 

with the chamber walls, preventing unwanted heat transfer. This custom vacuum fitting had an air 

leak rate of ~6 × 10−6 mbar L/s, which was deemed acceptable for the length of an experiment 

(1.5 Pa/hr in this experimental chamber). 
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Figure 7.3: (a) Schematic of the QCM. (b) Experimental chamber image including view of sample holder 

inside of chamber. (c) Schematic diagram of assembled experimental chamber side and front views. 

 

Water vapor pressure was controlled by a dual-valve pressure controller (Apex Vacuum, 

PCD) during condensation and stabilization phases, and then pressure decrease was achieved 

through a mass flow controller (UNIT, UFC 1000) where a given flow rate could be prescribed. 

Two pressure transducers (Setra 730) were fitted on the chamber, one opposite the IR window, 

and one towards the vapor inlet/outlet. The pressure transducer near the vapor port was the reading 

used by the pressure controller, while the transducer opposite the IR window was used for 𝑃∞ 

measurement. The water vapor was supplied from a degassed vapor source. The degassing process 

consisted of boiling deionized water (obtained from Microscale and Nanoscale Cleanroom, RPI) 

for at least one hour, followed by vacuum pumping. Once cooled, the vapor source obtained a 

pressure in agreement with steam tables.  

The QCM measurements were taken by commercial hardware (Stanford Research 

Systems, QCM200), and recorded using LabVIEW. All temperature and pressure measurements 
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were recorded via appropriate NI cDAQ modules and recorded using LabVIEW. IR temperature 

measurements were taken using an uncooled LWIR microbolometer camera (FLIR A655sc). 

7.3.3 Experimental Procedure 

The QCMs were cleaned before installing in the experimental chamber by sonication in 

isopropyl alcohol and DI water. After the QCM was installed, the chamber and piping were 

evacuated to <20 Pa by rotary vane pump (Pfeiffer, DUO 3M) and attached liquid nitrogen trap. 

Once the system reached base pressure, all valves and controllers were purged and cycled, and the 

chamber was left to pump for at least an additional hour.  

The experiment begins with the chamber being fully pumped and all data acquisition 

software recording steady-state measurements. After a few minutes, the cooling water was turned 

on to chill the QCM in preparation for condensation. Once the QCM reached the desired 

temperature, the vapor source was opened, and the pressure controller brought the system to the 

set point. Water vapor would then condense inside pores, in addition to some unwanted 

condensation on the coldest parts of the sample holder. Once the pressure set point was reached, 

the temperature control block was raised to 3 – 4 °C, and the mass flow controller (MFC) was 

turned to the desired set point. This state was held to record steady data with condensed liquid 

almost filling the pores. During this time, vapor was flowing into the chamber through the pressure 

controller to obtain a steady pressure and flowing out at a constant rate through the mass flow 

controller. However, because of the excess condensation in the chamber, the mass flow through 

the controller over predicts the evaporative flux out of the nanoporous surface and cannot be 

directly compared. 

The evaporation portion of the experiment begins with shutting the valves to the vapor 

source and the pressure controller, leaving the mass flow controller to extract vapor at a constant 
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rate. The majority of the liquid was evaporated from the pores in 1 minute; however, no settings 

were changed for 30 minutes. After 30 minutes, the chiller flow was turned off, and the system 

was allowed to warm to room temperature and evacuate fully. 

7.3.4 QCM Measurement Technique 

The equations derived in Chapter 6 can describe partially filled nanopores on a QCM.  The 

response for rigid mass loads (Eq. (6.1)) and Newtonian damping (Eq. (6.2)) are additive and can 

be combined to determine the mass change per electro-active area, Δ𝑚/𝐴𝑞, Eq. (7.30). Here, the 

addition of the resistance shift removes excess frequency response corresponding to liquid on the 

surface of the QCM and not confined in the pores. The time derivative of Eq. (7.30) then gives the 

instantaneous mass flux, Eq. (7.31). The receding length can be found by inverting Eq. (6.3) to 

solve for the filled height and subtracting that from the known total pore length (ℎ𝑝) and 

normalizing by the pore radius as shown in Eq. (7.32).  

 Δ𝑚

𝐴𝑞
= −

1

𝐶𝑓
(Δ𝑓 +

Δ𝑅
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7.4 Results 

Six trials across the two crystals were completed, and an overview is given in Table 7.3. 

The major parameter varied between trials (other than the pore geometry) is the mass flow 

controller set point. As noted previously, this does not directly correspond to the mass flux in the 

nanopores, but indicates the relative rate of pressure decrease in the experimental chamber. 

Experiment E1 was found to have slightly supersaturated vapor initially (4%). However, a 
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temperature measurement error of ±0.5 K would indicate a range in the saturation ratio of 

𝑃∞ 𝑃𝑠𝑎𝑡(𝑇∞)⁄ = 1.037 ± 0.033. Hence, this slight supersaturation is within a margin of 

uncertainty. Ratios less than unity are expected because capillary condensation occurs at pressures 

below the saturation pressure of a flat surface. 

Table 7.3: Overview of experimental trials and initial vapor conditions. 

Experiment Crystal 
MFC Set Point 

(SCCM O2) 

Initial Vapor 

Pressure (Pa) 

Initial Vapor 

Temperature (°C) 
Initial 

𝑃∞

𝑃𝑠𝑎𝑡(𝑇∞)
 

E1 Q1 1.5 1971 16.7 1.037 

E2 Q1 1.5 1975 18.2 0.944 

E3 Q2 0.5 1805 16.3 0.977 

E4 Q2 1.5 1761 15.9 0.975 

E5 Q2 2.5 1808 16.2 0.984 

E6 Q2 4.0 1733 15.5 0.986 

 

7.4.1 QCM Frequency and Resistance Response  

Figure 7.4 shows the frequency and resistance shift measurements for each experimental 

trial. Definitive stages can be seen in the frequency measurements: (1) a nearly flat portion when 

the crystal is being cooled, (2) a trough-shaped region where the vapor condenses in the pores first, 

an equilibrium is established, and then the liquid is evaporated, and (3) a relatively flat region 

where only adsorbed water remains in the pores. The specific crystal plane these QCMs are cut 

from is relatively insensitive to temperature compared to mass changes. However, the slight 

downward trend visible in some trials during first stage is mostly likely from adsorption of water 

vapor in the pores, as the QCM cools over 10 degrees lower than the chamber walls, some water 

vapor is expected to desorb from the walls and adsorb to the QCM. For E6 this would correspond 

to about 150 ng/cm2 where the electroactive area is about 1.2 cm2. For the most part, the resistance 

measurements are small in magnitude but show a response during the condensation of vapor. This 

occurs because the vapor condensing on the front and back surfaces of the crystal can get thick 
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enough to cause damping. However, as equilibrium is established, the majority of this liquid re-

evaporates and has no bearing on the evaporation portion of the experiments.   

 
Figure 7.4: All six evaporation experiments' frequency and resistance shifts from before condensation to just 

after evaporation. The right-hand plot contains the mass change of each experiment. 

 

 The right-hand plot in Figure 7.4 compares the total mass change in each experiment. 

Experiments E3-E6 show decreasing as the vapor pressure is decreased more quickly. All of the 

experiments using Q2 reach approximately the same amount of total mass, 1 mg/cm2. Experiments 

E1 and E2 were performed under very similar conditions, and this can be seen from the nearly 

identical curves through 75 seconds. E1 had slightly more liquid condensed in the pores, so there 

was more water to evaporate. The total mass evaporated in E1 and E2 when compared to E3-E6 is 

about 25% larger, similar to the ratio of pore volumes (Table 7.3). Experiments E1, E2, and E4 

had the same evacuation rate, although they show different kinetics corresponding to the pore 

geometry used. The experiments on Q1 (narrower, longer pores) evaporate at a lower rate than E4 

which was on Q2 (wider, shorter pores). 
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7.4.2 Far-Field Vapor Conditions 

 
Figure 7.5: (a) Pressure, (b) temperature, (c) relative humidity of the far-field, and (d) non-dimensional mass 

flux for six evaporation experiments. Non-dimensional mass flux calculated as 𝑺∞ = �̇�′′√𝑹𝑻∞ √𝟐𝑷∞⁄ . 

 

 From Figure 7.5, the change in pressure is seen to drive the evaporation flux in the 

nanopores. The rate of pressure change was similar initially for all but E3 before differentiating a 

few seconds into evaporation. The vapor temperature also decreases with the pressure because as 

the water evaporates, it self-cools the QCM. Additionally, the saturation ratio (humidity) is the 

inverse of an effective driving potential. The vapor in E5 shows the largest decrease from 

saturation and the largest mass flux. In all trials, the mass flux has essentially stopped by 150 

seconds; however, the humidity does not return near unity. This is because of the pore wall 

curvature. Capillary condensation can occur at a pressure below the saturation pressure of a flat 

surface, so an equilibrium state is obtained at a lower pressure than the saturation of a flat interface, 

and no significant mass is transferred to or from the pore walls at this point. The non-dimensional 

mass flux shows E3-E6 as clearly defined and ordered trials of mass flux where the shape of the 

curve with time becomes longer and smoother with each experiment. E1 and E2 show nearly 

identical mass flux profiles, which are significantly different from E4, which has a similar 

evacuation rate. The similarity of E1 and E2 shows the reproducibility of results while the 

difference between E1-E2 and E4 indicates the influence of the pore geometry under similar 

conditions. The sharp spike of mass flux shown in some trials near 0 seconds is due to the quick 
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increase of the QCM response to evaporation and the difficulty obtaining a numerical derivative. 

Numerical differentiation is a noise amplification process, so a moving slope was used, starting 

from a window width of 5 points (~0.25 sec) increasing to a width of 50 points as the mass flux 

stabilized. This approach provided a balance between noise and an accurate representation of the 

derivative. For E1- E3 the mass flux increases and then decreases slowly. For E4-E6, the mass flux 

quickly increases, is relatively constant, increases, and then decreases quickly. The QCM based 

method is able to discern these dynamic mass flux differences to high resolution over short times. 

For E4, the relative height of the peak at 40 seconds is 4.5 × 10−6  kg/m2/s higher than the flat 

region preceding it – this level of resolution required from a calorimetric technique would be ~10 

mW/m2.  

7.4.3 In-Pore Transport 

 
Figure 7.6: Non-dimensional receding length and molecular transmission probability, experiments on Q1 

with large receding lengths are shown in (a), and Q2 with smaller receding lengths are shown in (b). Three 

regions are shown, (I), (II), and (III), with details given in the text. 

 

The QCM measurements can also be used to determine the receding length inside of the 

pores by Eq. (7.32). The receding length is easily determined by the QCM frequency measurement, 

which gives an absolute value of mass, hence, depth into a known geometry. To determine the 

receding length (distance of the meniscus from the top of the pore) by calorimetry instead, heat 

transfer in the nanoporous membrane would need to be combined with an integration of mass flux, 
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and this approach would be much more prone to error. There is an approximately linear region in 

all trials where the receding length increases with time, followed by a horizontal flat region. This 

linear region is of interest when investigating accommodation at an interface. In the nearly 

horizontal region, the mass transfer in the pore is dominated by adsorption and desorption. The 

mass flux here is relatively small, as seen in Figure 7.5. 

In Figure 7.6(a), the experiments on Q1 (E1, E2) are seen to have large receding lengths 

because of the long narrow pores, which in terms of transmission probability, these experiments 

begin with 𝜂 ≈ 1 and approach 𝜂 ≈ 6 × 10−3. For the short wider pores of Q2 (E3-E6), Figure 

7.6(b), the transmission probability does not go below 0.02. In either case, the evaporation kinetics 

are strongly influenced by the meniscus shape receding into the pores as the percentage of 

molecules leaving the pore and into the far-field is orders of magnitude less than those evaporating 

at the liquid-vapor interface. The mean free paths of the water vapor molecules in the pore for all 

trials start around 2.3 μm and are approximately 3.8 μm at the end of evaporation, varying with 

temperature and pressure [194]. This gives Knudsen numbers of the range 100 – 180 for E1, E2 

and 73 – 120 for E3-E6 for use in Eq. (7.29) to determine the transmission probability, 𝜂. In Figure 

7.6(a), three regions are roughly delineated by vertical dotted lines. In region (1) there has not been 

much change in the location of the meniscus, since it remains close to the top of the pore. While 

in region (II), the meniscus is receding down the pore as water molecules are evaporated. Finally, 

in region (III) there is little change in the remaining mass in the pore and the flux is dominated by 

desorption from the pore walls. These regions also occur in Figure 7.6(b), where region (I) for E4 

is much longer than any of the other trials, while region (I) is barely visible in E4-E6. In all of the 

trials in Figure 7.6(b), there is a much sharper transition between regions (II) and (III), which 

occurs where the value of 𝐿 changes from increasing linearly to having a zero slope. 
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The liquid pressure in the pore follows from Eq. (7.23). Given the operating conditions and 

small pores, the pressure in the liquid is between 0 and -26 MPa. Water has recently been shown 

to support tensile pressures up to -120 MPa in ambient conditions before cavitation occurs [195]. 

At the beginning of evaporation, the pressure on the interface is close to the flat saturation pressure, 

and the water molecules at the interface are only under a weak tensile force. As the evaporation 

rate increases, the tension at the liquid-vapor interface increases. This is seen both between trials 

and in each experiment. E5 has the largest values of flux and most negative liquid pressure. The 

maximum tension is found when the humidity (Figure 7.5) reaches a minimum. As the majority of 

the liquid is evaporated, the tension in the liquid begins to reduce. The water molecules are under 

a significant degree of tensile force, which may affect their ability to undergo a phase change. The 

pressures developed in this study are higher than previously reported in evaporation from 

nanopores, supported by the close-ended pores formed on the QCMs. 

 
Figure 7.7: Left axis shows the pressure calculated on the liquid side of the liquid-vapor interface, where 

negative indicates tensile pressure. The right axis shows the ratio of density calculated on the vapor side of 

the meniscus to the saturation pressure of flat water at the same temperature. 

 

7.4.4 Accommodation Coefficient 

The apparent AC (𝜎0) is the value of the AC as if the evaporation were occurring from a 

plane of liquid with the area of the pore cross-section. This value does not include information 

about the pores other than the porosity (area ratio), Eq. (7.16). In the first row of Figure 7.8 shows 
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the apparent AC. Here, the accommodation coefficients were calculated where the receding length 

is increasing linearly.  

Generally, it trends downward, with a notable plateau during the period of interest (Region 

(II), Figure 7.6). This plateau appears to increase in value from E3 to E6. The AC shows similar 

trends to the apparent AC, indicating the meniscus shape and transmission probability do not 

change the value of this term by much. The AC can be written in terms of the apparent AC as 𝜎 =

1 ((𝜎0
−1 − 𝜂−1)𝑋−1 + 1)⁄ . For concave meniscus shapes, 𝑋 is less than 1. Hence, as the meniscus 

extends, the accommodation coefficient will reduce relative to the apparent accommodation 

coefficient at constant flux. This can be thought to have more surface for evaporation relative to 

the pore cross-section. The transmission probability could potentially increase the AC relative to 

the apparent AC and must be in the range 𝜎0 ≤ 𝜂 ≤ 1. The closer the transmission probability is 

to the apparent AC, the closer the true AC will be to unity. For example, from 0 to 100 seconds in 

E2, the transmission probability slowly changes from 0.3 to 0.02 (Figure 7.6), which makes 𝜂−1 ≪

𝜎0
−1 over this time range. Thus, the true AC can be written 𝜎 ≈ 𝑋𝜎0 and in E2 the value of 𝑋 is on 

the order of 2. The value of AC’s plateau across experiments from E3-E6 increases slightly, from 

~1 × 10−4 to ~2.3 × 10−4. Similarly, both E1 and E2 show a plateau higher than E3 where E1 

and E2 had the same pump rate as E4. While the magnitude of flux is not expected to affect the 

AC, the magnitude of flux influences other parameters (temperature, pressure) which may then 

influence the AC. All trials except E3 show higher ACs near the beginning of evaporation when 

the liquid pressure is low and the meniscus has not receded down the pore significantly. 



153 

 

 
Figure 7.8: Apparent accommodation coefficient (𝝈𝟎) and accommodation coefficient (𝝈) at the liquid-vapor 

interface over the time of evaporation. 

 

The meniscus shape was calculated using the ODE in Eq. (7.25) using the boundary 

conditions in Section 7.2.3. However, it was found that if Π1 was greater than �̃�0
−1, a numerical 

solution to Eq. (7.25) could not be obtained for a receding contact angle of  0°. In these cases, Π1 

is set to �̃�0
−1 to obtain an approximate meniscus shape. This gives meniscus areas of 2 – 5 times 

the cross sectional area (i.e. 0.2 ≲ 𝑋 ≲ 0.5). The meniscus shape only has a slight effect on 𝜌1 

(Eq. (7.22a)) as 2𝜂−1 ≫ 𝑋, while the value of AC is mathematically proportional to the relative 

area of the meniscus for a given apparent AC. Higher values of Π1 could be investigated by slightly 

modifying the values of �̃�0, Π2 and Π3, and the area of the meniscus was rarely greater than 10 

times the cross sectional area. For other working fluids and nanopore wall materials, the disjoining 

(Π2) and electrostatic terms (Π3) could be more or less important to the overall meniscus shape. 

The non-dimensional terms are both inversely proportional to surface tension and radius. The 

disjoining term is inversely proportional to the square of the pore radius (Π2 ∝ 𝑟𝑝
−2) while the 

electrostatic term varies with 𝑟𝑝
−1, as in Π3 ∝ 𝑟𝑝

−1. The disjoining pressure depends on the 

interaction between the fluid and the walls, the vapor-water-alumina system in this work has a 
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Hamaker constant (𝐴) of −3.7 × 10−20 J, while a vapor-water-PTFE system would have a 

Hamaker constant of +8.8 × 10−22 J which would invert the direction of the disjoining forces, 

possibly leading to much smaller absorbed films [191]. A vapor-water-diamond system would 

have the opposite effect with a Hamaker constant of −7 × 10−20J, strengthening in the attractive 

forces relative to alumina [191]. The electrostatic term for non-polar fluids would be zero. By 

changing the working fluid and wall material, a range of absorbing films and meniscus shapes 

could be obtained. Future analysis considering a non-uniform liquid pressure across the meniscus 

would produce more insight into the meniscus shape and its role in the evaporation of water 

confined in nanopores. 

Once the majority of the liquid has evaporated out of the pores, the non-dimensional mass 

flux approaches zero, however �̃�𝑠𝑎𝑡 in the denominator of Eq. (7.16) is slightly above 1, driving 

the apparent AC to zero in the absence of significant evaporative flux. As noted previously, the 

saturation pressure is not expected to return to that of a flat interface because at the end of the 

evaporation experiment, there is a condensed phase on the walls of the pores. Anodic alumina 

pores show a type IV isotherm with hysteresis, having an equilibrium pressure higher than that 

which took to condense in the first place [196].   

Recent work by Petukhov et al. [188] on experimental isobutane evaporation-condensation 

in nanopores has found that “evaporation efficiency” decreases with increasing meniscus 

curvature. Their study defined “evaporation efficiency” akin to an AC, and examined the effects 

of a meniscus some distance from the pore opening with a liquid supply. Isobutane evaporation in 

pores with similar radius to this chapter shows an “evaporation efficiency” approaching 0.01 when 

compared with 1 as a maximum. Overall, their work showed that an extended meniscus can lower 

the evaporation rate of liquids. Isobutane is non-polar, having few electrostatic or dielectric 
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interactions with the pore walls and would be expected to evaporate with an AC of 1 under normal 

conditions [20]. Water’s polarity and hydrogen bonds in addition to the high tensile forces in the 

work may explain the AC determined here is on the order of 10-4  while an AC of 0.3 was found 

in a study of water pinned at the top of a nanopore undergoing high heat flux [17]. 

The experimental nanoporous evaporation data by Lu et al. [17] did not state a receding 

length or a meniscus shape. Further analysis of the data from Ref. [17] by Li et al. [80] using a 

similar model to this work found that the model best matched experiments when the meniscus was 

considered flat and pinned at the top of the pore. However, the meniscus shapes in the present 

work are extended, concave shapes. Previous works have found dependence of accommodation on 

the shape of a liquid interface in both concave [197] and convex shapes [152]. Further, not all AC 

determined by other authors have been has high as 0.3. For example, Li et al. [80] compare their 

model to their own water evaporation experiments with pores on the order of 183 nm in diameter 

and 14% porosity to find an AC of approximately 0.02. Using this model, the data from Wilke et 

al. [69] also shows an AC on the same order of magnitude (0.06) when the receding length varies 

from L = 2 to L = 14.67. However, in this work, an extreme case is considered where receding 

lengths reach up to L = 400 due to much narrower pores (44 nm in diameter), supporting highly-

extended meniscus profiles. 

The AC determined in this chapter is dependent on the model used to analyze the data. If 

the model were to not completely describe the physics, the AC value calculated here could differ 

from the actual value. For example, this model assumes pressure on the liquid side of the interface 

is spatially uniform. However, it can vary with position as seen in previous works with double-

ended pores [14]. This could lead to areas of the meniscus with varying radii of curvature, hence, 

varying saturation pressure. It is possible that some regions of the meniscus may have condensing 
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flow while others have evaporating flow affecting how the meniscus area is used in calculation of 

the AC [188].  Additionally, the transmission probability model used here may over predict the 

probability of a molecule escaping the pore. Due to the cooling substrate, some vapor evaporates 

from the meniscus and then condenses on the pore walls during the evaporation experiment. This 

evaporated and re-condensed mass is not captured by the QCM measurements leading to an under 

prediction of the actual mass flux at the meniscus.  

Future work should explore these areas where extending the modeling framework to 

include spatially varying liquid pressure could help to further elucidate phenomena occurring at 

the liquid-vapor interface inside of single-ended nanopores. 

7.5 Conclusions 

In summary, the kinetics of water evaporation from long single-ended nanopores was 

investigated using a QCM as a high prevision mass sensor. A theoretical model was designed to 

determine the pressure found on the liquid side of the liquid-vapor interface, the meniscus shape, 

and the dynamic AC throughout evaporation. The model was derived from the kinetic theory of 

gasses conservation equations (mass, momentum, energy) to link experimental measurements in 

the far-field (temperature, pressure) and QCM determined mass flux and receding length to 

phenomena occurring inside the pores throughout evaporation.  

The novel QCM sensing technique provided high resolution in both mass and time, 

allowing for the characterization of evaporation dynamics in an unsteady system with temperature 

and pressure varying with time. Combining these measurements with the non-dimensional kinetic 

theory of gasses model developed in this chapter allows for analysis in single-ended nanopores. 

Mass accommodation at the liquid-vapor interface was found to be greatly influenced by 

confinement effects as the liquid meniscus receded down the pore during evaporation. ACs were 
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found to start high near the beginning of evaporation when the menisci are close to the top of the 

pores before obtaining a value on the order of 10−4 after receding. The liquid side pressure at the 

meniscus was determined to reach a maximum magnitude of -26 MPa under these evaporation 

conditions, and increase in magnitude as the humidity decreased. The strong tensile forces 

experienced by the water molecules may affect the ability of water molecules to transition from 

liquid to vapor, reducing accommodation at the liquid-vapor interface.  

Future work should extend this model to include non-uniform liquid pressure in the pores 

for a more in-depth view of the meniscus shape and how varying curvature of a meniscus 

influences the overall evaporation kinetics.   
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8. Conclusions and Outlook 

This doctoral thesis has investigated the evaporation kinetics of sessile water droplets in 

addition to water confined in single-ended nanopores in pure vapor. The accommodation at the 

liquid-vapor interface during evaporation was of particular interest, and how it is influenced by 

impurities (non-volatile solids and non-condensable gasses) and nanoscale confinement. Studying 

accommodation in sessile droplets required developing a sensing technique using a QCM that 

could provide highly precise contact radius measurements and coupling with a multiscale 

experimental-computational model to obtain information at the liquid-vapor interface. For 

evaporation out of nanopores, a highly-ordered anodic alumina nanopore array was fabricated and 

characterized on a QCM to obtain mass resolution of ~20 ng a sample rate of 1 Hz. Then a 1D 

model based on the kinetic theory of gasses was developed to study the transport limiting factors 

when water confined in a nanopore evaporates.   

Although QCMs have seen prior use as sensors in a variety of applications, there was no 

consensus on how changes in contact angle or contact radius of a sessile droplet affected the 

frequency response. Using a multiphysical computational model of a QCM, non-uniform 

frequency domain stress profiles of sessile droplets loaded on a QCM along with the frequency 

response of a QCM to changing droplet geometry were determined. This study differentiated the 

QCM response into two regions: (1) a region where contact angle changes are relevant, and (2) a 

region where QCMs are insensitive to the contact angle. For a water droplet with a radius 1 mm 

on a 10 MHz QCM, only when the contact angle is below 0.02° the contact angle influences the 

frequency response. When the contact angle is greater than 0.02° the frequency response is only a 

function of the contact radius. 
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The ability of a QCM to selectively sense the contact radius of a droplet was found to give 

higher accuracy than side-view image-based methods. This method was then utilized to determine 

the evaporation kinetics of sessile droplets evaporating in nitrogen cross-flows. Nominally pure 

water droplets were studied in combination with a multiscale computational model that coupled 

macroscopic experimental measurements to microscale kinetic theory of gasses to elucidate 

accommodation phenomena at the liquid-vapor interface. The nitrogen ambient was extremely dry, 

with water vapor mole fraction of 0.03 near the evaporating surface. Under these conditions, the 

AC was found to be close to 0.001 during evaporation, even as the evaporative flux reduced at the 

end of droplet lifetime. Future work should include the effect of reducing non-condensable gas 

mole fraction at the evaporating interface to find how accommodation is affected by the non-

condensable gas and bridge the gap between experiments in single component vapor to those in 

ambient conditions such as this study. 

The computational model was extended to include the influence of non-volatile impurities. 

Sessile droplets of aqueous potassium chloride evaporating in a dry nitrogen environment were 

studied using the same method for a range of molality (10-5 – 1 mol/kg). KCl was not found to 

significantly influence the accommodation during evaporation, and an AC close to 0.001 was 

found for these droplets as well. This indicates that the accommodation was dominated by the 

same phenomena as the nominally pure droplets. The particular properties of the potassium and 

chloride ions may explain the lack of trend in AC with varying KCl concentrations. Both the anion 

and cation studied here only affect the structure of the water-water bonding slightly. Potassium 

chloride concentration has a very small effect on viscosity which is a good proxy for ion-water 

interactions. However, most ionic contaminates have a much larger effect on molecular bonding 

in aqueous solutions than potassium chloride. Future work should focus on a variation of cation 
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and anions that influence the structure of water in different ways to determine the influence that a 

given ionic contaminant has on mass accommodation at the liquid-vapor interface.   

While neither fabrication of anodic alumina nanopores or electrochemical processes on a 

QCM are new, a set of equations to perform analysis of fabrication in situ, with the potential of 

tuning the pore geometry precisely during fabrication without the need for expensive equipment 

to analyze pore geometry after fabrication such as with electron microscopy or physisorption. The 

equations developed to relate the frequency response to pore geometry and show that fluid inside 

of the pores behaves as a rigid mass, and mass sensitivities of ~20 ng/cm2 could be achieved. This 

surface was then applied to evaporation of water in nanopores with high precision.  

The study of kinetically limited confined water evaporation was performed over a range of 

driving potentials in two pore geometries. Experiments were combined with a numerical 1D model 

based on the conservation of mass, momentum, and energy in kinetic theory of gasses. The 

numerical model used the experimental parameters of temperature, pressure, mass flux, and 

receding length to investigate phenomena occurring inside of the nanopores during non-steady 

evaporation. Mass accommodation was found to be greatly reduced as the liquid meniscus receded 

into the pores. This may be due to high tensile pressures in the liquid phase of up to -26 MPa, 

affecting the ability of molecules to undergo a phase transition as well as strong solid-liquid 

molecular interactions. This study also demonstrated the applicability and sensitivity of a QCM to 

studying evaporation in nanopores. The model in this study should be extended in future work to 

include radial pressure gradient in the liquid, which could give a more in-depth view of the 

meniscus shape, and how the radius of curvature over the meniscus affects the evaporation kinetics 

and mass accommodation. In addition, future works could explore the same geometry but with 

non-polar molecules to contrast with polar water evaporation.  
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In summary, elucidating transport limiting mechanisms is essential to designing devices 

that meet demanding applications such as high-power electronic temperature management. This 

thesis developed novel sensing techniques using a quartz crystal microbalance to measure sessile 

droplet and nanoporous evaporation at high precision. These techniques were applied to investigate 

phenomena occurring at the liquid-vapor interface under various environmental conditions to study 

the effect of impurities (non-condensable and non-volatile) as well as nanoscale confinement on 

the heat and mass transport during water evaporation. 
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A. Supplemental Information to Chapter 2 

A.1 Meshing  

Meshing of the piezoelectric and fluid domains was performed to refine areas of interest, 

with the most critical regions being the three-phase contact line of the droplet and the interface 

between the fluid and the piezoelectric domains. In Figure A.1 this area is examined, hexahedral 

elements are swept in a circular arc around at the contact line of the droplet with small dimensions 

in the radial direction (where a high rate of change is expected) and longer dimensions in the 

azimuthal direction. Prismatic elements are used for the solid QCM domain, and some of the 

bottom of the droplet while pyramidal elements join the hexahedrons to the tetrahedrons used in 

the upper portion of the droplet.  

 
Figure A.1: Mesh elements near contact line in cutaway of 60° droplet on QCM. 
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A.2 Material Properties 
 

Table A.1: Properties of water for computational model, T = 25 °C [129], [130]. 

𝜌 = 997  kg/m3 𝜇 = 890.04 μPa·s 𝜇𝐵 = 2.4852 mPa·s 

𝑐 = 1496.5  m/s 𝐶𝑣 = 4.1379 kJ/kg/K 𝐶𝑝 = 4.1816 kJ/kg/K 

𝜎 =71.97 mN/m 𝑘 = 606.46 mW/m/K 𝛽𝑇 = 4.5424 × 10-4 1/MPa 

 
Table A.2: Properties of glycerol for computational model, T = 25 °C [130]. Isothermal compressibility, 𝜷𝑻, 

was only available at 20 °C, and no reliable data for bulk viscosity, 𝝁𝑩, could be obtained. 

𝜌 = 1259.8  kg/m3 𝜇 = 934 μPa·s 𝜇𝐵 = 0 (no data) mPa·s 

𝑐 = 1904  m/s 𝐶𝑣 = 2.377 kJ/kg/K 𝐶𝑝 = 2.377 kJ/kg/K 

𝜎 =62.5 mN/m 𝑘 = 285 mW/m/K 𝛽𝑇 = 2.1 × 10-4 1/MPa (20°C) 

 
Table A.3: Physical QCM dimensions (in mm). 

 Quartz Radius Upper Electrode Radius Lower Electrode Radius Height 

5 MHz 12.7 6.4 3.2 0.3318 

10 MHz 7 2.5 2.5 0.16635 

 

Quartz Strain-Charge Properties [127]: 

𝑠𝐸 =

[
 
 
 
 
 
12.77 −1.79 −1.22 −4.5 0 0
−1.79 12.77 −1.22 4.5 0 0
−1.22 −1.22 9.6 0 0 0
−4.5 4.5 0 20.0 0 0

0 0 0 0 20.0 −9
0 0 0 0 −9 29.12]

 
 
 
 
 

 × 10−12 1/Pa 

𝑑 = [
−2.307 2.307 0 0.725 0 0

0 0 0 0 −0.725 4.6
0 0 0 0 0 0

] × 10−12 C/N 

𝜖𝑟 = [
4.514 0 0

0 4.514 0
0 0 4.634

] 
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B. Supplemental Information to Chapter 4 

B.1 Theoretical Model – Derivation of Eq. (4.9) in Main Text 

Although Eq. (4.8) can be solved analytically for 𝑇𝑣, the complete form of this solution is 

unwieldy. We propose a simplification, as described here, which provides 𝑇𝑣 as a function of 𝑇𝑙. 

Here, the use of the Maclaurin series gives physical insight and accuracy to the sixth significant 

digit for 𝑇𝑣 when expanded to three terms and evaluated at the experimental conditions.  

 

𝑇𝑣 ≈ (
𝑝𝑣

𝑝𝑖𝑣
Γ𝑁)

2

𝑇𝑙 + 2𝑅 (ΓN
𝑝𝑣

𝑝𝑖𝑣
2 )

2

(𝑐𝑠
𝑊𝑝𝑖𝑣 − 𝑐𝑣

𝑊𝑝𝑣Γ
N2

)𝑇𝑙
2

+ (𝑅Γ𝑁
𝑝𝑣

𝑝𝑖𝑣
3 )

2

(𝑐𝑠
𝑊𝑝𝑖𝑣 − 𝑐𝑣

𝑊𝑝𝑣Γ
N2

) (3𝑐𝑠
𝑊𝑝𝑖𝑣 − 5𝑐𝑣

𝑊𝑝𝑣Γ
N2

)𝑇𝑙
3 

(B.1) 

Here, Γ(𝜙𝑣
𝑁) and 𝑐𝑠

𝑊(𝑇𝑙) are abbreviated to Γ𝑁 and 𝑐𝑠
𝑊 for clarity. Equation (B.1) can be 

simplified to obtain Eq. (4.9) in the main text by assuming 𝑝𝑖𝑣 = 𝑝𝑣 = 𝑝, as noted earlier, and by 

taking ΓN = 1. Under these experimental conditions, 𝜙𝑣
𝑁 ≈ 1.5 × 10−6, which gives Γ(1.5 ×

10−6) = 0.999997.   

B.2 Experimental Approach – The Use of a QCM Sensor 

Sauerbrey was first to relate the resonant frequency of a QCM, 𝑓, to the mass loading of 

the QCM surface [112]. Specifically, Sauerbrey’s Equation (Eq. (B.2)) relates the change in 

resonant frequency, Δ𝑓 = 𝑓 − 𝑓0, to the apparent mass of  rigid thin film, Δ𝑚, where 𝑓0 is the 

unloaded resonant frequency of the QCM. 

 Δ𝑓 = −𝐶𝑓

Δ𝑚

𝐴𝑞
= −

2𝑓0
2

√𝜌𝑞𝜇𝑞

Δ𝑚

𝐴𝑞
 (B.2) 

Here, 𝐶𝑓 is a proportionality constant, which is 226 Hz cm2/μg for a crystal with 𝑓0 =  10 

MHz, and 𝜌𝑞 = 2650 kg/m3 and 𝜇𝑞 = 2.947 × 1010 Pa being the density and shear modulus of 
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quartz, respectively. 𝐴𝑞 is the active electrode area of the QCM. Equation (B.2) shows that changes 

in the film's mass are related directly to the frequency shift since all other terms in Eq. (B.2) are 

intrinsic constants related to the QCM used. 

With a similar approach for a QCM loaded with liquid and using a force balancing 

approach, Kanazawa and Gordon [113], [114] related the density, 𝜌, and viscosity, 𝜇, of a semi-

infinite liquid to the frequency shift, as shown in Eq. (B.3), which is commonly known as 

‘Kanazawa Equation’. 

 Δ𝑓𝐾 = −𝑓0

3
2
√

𝜌𝜇

𝜋𝜌𝑞𝜇𝑞
 (B.3) 

This relationship only works for a semi-infinite liquid covering the entire surface of a 

QCM. In the case of sessile droplets, the liquid only covers a part of the surface. Hence, the radial 

sensitivity of the QCM is needed to relate the droplet contact radius to the frequency response 

[101]. In this regard, the QCM surface's velocity is necessary to determine the sensitivity profile 

[87], [123]. Prior authors have taken the velocity profile of the QCM surface to be a Gaussian 

function concentric with the QCM [87], [123], [124], which is supported by both experimental 

[119] and computational [101] investigations. Additionally, the angular dependence of QCM 

sensitivity is negligible [86], [101], [119], [123]. By employing a Gaussian for the radial sensitivity 

of the QCM across the droplet contact radius, we can derive the QCM frequency response, as 

shown in Eq. (B.4) [101]. 

 Δ𝑓 = −𝑓0

3
2
√

𝜌𝜇

𝜋𝜌𝑞𝜇𝑞
 (1 − 𝑒

−2𝑎
𝑟𝑑

2

𝑟𝑒
2
) (B.4) 

Note that as the contact radius becomes large, Eq. (B.4) transforms to Kanazawa’s equation 

(Eq. (B.3)). However, Eq. (B.4) assumes a centrally located sessile droplet. The radius of an 
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eccentrically located droplet would be under-reported if Eq. (B.4) were used to relate the frequency 

response to the droplet radius.  

To determine the impurity content, 𝛥𝑚 in the evaporating water droplet, we use Eq. (B.5), 

derived like Eq. (B.4). We noticed impurities getting deposited in an annulus with an outer radius, 

𝑟𝑜, the size of the initial droplet radius and an inner radius, 𝑟𝑖, dependent on evaporation conditions 

[34]. Using the approach of Bácskai et al. [124] for annular deposits (Table 1: Eq. 3), and using a 

sensitivity function of 𝑐𝑓(𝑟) = 2𝑎𝐶𝑓𝜋
−1𝑟𝑒

−2𝑒−2𝑎𝑟2 𝑟𝑒
2⁄  [101], we obtain Eq. (B.5), which is used 

in this study to report the amount of impurities present in the water droplet.  

 𝛥𝑓 = −𝐶𝑓

 𝛥𝑚

𝜋(𝑟𝑜2 − 𝑟𝑖
2)

 (𝑒
−2𝑎

𝑟𝑖
2

𝑟𝑒
2
− 𝑒

−2𝑎
𝑟𝑜

2

𝑟𝑒
2
) (B.5) 

 
Figure B.1: Circular cap fitting of an image of Droplet 5 at 12.3 seconds, including residual values. 

 

B.2.1 Spherical Cap Approximation 

The spherical cap assumption is valid when the droplet radius is less than the capillary 

length for water, which is approximately 2.7 mm. Droplets in this work have contact radii of 1.5 
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mm or smaller. To further show the validity of this assumption, an image from Droplet 5 at 12.3 

seconds is shown below in Figure B.1. Here, the profile points were determined by the goniometer 

using the gradient of pixel color. By using least squares regression, the best fit circle was 

determined to be of the form 𝑅2 = (𝑦 + 𝑏)2 + 𝑥2 with the values of 𝑅 = 1.248, 𝑏 = 0.4179 

where 𝑅 is the radius of curvature. The 𝑟2 of this fit is 0.99996 with a maximum residual of 0.005 

mm, which shows that the droplets are well represented as spherical caps. 

B.3 Computational Modeling of Air Flow and Heat Transfer  

Figure B.2 shows the computational domain. As shown in Figure B.2, we leverage the 

symmetry in the experimental setup by introducing symmetry along the xz-plane to reduce 

computational time. Additionally, Figure B.2 shows the water droplet's location on a flat quartz 

surface surrounded by a gaseous domain consisting of water vapor and nitrogen. The outer 

boundaries of the computational domain correspond to the walls of the experimental chamber. 

 
Figure B.2: The left image shows the full computational domain for modeling droplet evaporation on a QCM 

with exterior boundary conditions (red text).  The middle and right images (with hidden walls) show the 

QCM location inside of the enclosure. The model’s domains consist of the QCM (white), droplet (blue), and 

vapor domain (gray). The acrylic support (red) is modeled as an isothermal domain at the ambient chamber 

temperature. The right image shows a close-up of the QCM, the droplet, and the coordinate system. 

 

B.3.1 Boundary Conditions 

Various surfaces in the computational model can transfer heat by radiation, which is 

accounted for by Eq. (B.6). Here, the normal vector, 𝒏, points outward from the droplet surface, 𝜖 
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is the emissivity of the surfaces, taken to be 0.95 in this study, and 𝜎𝑆𝐵 is the Stefan-Boltzmann 

constant.  

 −𝒏 ⋅ 𝒒 = 𝜖𝜎𝑆𝐵(𝑇𝑊𝑎𝑙𝑙
4 − 𝑇4)  (B.6) 

As noted in the schematic of the experimental setup (Figure 4.2), dry nitrogen enters the 

chamber at one end and exits through a hole placed directly above the droplet. This inlet is modeled 

as an incoming fully developed flow with a known flow rate, 𝑄, (from experiments).  

 𝑢 =
2𝑄

𝜋𝑅2
(1 −

𝑟2

𝑅2
) (B.7) 

Here, 𝑢 is the x-direction velocity (normal to inlet), 𝑟 is the local radial coordinate of the 

inlet, and 𝑅 is the inlet radius. The outlet is at constant atmospheric pressure (101325 Pa). The 

walls of the chamber, droplet, and QCM surfaces are considered non-slip boundaries, 𝒖 = 0. The 

evaporating vapor from the droplet leaving the Knudsen layer would have a velocity normal to the 

droplet surface on the order of 0.6 µm/s. This mass addition to the bulk is negligible compared to 

the bulk flow rate, and hence, not considered in the flow modeling. The incoming flow and 

chamber walls are prescribed constant temperatures as measured in experiments.  

Additionally, the water vapor concentration in the incoming nitrogen flow is set to zero, 

and water vapor transports freely through the chamber to the outlet located above the droplet. A 

symmetry boundary is imposed on the xz-plane to reduce the size of the computational domain. 

B.3.2 Interface Conditions 

The computational model considers boundaries with known velocity and temperature and 

outlets with a known pressure. However, the liquid-vapor interface conditions need careful 

consideration, especially when the interface becomes the rate-limiting factor. Evaporative self-

cooling, which is an essential part of the computational model, is often modeled as an interface 

heat sink, as shown in Eq. (B.8), where 𝐿𝑣 is the latent heat of evaporation of water.  
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 −𝒏 ⋅ 𝒒 = −𝐿𝑣𝐽 (B.8) 

This model uses a Lagrange multiplier approach to enforce interfacial evaporation flux 

condition (Eq. (4.20) in the main text) and determine the concentration at the liquid-vapor 

interface. The vapor concentration at the interface (𝑐𝑣
𝑊) need not be equivalent to the saturation 

concentration (𝑐𝑠
𝑊(𝑇𝑙)), but it is lower by a small amount as predicted by the kinetic theory of 

gases. Furthermore, since the vapor concentration at the interface is proportional to the local 

saturation concentration, it is not uniform since 𝑇𝑙 is not constant across the surface of the droplet. 

Accordingly, the boundary condition for the vapor concentration in the model is given as  

 𝑐𝑣
𝑊 = 𝑐𝑠

𝑊(𝑇𝑙) − 𝜆 (B.9) 

where 𝜆 is a Lagrange multiplier that the model solves, such that Eq. (20) in the main text is 

satisfied. Physically, 𝜆 can be thought of as the concentration jump over the Knudsen layer.  

From Eq. (B.9), it can be inferred that the vapor temperature will be greater than the liquid 

temperature when 𝑐𝑠
𝑊 ≥ 𝑐𝑣

𝑊. A vapor temperature higher than the liquid temperature has been seen 

experimentally for an unheated air-water system near atmospheric pressure by Gatapova et al. [26] 

and at lower pressures in a pure vapor ambient by Badam et al. [198]. Additionally, as 𝑐𝑣
𝑊 

approaches 𝑐𝑠
𝑊, the temperature jump decreases to zero, which would be true for a case of no 

evaporation or equilibrium. Furthermore, the temperature jump is expected to be inversely related 

to the AC, becoming large at low AC [199]. 

B.3.3 Material Properties 

All material properties used in the computational modeling were obtained from the CRC 

Handbook of Chemistry and Physics [137] except the quartz's heat capacity obtained from Robie 

and Hemmingway [138]. The density, viscosity, thermal conductivity, and heat capacity at a 

constant pressure of dry nitrogen were modified to include water vapor. The density was modified 
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as in Eq. (B.10) from the ideal gas law. The viscosity, thermal conductivity, and heat capacity at 

constant pressure were calculated using the mixture equations of Tsilingiris [139]. Temperature 

dependence is included for all material properties in the computational model except quartz 

thermal conductivity and density, which were assumed constant. For tiny droplets, the vapor 

pressure is elevated due to the curvature of the liquid-vapor interface. In this work, with droplets 

on the order of 1 mm in radius, the Kelvin equation predicts an increase in vapor pressure by a 

small factor (1.000001), and any difference from the bulk value of vapor pressure is considered 

negligible. 

 𝜌𝑣 = 𝜌𝑑𝑟𝑦
𝑁 + 𝑐𝑊(𝑀𝑊 − 𝑀𝑁) (B.10) 

B.3.4 Quasi-Steady Assumption 

The quasi-steady assumption used in this computational model assumes that the time 

required for the water vapor concentration in the vapor phase to adjust to changes in droplet 

geometry is on the order of 𝑟𝑑
2/𝐷 where 𝑟𝑑 is the contact radius of the droplet, and 𝐷 is the 

diffusivity of water vapor in nitrogen gas following Hu and Larson [30]. This quantity is compared 

to the sample rate of the droplet geometry input into the model, 𝑡 = 60 seconds. The ratio of these 

quantities, 
𝑟𝑑

2

𝐷𝑡
≈

(1 mm)2

(25
mm2

𝑠
)(60 s)

≈ 6.7 × 10−4, is much less than unity; hence, the vapor phase adjusts 

to changes in the droplet geometry much faster than contact line motion.  

B.3.5 Model Modification for Stationary Solution 

The original computational model (Section 4.2.3) determines a stationary solution for a 

given droplet shape. However, the experimental chamber's geometry causes complex and transient 

flow fields. For simplicity, the model was modified by changing the downstream isothermal wall 

condition to a flow outlet to reduce recirculation inside the computational domain. This 

simplification resulted in a stationary flow field, allowing the calculation of the AC. It should be 
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noted that this change has negligible effects on the flow field near the droplet. The solution from 

the modified model contains the same trends as the original model. The AC values calculated from 

the modified model are noted in Figure 4.9 with black points and dashed error bars.  

B.3.6 Computational Model for Validation 

The model was changed slightly to represent the validation experiments better. The 

geometry was changed to include the 12 × 12 × 2 mm3 aluminum nitride heater in place of the 

QCM. Additionally, the heater was given a volumetric heating condition corresponding to the 

experimental conditions (Table 4.2 in the main text). The main change in the validation model was 

to change Eq. (4.20) for Eq. (4.21) (reprinted here as Eq. (B.17)) to impose the evaporation flux 

condition on the droplet surface. The evaporation flux condition consists of the AC, which was 

already quantified using QCM experiments. This approach allows a comparison of the model-

predicted flux and experimental results.  

Eq. (4.21) in the main text is derived starting from Eqs. (B.11) and (B.12) (Eqs. (4.6) and 

(4.8) in the main document). 

 𝐽𝑊 = 𝜎𝑊√
𝑅

2𝜋𝑀𝑊
(𝑐𝑠

𝑊(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣
𝑊√𝑇𝑣Γ(𝜙𝑣

𝑊)) (B.11) 

 √
𝑇𝑣

𝑇𝑙
=

𝑝𝑣 − 𝑐𝑣
𝑊𝑅𝑇𝑣

𝑝𝑖𝑣 − 𝑐𝑠
𝑊(𝑇𝑙)𝑅𝑇𝑙

Γ(𝜙𝑣
𝑁) (B.12) 

In Eq. (B.12), the pressure can be considered constant across the Knudsen layer (𝑝 = 𝑝𝑣 =

𝑝𝑖𝑣) since the absolute pressure is close to 105 Pa for systems in atmospheric conditions and the 

pressure ratio (𝑝𝑣/𝑝𝑖𝑣) is nearly unity. Additionally, to obtain a closed-form solution, Γ(𝜙𝑣
𝑁) can 

be taken as unity. This simplification does not introduce significant error in the final result for the 

low mass fluxes observed in this study. However, if fluxes were higher, this term would not be 
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negligible. Equations (B.11) and (B.12) are then solved for 𝑐𝑣
𝑊 with these simplifying assumptions 

to result in the following.  

 𝑐𝑣
𝑊 = 𝑐𝑠

𝑊(𝑇𝑙)√
𝑇𝑙

𝑇𝑣
+

𝑝

𝑅𝑇𝑣
(1 − √

𝑇𝑣

𝑇𝑙
) (B.13) 

The Γ(𝜙𝑣
𝑊) term in Eq. (B.11) depends on 𝐽𝑊 making the entire equation recursive. To 

solve for 𝐽𝑊 using Eq. (B.11), the Γ(𝜙𝑣
𝑊) term can be expanded using Eqs. (3) and (5) (reprinted 

as (B.14) and (B.15) here), and then assuming 𝜙𝑣
𝑊 to be a small value [47], to obtain Eq. (B.16). 

 𝛤(𝜙𝑣
𝑊) = 𝑒−𝜙𝑣

𝑊2

− 𝜙𝑣
𝑊√𝜋(1 − erf(𝜙𝑣

𝑊)) (B.14) 

 𝜙𝑣
𝑊 =

𝐽𝑊

𝑐𝑣

√
𝑀𝑊

2𝑅𝑇𝑣
=

𝐽𝑊

𝑝
√

𝑅𝑇𝑣𝑀𝑊

2
  (B.15) 

 Γ(𝜙𝑣
𝑊) ≈ 1 − 𝜙𝑣

𝑊√𝜋 =  1 −
𝐽𝑊

𝑝
√

𝑅𝑇𝑣𝑀𝑊

2
 (B.16) 

Inserting Eqs. (B.13) and (B.16) into Eq. (B.11) and rearranging to solve for 𝐽𝑊 gives Eq. 

(B.17), which is Eq. (4.21) in main text. 

 𝐽𝑊 =

𝑝√
2

𝜋𝑀𝑊𝑅𝑇𝑣
(1 − √

𝑇𝑙

𝑇𝑣
 )

(1 −
𝑐𝑠𝑎𝑡

𝑊 (𝑇𝑙)𝑅𝑇𝑙

𝑝 ) +
2 − 𝜎

𝜎
√

𝑇𝑙

𝑇𝑣

 (B.17) 

The influence of the non-condensable gas gives Eq. (B.17) a relatively complex form. If 

the non-condensable gas component was removed and a pressure change over the Knudsen layer 

was considered, Eq. (B.17) would reduce to the familiar Eq. (B.18).  

 𝐽 =
2𝜎

2 − 𝜎
 √

𝑅

2𝜋𝑀
(𝑐𝑠𝑎𝑡(𝑇𝑙)√𝑇𝑙 − 𝑐𝑣√𝑇𝑣) (B.18) 
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B.4 Uncertainty Analysis 

B.4.1 Determination of Accommodation Coefficient 

The uncertainty calculations for the AC rely on the propagation of uncertainty from the 

raw experimental data, frequency, contact angle, temperature, and nitrogen flow rate. The QCM 

and goniometer measurements were not synchronized, with the frequency sampling at 2-10 Hz 

and the goniometer recording data at a rate of 1 Hz. The frequency was resampled at the 

goniometer sampling rate by taking the mean of a 1-second window centered at the time points 

corresponding to the goniometer measurements. The standard deviation of the frequency 

measurements was used to quantify the uncertainty, 𝛿𝑓. The uncertainty in the unloaded frequency, 

𝛿𝑓0, was determined based on the standard deviation of the measured frequency before droplet 

deposition. The uncertainty of the frequency shift was determined as 𝛿Δ𝑓 = √𝛿𝑓2 + 𝛿𝑓0
2. 

Following this, the uncertainty of the radius measurement was determined using Eq. (B.19a) 

below. Here, Eq. (B.19d) is simply the result of uncertainty propagation in Eq. (B.4) when 

determining the droplet's radius.  

 
𝜕𝑟𝑑
𝜕𝑟𝑒

= √
1

2𝑎
ln

Δ𝑓𝐾
Δ𝑓𝐾 − Δ𝑓

 (B.19a) 

 

𝜕𝑟𝑑
𝜕Δ𝑓𝑘

= −
𝑟𝑒 Δ𝑓

2 Δ𝑓𝐾 (Δ𝑓𝐾 − Δ𝑓)√2𝑎 ln
Δ𝑓𝐾

Δ𝑓𝐾 − Δ𝑓

 
(B.19b) 

 

𝜕𝑟𝑑
𝜕Δ𝑓

=
𝑟𝑒

2(Δ𝑓𝐾 − Δ𝑓)√2𝑎 ln
Δ𝑓𝐾

Δ𝑓𝐾 − Δ𝑓

 
(B.19c) 

 𝛿𝑟𝑑 = √(
𝜕𝑟𝑑
𝜕𝑟𝑒

𝛿𝑟𝑒)
2

+ (
𝜕𝑟𝑑
𝜕Δ𝑓𝐾

𝛿Δ𝑓𝐾)
2

+ (
𝜕𝑟𝑑
𝜕Δ𝑓

𝛿Δ𝑓)
2

 (B.19d) 
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A different approach was needed to find the uncertainty in the contact angle. Here, the 

average of the left and right contact angles is used. The software-controlled goniometer offers no 

direct uncertainty value but is sensitive to lighting and the camera’s ability to focus on the droplet. 

The goniometer determines the droplet profile with a user-selected horizontal baseline to quantify 

the uncertainty in each contact angle measurement. This baseline adjusted over a range of five 

pixels can result in slightly variable contact angle measurements. Linear regression is then 

performed between the pixel height of the horizontal baseline and the contact angle measurements. 

The slope of this linear regression is used to determine the contact angle's uncertainty, and the 

median value is used as the contact angle measurement.  

Figure B.3(a)-(c) show how the baseline influences the contact angle measurement 

reported by the goniometer for the lowest, middle, and highest baselines used. Figure B.3(d) gives 

the linear fitting of the five measurements from 359 to 363 for Droplet 5. For most contact angle 

measurements, the slope is small, close to 0.5 degrees/pixel. However, this uncertainty can be 

significant for some trials, especially near the end of evaporation when the droplet is small. This 

phenomenon can be seen in Droplet 3 (Figure 3 in the main text), where the contact angle 

uncertainty grows near 500 seconds when the droplet is in the VCR mode.  

 
Figure B.3: (a)-(c) Goniometer contact angle measurements at various horizontal baselines measured in pixels 

from the top of the image for the first data point of Droplet 5, 12.3 seconds. (d) Linear least-squares fitting of 

median contact angle as a function of horizontal baseline position. 
 

With the radius and contact angle uncertainties calculated, the height and volume 

uncertainties can be found from propagation from their respective equations, Eq. (4.12) and (4.13), 
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 𝛿ℎ = √(tan (
𝜃

2
) 𝛿𝑟𝑑)

2

+ (
𝑟𝑑
2

sec (
𝜃

2
)
2

𝛿𝜃)

2

 (B.20) 

 𝛿𝑉 =
𝜋

2
√(ℎ2 + 𝑟𝑑

2)2𝛿ℎ2 + (2ℎ𝑟𝑑𝛿𝑟𝑑)2 (B.21) 

The uncertainty in the volume measurement is then used to find the uncertainty in the 

evaporation rate. As derivatives amplify noise in measurements, a weighted least-squares linear 

regression was used to determine the derivative of volume versus time. In this regard, volume 

measurements in time segments of 120 seconds in length and overlapping by 60 seconds were used 

to determine the evaporation rate. Each volume data point is weighted using the corresponding 

uncertainty from the volume measurement as 𝑤 = 𝛿𝑉−2. Consequently, the weighting of the data 

is inversely proportional to the uncertainty of each data point. The slope and its standard error for 

each line segment can be determined by an interactive approach given by York [140]. The slope 

and standard error of the best fit lines yield the volumetric evaporation rate and its uncertainty, 

respectively. The evaluated rate represents the average evaporation rate at the center of the linear 

time segment.  

The volumetric evaporative flux can be determined by �̇�′′ = �̇�/𝐴, where the surface area 

of the droplet, 𝐴 = 𝜋(ℎ2 + 𝑟𝑑
2) are calculated at the corresponding time points. Like Eqs. (B.19)-

(B.21), the uncertainty in the surface area and flux can be described by propagation as Eq. (B.22) 

and (B.23), respectively. 

 𝛿𝐴 = 2𝜋√(ℎ𝛿ℎ)2 + (𝑟𝑑𝛿𝑟𝑑)2 (B.22) 

 𝛿�̇�′′ = √(
𝛿�̇�

𝐴
)

2

+ (
�̇�

𝐴2
𝛿𝐴)

2

 (B.23) 

With accommodation coefficients calculated from the computational model, the 

uncertainty can be determined by leveraging the main experimental parameters which are inputs 
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to the computational model, namely, the evaporation rate, chamber temperature, 𝑇0, and nitrogen 

flow rate, 𝑄. In this regard, the evaporation rate's uncertainty is evaluated using Eq. (B.23), and 

the uncertainty in the chamber temperature and flow rate are ±0.5 K and ±5 L/hr, respectively. 

The sensitivity of the AC to each of these parameters are given as 
𝜕𝜎

𝜕�̇�
, 

𝜕𝜎

𝜕𝑇0
, and 

𝜕𝜎

𝜕�̇�
. Where Eq. (B.24) 

is used to determine the uncertainty of the AC. 

The sensitivity of the AC to each of the control parameters, 𝜉𝑖 = (�̇�,  𝑇0, 𝑄), can be found 

by taking the AC as a function of the three control parameters and the computational model’s 

solution variables, 𝑢 = (𝑐,  𝑇𝑙 ,  𝑇𝑣, 𝒖, 𝑝), as 𝜎(𝑢(𝜉), 𝜉) where the solution variables are implicit 

functions of the control parameters. Then, the sensitivity of the surface averaged AC can be 

determined as, 

 
𝜕

𝜕𝜉
𝜎(𝑢(𝜉), 𝜉) =

𝜕𝜎

𝜕𝜉
+

𝜕𝜎

𝜕𝑢
 
𝜕𝑢

𝜕𝜉
 (B.25) 

The first and middle partial derivatives on the right side of Eq. (B.25) can be determined 

by symbolic differentiation. The final derivative must be found by solving three linear systems of 

equations, one for each control parameter. 

 
𝜕𝐿

𝜕𝑢

𝜕𝑢

𝜕𝜉𝑖
=

𝜕𝐿

𝜕𝜉𝑖
 (B.26) 

Here, 𝐿 is a system of equations (𝐿(𝑢(𝜉), 𝜉) = 0) defining the discretized PDE with a 

unique solution, 𝑢 = 𝐿−1(𝜉) and 
𝜕𝐿

𝜕𝑢
 is the converged Jacobian at the solution point. The term on 

the right side of Eq. (B.26) can be computed directly by symbolic differentiation of 𝐿 with respect 

to each control parameter. 

 𝛿𝜎 = √(
𝜕𝜎

𝜕�̇�
𝛿�̇�)

2

+ (
𝜕𝜎

𝜕𝑇0
𝛿𝑇0)

2

+ (
𝜕𝜎

𝜕𝑄
𝛿𝑄)

2

 (B.24) 
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Figure B.4: Sensitivity-uncertainty products for Droplet 5 that give total uncertainty in AC over time. 

 

For Droplet 5, Figure B.4 shows the value of the three terms, (
𝜕𝜎

𝜕�̇�
𝛿�̇�)

2

, (
𝜕𝜎

𝜕𝑇0
𝛿𝑇0)

2

, 

(
𝜕𝜎

𝜕𝑄
𝛿𝑄)

2

 in the uncertainty, with the uncertainty from the evaporation rate measurement being the 

largest of the three. However, to lower AC's uncertainty, all the three experimental parameters’ 

uncertainties need to be reduced since they are of a similar order of magnitude.  

B.4.2 Uncertainty Analysis of Validation Experiments 

The uncertainty of the validation experiments was determined in a similar manner to 

Section B.4.1. The model predicts the volumetric evaporation rate, �̇�, of the droplet for a given 

AC where the AC is a control parameter. The sensitivity of the volumetric evaporation rate to the 

AC, 
𝜕�̇�

𝜕𝜎
, is determined by the same method as above in Eqs. (B.25) and (B.26). The uncertainty of 

the flux prediction, 𝛿�̇�′′, is then  

 𝛿�̇�′′ =
1

𝐴
√(�̇�′′𝛿𝐴)

2
+ (

𝜕�̇�

𝜕𝜎
𝛿𝜎)

2

  (B.27) 

Here, 𝛿𝐴 is the uncertainty in surface area measurement, and 𝛿𝜎 is the uncertainty in the 

accommodation coefficient.  
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B.4.3 Sensitivity of Model Results to the Value of Accommodation Coefficient 

Figure B.5 shows the influence of various values of AC (0.0001 to 0.005) on the prediction 

of flux from the computational model for V1 at 50 seconds. The model is sensitive to the AC value 

chosen, so it is clear that a value of 0.001 approaches the experimental data. 

 
Figure B.5: Variation in volumetric flux as a function of accommodation coefficient for validation study V1 at 

t = 50 seconds. 
 

Furthermore, a 2D model was created with the same boundary conditions as the full 

validation model to explore further the influence of accommodation coefficient over the range of 

0.00001 to 1. The dimensions of this model are given in Figure B.6(a), and a visual description of 

the boundary conditions in Figure B.6(b). The trends of the flux boundary condition (Eq. (4.21)) 

as the AC varies is not dependent on any particular geometry, but these dimensions were chosen 

for similarity to the full model. At the liquid-vapor interface, Eqs. (4.9), (4.21), and (B.9) are 

imposed just as in the 3D validation model. Figure B.6(c) shows the variation of flux with respect 

to AC. Here, the flux is normalized by the asymptotic value of molar flux (9.043 × 10−5 mol/m/s) 

at AC = 1. As the AC increases, the Lagrange multiplier (𝜆 of Eq. (B.9)) approaches zero, which 

gives  𝑐𝑣
𝑊 → 𝑐𝑠𝑎𝑡

𝑊  by Eq. (B.9) and then 𝑇𝑣 − 𝑇𝑙 → 0 by Eq. (4.9). However, 𝑇𝑣 − 𝑇𝑙 can never be 

exactly zero or Eq. (4.21) will show zero flux under the assumption of constant total pressure used 

to derive Eq. (4.21). Figure B.6(c) shows that the total flux from the surface is limited by the value 
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of 𝑐𝑠𝑎𝑡
𝑊  at high AC. However, at moderate AC, the AC plays a large role in determining the nature 

of the concentration and temperature jumps across the Knudsen layer, which then affect the total 

flux from a surface in a non-condensable medium such as dry nitrogen. 

 
Figure B.6: Geometrical dimensions (a) and boundary and interfacial conditions (b) of the 2D model, image 

not to scale. (c) Molar evaporative flux (per unit width) over the range of accommodation coefficient 10-5 to 1, 

shown on a log-linear scale and log-log scale (inset). Molar flux is normalized by the value at AC=1, which is 

𝟗. 𝟎𝟒𝟑 × 𝟏𝟎−𝟓 mol/m/s, to obtain the fraction of flux at AC=1. 

 

B.5 Weighted Average of Accommodation Coefficient from Figure 4.9 

A single value of the accommodation coefficient can be determined from the six droplets 

in Figure 4.9. A weighted average can be used, 

 𝜎 =
∑ 𝑤𝑖𝜎𝑖

6
𝑖

∑ 𝑤𝑖
6
𝑖

 (B.28) 

Here, 𝜎 is the weighted average of the accommodation coefficient, 𝑤𝑖 is the weight value (inverse 

of the variance), and 𝜎𝑖 is the mean of each droplet’s accommodation coefficient over time. The 

values of the weights are given in Table B.1. The weighted average of Figure 4.9 is determined to 

be 𝜎 = 0.001053 ≈ 0.001. 

Table B.1: Mean accommodation coefficient and weights (inverse variance) of Figure 4.9. 

Droplet: 1 2 3 4 5 6 

Mean AC (𝜎𝑖) 0.00114 0.00093 0.00069 0.00147 0.00131 0.00228 

Weight (𝑤𝑖) 5501242 1776515 6947227 883243 2947549 920924 
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C. Supplemental Information to Chapter 5 

C.1 Determination of Local Molality 

As the droplet evaporates, the salt concentration increases near the liquid-vapor interface 

at the same time as the potassium and chloride ions diffuse through the droplet. This diffusion is 

well described by Fick’s 2nd Law. Here, a cylindrical (axisymmetric) formulation is used, as shown 

in Eq. (C.1). 

 
𝜕𝑐

𝜕𝑡
−

1

𝑟

𝜕

𝜕𝑟
(𝐷(𝑐, 𝑇)𝑟

𝜕𝑐

𝜕𝑟
) −

𝜕

𝜕𝑧
(𝐷(𝑐, 𝑇)

𝜕𝑐

𝜕𝑧
) = 0 (C.1) 

Here, 𝑐 is the concentration of KCl in moles per volume, 𝑡 is time, 𝐷 is the temperature 

and concentration dependent diffusivity of KCl in water, 𝑟 and 𝑧 are the horizontal and vertical 

coordinates respectively. The boundary conditions for Eq. (C.1) are zero flux (𝜕𝑐 𝜕𝑟⁄ = 0) on the 

symmetry and bottom boundaries (𝜕𝑐 𝜕𝑧⁄ = 0), and Eq. (C.2) on the liquid-vapor interface, where 

�⃗�  is the normal vector to the surface. 

 �⃗� ⋅ [
𝜕𝑐

𝜕𝑟
,
𝜕𝑐

𝜕𝑧
] = −

𝑐𝑣𝑛

𝐷
 (C.2) 

This set of flux conditions corresponds to mass conservation of KCl. While it is possible 

that some ions are left behind as the radius recedes or deposit onto the substrate, these droplets are 

largely evaporating in constant contact area modes, and mass conservation of KCl is taken to be a 

reasonable assumption. At time zero, a homogenous concentration is given corresponding to the 

initial concentration of the experimental trial. Figure C.1 shows an overview of the computational 

geometry and boundary conditions. The temperature used to determine diffusivity is the average 

ambient temperature during the experimental trial. This value is slightly higher than would be 

expected inside of the droplet during evaporation, but is within 1-2 °C and would not change the 

value of diffusivity greatly. The data of diffusivity is taken from Zaytsev, et. al. [165]. 
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Figure C.1: Computational domain and boundary conditions. 

 

At every location along the liquid-vapor interface, the interfacial profile can be described 

as a spherical cap as in Eq. (C.3). 

 (𝑧 + 𝑎)2 + 𝑟2 = 𝑟𝑐
2 (C.3) 

Here, 𝑎 and 𝑟𝑐 are geometrical parameters defined as: 𝑎 = 𝑟𝑐 cos 𝜃 and 𝑟𝑐 = ℎ𝑑 (1 − cos(𝜃))⁄ . To 

find the velocity normal to the interface as a function of space and time, partial derivatives of Eq. 

(C.3) can be taken with respect to time while holding either the height (ℎ𝑑) or contact radius (𝑟𝑑) 

of the droplet constant. The partial derivative of 𝑧 with respect to 𝑡 is then determined as in Eq. 

(C.4a) and the partial derivative of 𝑟 with respect to 𝑡 is shown in Eq. (C.4b). 

 
𝜕𝑧

𝜕𝑡
=

𝑟𝑐𝑧

(𝑧 + 𝑎)(𝑟𝑐 − 𝑎)
 
𝑑ℎ𝑑

𝑑𝑡
 (C.4a) 

 

𝜕𝑟

𝜕𝑡
=

√

ℎ𝑑 − 𝑧

ℎ𝑑
2

𝑟𝑑
2 𝑧 + ℎ𝑑

 
𝑑𝑟𝑑
𝑑𝑡

 
(C.4b) 

 This set of derivatives at 𝑧 = 0 gives 𝜕𝑧 𝜕𝑡⁄ = 0 and 𝜕𝑟 𝜕𝑡⁄ = 𝑑𝑟𝑑 𝑑𝑡⁄  which implies that 

the substrate does not move, and the mesh node along the bottom boundary can only move in the 

r-direction. While at 𝑧 = ℎ𝑑 gives 𝜕𝑧 𝜕𝑡⁄ = 𝑑ℎ𝑑 𝑑𝑡⁄  and 𝜕𝑟 𝜕𝑡⁄ = 0 the mesh can only move 

vertically, and not cross the symmetry axis. The normal velocity at any location along the interface 

is then shown in Eq. (C.5). 
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 𝑣𝑛 = �⃗� ⋅ [
𝜕𝑟

𝜕𝑡
,
𝜕𝑧

𝜕𝑡
] (C.5) 

To impose the normal velocity at the interface, a 3rd order polynomial fit is first performed 

on each the contact angle and height data recorded by the goniometer. Contact angle and height 

were chosen because they are smooth, steadily decreasing measurements. Radius data is generally 

steady for the majority of droplet lifetime before decreasing towards the end of evaporation, 

requiring a more complicated fitting so it is not chosen as radius can be determined from contact 

angle and height. Hence, 𝑑ℎ𝑑 𝑑𝑡⁄  and 𝑑𝜃 𝑑𝑡⁄  are known directly from their 3rd order polynomial 

fits, but 𝑑𝑟𝑑 𝑑𝑡⁄  which is needed for Eq. (C.4b) can be determined from the derivative of Eq. (5.1b), 

as shown in Eq. (C.6) 

 𝑑𝑟𝑑
𝑑𝑡

=
ℎ𝑑

𝑑𝜃
𝑑𝑡

− sin(𝜃)
𝑑ℎ𝑑

𝑑𝑡
cos(𝜃) − 1

 (C.6) 

Eq. (C.1) to (C.6) are solved together over the length of the droplet lifetime to result in a 

dataset containing the local molarity inside of the droplet as a function of time. The molarity is 

converted to molality for use in the main model by 𝑚 = (𝜌 𝑐⁄ − 74.5513 g/mol)−1 where the 

density of the mixture, 𝜌, is a function of concentration as in Ref. [166]. 

  



196 

 

D. Supplemental Information to Chapter 7 

D.1 Comparison of IR Camera Temperature Measurement to Vapor 

Thermocouple 

Figure D.1 shows the IR camera determined temperature of the quartz crystal along with 

the temperature of the vapor thermocouple, liquid temperature calculated from the definition of �̃�, 

where 𝑇𝐿 = 𝑇∞�̃�−2, and the temperature of the external temperature control block. First a region 

can be seen where the temperature is cooling in a vacuum in preparation for condensation into the 

pores, which occurs around -600 seconds. Up until this point, the temperature from the IR camera 

and the thermocouple temperature agree quite well. After this, there begins to be some discrepancy 

between the two temperatures, most notably after 100 seconds. This discrepancy could be due to 

a number of factors including true temperature differences, calibration of the IR camera optical 

path (IR window, IR camera lens, participating media) or the emissivity of the surface. Here an 

emissivity of 0.9 was used for the quartz. 

The temperature control block is held constant around 4 °C once the pores are filled through 

the end of the evaporation, with QCM expected to be warmer. The temperature of the pores was 

found to be difficult to analyze as it is possible the emissivity and reflectivity of the alumina region 

changes as the amount of water on the surface and contained in the pores changes. It has been 

previously noted that by interferometry, the index of refraction can be used to determine nanopore 

sorption kinetics [196]. Hence, the IR quartz temperature is representative of the alumina nanopore 

temperature for this comparison. 

The temperature determined from the non-dimensional temperature ratio is nearly identical 

to the thermocouple temperature.  It is 1 – 2 °C lower than the IR camera temperature, which can 

be explained by the same factors that could lead to uncertainty in the IR camera measurement as 
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well as the camera only has a ±2 °C reading accuracy (FLIR A655sc). The non-dimensional 

temperature ratio is used to determine the value of 𝑇𝐿 in the analysis of Chapter 7 to stay consistent 

with the value of 𝑇∞ that is only able to be determined from the thermocouple. Otherwise, the 

conservation equations derived would be violated. 

 
Figure D.1: Temperature measurement comparison of IR camera measurements to vapor thermocouple as 

well as the temperature of the external temperature control block for reference in experiment E6. 


