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ABSTRACT
Porous catalysts are widely used in many applications, ranging from petroleum refining
to fuel cells and emission control. Nanoporous catalysts like zeolites often have an
extremely large internal surface area (e.g., 1000m2/g), which is beneficial because
catalytic reactions occur on the surface. However, their small pore size leads to slow
molecular transport and pore blocking, limiting the efficient use of the catalytic material.
This indicates that, apart from the nanopores where reactions actually occur, a
“distribution” network of broad pore channels is needed for molecules to quickly move
in and out of the catalyst. Despite considerable experimental efforts in the introduction
of broad pore channels into nanoporous catalysts in a controllable way, the following
generic question remains: which broad pore channel network should be included in a
nanoporous catalyst for optimal catalyst performance?
To this end, model-based optimizations were used to optimize hierarchically
structured porous catalysts, containing both broad pore channels and nanopores.
Extensive optimizations showed that, for a single, isothermal reaction, the nanoporous
walls (i.e., the nanoporous catalytic material between two neighboring broad pore
channels) should be sufficiently thin so that diffusion limitations vanish inside them. It
was found that the optimal catalytic performance is dictated by the generalized
distributor Thiele modulus, which is defined in a way analogous to the generalized
Thiele modulus, but using the molecular diffusivity in the broad pore channels, rather
than the effective diffusivity in the nanopores.
The use of hierarchically structured porous catalysts was demonstrated for power
plant deNOx catalysis and autothermal reforming of methane. For deNOx catalysis,
overall catalytic activity in a mesoporous deNOx catalyst with a median pore size of
32.5 nm could be increased by a factor of 1.8-2.8 simply by introducing 8-22µm broad
pore channels (occupying 20-40% of the total volume of the catalyst) and keeping broad
pore channel walls (consisting of the same mesoporous catalytic material) 33µm thick.
For autothermal reforming of methane, the gain in overall catalytic activity could be
improved by a factor of 1.5-1.8, by the introduction of broad pore channels with a size of
1 μ m, and occupying an optimized fraction of space. The H2/CO ratio could be tuned as
well: a large channel volume fraction generally favors a high H2/CO ratio.
xv

1. Introduction
Zeolites and other nanoporous catalysts, which contain narrow mesopores and
micropores, have an extremely large internal surface area. This contributes to their high
intrinsic catalytic activity per unit catalyst weight. However, the small pore size limits
the molecules’ accessibility to the active sites. This has triggered significant interest in
the synthesis of hierarchically structured porous catalysts, containing both nanopores and
broad pore channels, i.e., macropores and large mesopores, so as to facilitate molecular
transport and, consequently, improve overall catalyst performance.

1.1 Synthesis and fabrication of hierarchical pore space
Tao et al. (2006) and van Donk et al. (2003) reviewed various ways to synthesize
mesostructured zeolites, containing mesopores of a controlled size as well as zeolite,
thus attempting to combine the hydrothermal stability of zeolite crystals with broad pore
channels for transport. Using a dual templating-scaffolding route, Sun et al. (2003)
introduced large mesopores into MCM-41, a nanoporous silica with a tailored pore
diameter of 3-10 nm; the size of the large mesopores could be independently controlled,
without affecting the size of the nanopores. The use of small carbon particles (Jacobsen
et al., 2000) or carbon aerogels (Tao et al., 2006) as templates is particularly attractive,
also from the economical point of view. Carbon is encapsulated by zeolites while they
are crystallizing, and is removed by combustion at the end, leaving behind mesopores
within each zeolite crystal. Such “nanocasting” methods are powerful methods to create
a variety of nanostructured porous materials (Schüth, 2003). The carbon template can
even be generated in situ from, e.g., sugar decomposition (Kustova et al., 2007), while
the zeolite forms around it. By partial zeolitic recrystallization, grafting, or deposition of
zeolite seeds on the walls of mesoporous materials (such as MCM-41 or SBA-15, which
has thicker walls), catalyst acidity and stability is improved, while molecular transport,
especially of larger species, is simultaneously enhanced (Kloetstra et al., 1997; Mokaya,
1999; Liu et al., 2000; Trong On and Kaliaguine, 2002; Waller et al., 2004; Wang et al.,
2007b). Wang et al. (2007c, 2008) introduced two new methods to form mesostructured
zeolite composites, by using the zeolite template as a structure-directing agent to
1

generate broad pore channels, obviating the need for (and the cost of) a second template.
Ha et al. (2000) assembled micrometer-sized zeolites into a two-dimensional lattice with
a size of 5×20 μ m by the use of a micro-printing technique. Meille et al. (2005)
employed photolithography to shape silicon into micro-pillars (that have a diameter of
10 μ m and a spacing between them of about 5 μ m) on a surface, and washcoated these
pillars with porous γ -alumina, a widely-used catalyst support.
The performance of nanoporous catalysts with and without broad pore channels has
been measured and compared. Christensen et al. (2003) found an improved activity and
selectivity for zeolites used in catalytic benzene alkylation when mesopores were
introduced. Kärger and Vasenkov (2005) achieved higher conversions in faujasites of
higher mesoporosity for fluid catalytic cracking, a major process for gasoline production.
Choi et al. (2006) introduced mesopores with a tuneable pore diameter of 2.1-7.4 nm
into zeolites. They found that the zeolites with the mesopores were more catalytically
active than those without the mesopores for catalytic reactions involving large organic
molecules. Similarly, Waller et al. (2004) showed that a composite incorporating
nanosized zeolite Beta inside the three-dimensionally connected mesoporous material
TUD-1 led to higher cracking rates of n-hexane. Groen et al. (2007) found that the
diffusivity in zeolites increased more than two orders of magnitude when mesopores
were introduced by a novel desilication route.

1.2 Modeling and design of hierarchically structured porous catalysts
On the theoretical side, two categories of approaches, continuum and pore network
models, have been used to study diffusion and reaction in a hierarchically structured
porous catalyst (Carberry, 1962a; Carberry, 1962b; Wakao and Smith, 1962; Ors and
Dogu, 1979; Hegedus, 1980; Kulkarni et al., 1981; Pereira et al., 1988; Beeckman and
Hegedus, 1991; Keil and Rieckmann, 1994; Dogu, 1998; El-Nafaty and Mann, 1999;
Prachayawarakorn and Mann, 2007). Sahimi et al. (1990) and Dogu (1998) provided
insightful reviews on these two approaches. In continuum models, effective macroscopic
properties are used to lump all the effects of pore networks. Continuum models are easy
to use not only because they are familiar to engineers, but also because they are free of
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complex details about real pore networks. However, the effective properties can be
defined only over homogeneous volume elements that are sufficiently large compared to
individual pores and sufficiently small compared to the catalyst particle size. In general,
phenomena in different volume elements should be uncorrelated. As a result,
heterogeneity at length scales comparable to either the individual pores or the catalyst
size is invisible in continuum models. As opposed to homogeneous continuum models,
pore network models are truly heterogeneous and, therefore, free of limitations that exist
in continuum models. However, it is hard to account for all the geometric complexities
(e.g., pore shapes, pore orientations and connectivity) because of computational
constraints.
A popular continuum approach to study diffusion and reaction in hierarchically
structured porous catalysts is the Pellet-Particle model, in which nanopores and broad
pore channels are assumed to be two distinct continuums (Carberry, 1962a, b; Ors and
Dogu, 1979; Kulkarni et al., 1981; Jayaraman et al., 1983; Namjoshi et al., 1984). Based
on this approach, Carberry (1962a, b) studied the effects of diffusion on selectivity of a
sequential reaction A → B → C in a hierarchically structured porous catalyst and
evaluated the effectiveness factor of a hierarchically structured porous catalyst in which
a reversible reaction occurs. Ors and Dogu (1979) used the Pellet-Particle model to
calculate the effectiveness factor of a first-order reaction in a hierarchically structured
porous catalyst. Kulkarni et al. (1981), Jayaraman et al. (1983) and Namjoshi et al.
(1984) extended this calculation to cases with nonlinear kinetics: power-law rate
equations and the Langmuir-Hinshelwood kinetics. The Pellet-Particle model predicts a
new asymptote, r ∼ k 1 4 (where k is the rate constant and r the reaction rate), when
severe diffusion limitations exist in both nanopores and broad pore channels, as opposed
to the classical one, r ∼ k 1 2 . This prediction makes sense because a weak k-dependence
is a result of strong diffusion limitations. Interestingly, some researchers observed this
asymptote ( r ∼ k 1 4 ) on fractal catalysts (Villermaux, 1987; Mougin et al., 1996; Giona
et al., 1996; Sheintuch, 2000). It was recommended to take advantage of the kinsensitivity to develop deactivation-resistant catalyst. However, this might not be
desirable, because this k-insensitivity is at the cost of a low effectiveness factor, typically
less than 1%, as predicted by the Pellet-Particle model. It should be stressed that the
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Pellet-Particle model is valid only when the broad pore channels span the entire catalyst
particle, because the continuity equation for the broad pore channel and its boundary
condition on the external surface of the catalyst do not hold without that condition.
Another widely used continuum approach to study diffusion and reaction in a
hierarchically structured porous catalyst is based on the assumption that a hierarchically
structured porous catalyst can be treated as a single continuum, as opposed to double
continuums in the Pellet-Particle model. In this single-continuum approach, diffusion in
nanopores and broad pore channels in a hierarchically structured porous catalyst are
characterized by a single effective diffusivity. One often-used formula developed by
Wakao and Smith (1962) could be used to calculate this effective diffusivity with given
values of the structural variables: volume fractions and diameters of nanopores and
broad pore channels. Hegedus (1980) optimized these structural variables of a
hierarchically structured porous catalyst for automobile emission control under shellprogressive deactivation based on a one-dimensional single-continuum model. Pereira et
al. (1988) used a similar approach to optimize a catalytic converter after 1000 hours of
operation in the presence of poisons. Beeckman and Hegedus (1991) optimized volume
fractions and diameters of nanopores and broad pore channels of a hierarchically
structured porous catalyst for power plant NOx emission control. They developed a new
type of catalyst guided by the optimizations. A fifty percent improvement in activity
predicted by optimization was also observed in experiments. The effects of convection in
hierarchically structured porous catalysts on overall catalytic activity and selectivity
were also discussed using a single-continuum approach (Nir, 1977; Nir and Pismen
1977; Cogan et al., 1982; Cresswell, 1985; Jayaraman, 1994).
Pore network models were used to simulate diffusion and reaction in hierarchically
structured porous catalysts (Hollewand and Gladden, 1992; Loewenberg, 1994; Keil and
Rieckmann, 1994; El-Nafaty and Mann, 1999; Prachayawarakorn and Mann, 2007). One
popular pore network model is the bond-node pore network model, which is derived in
the following way: consider a pore network, consisting of a number of cylindrical pores,
and formulate a one-dimensional diffusion-reaction equation for each pore, with the
boundary conditions that the concentrations at the two ends of each pore are equal to the
concentration at the corresponding node where two or more pores intersect. The
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concentration at each node is determined simultaneously by requiring that the sum of the
flows to each node is zero. Please note that the bond-node pore network model can be
used to study not only hierarchically structured porous catalysts, but also catalysts with
arbitrary pore-size distribution.
Keil and Rieckmann (1994) used a bond-node pore network model to study the
catalytic hydrodemetallation of crude oil over a CaO-MoO3/Al2O3 catalyst. The catalytic
hydrodemetallation is used to remove organic compounds containing nickel and
vanadium in crude oil. One salient feature of this process is that metals (e.g., nickel and
vanadium) in crude oil deposit within the pores of the catalyst as metal sulfides, and the
accumulation of metal deposits blocks the pores and active sites of the catalyst, yielding
irreversible catalyst deactivation. Keil and Rieckmann (1994) optimized the nanopore
radius and nanoporosity of the catalyst with the aim to maximize the yield over a certain
period of time. They showed that catalyst performance could be improved considerably
by tuning the pore structure. Rieckmann and Keil (1997) extended their earlier approach
by including multicomponent diffusion and viscous flow in the pore network under the
framework of the dusty-gas model. For details of the dusty-gas model, see the books by
Jackson (1977), and Mason and Malinauskas (1983). Rieckmann and Keil (1997, 1999)
applied their approach to two cases: (1) the deactivation of a ZSM-5 catalyst due to coke
formation and (2) the selective hydrogenation of 1,2-dichloropropane to propane and
hydrochloric acid over a Pd/Al2O3/SiO2 catalyst. For the second case, they found a good
agreement between experimental measurements and model predictions.
El-Nafaty and Mann (1999) simulated regeneration (coke burn-off) in a heavilycoked FCC catalyst. They treated coke burn-off using a shrinking-core model and
imposed a pseudo-steady-state assumption to calculate the concentration profile in the
catalyst using a bond-node pore network model. They found that the regeneration time
could be significantly shortened by structuring the catalyst such that the broad pore
channel network spans across the catalyst, and nanoporous clusters (i.e., local nanopore
networks) are connected to the broad pore channel network. It was also found that the
random pore network, which probably characterizes most current catalyst particles,
shows relatively poor burn-off kinetics. Prachayawarakorn and Mann (2007) used a
bond-node pore network model to calculate the effectiveness factor of a first-order
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reaction in a hierarchically structured porous catalyst. They compared four hierarchical
pore structures of the same porosity and numbers of nanopores and broad pore channels,
but with a different pore architecture. They showed that the effectiveness factors of these
four structures are very different, and that the minimum shielding structure (where broad
pore channels are placed in the exterior part of the catalyst, and nanopores in the interior
part) is the best of all and gives an 800% higher catalytic activity than its random
counterpart (where nanopores and broad pore channels are randomly placed in the
catalyst).
Inspired by the many fractal networks in nature (e.g., trees, leaves and lungs),
Coppens and co-workers studied whether the optimal broad pore channel network is
fractal and hierarchical. Coppens and Froment (1997) conducted an analytical study on
optimal broad pore channel networks in nanoporous catalysts, and found that a fractal
broad pore channel network (e.g., the one with channel diameters following a power law
distribution) could be favorable under some conditions. Gheorghiu and Coppens (2004)
numerically optimized a 2D broad pore channel network on a square and found that
catalyst performance typically benefits from a broad distribution in broad pore channel
diameters. However, as discussed in Chapter 4, networks of broad pore channels with
the same, optimized diameter are typically sufficient. The reason for this contradiction is
that Coppens and Froment (1997) assumed that diffusion limitations exist only in the
nanopores, while the findings by Gheorghiu and Coppens (2004) are not generally true
even though they are valid for the specific structure with a fixed number of broad pore
channels considered in their optimizations. Bejan (1997, 2000) studied a similar network
optimization problem from the perspective of constructing a network of highconductivity material for efficient electronic cooling. He formulated a “Constructal
Theory” and predicted that the optimal structure is tree-like. However, Bejan’s
optimizations assume that the tree-like structure is optimal apriori. Furthermore, the 1D
analysis as applied to a 2D system is flawed. Those issues are addressed in more detail in
Chapter 4.
From the above discussion, it could be concluded that (1) a great variety of
techniques are available to control the hierarchical structure of porous catalysts; (2)
hierarchically structured porous catalysts show improved performance compared to their
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purely nanoporous counterparts; (3) no general guidelines were proposed for the
rational/optimal design of hierarchically structured porous catalysts. In this thesis, we
performed model-based optimizations to rationally design hierarchically structured
porous catalysts. To this end, we briefly review a few relevant topics and propose an
outline for this thesis.

1.3 Transport and reaction in hierarchically structured porous
catalysts
An insightful understanding of multi-scale, physicochemical processes in a
hierarchically structured porous catalyst is crucial for setting up a model, which could
serve as a basis for model-based optimizations, and for interpreting results from the
optimizations. A general picture of these processes is as follows: following a transport
process (through broad pore channels, nanopores or some combination of them) from the
external surface of a hierarchically structured porous catalyst to active sites inside
nanopores and catalytic reactions on these active sites, reactant molecules chemically
convert into products, which are transported from the active sites through the pore
network back to the external surface (Froment and Bischoff, 1990).
For transport processes in broad pore channels, there exist two major mechanisms:
convection and diffusion. Their relative importance could be measured according to the
value of the dimensionless Péclet number, Pe. Convection dominates when Pe>10, while
diffusion dominates when Pe<10, and both matter in the transition regime in between.
Because the value of Pe is proportional to a characteristic length (e.g., the diameter of a
spherical catalyst particle), convection dominates on longer characteristic lengths, and
diffusion on shorter ones.
Transport processes in broad pore channels depend on the pore size. An important
parameter is the Knudsen number, Kn, which is defined as the ratio of the mean free path
to the pore size. The mean free path is the average distance over which molecules travel
before colliding. The mean free path can be estimated using the kinetic theory (Chapman
and Cowling, 1970). Its value is proportional to the temperature and inversely
proportional to the pressure. Under ambient condition, the mean free path for gases is
around 100 nm. As a result, when Kn

1, collisions between molecules prevail over
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those between molecules and pore walls. Therefore, molecules do not feel the existence
of pore walls, and transport processes in broad pore channels are the same as those in the
bulk. Note that convection depends on pore size more than diffusion in this regime: the
velocity is proportional to the square of the pore size according to Poiseuille’s law,
whereas the molecular diffusivity is independent of the pore size. On the other extreme,
when Kn

1, interactions between molecules and pore walls dominate over those

between molecules. Therefore, molecules do not “see” each other, and transport
processes in broad pore channels are different from those in the bulk. In this regime,
Poiseuille’s law fails, and Knudsen diffusion dominates with its diffusivity linearly
proportional to the pore size, as opposed to the situation when Kn
importance of molecule-wall collisions when Kn

1. Because of the

1, the roughness and morphology of

the wall surface influence the transport in this regime to a significant extent. Coppens
and co-workers have studied this subject, particularly, Knudsen diffusion in pores with a
fractal surface, to a considerable in-depth using both traditional reaction engineering
approaches and molecular simulations (Coppens and Froment, 1996a; Coppens and
Froment, 1996b; Malek and Coppens, 2001; Malek and Coppens, 2002; Malek and
Coppens, 2003). They also showed that the selectivity of the catalytic reforming of
naphtha can be tuned by changing the fractal dimension of the surface (Coppens and
Froment, 1996a). Diffusion dominates transport processes in nanopores due to the
narrow pore size.
Transport processes in broad pore channels are complicated not only because
multiple mechanisms co-exist, but also because multiple species are involved. One
elegant and unified framework to model multicomponent diffusion and convection in
porous materials is the dusty gas model (DGM) (Skrzypek et al., 1984; Skrzypek et al.,
1985; Veldsink et al., 1992; Abdalla et al., 1994; Veldsink et al., 1995; Keil, 1999). The
idea in the DGM is to view porous materials as a matrix of giant dust particles, which
are fixed and distributed uniformly in space, and to apply the Maxwell-Stefan approach
to a mixture of real components and one pseudo-component, the dust. Darcy’s law is
used to model convection. Details on the derivation of the DGM could be found in
Jackson (1977), Mason and Malinauskas (1983) and Krishna and Wesselingh (1997).
Recently, Kerkhof and Geboers (2005a, 2005b) proposed a new framework to model
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multicomponent diffusion and convection in porous materials based on a new solution to
the Boltzmann equation. Their solution is different from the classic solution, Chapman
and Enskog’s theory (Chapman and Cowling, 1970). The main difference is that no
assumptions are made about the average velocity of each individual component in the
formulation of Kerkhof and Geboers (2005a, 2005b), while other authors assumed that
the average velocity of all the components is identical.
Diffusion dominates transport processes in nanopores because of the small pore
size. The main diffusion mechanism could be Knudsen diffusion when the mean free
path is significantly greater than the pore size. Note that Kn

1 typically holds for

nanopores. Diffusion in nanopores could be extremely complex when the pore size is
comparable to molecular size, such as in zeolites, because the small pore size leads to
strong confinement effects (Keil et al., 2000).
For catalytic reactions in porous catalysts, intrinsic kinetics can often be modeled
using Langmuir-Hinshelwood rate equations (Satterfield, 1970; Froment and Bischoff,
1990). In practice, the parameters of the rate equations are typically obtained by fitting
experimental data. Intrinsic kinetics could be affected by diffusion limitations in porous
catalysts. To measure diffusion limitations, effectiveness factors, η , are defined as the
ratio of diffusion-limited reaction rates to those without diffusion limitations. For a
single reaction, this topic is best discussed in terms of the generalized Thiele modulus,
Φ , and the universal η - Φ curve, according to which three regimes are identified:

serious diffusion limitations ( Φ >10 and η <0.1), no diffusion limitations ( Φ <0.1 and

η ≈ 1), and the intermediate regime (0.1< Φ <10). The physical significance of the
generalized Thiele modulus, Φ , is the ratio of the characteristic time scale for diffusion
to that for an intrinsic reaction. These universal curves are independent of chemical
kinetics and catalyst shapes when Φ >10 or Φ <0.1, and present essentially the same
trends despite some deviations from each other when 0.1< Φ <10.

1.4 Numerical procedures for model-based optimizations
For model-based optimizations, numerical methods are often the exclusive choices
because of limited analytical solutions to models formulated in terms of PDEs (Partial
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Differential Equations). In literature, numerical optimization methods could be divided
into two categories, according to whether gradient information is needed or not.
Gradient-free methods are easy to use because only evaluations of an objective function
are needed. However, these methods are less intelligent and, consequently, require more
iterations than their gradient-based counterparts. On the contrary, gradient-based
methods use more intelligent strategies and, therefore, are more efficient. This feature is
important for PDE-based optimizations because it could be very time-consuming to
solve PDEs. Gradient-based methods might get stuck in local optima. Gradient-free
methods, though free of this limitation, generally do not guarantee global optima. In this
thesis, one method in each category, viz., a genetic algorithm (GA) and a reduced
gradient method, were implemented to complement each other.
A GA performs optimizations by mimicking biological evolution (Chambers, 2000;
Metcalfe and Charbonneau, 2003). A general procedure is given as follows:
Optimizations start with some randomly generated initial structures and produce the next
generation of structures according to values of an objective function. This process is
repeated until a specified criterion is satisfied. It is straightforward to implement a GA
thanks to the simple interplay between a PDE solver and a GA. The reduced gradient
method is a popular and effective gradient-based approach for PDE-based optimizations
(Biegler et al., 2003; Itle et al.. 2004; Biros and Ghattas, 2005; Jiang et al., 2005),
because it offers an elegant framework to solve PDE-based optimizations efficiently
using existing software.

1.5 Outline
The rest of the thesis is organized as follows. In Chapter 2, by optimizing a simple
model structure, we show that, for cases with single reactions and where molecular
diffusion is assumed to dominate in broad pore channels, the optimal performance is
dictated by a single parameter, the distributor Thiele modulus, in a universal way, and
diffusion limitations vanish inside the nanoporous catalytic material itself in the optimal
structure. In Chapter 3, we extend the discussions to cases where Knudsen diffusion, in
addition to molecular diffusion, may play a role in broad pore channels, and show that
the effects of Knudsen diffusion on the optimal performance is characterized by another
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parameter, the distributor Knudsen number. In Chapter 4, we compare the performance
of bimodal catalysts (nanopores plus broad pore channels of different diameters) and
bidisperse catalysts (nanopores plus broad pore channels of an identical diameter), in
order to study the role of a broad distribution of broad pore channel diameters in the
optimal structure. We also study the network optimization problem by Bejan (1997,
2000) in Chapter 4. In Chapter 5, we discuss two case studies: power plant deNOx
catalysis and autothermal reforming of methane. Chapter 6 concludes the thesis,
summarizing the main results. The implementation of the reduced gradient method is
discussed in details in the Appendix.
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2. Optimal Molecular Highways in Nanoporous Catalysts (I)
In this Chapter, we discusse the general features of the optimal molecular highways in
nanoporous catalysts for cases where molecular diffusion dominates in broad pore
channels. This situation is typical for liquid-phase reactions. It also serves as a reference
model for cases with gas-phase reactions in which Knudsen diffusion, in addition to
molecular diffusion, may also play a role in broad pore channels, because the
calculations performed when Knudsen diffusion is excluded pose the upper limit for the
optimal performance for cases where Knudsen diffusion is included.

2.1 Problem formulation and numerical procedure

Figure 2.1: Illustration of the hierarchically structured porous catalyst (left) and its
sub-unit (right). The hierarchically structured porous catalyst is formed by
repeating the sub-unit in the y direction. The nanoporous, catalytically active
material is indicated in white, the broad pore channels in black.

We study the 2D hierarchically structured porous catalyst slab, shown the left side in
Fig. 2.1. This structure consists of broad pore channels and nanoporous catalytically
active walls. In this structure, all the broad pore channels share the same size and shape,
as is the case for all the channel walls. We will relax this assumption later on. Thus, the
entire structure could be constructed by repeating its sub-unit, as shown the right side in
Fig. 2.1. The periodicity in the y direction leads to zero flux across the boundaries
between two neighboring sub-units; therefore, each of these sub-units can be studied
separately, and gives the same area-averaged yield as the entire structure. It will be
shown that the insights obtained by optimizing this simple 2D model structure are also
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valid for 3D structures and those with different geometries. Johannessen et al. (2007)
optimized the structure (shown in Fig. 2.1) using optimal control theory and obtained the
same results as those in this thesis.
The 2D continuity equation is solved numerically to simulate diffusion and reaction
inside one sub-unit of the catalyst:
∂ ⎛
∂c ⎞ ∂ ⎛
∂c ⎞
⎜ DM ⎟ + ⎜ DM ⎟ = 0
∂x ⎝
∂x ⎠ ∂y ⎝
∂y ⎠

in the broad pore channel

∂ ⎛ ∂c ⎞ ∂ ⎛ ∂c ⎞
⎜ De ⎟ + ⎜ De ⎟ = r (c)
∂x ⎝ ∂x ⎠ ∂y ⎝ ∂y ⎠

in the nanoporous material (2.1b)

(2.1a)

with the boundary conditions:
x = L : c = c0

(2.2a)

x = 0:

∂c
=0
∂x

(2.2b)

y = 0:

∂c
=0
∂y

(2.2c)

y = w+ d :

∂c
=0
∂y

(2.2d)

where c is the concentration, and c0 the (fixed) concentration on the external surface of
the catalyst; L is the catalyst size, w the channel wall thickness, and d the broad pore
channel diameter, as labelled in Fig. 2.1. Inside the nanoporous catalytically active
material, a single reaction occurs with general kinetics, r(c). The broad pore channel is
accounted for explicitly, and the nanoporous material is treated as a continuum with the
effective diffusivity, De. In this Chapter, the diffusivity in the broad pore channel, DM, is
equal to molecular diffusivity, Dm.
Conservation of mass requires continuity of flux across the nanopore/broad pore
channel interface. However, concentration jumps might occur when there are strong
confinement effects in the nanopores, e.g., adsorption in zeolites. Because, as shown
later, cases with concentration jumps can be handled in the same way as those without
concentration jumps, continuity of concentration is temporarily assumed here, and
y=

w
:
2

Dm

∂c
∂c
= De
∂y channel
∂y nano

cchannel = cnano
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(2.3a)

y=

w
+d :
2

Dm

∂c
∂c
= De
∂y channel
∂y nano

cchannel = cnano

(2.3b)

where the subscripts “channel” and “nano” refer to the broad pore channel side and the
nanoporous material side at the interface, respectively.
The aim is to maximize the effectiveness factor of the catalyst, η hs :

η hs =

∫∫

Ω

r (c) dxdy

(2.4)

r (c0 ) A

where Ω is the area occupied by the nanoporous material, and A the area occupied by
the entire catalyst.
The effectiveness factor is a scaled area-averaged yield. Its definition is the same as
the one in Johannessen et al. (2007), but differs from the definition in Gheorghiu and
Coppens (2004) and Dogu (1998) by a factor of 1- ε . Only two degrees of freedom exist
in this optimization: the channel wall thickness w and the broad pore channel diameter d
are allowed to vary independently. The channel volume fraction, ε , and the generalized
Thiele modulus for the walls, Φ w , are defined as:

ε=

d
d+w

Φw =

w r (c0 )
2 2

(2.5)

(∫

c0

cc

De r (c) dc

)

−1 2

(2.6)

where cc is the concentration at the centre of the catalyst; its value is zero for irreversible
reactions and is the equilibrium concentration for reversible reactions in this study, as
suggested by Froment and Bischoff (1990). They also discuss a method to determine the
value of cc more accurately.
A 1D effective model is also employed to simulate diffusion and reaction in one
sub-unit of the catalyst, because a 1D effective model is easier to use than a 2D one. In
this 1D effective model, diffusion in the x direction (as labeled in Fig. 2.1) is considered
explicitly, while diffusion in the y direction is contained in the local wall effectiveness
factor. Because diffusion in the broad pore channel and diffusion in the nanoporous
material occur mostly in parallel, and the diffusivity in the broad pore channel is much
higher than that in the channel wall (Dogu, 1998), diffusion in the x direction through the
channel wall is neglected in the simplified 1D effective model. This approach is easily
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extended to hierarchically structured porous catalysts with two other geometries: spheres
and infinitely long cylinders. A spherical hierarchically structured porous catalyst could
be constructed by introducing broad pore channels (e.g., cones connecting the external
surface of the sphere, straight in a radial direction, to the sphere center) with equal
spacing between two neighboring broad pore channels into a spherical nanoporous
catalyst. An infinitely long cylindrical, hierarchically structured porous catalyst could be
constructed by repeatedly placing a finitely long cylindrical, nanoporous catalyst in such
a way that the centers of the circular cross section of all the cylinders stay on the same
line, and the spacing between two neighboring cylinders is equal; void space between
two neighboring cylinders serves as broad pore channels. All these considerations yield

ε

d ⎛ m −1
dc ⎞ m −1
⎜ x DM ⎟ − x (1 − ε )η w r (c) = 0
dx ⎝
dx ⎠

(2.7)

with the boundary conditions

x = L : c = c0
x = 0:

(2.8a)

dc
=0
dx

(2.8b)

where m=1 for slabs, 2 for cylinders, and 3 for spheres.
The effectiveness factor is
L

ηhs =

m ∫ r (c)η w (1 − ε ) x m −1dx
0

(2.9)

r (c0 ) Lm

For the structure shown in Fig. 2.1, the wall effectiveness factor η w is calculated by
solving the diffusion-reaction equation for the channel wall in the y direction:
d ⎛ dc ⎞
⎜ De ⎟ = r (c)
dy ⎝ dy ⎠

(2.10)

with the boundary conditions:
y = w 2 : cnano = cchannel

(2.11a)

dc
=0
dy

(2.11b)

y = 0:

The wall effectiveness factor is calculated from:
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ηw =

2∫

w2

0

r (c) dx

(2.12)

r (c0 ) w

For hierarchically structured porous catalysts with two other geometries (e.g., spheres
and infinitely-long cylinders), η w can, in principle, be calculated in a similar way,
although the calculation could be nontrivial.
To set a base case for comparison with the hierarchically structured porous catalyst,
the nanoporous catalyst (without introduced broad pore channels) is modelled using the
diffusion-reaction equation:
d ⎛ m −1 dc ⎞ m −1
⎜ x De ⎟ − x r (c) = 0
dx ⎝
dx ⎠

(2.13)

with the boundary conditions:
x = L : c = c0

(2.14a)

dc
=0
dx

x = 0:

(2.14b)

where m=1 for slabs, 2 for cylinders, and 3 for spheres.
The effectiveness factor of the nanoporous catalyst is defined as:
L

η=

m ∫ r (c) x m −1dx
0

(2.15)

r (c0 ) Lm

The generalized Thiele modulus, Φ , is defined here in the same way as by Froment and
Bischoff (1990):
Φ=

V r (c0 )
S 2

(∫

c0

cc

De r (c) dc

)

−1 2

(2.16)

where V is the catalyst volume and S the external surface area of the catalyst particle.
The generalized distributor Thiele modulus, Φ 0 , is defined by replacing De in Eq. (2.16)
with Dm:
Φ0 =

V r (c0 )
S 2

(∫

c0

cc

Dm r (c) dc

)

−1 2

(2.17)

One could estimate the extent of diffusion limitations for single reactions in nanoporous
catalysts based solely on a given value of Φ . We later show that Φ 0 plays a similar role
for the optimal hierarchically structured porous catalysts. The name of Φ 0 comes from
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the fact that broad pore channels act as a distributor for reactants and products through
the catalyst.
Both the 2D pore network model and the two 1D effective models were discretized
using the finite-volume method (Versteeg and Malalasekera, 1995); a 257 × 65 grid was
found to be sufficient to obtain grid-independent results for the 2D pore network model,
and a grid with 150 elements for the two 1D models. Discretized equations were solved
using the multigrid method “MGD9V” for the 2D pore network model, Eq. (2.1), and
were solved using a hybrid iteration method for the two 1D models: Eqs. (2.7) and (2.13)
(Morë et al., 1980; de Zeeuw, 1990). Because there exist only two degrees of freedom,
optimizations were performed by inspection of response surfaces, which were generated
by solving the 2D pore network model, Eq. (2.1), or the effective 1D model, Eq. (2.7).

2.2 Results and discussions
Figure 2.2 presents the effectiveness factor of the hierarchically structured porous
catalyst, η hs , versus the generalized wall Thiele modulus, Φ w . The effectiveness factor
increases with a decreasing value of Φ w until Φ w =0.1. The η hs - Φ w relation shown in
Fig. 2.2 could be explained as follows: for any given channel volume fraction, areaaveraged diffusivity is a function of the channel volume fraction only and, therefore,
remains constant when the channel wall (consisting of catalytically active, nanoporous
material) becomes thinner, while diffusion limitations in the y direction within the
channel wall decrease when the channel wall becomes thinner until the channel wall
thickness is sufficiently thin so that diffusion limitations start to disappear in the y
direction inside channel wall.
Figure 2.2 indicates that the optima are achieved when Φ w <0.1. This observation
means that the concentration gradient in the y direction disappears in the optimal
hierarchically structured porous catalyst. Figure 2.3 shows the concentration profiles for
different values of Φ w , confirming this argument. This insight could be extended to
optimal hierarchically structured porous catalyst with other geometries: concentrations
are equal on each of concentric spherical surfaces for the optimal, spherical,
hierarchically structured porous catalyst and are equal on each of concentric cylindrical
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surfaces for the optimal, infinitely-long cylindrical, hierarchically structured porous
catalyst. This general feature is summarized as: Concentrations are almost constant
along surfaces equidistant from the external surface of the catalyst. As a result, η w ≈ 1
and the optimum could be captured by the 1D effective model, Eq. (2.7). With the
assumption of purely molecular diffusion in this Chapter, Eq. (2.7) yields:

ε Dm

d ⎡ m −1 dc ⎤ m −1
x
− x (1 − ε )r (c) = 0
dx ⎢⎣
dx ⎥⎦

(2.18)

The effectiveness factor η hs was maximized with respect to ε by numerically
solving Eq. (2.18) for 0< ε <1. The effectiveness factor of the nanoporous catalyst η was
calculated by numerically solving Eq. (2.13).
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Figure 2.2: Effectiveness factor of the hierarchically structured porous catalyst slab
η hs , obtained when DM=Dm and by solving the 2D pore network model, Eq. (2.1), as
a function of the generalized wall Thiele modulus Φ w at different values of the
channel volume fractions ε and the generalized distributor Thiele modulus Φ 0 . A
first-order reaction is under consideration.

Figure 2.3: Concentration profiles of the sub-unit shown in Fig. 2.1, obtained when
DM=Dm and by solving the 2D pore network model, Eq. (2.1), as a function of the
generalized wall Thiele modulus Φ w at Φ0=1, Dm/De=1000, and ε =0.4. A firstorder reaction is under consideration. The concentration is scaled with respect to
c0 .
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Figure 2.4: (a) Effectiveness factor ηopt and (b) channel volume fraction ε opt of the
optimal hierarchically structured porous catalyst, obtained when DM=Dm and by
optimizations based on the 1D effective model, Eq. (2.18), as a function of the
generalized distributor Thiele modulus Φ 0 for different catalyst shapes and single
reactions with different chemical kinetics.

20

Figure 2.5: Effectiveness factor of the nanoporous catalyst η , obtained by solving
the 1D model, Eq. (2.13), as a function of the generalized Thiele modulus Φ for
different catalyst shapes and single reactions with different chemical kinetics.

Figure 2.4(a) shows the optimal effectiveness factor of the hierarchically structured
porous catalyst ηopt as a function of Φ 0 . Figure 2.5 shows the effectiveness factor of the
nanoporous catalyst η as a function of Φ . The η - Φ curves are well-known as a
universal relation, which is widely used for the assessment of diffusion limitations in
porous catalysts. The interesting thing here is that the ηopt - Φ 0 relation closely resembles
the universal η - Φ relation. The observed similarity is summarized as follows: (1) the

ηopt - Φ 0 curves are essentially the same regardless of chemical kinetics and catalyst
shapes; particularly, the ηopt - Φ 0 curves are virtually independent of chemical kinetics
and catalyst shapes when Φ 0 >10. (2) The optimal effectiveness factor ηopt approaches
unity when Φ 0 <0.1, albeit more slowly, and is less than 0.1 when Φ 0 >10. (3) There
exists the asymptote, ηopt ∼1/ Φ 0 , when Φ 0 >10. The scaling of the asymptote is not
obvious in Fig. 2.4(a). Some manipulations were performed to show the scaling. As
mentioned earlier, the ηopt - Φ 0 curve is independent of chemical kinetics and catalyst
shapes when Φ 0 >10; therefore, this part of the ηopt - Φ 0 curve could be obtained by
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optimizing a hierarchically structured porous catalyst with arbitrary chemical kinetics
and catalyst shape. For ease of calculation, the case with a first-order reaction was chose.
In this case, η hs is

η hs = (1 − ε ) tanh(Φ 0 (1 − ε ) ε ) ⎡⎣Φ 0 (1 − ε ) ε ⎤⎦

(2.19)

Maximization of η hs with respect to ε leads to

ε = ε opt :

dη hs
=0
dε

(2.20)

1 − 2ε opt = 2Φ 0 (1 − ε opt ) ε opt sinh ⎡⎣ 2Φ 0 (1 − ε opt ) ε opt ⎤⎦

(2.21)

When Φ 0 >10, graphical solution of Eq. (2.21) yields

ε opt =0.5

(2.22)

This result is also shown in Fig. 2.4(b), indicating that half the space is used for reaction,
and half the space for transport in this limiting case. Combining Eqs. (2.19) and (2.22):

ηopt = tanh(Φ 0 ) ( 2Φ 0 ) ≈ 1 ( 2Φ 0 )

(2.23)

It is easy to see why the η - Φ curves and the ηopt - Φ 0 curves are similar, but not
exactly the same based on two facts: (1) the η hs (1 − ε ) - Φ 0 (1 − ε ) ε relation is exactly
the same as the η - Φ relation, and (2) the ηopt - Φ 0 relation is a scaled η hs (1 − ε ) Φ 0 (1 − ε ) ε relation. To see why the first fact is true, replace De and r(c) in Eqs. (2.13)

and (2.15) with DM ε and r(c)(1- ε ), respectively. The result of this substitution is that

η =ηhs (1 − ε ) , and Φ = Φ 0 (1 − ε ) ε . For the second fact, please note that ε opt is a
function of Φ 0 and, therefore, the scaling is not linear. This nonlinear scaling is
responsible for all the differences between the η - Φ curves and the ηopt - Φ 0 curves.
Although the similarity between the ηopt - Φ 0 relation and η - Φ relation was
elegantly interpreted mathematically, it is useful to interpret the similarity from a
mechanistic point of view, because it would provide a fundamental basis to understand
whether this feature is generally true. To understand the similarity mechanistically, we
first interpret the universal η - Φ relation. One fundamental interpretation of Φ is to
view it as the square root of the ratio of the characteristic time scales for diffusion and an
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intrinsic catalytic reaction; therefore, Φ >10 means that the characteristic time for an
intrinsic reaction is 100 times shorter than that for diffusion, explaining why an intrinsic
reaction is seriously diffusion-limited when Φ >10. Likewise, Φ <0.1 means that the
characteristic time for an intrinsic reaction is 100 times longer than that for diffusion,
explaining why η approaches unity when Φ <0.1. On the other hand, in the optimal
hierarchically structured porous catalyst, diffusion limitations exist only in the direction
perpendicular to equidistant surfaces, e.g., the x direction for the structure shown in Fig.
2.1. Furthermore, in this direction, diffusion in the nanoporous material and diffusion in
the broad pore channel are two processes in parallel, and the diffusivity is much higher
in the broad pore channel than in the nanoporous material. Therefore, the extent of
diffusion limitations in the optimal hierarchically structured porous catalyst is
characterized by the ratio of the characteristic time scales for diffusion in the broad pore
channel (i.e., the molecular diffusion) and the intrinsic reaction inside the nanoporous
catalyst. According to the above interpretation of Φ and the fact that Φ 0 was defined
using the molecular diffusivity and in a manner similar to Φ , Φ 0 could be interpreted as
the square root of this ratio. Therefore, the ηopt - Φ 0 curve is similar to the η - Φ curve. It
should be stressed that this ηopt - Φ 0 relation also holds qualitatively for other situations
(e.g., cases with different broad pore channel networks and cases where DM is calculated
using Bosanquet’s formula). This topic is further discussed in Chapter 4.
It should be mentioned that Dogu (1998), and papers referred to by Dogu, examined
the effectiveness factors of hierarchically structured porous catalysts when diffusion
limitations vanish in the nanoporous material using the Pellet-Particle model. They also
found that the distributor Thiele modulus governs the effectiveness factors of
hierarchically structured porous catalysts in this limiting case. However, the objective of
this previous work was not to optimize hierarchically structured porous catalysts,
therefore these papers did not point out that the optimal hierarchically structured porous
catalyst actually belongs to the limiting case in which this approach is valid.
Figure 2.4(b) shows the optimal channel volume fraction ε opt as a function of Φ 0 . It
was found that the ε opt - Φ 0 curves are largely the same regardless of chemical kinetics
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and catalyst shapes, as is the case for the ηopt - Φ 0 curves. The optimal channel volume
fraction ε opt approaches an asymptotic value of 0.5 when Φ 0 >10, which agrees with the
conclusion of Johannessen et al. (2007).

Figure 2.6: (a) Effectiveness factor ηopt and (b) channel volume fraction ε opt of the
optimal hierarchically structured porous catalyst slab, obtained when DM=Dm and
by optimizations based on the 1D effective model, Eq. (2.18), and the 2D pore
network model, Eq. (2.1), as a function of the generalized distributor Thiele
modulus Φ 0 . A first-order reaction is under consideration.
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Optimizations based on the 1D effective model, Eq. (2.18), predict that Φ 0 dictates ηopt
and ε opt . This prediction implies that De and, consequently, Dm/De has no effect on these
properties of the optimal hierarchically structured porous catalyst because the definition
of Φ 0 does not contain De. To verify this point, optimizations based on the 2D pore
network model were performed at different values of Dm/De. As shown in Fig. 2.6, ηopt
and ε opt are functions of Dm/De when Dm/De is small (e.g., Dm/De=10), but converge to
De independent values when Dm/De>30; optimizations based on the 1D effective model,

Eq. (2.18), predicts these asymptotic values. Because Dm/De is typically greater than 100
(Dogu, 1998), calculations based on the 1D effective model are sufficient for
engineering design.
Up to this point, all the discussions were based on the assumption that
concentrations are continuous at the broad pore channel/nanopore interface. However,
the procedure developed earlier still applies for cases with concentration jumps. The
reason is that, for the optimal hierarchically structured porous catalysts with
concentration jumps, concentrations gradients still vanish on an equidistant surface, with
the exception of the jump across the interface. To illustrate this point, consider the
structure shown in Fig. 2.1 with a concentration jump, which, in principle, could be
correlated via an isotherm
cnano = H (cchannel )

(2.24)

Because, for the optimal hierarchically structured porous catalyst, concentration
gradients in the y direction still vanish with the exception of the jump across the
interface, the 1D effective model and the effectiveness factor for the hierarchically
structured porous catalyst slab are

ε Dm
η hs

d 2c
− (1 − ε )r [ H (c) ] = 0
dx 2

∫
=

L

0

(2.25)

(1 − ε )r [ H (c) ]dx

(2.26)

r [ H (c0 ) ] L
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Comparison of Eqs. (2.18) and (2.25) shows that a problem with concentration jumps
and chemical kinetics r(c) could be viewed as a problem without concentration jumps,
but with modified intrinsic kinetics r[H(c)]. Because general kinetics were considered
earlier, a problem with concentration jumps could be handled the same way as discussed
above. The insights (e.g., the universal ηopt - Φ 0 and ε opt - Φ 0 curves) are still valid
provided that Φ 0 is defined using the modified intrinsic kinetics.
It should be noted that the optimal broad pore channel diameter dopt and the optimal
broad pore channel wall thickness wopt for the structure as shown in Fig. 2.1 are not
unique. The reason is that the optimal performance is achieved when the conditions
below are satisfied:

ε opt =

dopt

(2.27)

wopt + d opt

Φ w,opt =

wopt r (c0 )
2
2

(∫

c0

De r (c) dc

cc

)

−1 2

≤ 0.1

(2.28)

Equation (2.27) is the condition found in Fig. 2.2, and Eq. (2.28) is a geometrical
relation among these structural variables. Combining Eqs. (2.27) and (2.28) yields
wopt ≤ wmax =

0.2 2
r (c0 )

(∫

c0

cc

)

12

De r (c) dc

(2.29a)

d opt ≤ d max = ε opt wmax (1 − ε opt )

(2.29b)

According to Eq. (2.29), dopt could be any value less than dmax, and wopt could be any
value less than wmax. This upper bound dmax is used in Chapter 3 to define a parameter to
measure the effects of Knudsen diffusion on the optimal performance. Note that the
above prediction is not realistic when other diffusion mechanisms (e.g., Knudsen
diffusion or configurational diffusion) dominate the transport process in the broad pore
channel, i.e., when the channel diameter drops below the mean free path.

2.3 Summary
A broad pore channel network in the hierarchically structured porous catalyst was
optimized with the aim to maximize the effectiveness factor. A single reaction with
general kinetics was considered. For cases where DM=Dm, the ηopt - Φ 0 relation was
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found to recover the universal η - Φ relation when the generalized distributor Thiele
modulus, Φ 0 , was defined in a way analogous to the generalized Thiele modulus, Φ
(Froment and Bischoff, 1990), but using the molecular diffusivity in the broad pore
channels, rather than the effective diffusivity in the nanopores. The rationale is that, in
the optimal hierarchically structured porous catalyst, diffusion limitations exist only in
the direction perpendicular to the external surface of the catalyst (e.g., a radial direction
in a spherical catalyst particle), and molecular diffusion in the broad pore channel
dominates the transport process in that direction. Accordingly, the ε opt - Φ 0 relation is
also essentially independent of chemical kinetics and catalyst shapes, and ε opt
approaches 0.5 when Φ 0 is very large, e.g., Φ 0 ≥ 10. The optimal broad pore channel
diameter only has the upper bound, as is the case for the optimal channel wall thickness.
Theoretical insights yield a back-of-the-envelope approach for the rational design of
hierarchically structured porous catalysts with given nanoporosity and intrinsic kinetics.
One could reasonably estimate the effectiveness factors of the optimal hierarchically
structured porous catalyst and the nanoporous catalyst and, consequently, the gain in
catalyst performance by the introduction of broad pore channels based solely on the
values of Φ 0 and Φ according to the ηopt - Φ 0 and η - Φ relations. If more accurate
results are needed, optimizations based on the 1D effective model, Eq. (2.7), could serve
for that purpose. This study calls for the use of these approaches as a guide for catalyst
synthesis/fabrication.
It should be noted that a certain degree of diffusion limitations could be beneficial
for overall catalytic activity for cases with effectively negative-order reaction kinetics.
This is because diffusion limitations are needed to reduce the concentration of the
inhibiting species causing the effectively negative-order reaction kinetics. For these
cases, moderate diffusion limitations might be needed in the nanoporous material.
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3. Optimal Molecular Highways in Nanoporous Catalysts (II)
In this Chapter, the optimizations are extended to cases where Knudsen diffusion, in
addition to molecular diffusion, may play a role in the broad pore channels. The
inclusion of Knudsen diffusion in the optimizations is essential for the design of
catalysts used for gas-phase reactions. This chapter also deals with the optimizations of
broad pore channels in a nanoporous eggshell catalyst, i.e., a nanoporous catalyst in
which catalytic material is deposited only on the surface layer.

3.1 Effects of Knudsen diffusion
The optimization problem here is exactly the same as the one considered in Chapter 2
except that the diffusivity in the broad pore channel, DM, is calculated using Bosanquet’s
formula, accounting for overall contributions of molecular diffusion and Knudsen
diffusion:
1
1
1
=
+
DM DK Dm

(3.1)

The Knudsen diffusivity, DK, is proportional to d and equals to the molecular diffusivity,
Dm, when Kn=1. This leads to
DK = dDm d 0

(3.2)

where d0 is the mean free path.
Combining the above two equations results in
DM = dDm

( d + d0 )

(3.3)

All the earlier discussions were confined to cases where DM=Dm. Here we study
how the optimal effectiveness factor shifts when Knudsen diffusion is included in the
optimizations. It is well known that whether Knudsen diffusion plays a role or not
depends on the Knudsen number. Therefore, the Knudsen number calculated using the
optimal channel diameter could be used to characterize the effects of Knudsen diffusion
on the optimal effectiveness factor. Because the optimal channel diameter is unknown
prior to the optimizations, the optimal channel diameter, obtained under the same
condition as the optimization, and when DM=Dm, is used instead. Note that the optimal
channel diameter for cases where DM=Dm is not unique, but only has an upper bound, as
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discussed in Chapter 2. This upper bound is employed in the definition of the distributor
Knudsen number
Kn0=d0/dmax

(3.4)

It will be shown that Knudsen diffusion plays a trivial role in the optimal structure when
Kn0<0.1, whereas the optimal performance of the catalyst decreases due to the effects of

Knudsen diffusion when Kn0>0.1.

Figure 3.1: Effectiveness factors of the hierarchically structured porous catalyst
slab η hs , obtained when DM is calculated using Bosanquet’s formula and by solving
the 2D pore network model, Eq. (2.1), as a function of the generalized wall Thiele
modulus Φ w at different values of d/d0. A first-order reaction is under
consideration.
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Figure 3.2: Effectiveness factor of the optimal hierarchically structured porous
catalyst slab ηopt , obtained when DM is calculated using Bosanquet’s formula and
by optimizations based on the 1D effective model, Eq. (2.7), and the 2D pore
network model, Eq.(2.1), as a function of the distributor Thiele modulus Φ 0 . A
first-order reaction is under consideration.
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Figure 3.3: Channel volume fraction of the optimal hierarchically structured
porous catalyst slab ε opt , obtained when DM is calculated using Bosanquet’s
formula and by optimizations based on the 1D effective model, Eq. (2.7), and the 2D
pore network model, Eq.(2.1), as a function of the generalized distributor Thiele
modulus Φ 0 . A first-order reaction is under consideration.
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Figure 3.4: Generalized wall Thiele modulus of the optimal hierarchically
structured porous catalyst slab Φ w,opt , obtained when DM is calculated using
Bosanquet’s formula and by optimizations based on the 1D effective model, Eq.
(2.7), and the 2D pore network model, Eq.(2.1), as a function of the generalized
distributor Thiele modulus Φ 0 . A first-order reaction is under consideration.

32

Figure 3.1 shows the η hs - Φ w curves for two cases where Kn0=1 and 10, respectively. It
was found that Φ w >0.1 in the optimal structure obtained when DM is calculated using
Bosanquet’s formula, rather than Φ w <0.1 in the optimal structure obtained when
DM=Dm. The reason for this phenomenon is the following: for a fixed channel volume

fraction, a narrower channel diameter leads to low volume-average diffusivity (due to
Knudsen diffusion), reducing the effectiveness factor, but a thinner channel wall and,
therefore, less diffusion limitations in the channel wall, improving the effectiveness
factor. As a result of these two counter effects related to the change in the channel
diameter at a fixed channel volume fraction, the optimal channel diameter (obtained
when DM is calculated using Bosanquet’s formula) is wider than the one obtained when
DM=Dm. For a fixed channel volume fraction, a wider channel diameter means a thicker

channel wall and, consequently, a larger value of Φ w .
In Chapter 2, we showed that optimizations based on the 1D effective model, Eq.
(2.18), predict the same ηopt and ε opt as those based on the 2D pore network model
when DM=Dm if Dm/De is sufficiently large, e.g., Dm/De>100. The question here is
whether this finding is true for cases where Kn0 is large, e.g., Kn0 ∼ 1 and Kn0

1,

because Φ w >0.1 in the optimal structure for those cases. Note that Eq. (2.7) rather than
Eq. (2.18) should be used for the optimizations here. Figures 3.2, 3.3, and 3.4 compare
the results from the optimizations based on the 1D effective model, Eq. (2.7), and the 2D
pore network model. The same phenomenon was observed in cases where Kn0 ∼ 1 and
Kn0

1 as in cases where DM=Dm: when DM/De is sufficiently large, the optima

predicted based on the 2D pore network model converge to certain values; the
optimizations based on the 1D effective model, Eq. (2.7), predict these same values.
Actually, even when DM/De is not so large, the optimizations based on the two models
yield very close results.
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Figure 3.5: (a) Optimal effectiveness factor ηopt , obtained when DM is calculated
using Bosanquet’s formula and by optimizations based on the 1D effective model,
Eq. (2.7), and (b) ratio of ηopt to the optimal effectiveness factor η ref , obtained when
DM=Dm, as a function of the generalized distributor Thiele modulus Φ 0 at different
values of the distributor Knudsen number, Kn0. A first-order reaction in the
hierarchically structured porous catalyst slab is under consideration.
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Figure 3.6: (a) Optimal channel volume fraction ε opt , obtained when DM is
calculated using Bosanquet’s formula and by optimizations based on the 1D
effective model, Eq. (2.7) and (b) the ratio of ε opt to the optimal channel volume
fraction ε ref , obtained when DM=Dm, as a function of the generalized distributor
Thiele modulus Φ 0 at different values of the distributor Knudsen number, Kn0. A
first-order reaction in the hierarchically structured porous catalyst slab is under
consideration.
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Figure 3.7: Generalized wall Thiele modulus of the optimal hierarchically
structured porous catalyst slab Φ w,opt , obtained when DM is calculated using
Bosanquet’s formula and by optimizations based on the 1D effective model, Eq.
(2.7), as a function of the generalized distributor Thiele modulus Φ 0 at different
values of the distributor Knudsen number, Kn0. A first-order reaction is under
consideration.

Figure 3.8: Knudsen number for the optimal hierarchically structured porous
catalyst slab, obtained when DM is calculated using Bosanquet’s formula and by
optimizations based on the 1D effective model, Eq. (2.7), as a function of the
generalized distributor Thiele modulus Φ 0 at different values of the distributor
Knudsen number, Kn0. A first-order reaction is under consideration.
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Figure 3.9: Ratio of the optimal channel diameter dopt, obtained when DM is
calculated using Bosanquet’s formula and by optimizations based on the 1D
effective model, Eq. (2.7), to the maximum value of the optimal channel diameter
dmax, obtained when obtained when DM=Dm, as a function of the generalized
distributor Thiele modulus Φ 0 at different values of the distributor Knudsen
number, Kn0. A first-order reaction in the hierarchically structured porous catalyst
slab is under consideration.

Figure 3.10: Ratio of the optimal channel wall thickness wopt, obtained when DM is
calculated using Bosanquet’s formula and by optimizations based on the 1D
effective model, Eq. (2.7), to the maximum value of the optimal channel wall
thickness wmax, obtained when DM=Dm, as a function of the generalized distributor
Thiele modulus Φ 0 at different values of the distributor Knudsen number, Kn0. A
first-order reaction in the hierarchically structured porous catalyst slab is under
consideration.
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Figures 3.5 through 3.10 present the results obtained from the optimizations based on the
1D effective model, Eq. (2.7), and when DM is calculated using Bosanquet’s formula. As
shown in Fig. 3.5, the ηopt - Φ 0 curve is the same as that for cases where DM=Dm when
Kn0 ≤ 0.1, while the curve starts to shift downward when Kn0 increases from Kn0=0.1 on.

The loss in terms of the effectiveness factor is 4-10% when Kn0=1, 10-22% when
Kn0=10, and 21-62% when Kn0=100. The underlying reason here is that the governing

diffusion mechanism in the broad pore channel of the optimal structure is molecular
diffusion when Kn0 ≤ 0.1, while the transition from molecular diffusion to Knudsen
diffusion starts when Kn0 increases from Kn0=0.1 on. As shown in Fig. 3.8, the Knudsen
number for the optimal hierarchically structured porous catalyst is less than 0.1 when
Kn0=0.1, is around 1 when Kn0=1 and Kn0=10, and greater than 1 when Kn0=100,

confirming our interpretation. As shown in Fig. 3.6, the ε opt - Φ 0 curve is also the same
as that for cases where DM=Dm when Kn0 ≤ 0.1, while ε opt increases with an increasing
value of Kn0 from Kn0=0.1 on. This is understandable, because more space should be
allocated for broad pore channels when the area-averaged diffusivity goes down due to
Knudsen diffusion. The ratio ε opt / ε ref is 1.2-1.5 when Kn0=1, 1.4-2.2 when Kn0=10, and
1.7-3.6 when Kn0=100, where ε ref is the optimal channel volume fraction obtained when
DM=Dm.

As shown in Fig. 3.7, Φ w,opt starts to be greater than 0.1 from Kn0=0.1 on and
increases when Kn0 increases. This observation means that, in the optimal structure,
diffusion limitations in the channel wall (in the y direction as shown in Fig. 2.1) start to
exist from Kn0=0.1 on and increases when Kn0 increases. As opposed to cases where DM
=Dm, the optimal channel wall thickness and the optimal channel diameter obtained
when DM is calculated using Bosanquet’s formula are unique. As shown in Figs. 3.9 and
3.10, both dopt and wopt start to deviate from the upper bounds of dopt and wopt obtained
when DM=Dm from Kn0=0.1 on, and the deviation increases when Kn0 increases: the
ratio dopt/dmax is 2.3-6.3 when Kn0=1, 5.7-18 when Kn0=10, and 15.9-59 when Kn0=100,
and the ratio wopt/wmax is 1.65-4.77 when Kn0=1, 2.65-8.5 when Kn0=10, and 3.86-13.37
when Kn0=100.
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3.2 Hierarchically structured porous eggshell catalysts
Φ and Φ 0 govern the effectiveness factors of nanoporous catalysts and the optimal

hierarchically structured porous catalysts, respectively. From this standpoint, the
introduction of broad pore channels in the optimal way changes the governing Thiele
modulus from Φ to Φ 0 . As shown in Fig. 3.11, the introduction of broad pore channels
could remove diffusion limitations when Φ 0 <0.1 and Φ 0 ∼1, while significant diffusion
limitations still exist in the optimal hierarchically structured porous catalyst when
Φ 0 >10. So, when Φ 0 >10, it is desirable to deposit catalytic material in the surface layer

of the catalyst or the skin only, as shown in Fig. 3.12. Morbidelli et al. (2001) presented
a comprehensive overview on catalyst design by eggshell-type and other non-uniform
distribution of catalytic material. The skin thickness, Ls, is a crucial design parameter.
The reason is that the catalytic activity per unit volume is low when the skin is too thin,
and most catalytic material is wasted when the skin is too thick. To obtain a reasonable
skin thickness, we studied the ratio of the optimal production made in the skin with a
thickness of Ls to that in the entire hierarchically structured porous catalyst χ s . For a
single reaction with general kinetics in a catalyst slab,

χs =

r (c0 ) Lsηopt,s

=

r (c0 ) Lηopt

Lsηopt,s

(3.5)

Lηopt

where the optimal effectiveness factor for the skin, ηopt,s =ηopt when Φ 0,s = Φ 0 . The
generalized distributor Thiele modulus for the skin Φ 0,s is defined as
Φ 0,s = Ls

r (c0 )

2

(∫

c0

cc

Dm r (c) dc

)

−1 2

(3.6)

When Φ 0 >10, combining Eqs. (2.23), (3.5) and (3.6) leads to:

χ s = 2Φ 0,sηopt,s

(3.7)

According to Eq. (3.7), χ s is a function of Φ 0,s only and, therefore, independent of L.
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Figure 3.11: Concentration profiles in an optimal hierarchically structured porous
catalyst slab, obtained when DM=Dm, for different values of the generalized
distributor Thiele modulus Φ 0 . A first-order reaction is under consideration.

Figure 3.12: Illustration of a hierarchically structured porous eggshell catalyst. The
nanoporous catalytically active material is indicated in white, the channels in black,
and inert solid is shaded.
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Figure 3.13: Optimal scaled production of the hierarchically structured porous
eggshell catalyst slab χ s for single reactions with different kinetics, obtained when
DM=Dm, as a function of the generalized distributor Thiele modulus for the skins
Φ 0,s .

Figure 3.14: Optimal scaled production of the hierarchically structured porous
eggshell catalyst slab χ s , obtained when DM is calculated using Bosanquet’s
formula, as a function of the generalized distributor Thiele modulus for the skin
Φ 0,s at different values of Kn0. A first-order reaction is under consideration.
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As shown in Fig. 3.13, for a first-order reaction, and when DM=Dm, production in the
skin with Φ 0,s = 1, 2, and 3 accounts for 83%, 97% and 99.5% of the optimal production
of the entire catalyst pellet, respectively. Johannessen et al. (2007) recommended using
Φ 0,s =5 for estimation of the skin thickness, which agrees well with our results. For

typical gas-phase reactions with Dm of 10-5 m2/s and k of 10-1000 s-1, and liquid-phase
reactions with Dm of 10-9 m2/s and k of 0.001-1 s-1, Φ 0,s =3 means somewhere from 100
μ m to 3 mm. This result also implies that optimizations of the hierarchically structured
porous catalyst with Φ 0 ≥ 3 are equivalent to optimizations of its hierarchically
structured porous skin with Φ 0,s =3 and, therefore, there is no need to study
hierarchically structured porous catalysts with Φ 0 ≥ 3. The results in a catalyst slab can
be extended to other geometries (e.g., cylinders and spheres) when skins are very thin. In
the case of thick skins, curvature would play a role; this is a purely geometric effect, and
Φ 0,s is still the governing factor. As shown in Fig. 3.13, the curves for single reactions

with different kinetics are qualitatively the same. As shown in Fig. 3.14, the χ s - Φ 0,s
curves observed in cases where DM is calculated using Bosanquet’s formula are similar
to those for cases where DM=Dm. This universality of the χ s - Φ 0,s curves is a result of
the universality of the ηopt - Φ 0 relation.

3.3 Summary
Structural optimizations were extended to cases where DM is calculated using
Bosanquet’s formula to include the effects of Knudsen diffusion. It was found that the

ηopt - Φ 0 curve is the same as that for cases where DM=Dm when Kn0 ≤ 0.1, while the
curve starts to shift downward with an increasing value of Kn0 from Kn0=0.1 on. The
maximum decrease in ηopt is found to be 10% when Kn0=1, 30% when Kn0=10, and
60% when Kn0=100. The underlying reason here is that the governing diffusion
mechanism in the broad pore channels of the optimal structure is molecular diffusion
when Kn0 ≤ 0.1, while the transition from molecular diffusion to Knudsen diffusion starts
when Kn0=0.1. Similarly, the ε opt - Φ 0 curve is also the same as the one for cases where
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DM=Dm when Kn0 ≤ 0.1, while ε opt increases when Kn0 increases from Kn0=0.1 on. The

ratio ε opt / ε ref is 1.2-1.5 when Kn0=1, 1.4-2.2 when Kn0=10, and 1.7-2.6 when Kn0=100.
As opposed to cases where DM=Dm, the optimal channel wall thickness and the optimal
channel diameter are unique. The ratio dopt/dmax is 2.3-6.3 when Kn0=1, 5.7-18 when
Kn0=10, and 15.9-59 when Kn0=100, and the ratio wopt/wmax is 1.65-4.77 when Kn0=1,

2.65-8.5 when Kn0=10, and 3.86-13.37 when Kn0=100.
A hierarchically structured porous eggshell catalyst was designed to avoid a waste
of catalytic material for cases where Φ 0 is large (e.g., Φ 0 >10). For those cases, catalytic
material should be deposited in a skin with such a certain thickness, that Φ 0,s ≤ 3,
because a thicker skin only leads to a waste of catalytic material without measurable
increase in production. This result also implies that optimizations of a hierarchically
structured porous catalyst with Φ 0 ≥ 3 are equivalent to optimizations of its
hierarchically structured porous skin with Φ 0,s =3 and, therefore, there is no need to
study hierarchically structured porous catalysts with Φ 0 ≥ 3.
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4. Is a Hierarchical Molecular Highway Better?
All the earlier chapters assume that the broad pore channels share the same diameter.
The question here is whether there is room for further improvement in catalyst
performance by relaxing this constraint. To answer this question, we optimize the
performance of bidisperse catalysts (nanopores plus broad pore channels of identical
diameters) and bimodal catalysts (nanopores plus broad pore channels of different
diameters). Coppens and co-workers found that the optimal bimodal catalyst could give
higher yields than the optimal bidisperse catalyst (Coppens and Froment, 1997;
Gheorghiu and Coppens, 2004). However, we show that the room for further
improvement is generally marginal. The other important question is whether the ηopt - Φ 0
relation for bimodal catalysts could recover the universal η - Φ one, as is the case for
bidisperse catalysts. We optimize four classes of 2D pore networks, and compare the
optimal bimodal catalyst with the optimal bidisperse catalyst for each of them. Only
cases with a first-order reaction are considered here because insights obtained easily
extend to those with general kinetics. In addition, Bejan (1997, 2000) studied a similar
network optimization problem from the perspective of constructing a network of highconductivity material for efficient electronic cooling. He formulated a constructal theory
and predicted that the optimal structure is tree-like. We also revisit Bejan’s optimization
problem to clarify the discrepancy between Bejan’s results and our conclusion.

4.1 Bidisperse and bimodal pore size distributions
4.1.1

Problem formulation

4.1.1.1 Structures of class A

Figure 4.1 shows the 2D bidisperse and bimodal structures of class A. Both of them are
nanoporous materials in which broad pore channels are introduced, and have a
dimension of L × Ly, as labelled in Fig. 4.1. The bidisperse structure is the same as the
one as shown in Fig. 2.1. The bimodal structure is the same as the bidisperse one, except
that the channel diameter and the channel wall thickness are allowed to vary from one
place to another in the bimodal catalyst, but not in the bidisperse catalyst. The channel
network is considered explicitly, whereas the nanoporous material is treated as a
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continuum. To simulate diffusion and reaction inside the model catalyst, we solved Eq.
(2.1), but with different boundary conditions
x = 0 : c = c0

(4.1a)

x = L:

∂c
=0
∂x

(4.1b)

y = 0:

∂c
=0
∂y

(4.1c)

y = Ly :

∂c
=0
∂y

(4.1d)

The aim is to maximize the effectiveness factor of the bimodal or bidisperse catalyst η hs ,
defined in Eq. (2.4).

Figure 4.1: Bimodal (top) and bidisperse (bottom) structures of class A with N
broad pore channels. Here, N=3 for this illustration only; the nanoporous
catalytically active material is indicated in white, the broad pore channels are
shown in black.
4.1.1.2 Structures of class B and C

Figure 4.2 shows the bidisperse and bimodal structures of classes B and C. Both of them
are 2D square structures with a size of 2L × 2L, and nanoporous catalytically active
materials in which 2N × 2N broad pore channels are introduced. N is an arbitrary positive
integer, typically 1-100. For both of them, it is assumed that the broad pore channels are
straight and perpendicular to the square sides; eight-fold symmetry is imposed. In the
bimodal structures of the two classes, the diameter and position of each broad pore
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channel is allowed to vary independently. In the bidisperse structures of the two classes,
the broad pore channels are uniformly distributed and share the same diameter. It is
assumed that the broad pore channels cross the entire structure in the structures of class
B and stop at the diagonal of the square in those of class C. Diffusion and reaction in
both of them were simulated by solving Eq. (2.1), but with the different boundary
conditions
x = 0 : c = c0

(4.2a)

y = 0 : c = c0

(4.2b)

y = L:

∂c
=0
∂y

(4.2c)

x = L:

∂c
=0
∂x

(4.2d)

The aim is to maximize the effectiveness factor of the bimodal or bidisperse catalyst η hs ,
defined in Eq. (2.4).

Figure 4.2: (Bottom left) quarter of square structures of class B and C with 2N × 2N
broad pore channels. Here, N=3 for this illustration only; the nanoporous
catalytically active material are indicated in white, the broad pore channels in
black.
4.1.1.3 Structures of class D

Figure 4.3 presents the bidisperse and bimodal structures of class D. Both of them are
nanoporous materials with broad pore channels, and they have a square geometry with
dimensions of L× L. For the bimodal structures, the square consists of N× N internally
homogeneous sub-squares of equal size. All the broad pore channels in one sub-square
have the same diameter, whereas the channel diameters are allowed to be different from
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one sub-square to another, as is the case for the channel volume fraction. The bidisperse
structure is a special case of the bimodal structure, namely N=1. Diffusion and reaction
inside the square is described using the 2D continuity equation:
∂ ⎡ ∂c ⎤ ∂ ⎡ ∂c ⎤
DE
DE
+
− kE c = 0
∂x ⎢⎣ ∂x ⎥⎦ ∂y ⎢⎣ ∂y ⎥⎦

(4.3)

with the boundary conditions:
c(0, y ) = c( L, y ) = c( x, 0) = c( x, L) = c0

(4.4)

The effective rate constant, kE, was calculated from:
kE = kη w (1 − ε )

(4.5)

Figure 4.3: Bidisperse (left) and bimodal (right) structures. The bimodal structure
is an assembly of N × N internally homogeneous sub-squares of equal size; N=3 for
this illustration only. The bidisperse structure is a special case of the bimodal
structure when N=1. The nanoporous catalytically active material is indicated in
white, the broad pore channels are shown in black.

The wall effectiveness factor η w is used to account for local diffusion limitations inside
the nanoporous square islands. The value of η w was numerically computed by solving a
finite-volume discretization of a diffusion-reaction equation on a square using the
multigrid method (de Zeeuw, 1990; Versteeg and Malalasekera, 1995). Because
diffusion limitations in the nanoporous islands were accounted for via η w , only diffusion
in the broad pore channels is considered to calculate the effective diffusivity, DE.
Bosanquet’s formula is used to lump contributions from molecular and Knudsen
diffusion inside the broad pore channels.
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DE =

ε dDm
τ d0 + d

(4.6)

The tortuosity τ lumps various geometrical effects of the channel network, and is
typically a function of porosity. Substituting τ =constant or τ ∼ 1 ε turns out to have no
effect on the difference between the relative merits of various structured catalyst models
(bidisperse vs. bimodal), even if the optimal effectiveness factor itself is somewhat
influenced. Since the focus here is to compare the bimodal and bidisperse structured
catalysts, and to avoid introducing more parameters than needed to discuss the essence
of the results, τ is assumed constant and equal to 1 in all results presented next; the
generalization is trivial. This consideration leads to
dDm
d0 + d

DE = ε

(4.7)

Note that the effective rate constant kE and effective diffusivity DE could vary from one
sub-square to another in the bimodal catalyst because the channel volume fraction and
channel diameter could vary one sub-square to another. From straightforward
geometrical considerations, the size of the nanoporous square islands, w, is computed
from
w = d (1 − ε + 1 − ε ) ε

(4.8)

It is assumed that each sub-square contains a minimum of 5 broad pore channels to
justify the usage of a continuum model and the definition of effective properties for each
sub-square:
L
>5
N (w + d )

(4.9)

The aim is to maximize the effectiveness factor of the square catalyst η hs :
L

η hs

4.1.2

∫ ∫
=
0

L

0

kE c dxdy

(4.10)

kc0 L2

Numerical solution and optimization procedures

The calculated domain is one quarter (e.g., bottom-left) of the 2D catalyst for the
structures of classes B and C, but the entire square for those of class D. The reaction-
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diffusion equation was discretized using the finite-volume method (Versteeg and
Malalasekera, 1995). For the square structures, a grid of 257×257 control volumes is
found to be sufficient to obtain grid-independent results. For other structures, similar
numbers of grid points are used and distributed along the x and y directions in
proportionality to L and Ly. The discretized equations were solved using the multigrid
code “MGD9V” with the incomplete cholesky conjugated gradient as a safe guard (de
Zeeuw, 1990; Meijerink and van der Vorst, 1977).
For the structures of classes A, B, and C, the optimization variables are the
diameters and positions of the broad pore channels; channel number N is also a
manipulation variable in order to eliminate the possible dependence on the channel
number, rather than fixed apriori by Gheorghiu and Coppens (2004). For the structures
of class A, Ly is also considered as an optimization variable to avoid artefacts related to a
too large or small value of Ly. For the structures of class D, the optimization variables
are one matrix of the channel volume fractions, εij, and one matrix of the channel
diameters, dij (i=1, N; j=1, N), where the subscripts, i and j, are the row and column
indices of a sub-square, respectively.
Different methods were used for the optimizations of bimodal and bidisperse
structures. Bimodal structures were optimized using the code “PIKAIA”, a parallel
genetic algorithm (Metcalfe and Charbonneau, 2003). The population and generation
were set to 100 and 500, perceptively. The reduced gradient method was implemented
with L-BFGS (Byrd et al., 1995) and ICCG-safeguarded MGD9V, and also used for the
optimizations. Randomly generated structures, as well as optimal bidisperse structures,
were used as initial guesses for the reduced gradient method. Details of the
implementation can be found in the Appendix. The optimum is reached either when the
relative difference between two consecutive effectiveness factors is less than 10-9 or
when the maximum absolute value of the projected gradient component is less than 10-6.
Because only a local optimum is guaranteed by the reduced gradient method,
optimizations were typically performed four times for each case, starting with four
different bidisperse structures with largely different values of d and ε. This strategy can
generally avoid bad local optima according to our extensive calculations: no noticeably
better solution is found even when calculations started with many more initial guesses
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that are randomly generated. For the bidisperse structures of all the classes, only two
degrees of freedom exist. Therefore, optimizations of the bidisperse structure were
carried out by inspection of the response surfaces.
4.1.3

Results and discussions

4.1.3.1 Structures of class A

Figure 4.4: Effectiveness factors of the optimal bimodal structure of class A with N
broad pore channels, obtained (a) when DM=Dm and (b) when DM is calculated
using Bosanquet’s formula, as a function of N.
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Figure 4.4 presents typical results for the structure of class A. The optimal effectiveness
factor is found to be independent of the number of channels N. Please note that the
bidisperse structure corresponds to the special case where N=1. Therefore, for structures
of class A, the optimal bimodal catalyst and the optimal bidisperse catalyst perform
equally well. This is because the optimal performance is achieved, when the following
two conditions are satisfied: (1) the catalytic nanoporous wall in the y direction (as
shown in Figure 4.1) is sufficiently thin so that diffusion limitations disappear locally,
and (2) the channel volume fraction is optimized. These two conditions can be met,
regardless of whether a broad distribution of broad pore channel diameters is allowed in
the optimizations or not.
4.1.3.2 Structures of class B and C

Figure 4.5 plots the optimal effectiveness factors of the bimodal and bidisperse catalysts
of class B and C with 2N× 2N broad pore channels, obtained when DM=Dm, as a function
of the number of channels N. The optimal effectiveness factors of the structures of class
B and C are found to increase with an increasing number of channels until a plateau is
reached. This phenomenon is interpreted as follows: for any given channel volume
fraction, area-averaged diffusivity is a function of channel volume fraction only and,
therefore, remains constant when the channel number increases. On the other hand, for
any given channel volume fraction, an increasing channel number leads to smaller
nanoporous islands (as shown in Fig. 4.2) and, consequently, less diffusion limitations
inside these nanoporous islands. This therefore yields a higher effectiveness factor.
However, when N is sufficiently large so that diffusion limitations inside the nanoporous
islands disappear, a further increase in N would yield no further increase in the
effectiveness factor. This argument was also used to explain the η hs - Φ w curves
(obtained when DM=Dm) in Fig. 2.2.
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Figure 4.5: Optimal effectiveness factors of the bimodal and bidisperse structures
of class B and C with 2N × 2N broad pore channels, obtained when DM=Dm, as a
function of N.
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Figure 4.6: Optimal effectiveness factors of the bimodal and bidisperse structures
of class B and C with 2N × 2N broad pore channels, obtained when DM is calculated
using Bosanquet’s formula, as a function of N.

Figure 4.6 presents the optimal effectiveness factors of the bimodal and bidisperse
catalysts of class B and C with 2N × 2N broad pore channels, obtained when DM is
calculated using Bosanquet’s formula, as a function of the number of channels N. The
optimal effectiveness factors of the two bidisperse catalysts are found to go through a
maximum, as opposed to situations observed in cases where DM=Dm. The reason for this
phenomenon is the following: for a fixed channel volume fraction, an increasing number
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of channels leads to a small channel diameter and, consequently, a low volume-average
diffusivity (due to Knudsen diffusion), reducing the effectiveness factor, but a thinner
channel wall and, therefore, less diffusion limitations in the channel wall, improving the
effectiveness factor. As a result of these two counteracting effects produced when N
changes for a fixed channel volume fraction, the optimal effectiveness factors go through
a maximum when N increases. As shown in Fig. 4.6, the optimal effectiveness factors of
the bimodal catalysts reach a plateau eventually, in contrast to the situations for the
bidisperse catalysts. This is because the optimization code minimizes the effects of
superfluous broad pore channels, if any, by assigning them a diameter as small as the
imposed lower bound. Please note that Ly is allowed to change for the structures of class
A. That is why the optimal effectiveness factor is independent of the number of channels
N for the structures of class A, but not so for those of class B and C.

Figure 4.7: Optimal bimodal structures of class B with N × N=20 × 20 broad pore
channels, obtained when DM=Dm and Φ 0 =5.

As shown in Figs. 4.5 and 4.6, for the structures of classes B and C, the optimal bimodal
catalysts give higher yields than their bidisperse counterparts, as opposed to the
situations for those of class A. The influence of corners in the square is attributed to the
distinct observations on the square and non-square structures. As shown in Fig. 4.7, nonuniform spatial distributions of pores only appear near the corners of the optimal
bimodal structures, confirming the above argument. Note that the difference in
performance of the two optimally structured catalysts (bimodal vs. bidisperse) depends
on the pore network topology: the difference is larger for the structures of class B, but
only marginal for those of class C.
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4.1.3.3 Structures of class D

Figure 4.8: Optimal effectiveness factors of the bimodal and bidisperse structures
of class D with N × N sub-squares, obtained when DM is calculated using
Bosanquet’s formula, as a function of N. The dashed line obtained when DM=Dm is
the upper limit for the optimal effectiveness factor.

Geometric optimizations were carried out with a varying sub-square number (from 1 × 1
to 10 × 10) in order to study the role of hierarchy in the channel network, assuming that a
structure consisting of a large number of sub-squares approximates the optimal bimodal
structures. Figure 4.8 presents the typical results. Surprisingly, for all cases studied, only
a maximum of 5% difference in terms of the optimal effectiveness factor is found
between the optimal bimodal (10 × 10 sub-squares) and the optimal bidisperse (1 × 1 subsquares) catalysts, as opposed to cases for the structures of class B and C. The possible
reason is that the continuum approach that was used to study the structures of class D
employs effective, area-averaged properties and, therefore, fails to include the delicate
effects of the hierarchical structures around the corners.
As shown in Fig. 4.9, although the channel volume fraction and channel diameter in
bimodal structured catalysts (4 × 4, 7 × 7, 10 × 10 sub-squares) are broadly distributed,
their values fluctuate around those of the bidisperse one (1 × 1). Some correlation
between the local variations of the channel volume fraction and channel diameter is
observed. The fundamental reason is that the optimal size of nanoporous square islands
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is in a certain range for which Φ w ∼ 0.1, so that intraparticle diffusion limitations are
essentially removed. This leads to the observed correlation between the channel volume
fraction and channel diameter through Eq. (4.8). In addition, as shown in the reaction
rate profile in Fig. 4.9, the centers of the bimodal structures (4 × 4, 7 × 7, 10 × 10 subsquares) are still as little accessible as the center of the bidisperse structure (1 × 1).

Figure 4.9: Profiles of the channel volume fraction (the first row), the channel
diameter (the second row), reaction rate (the third row), and the wall Thiele
modulus (the fourth row) of the optimal bimodal structures of class D with 1 × 1,
4 × 4, 7 × 7, and 10 × 10 sub-squares (from left to right), obtained when DM is
calculated using Bosanquet’s formula, for Φ 0 =1, Dm/De=100, and Kn0=0.1. The
channel diameter is scaled with respect to dmax, and the reaction rate with respect to
kc0A0, where A0 is the area of a computational cell. The wall Thiele modulus Φ w is
defined in Eq. (2.6), and dmax in Eq. (2.29b).
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4.1.3.4 General features

Figure 4.10: Optimal effectiveness factors of the bidisperse and bimodal catalysts
ηopt , obtained when DM=Dm, as a function of the generalized distributor Thiele
modulus Φ 0 .

As shown in Figures 4.10 and 4.11, the ηopt - Φ 0 curves for four classes of structures still
follows a universal relation. Kn0 characterizes the effects of Knudsen diffusion on the
optimal effectiveness factor. The universal relation shifts downward when Kn0 increases.
The difference in terms of the effectiveness factor between the optimal bimodal and the
optimal bidisperse catalysts is up to 30% for the structures of class B when Φ 0 is around
unity. However, this is not a general feature of the optimal structures, because the reason
for the difference is the presence of the corners. This argument is supported by the fact
that there is no or only a marginal difference is found between the effectiveness factors
of the optimal bimodal and bidisperse structures of class A and C.
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Figure 4.11: Optimal effectiveness factors of the bidisperse and bimodal catalysts
ηopt , obtained when DM is calculated using Bosanquet’s formula, as a function of
the generalized distributor Thiele modulus Φ 0 for different values of the
distributor Knudsen number Kn0.

4.2 Tree-like vs. fan-like
We showed that a network of broad pore channels with a single, optimized diameter
suffices for hierarchically structured porous catalysts. However, Bejan (1997, 2000)
studied a similar network optimization problem and found that the optimal structure is
tree-like, as shown in Fig. 4.12. The objective of this Section is to clarify this subject by
revisiting Bejan’s optimization problem.
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4.2.1

Tree-like structures

Figure 4.12: Illustration of the chip containing the tree-like network of highconductivity material (in pink). The heat sink is located in the bottom-left corner.

The problem Bejan considered is how to distribute a given amount of high-conductivity
material on a 2D microelectronics chip (that has a much lower thermal conductivity than
the high-conductivity material) so that the maximum temperature on the chip is
minimized. This problem is fundamentally the same as the earlier ones, although it
differs in some aspects. The difference is summarized as follows: (1) Bejan’s problem is
a heat conduction problem, which is equivalent to the earlier problems with a zerothorder reaction. (2) In Bejan’s optimization, the amount of high-conductivity material is
fixed, which is equivalent to a fixed channel volume fraction in the earlier problems. (3)
Bejan’s problem is a point-to-volume problem, with only one point outlet or heat sink on
the boundary, while reactant molecules could travel through a 2D or 3D surface
boundary in the earlier problems.
Bejan’s analysis employed a 1D model to study heat conduction on the 2D chip in a
similar way as we did for the catalyst design problems in Chapter 3. However, the
model, Eq. (2.7), used in this study accounts for two levels of diffusion limitations and
was verified by comparing the results of the model to those of the 2D model, whereas
Bejan’s intention is to use this approach recursively, accounting for more than two levels
of heat transfer resistance. We show that the prediction of the 1D model deviates
significantly from that of a 2D model, which is formulated below:
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∂ ⎛ ∂T ⎞ ∂ ⎛ ∂T ⎞
⎟ = − RH
⎜ λH
⎟ + ⎜ λH
∂x ⎝ ∂x ⎠ ∂y ⎝ ∂y ⎠

in the high-conductivity material (4.11a)

∂ ⎛ ∂T ⎞ ∂ ⎛ ∂T ⎞
⎟ = − RH
⎜ λL
⎟ + ⎜ λL
∂x ⎝ ∂x ⎠ ∂y ⎝ ∂y ⎠

in the low-conductivity material (4.11b)

with the boundary conditions:
x = L:

∂T
=0
∂x

(4.12a)

x = 0:

∂T
=0
∂x

(4.12b)

y = 0, x > 0.01L :

∂T
=0
∂y

(4.12c)

y = 0, x ≤ 0.01L :

T = T0

(4.12d)

y = L:

∂T
=0
∂y

(4.12e)

Here, T is the temperature, and T0 is the (fixed) temperature at the heat sink; L is the chip
size; RH is the heat generation rate per unit volume on the chip; λH is the thermal
conductivity of the high conductivity material, while λL is the lower thermal
conductivity of the chip itself.
The 2D model was numerically solved using commercial software, COMSOL.
Simulations were performed on the chip containing the fifth-level tree-like network of
high-conductivity material using both the 1D and 2D models. Table 1 in Bejan (1997)
summarizes the information needed for the construction of the tree-like structure and for
the 1D calculation that determines the minimum of the maximum temperature on the
chip. The procedure for the construction and the 1D calculation is straightforward and
analytical. As discussed earlier, this cooling problem is equivalent to a pore network
optimization of catalysts with a zeroth-order reaction. The distributor Thiele modulus is
defined here in the same way as in Eq. (2.17):
Φ0 =

L RH
2 λHT0

(4.13)

As shown in Fig. 4.13, the 1D analysis predicts a considerably higher maximum
temperature on the chip. This is because only the flux in one direction is included at each
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stage in the recursion generation in the tree in the 1D model, while the fluxes in two
directions are fully accounted for the 2D model. Figure 4.14 presents the temperature
profile on the chip for different values of Φ 0 . The maximum temperature on the chip is
found at the corner farthest away from the heat sink (0, 0). The temperature increases
roughly in the radial direction, rather than along the pathway covered by the highconductivity material, explaining why the 1D approach is not justified here.

Figure 4.13: Maximum temperature on the chip containing the fifth-level tree-like
network of high-conductivity material as a function of Φ 0 . The results were
obtained using λL λH =0.01 and ε t =0.5.

Figure 4.14: Temperature profile on the chip containing the fifth-level tree-like
network of high-conductivity material. The results were obtained using
λL λH =0.03, ε t =0.5 and Φ 0 =0.1, 0.3, 0.7, 1 (from left right).
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4.2.2

Fan-like structures

Bejan studied point-to-volume problems, while the problems considered earlier are
surface-to-volume ones. The question is whether the conclusion would depend on the
boundary conditions. We show that the point-to-volume and surface-to-volume problems
are fundamentally the same.

Figure 4.15: Circle-shaped hierarchically structured porous catalyst containing a
fan-like broad pore channel network (in pink).

To this end, let us consider a surface-to-volume problem for a 2D catalyst with a circular
shape, where the exterior circle is open for molecules to go through. Here we only
consider the case where DM=Dm, because the thermal conductivity is independent of the
“pore” size. As discussed earlier, the optimal structure is not tree-like, but fan-like as
shown in Fig. 4.15. Now let us consider the same catalyst, but with a different boundary
condition, namely molecules are available only at the center of the circle, and the
exterior circle is isolated. The optimal broad pore channel network should remain the
same for the two problems with different boundary conditions, because the efficiency of
the broad pore channel network is independent of the direction in which molecules are
distributed. Note that the first problem is a surface-to-volume problem, while the second
one is a point-to-volume one. Although the heat sink in Bejan’s problem is located in the
corner, the same argument applies, because the feed point (or the heat sink) is located in
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the corner when one quarter of the circle is considered, and the optimization of one
quarter of the circle is the same as that of the entire circle.

Figure 4.16: Illustration of a chip containing a fan-like network of highconductivity material (in pink). The heat sink is located in the bottom-left corner.

Figure 4.17: Maximum temperature on the chips as a function of Φ 0 . The results
were obtained using λL λH =0.03 and ε t =0.5.

The maximum temperatures on the chips with the fan-like network of high-conductivity
material (as shown in Fig. 4.16) and with the fifth-level tree-like network of highconductivity material (as shown in Fig. 4.12) are compared to see whether the tree-like
network is more efficient than the fan-like one. The fan-like network is constructed in
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such a way that the local wall Thiele modulus is equal to 0.1. As shown in Fig. 4.17, the
tree-like and fan-like networks are essentially equally efficient. The reason is that the
maximum temperature is insensitive to the way in which this network of highconductivity material is arranged on the chip when pathway occupied by the highconductivity material is connected to the heat sink, and the low-conductivity parts
between two neighboring high-conductivity channels is sufficiently thin so that
temperature gradients vanish locally or nearly so. As shown in Fig. 4.18, the temperature
profiles on the chip with the fan-like network of high conductivity material are similar to
those on the chip with the tree-like network of high conductivity material, although the
two types of networks look very different.

Figure 4.18: Temperature profile on the chip containing the fan-like network of
high-conductivity material. The results were obtained using λL λH =0.03, ε t =0.5
and Φ 0 =0.1, 0.3, 0.7, 1 (from left right).
4.2.3 Continuum-model based optimization

We also conducted optimizations based on a continuum model, as follows:
∂ ⎛ ∂T ⎞ ∂ ⎛ ∂T ⎞
⎟ = − RH
⎜ λe
⎟ + ⎜ λe
∂x ⎝ ∂x ⎠ ∂y ⎝ ∂y ⎠

(4.14)

with Eqs. (4.12a-e) as the boundary conditions. The effective thermal conductivity λe is
calculated from

λe = ελH + (1 − ε )λL

(4.15)

where ε is the fraction of the high-conductivity material.
Similar to the one shown in Fig. 4.3, the structure optimized here contains N × N
internally homogeneous sub-squares of equal size. The fraction of the high-conductivity
64

material in sub-squares is allowed to vary from one sub-square to another, and the total
amount of high-conductivity material ε t is fixed. The optimization variables are the
spatial distribution of a given amount of high-conductivity material, which is
characterized by a matrix of local fractions ε ij (1 ≤ i, j ≤ N). A gradient-based
optimization strategy was implemented using MGD9V and NLPQL (Schittkowski,
1985). The implementation is detailed in the Appendix.

Figure 4.19: Maximum temperature on the chip containing N × N sub-squares as a
function of N.

Figure 4.20: Optimal distribution of high-conductivity material for a chip
containing 1 × 1, 5 × 5, 10 × 10 and 15 × 15 sub-squares (from left to right). The results
correspond to Φ 0 =1, λL λH =0.01 and ε t =0.2.
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Figure 4.21: Optimal distribution of high-conductivity material for a chip
containing 15 × 15 sub-squares. The results correspond to Φ 0 =1, λL λH =0.01 and
ε t =0.1, 0.2, 0.3, 0.4 (from left to right).

Figure 4.22: Optimal distribution of high-conductivity material for a chip
containing 15 × 15 sub-squares. The results correspond to ε t =0.2, λL λH =0.01 and
Φ 0 =0.5, 1, 3, 5 (from left to right).

As shown in Fig. 4.19, the maximum temperature on the chip drops drastically when N
increases from one to three. This is because it is important to have a high fraction of
high-conductivity material in the area around the heat sink, as shown in Figs. 4.20-22.
However, further increase in N has no effect on the maximum temperature, which is
consistent to the result for the catalyst design problems. Figures 4.20-22 show that a
pathway with higher-than-average fractions of high-conductivity material forms between
the heat sink and the corner farthest away from it, although this pathway has virtually no
effect on the reduction of the maximum temperature on the chip.
As shown in Figs. 4.23 and 4.24, the maximum temperature on the chip with a
channel network of high-conductivity material is dictated by the distributor Thiele
modulus in a universal way. Temperature gradients arise when Φ 0 is greater than 0.1
and increase when Φ 0 increases. These results are consistent with those for the catalyst
design problem. It is found that continuum-model based optimizations yield a lower
maximum temperature on the chip. This is because cases with a tree-like network were
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not fully optimized based on the 2D model, and those with the fan-like networks were
not constructed in a way that accounts for the effects of corners.

Figure 4.23: Maximum temperature on a chip as a function of Φ 0 for different
values of λL λH . The results correspond to ε t =0.5.

Figure 4.24: Maximum temperature on a chip as a function of Φ 0 for different
values of ε t . The results were obtained using λL λH =0.1.

4.3 Summary
Model-based optimizations were used to study whether optimal broad pore channel
networks that serve as molecular highways in nanoporous catalysts are fractal and
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hierarchical. Extensive calculations showed that a uniform distribution of broad pore
channels with a single, optimized diameter typically suffices. Although the optimal
bimodal structures are up to 30% more active than their bidisperse counterparts, this
prediction is subject to the apriori assumptions on the broad pore network and the fact
that the studied structures contain corners. It was also found that in all cases the
universal ηopt - Φ 0 relation still holds, and the role of Knudsen diffusion in the optimal
structures can still be characterized according to the value of Kn0.
We studied the electronics-cooling problem formulated by Bejan (1997) to clarify
inconsistencies between Bejan’s constructal theory and this study. The 2D model was
employed, because Bejan’s 1D model was found to predict a significantly higher
temperature on the chip than the 2D one. The optimal tree-like network as predicted by
Bejan (1997) only performs as efficiently as the fan-like one, which is consistent with
the results in earlier chapters. Continuum-model based optimizations were also
conducted, yielding more efficient networks than the tree-like and fan-like ones. The
maximum temperature on the chip is still dictated by the distributor Thiele modulus in a
universal way. Note that the reason why Bejan predicted that the optimal structure is
tree-like is that he optimized only tree-like structures. However, this study is not subject
to that restriction, because we optimized a large variety of structures.
Many point-to-volume distribution systems exist in nature, for instance, leaves and
lungs. Bejan (1997) generalized his results to explain why tree-like, fractal networks
form in these point-to-volume systems. According to our results, his explanation is not
convincing, because many other networks are as efficient as, or even better than the treelike networks, at least for diffusion-reaction and conductive heat transfer problems. In
fact, fractal or tree-like networks in nature exist only in a certain range of length scales.
For instance, on the smallest scale, veins on leaves distribute in a pretty evenly manner.
Note that only diffusion or heat conduction was considered in the optimization, and
diffusion or heat conduction generally dominates on these small length scales. Therefore,
we conjecture that distributor networks with a uniform distribution of channels of a
single optimized size suffice on small length scales, while hierarchical fractal networks
might be needed on larger length scales, where flow or/and other mechanisms play a
non-trivial role.
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5. Case Studies: DeNOx Catalysis and Autothermal Reforming of
Methane
Design of hierarchically structured porous catalysts is not only of theoretical interest, but
also of practical relevance. Here, we apply the theoretical results of the previous chapters
to deNOx catalysis and autothermal reforming of methane to demonstrate these practical
relevance.

5.1 DeNOx catalysis
5.1.1

Introduction

Figure 5.1: End view (top) and side view (bottom) of a single tube in a honeycomb
monolith reactor. The top left shows a nanoporous washcoat (without macropores),
and the top right shows a hierarchically structured washcoat.

NOx is a precursor of acid rain and a contributor to ozone formation near the ground,
which is a hazard to human health. Many countries have regulated NOx emissions from
power plants. SCR (Selective Catalytic Reduction) using ammonia could be used to
abate NOx emissions. The overall SCR reaction is given below (Beeckman and Hegedus,
1991):
4NO+4NH3+O2 →4N2+6H2O
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The SCR is typically carried out in a honeycomb monolith reactor, which consists of a
bundle of parallel tubes. Monolith reactors have been widely used in applications,
ranging from emission control for mobile and stationary sources to on-board hydrogen
production for fuel cell powered cars (Buzanowski and Yang, 1990; Chen and Yang,
1990; Beeckman and Hegedus, 1991; Farrauto and Heck, 1999; Korotkikh and Farrauto,
2000; Liguras et al., 2004; Cybulski and Moulijn, 2005). Figure 5.1 shows a single tube
in a monolith reactor. Porous catalyst is coated on the internal surface of the tubes,
forming what is called a “washcoat”. When flue gas flows through the tubes, NOx
molecules diffuse into the washcoat and react on its internal surface. V2O5/TiO2 catalysts
are usually used in commercial applications. The reaction temperature is 300-400 o C . A
typical monolith reactor is 70-100cm long with a cross-sectional area of 15 × 15cm. The
square-shaped opening of the tubes has a side length of 0.3-1.0cm. The washcoat is 0.050.15cm thick (Beeckman and Hegedus, 1991). Although performing SCR in a monolith
reactor is a proven strategy for NOx emission control, further efforts have to be made to
improve the performance of the monolith reactor, in order to meet increasingly strict
regulations on environmental protection. For example, the Clear Skies Initiative set a
goal to reduce NOx emissions from power plants in The US by 67%, from the emissions
of 5 million tons in 2002 to a cap of 2.1 million tons in 2008, and to 1.7 million tons in
2018 (http://www.whitehouse.gov/news/releases/2002/02/clearskies.html). One way to
address this issue is to mitigate diffusion limitations in the washcoat by introducing
macropores into the washcoat, as shown in the top right in Fig. 5.1. It should be noted
that, although tubes with a square-shaped opening are often used in practice, tubes with a
circular opening were considered in this study for the ease of discussion and illustration;
similar effects were found when the hierarchically structured washcoat is used for both
tubes with a square-shaped opening and those with a circular opening, as compared to
their respective nanoporous counterparts.
5.1.2

Gain at washcoat level

We first discussed the gain obtained by the introduction of macropores in an optimized
way at the washcoat level and then extended the discussions to the reactor level. Because
the NOx concentration is typically less than 1000 ppm in flue gas from power plants, a
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number of assumptions are justified, and listed as follows (Buzanowski and Yang,
1990): (1) the reaction rate follows pseudo first-order kinetics r=kcNO under typical
reaction conditions (Buzanowski and Yang, 1990; Chen and Yang, 1990; Beeckman and
Hegedus, 1991). (2) The reaction runs isothermally in the washcoat because of a
maximum temperature rise of 0.1 o C , according to Prater’s relation (Prater, 1958;
Buzanowski and Yang, 1990). (3) Diffusion is approximated by binary diffusion of NO
in N2 because N2 accounts for about 80% on a volume basis in flue gas. (4) A volumetric
contraction due to the chemical reaction leads to a negligible pressure drop; therefore,
diffusion dominates transport in the washcoat. Given these assumptions and the
parameters in Table 5.1, the 1D effective model developed in Chapters 2 and 3 could be
readily applied.

Table 5.1: Parameters for design of hierarchically structured washcoat

L = 0.5-1.5 mm

Beeckman and Hegedus (1991)

k = 22.4 s-1

Buzanowski and Yang (1990)

Dm = 2.2 × 10-5 m2 s-1

Fuller et al.’s method, as discussed by Reid et al. (1987)

De = 6.15 × 10-7 m2 s-1

Buzanowski and Yang (1990)

d0 = 200 nm

estimated using the kinetic theory, assuming that NO and N2
molecules have an identical hard-sphere diameter of 3 Å

Figures 5.2 and 5.3 plot two key design parameters, Φ 0 and Knd, as a function of the
washcoat thickness. As shown in Fig. 5.2, the introduction of macropores leads to a
reduced value of the governing Thiele modulus (from 3-9 to 0.5-1.5) and, therefore, an
80-180% increase in the effectiveness factor, as shown in Fig. 5.4. As shown in Fig. 5.3,
Knd is far less than one, indicating that Knudsen diffusion plays a trivial role in the

optimal catalyst. As shown in Fig. 3.5, the optimal macroposity ε opt is 20-40%,
indicating that the optimal catalyst uses 20-40% less catalytic material than the
nanoporous catalyst. The saving of catalytic material, though not very important for this
application, could result in tremendous economical effects for those applications in
which precious metals (e.g., platinum and palladium) are used as catalysts. Figure 5.6
shows the optimal values of the macropore diameter d and the macropore wall thickness
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w (as labeled in Fig. 5.1) as a function of the washcoat thickness. The optimal macropore

wall thickness is 33 μ m; the optimal macropore diameter is 8-22 μ m.

Figure 5.2: Generalized distributor Thiele modulus Φ 0 and generalized Thiele
modulus Φ in the purely mesoporous catalyst as a function of the washcoat
thickness L.

Figure 5.3: Distributor Knudsen number Knd as a function of the washcoat
thickness L.
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Figure 5.4: Effectiveness factors of the optimal hierarchically structured washcoat
ηopt and commercial nanoporous washcoat η as a function of the washcoat
thickness L.

Figure 5.5: Optimal macroporosity ε opt as a function of the washcoat thickness L.
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Figure 5.6: Optimal macropore diameter dopt as a function of the washcoat
thickness L. Optimal macropore wall thickness wopt = 33 μ m.

Figure 5.7: Sensitivity of the effectiveness factor to structural variations. The colors
indicate the loss (expressed as a percentage of the optimal effectiveness factor) in
the effectiveness factor due to the following variations: the macropore diameter d
and the macropore wall thickness w, as labeled in Fig. 5.1, vary within a range of
50-150% of their respective optimal values, dopt and wopt.
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We study the sensitivity of the optimal catalyst performance to structural variations,
since the structures revealed from the optimizations may not be exactly reproduced in
practical synthesis. The following variations were considered: the channel diameter d
and the channel wall thickness w, as labeled in Fig. 5.1, vary in a range of 50-150% of
their respective optimal values, dopt and wopt. As shown in Fig. 5.7, the loss in
effectiveness factor is around or less than 5% in a rather large region around the
optimum. This result is crucial from a practical point of view, since it gives information
on how tightly the pore structure should be controlled in catalyst synthesis.
Beeckman and Hegedus (1991) optimized the hierarchical pore structure of a
deNOx washcoat based on a 1D continuum model. However, the structures considered
in their optimizations were confined to those, for which the lumped effective diffusivity
could be calculated using the formula by Wakao and Smith (1962). The lumped effective
diffusivity, Deff, lumps the overall contributions from diffusion in the macropores and
diffusion in the nanopores, as if they formed a mixed phase, with serial and parallel
contributions. Since Dm/De is about 30 in the deNOx case (see Table 5.1), the formula by
Wakao and Smith (1962) is reduced to
Deff ≈ ε 2 Dm

(5.1)

while in the structure shown in the top right in Fig. 5.1, the lumped effective diffusivity
is
Deff ≈ ε Dm

(5.2)

Therefore, the structure proposed in this study has a higher lumped effective diffusivity
and, consequently, a higher effectiveness factor than the one considered by Beeckman
and Hegedus (1991). Furthermore, Beeckman and Hegedus (1991) did not require that
the nanoporous macropore walls (i.e., the nanoporous catalytic material between two
neighboring macropores) should be sufficiently thin, so that diffusion limitations vanish
in the nanoporous macropore walls. This is important, because the effectiveness factor
decreases rapidly when the nanoporous macropore walls are not sufficiently thin, as
shown in Fig. 2.2.
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5.1.3

Gain at reactor level

To evaluate the gain at the reactor level, a model for the monolith reactor was
formulated. A single tube in a monolith reactor (as shown in Fig. 5.1) rather than an
entire monolith reactor is modelled, because all the tubes in a monolith reactor function
essentially the same way. The flow in the tube is typically laminar because of a small
tube diameter and is modelled in terms of the Navier-Stokes equations for
imcompressible fluids with a constant viscosity:

ρ ⎜ Vr

⎛
⎝

∂Vr
∂V
+ Vz r
∂r
∂z

⎡ 1 ∂ ⎛ ∂Vr
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(5.3b)

ρ ⎜ Vr

and the continuity equation for imcompressible fluids:
∂V
1 ∂
( rVr ) + z = 0
r ∂r
∂z

(5.4)

with the boundary conditions:
z = 0 : Vz = V0 , Vr = 0

(5.5a)

z = LR :

(5.5b)

r = 0:

p = 1 atm
∂Vz
= 0, Vr = 0
∂r

(5.5c)

r = R : Vz = 0, Vr = 0

(5.5d)

where Vr and Vz are the velocity components in the r and z direction. ρ and μ are the
density and viscosity of the fluid in the tube and are assumed to be equal to those
properties of nitrogen that accounts for about 80% of the fluid on a volume basis. p is the
pressure. V0 is the velocity at inlet. LR is the reactor length, as labeled in Fig. 5.1.
The transport of NOx molecules in the tube, and reaction and diffusion in the
washcoat are accounted for through the following equations:
∂ (V c ) 1 ∂ ⎛
1 ∂
∂c ⎞ ∂ ⎛
∂c ⎞
( rVr c ) + z =
⎜ rDm ⎟ + ⎜ Dm ⎟
r ∂r
∂z
r ∂r ⎝
∂r ⎠ ∂z ⎝
∂z ⎠

1 ∂ ⎛
∂c ⎞ ∂ ⎛ ∂c ⎞
⎜ rDe ⎟ + ⎜ De ⎟ = kc
r ∂r ⎝
∂r ⎠ ∂z ⎝ ∂z ⎠

R<r < R+L
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0<r<R

nanoporous washcoat

(5.6)

(5.7a)

1 ∂ ⎛
∂c ⎞ ∂ ⎛
∂c ⎞
⎜ rε opt Dm ⎟ + ⎜ ε opt Dm ⎟ = (1 − ε opt ) kc R < r < R + L optimal washcoat (5.7b)
r ∂r ⎝
∂r ⎠ ∂z ⎝
∂z ⎠
with the boundary conditions
z = 0, r ≤ R : c = cin

(5.8a)

∂c
=0
∂z

(5.8b)

z = 0, r > R :
z = LR :
r = 0:

∂c
=0
∂z

(5.8c)

∂c
=0
∂r

(5.8d)

r = R : cr = R+ = cr = R−

(5.8e)

∂c
=0
∂r

(5.8f)

r = L+R:

where cin is the (fixed) concentration at the inlet of the tube; R is the tube radius, as
labelled in Fig. 5.1. Equation (5.8c) is the Danckwarts boundary condition.
The reactor model formulated above was solved using commercial software,
COMSOL. To see the gain at reactor level, we compare the performance of the monolith
reactor using the commercial nanoporous washcoat to that of the one using the optimal
washcoat. As shown in Fig. 5.8(a), the former gives appreciably higher conversions than
the latter. To give an idea on what this gain means in practice, the performance of the
two monolith reactors were benchmarked against the two impending NOx emission
regulations in the U.S.: the Clear Sky Initiative phase I standard and the Clean Air
Interstate Rule plus phase II standard. As shown in Fig. 5.8(b), the monolith reactor
using the optimal washcoat needs a significantly shorter length to satisfy the two
standards than the one using the commercial nanoporous washcoat. The shorter reactor
length leads not only to savings in catalytic material and substrate (i.e., monolith), but
also to reduced pressure drops (shown in Fig. 5.9) and, consequently, reduced operation
costs. Figure 5.8(c) compares the reactor performance in terms of outlet NOx
concentrations. As shown in Fig. 5.10, NOx concentration decreases along the flow
direction (from left to right) in the two profiles, and radial concentration gradients exist
in both profiles, particularly in the entrance region. More serious diffusion limitations
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exist in the commercial nanoporous washcoat than in the optimal washcoat, explaining
why the reactor using the optimal washcoat has superior performance.

Figure 5.8: Gain at reactor level by using the optimal washcoat as a function of the
reactor length. The results correspond to R=1.5 mm, L=1 mm, and V0=2 m/s. “CSI
phase I” refers to the “Clear Sky Initiatives” phase I standard, and “CAIR-plus
phase II” refers to the “Clean Air Interstate Rule” plus phase II standard.

Figure 5.9: Pressure drop as a function of the reactor length. The results
correspond to R=1.5 mm and V0=2 m/s.
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Figure 5.10: Concentration profiles in the monolith reactor using the optimal
washcoat (top) and the one using the commercial nanoporous washcoat (bottom).
The washcoat is located at the bottom of each profile. The results correspond to
R=1.5 mm, L=1 mm, V0=0.2 m/s and LR=0.05 m.

5.2 Autothermal reforming of methane
In this section, we show the use of hierarchically structured porous catalysts in another
important application, autothermal reforming of methane, in which methane is
catalytically converted (via steam reforming and partial/total oxidation) to syngas, a
mixture of hydrogen and carbon monoxide. Syngas is subsequently employed to produce
liquid fuels via the Fischer-Tropsch synthesis, methanol, or CO-free hydrogen for fuel
cells via the water gas shift reaction and preferential oxidation of CO. The name of
autothermal reforming of methane comes from the fact that it combines endothermic
steam reforming and exothermic oxidation reactions. Steam reforming of methane has
been carried out on an industrial scale for years. Recently, there is a lot of interest in the
use of autothermal reforming of methane for small-scale applications, for instance,
offshore catalytic reforming of natural gas and on-board hydrogen production for cars
powered by fuel cells (Trimm and Onsan, 2001; Ghenciu, 2002; Ayabe et al., 2003;
Takehira et al., 2004; Hoang and Chan, 2004). Despite considerable research, diffusion
limitations exist at the catalyst level for existing reformers because of very fast intrinsic
kinetics of these reforming and oxidation reactions. One way to ease diffusion
limitations is to introduce macropores into the catalyst.
5.2.1

Modeling and numerical procedures

Autothermal reforming of methane consists of the following reactions:
CH4+2O2 → CO2+2H2O Δ H1= -802 kJ/mol

(5.9)

Δ H2= 206 kJ/mol

(5.10)

CH4+H2O↔CO+3H2
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Δ H3= -41 kJ/mol

(5.11)

CH4+2H2O↔CO2+4H2 Δ H4= 165 kJ/mol

(5.12)

CO+H2O↔CO2+H2

The kinetics proposed by Xu and Froment (1990) is employed to model reactions (5.10)(5.12). Kinetics for reaction (5.9) were described using the rate equation developed by
Blanks et al. (1990). These two kinetics models were developed for nickel/alumina
catalysts. Monolith reactors typically operate at atmospheric pressure for small-scale
applications, so that the ideal-gas law is valid for the mixture of reactants and products.
A slab of hierarchically structured reforming catalyst (as shown in Fig. 2.1) is modeled
using six one-dimensional continuity equations for the six species:
d (ε Ni )
dx

4

− ρcat (1 − ε ) ∑υijη w , j rj = 0

i= O2, CH4, CO2, H2O, CO, H2

(5.13)

j =1

and the energy equation
4
d ⎡
dT ⎤
−
−
−
1
ε
λ
ρ
1
ε
η
ri ΔH i = 0
(
)
(
)
∑
cat
cat
w,heat
dx ⎢⎣
dx ⎥⎦
i =1

(5.14)

with the boundary conditions
x = 0:

dci
=0
dx

x = L : ci = c0,i

dT
=0
dx

(5.15a)

T = T0

(5.15b)

where ci is the concentration of species i, the catalyst density ρ cat is 2000 kg m-3, and
the thermal conductivity of the catalyst λcat is 0.2 W m-1 k-1; υij is the stoichiometric
coefficient of species i in the jth reaction; υij is positive for products and is negative for
reactants; T is the temperature; c0,i is the concentration of species i on the external
surface of the catalyst; T0 is the temperature on the external surface of the catalyst; rj is
the production rate of the jth reaction.
Note that the thermal conductivity of the gas mixture is much smaller than that of
the solid porous support. It was verified that convection through the macropores does not
lead to significant energy transport. Therefore, thermal conduction in the gas mixture
and convective energy transport in the macropores are neglected in Eq. (5.14). Because
transport is much slower in the nanoporous catalyst than in the macropores, the flux, Ni,
is computed using the dusty-gas model, accounting for various transport mechanisms in
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the macropores only, including multicomponent diffusion, Kundsen diffusion and
viscous flow (Jackson, 1977):
−

∇pi ci B0∇pt N i
=
+ K+
μ DiK
RgT
Di

∑

x j N i − xi N j
Dij

j = O 2 , CH 4 , CO 2 , H 2 O, CO, H 2

i=O2, CH4, CO2, H2O, CO, H2 (5.16)

where pi is the partial pressure of species i; pt is the total pressure; xi is the mole fraction
of i. The binary diffusion coefficient Dij was computed using Fuller et al.’s method. The
mixture viscosity μ was estimated using Wilke’s method. These two methods were
discussed by Reid et al. (1987). B0 is Darcy’s permeability constant and is equal to d2/12.

Rg is the universal gas constant. Knudsen diffusivity in the macropore DiK was
computed from

DiK =

d 8 RT
3 π Mi

(5.17)

where Mi is the molecular mass of species i.
The wall effectiveness factors, η w ,i in Eq. (5.13) and η w,heat in Eq (5.14), are used to
account for diffusion limitations inside the nanoporous catalytic walls and defined as

η w ,i =

2∫

η w,heat =

w2

0

ri (cw,O2 , cw,CH4 , cw,CO2 , cw,H2O , cw,CO , cw,H2 , Tw ) dx
ri (cO2 , cCH4 , cCO2 , cH2O , cCO , cH2 , T ) w

2∫

w2 4

0

∑ r (c
i

i =1

w,O 2

, cw,CH4 , cw,CO2 , cw,H2O , cw,CO , cw,H 2 , Tw )ΔH i dx

4

w∑ ri (cO2 , cCH4 , cCO2 , cH2O , cCO , cH2 , T )ΔH i

(5.18)

(5.19)

i =1

The values of η w ,i and η heat ,i are calculated by solving the diffusion-reaction equations

dcw,i
d ⎛
⎜ De,i
dy ⎝
dy

4
⎞
ρ
+
⎟ cat ∑υij rj = 0
j =1
⎠

i= O2, CH4, CO2, H2O, CO, H2

(5.20)

and the energy equation
4
dTw ⎞
d ⎛
λ
ρ
−
⎜ cat
⎟ cat ∑ ri ΔH i = 0
dy ⎝
dy ⎠
i =1

(5.21)

with the boundary conditions

y = 0:

dcw,i
dy

=0

dTw
=0
dy

(5.22a)
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y = w 2 : cw ,i = ci

Tw = T

(5.22b)

where cw,i and Tw are the concentration and temperature in the macropore wall
containing nanoporous catalyst, respectively.
The nanopore size is on the order of a few nanometers to a few tens of nanometers,
and the mean free path under typical reaction conditions is round 300 nm, which means
that Knudsen diffusion dominates in the nanopores. Therefore, Fickian diffusion, rather
than the Maxwell-Stefan approach, is used in Eq. (5.20). The effective diffusivity of the
corresponding species in the nanoporous catalyst De,i is calculated from

De,i = Fi

ε m d m 8RgT
τ 3 π Mi

(5.23)

where the nanoporosity ε m is 0.4, the tortuosity τ is equal to 4, and the nanopore size

dm is 20 nm. The factor, Fi, was used to account for the effects of the fractal roughness
of catalyst internal surface on Knudsen diffusion and is calculated assuming that the
catalyst internal surface has a fractal dimension of 2.3 and a return probability of 0.382.
For details, see Coppens and Froment (1996).
The effectiveness factor of the hierarchically structured porous catalyst is defined
as:

η hs,i =

(1 − ε ) ∫

L 4

0

∑ υ r (c
j =1

ij j

O2

, cCH 4 , cCO2 , cH 2O , cCO , cH 2 , T ) dx

4

L ∑υij rj (c0,O2 , c0,CH4 , c0,CO2 , c0,H 2O , c0,CO , c0,H 2 , T0 )

(5.24)

j =1

The differential equations were discretized using the finite volume method (Versteeg and
Malalasekera, 1995). The number of the discretization grid is 50 for Eqs. (5.13-14) and
is 10 for Eqs. (5.20-21). The hybrid iteration method was used to solve the resulting
nonlinear equations (Morë et al. 1980). Calculations show that the results are grid
independent.
5.2.2

Results and discussions
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Figure 5.11: Effectiveness factors of hierarchically structured porous catalysts as a
function of the macroporosity for different macropore sizes. The results correspond
to L = 30 μ m, T0 = 850 K and the following composition on the external surface of
the catalyst: xO2 =0.05, xCH4 =0.1, xCO2 =0.1, xH2O =0.55, xCO =0.1 and xH2 =0.1.
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Figure 5.12: Gain in effectiveness factor as a function of the macroporosity for
different macropore sizes. The results correspond to L = 30 μ m, T0 = 850 K and
the composition on the external surface of the catalyst: xO2 =0.05, xCH4 =0.1,

xCO2 =0.1, xH 2O =0.55, xCO =0.1 and xH2 =0.1.
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Figure 5.13: Selectivity, H2/CO, as a function of the macroporosity for different
macropore sizes. The results correspond to L = 30 μ m, T0 = 850 K and the
composition on the external surface of the catalyst: (a) xO2 =0.05, xCH 4 =0.1,

xCO2 =0.1, xH 2O =0.55, xCO =0.1, xH2 =0.1 and (b) xO2 =0.14, xCH 4 =0.19, xCO2 =0.01,
xH2O =0.55, xCO =0.1, xH2 =0.01.
Simulations were performed to study the effects of the macropore size d and the
macroporosity ε on the performance of the hierarchically structured porous catalysts. As
shown in Fig. 5.11, the effectiveness factors can either increase or decrease with
macroporosity. This is attributed to two opposite effects when the macroporosity is
changed: an increasing macroporosity leads to not only reduced diffusion limitations
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and, consequently, higher yields, but also less remaining nanoporous catalytic material
and, as a result, lower yields. The other important thing in Fig. 5.11 is that the optimal
macropore size is around 1 μ m. This is also attributed to opposite effects when
changing the macropore size: a decrease in the macropore size results in increasingly
important Knudsen diffusion and, consequently, lower yields, when the macropore size
is smaller than 1 μ m (the mean free path is around 300 nm); for a fixed macroporosity,
a decreasing macropore size means thinner nanoporous walls of the macropores and, as a
result, less diffusion limitations in the walls.

Figure 5.14: Temperature profiles in the hierarchically structured porous catalyst
at different macroporosities. The results correspond to d = 1 μ m , L = 30 μ m, T0 =
850 K and the following composition on the external surface of the catalyst:
xO2 =0.05, xCH4 =0.1, xCO2 =0.1, xH2O =0.55, xCO =0.1 and xH2 =0.1.

To see the gain in effectiveness factor thanks to the introduction of macropores, the
performance of a commercial catalyst was compared to that of a hierarchically structured
porous catalyst. The commercial catalyst has macropores with an average size of 2 μ m
and a macroporosity ε = 0.09 (Xu and Froment, 1989b). As shown in Fig. 5.12, overall
catalytic activity could be improved by a factor of 1.5-1.8, simply by the introduction of
macropores with a size of 1 μ m, and occupying an optimized fraction of space. Figure
5.13 present information on the effects of the macroporosity on selectivity. It is found
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that the H2/CO ratio increases when the macroporosity increases. This is because
hydrogen produced via steam reforming is consumed locally through the reverse water
gas shift reaction if it is not removed quickly, and a large macroporosity means more
efficient transport of hydrogen. As shown in Fig. 5.13 (a), the H2/CO ratio decreases
slightly when the macroporosity increases from 0.1 to around 0.15. This is because the
reverse water gas shift reaction is slightly more diffusion-limited than steam reforming
reactions for the given composition at the external surface of the catalyst. As shown in
Fig. 5.14, temperature gradients in the hierarchically structured porous catalyst increase
when the macroporosity increases. This is because the removal of solid porous material
results in a lower effective thermal conductivity.

5.3 Summary
The use of the theoretical insights obtained earlier was demonstrated in two applications:
deNOx catalysis and autothermal reforming of methane. For deNOx, the overall catalytic
activity in a mesoporous washcoat with a median pore size of 32.5 nm could be
increased by a factor of 1.8-2.8 simply by introducing 8-22µm macropores, occupying
20-40% of the total volume of the washcoat, and, meanwhile, keeping macropore walls,
consisting of the same mesoporous catalytic material, 33µm thick. The loss in terms of
effectiveness factor is less than one half of a percent when the channel diameter and the
channel wall thickness vary independently in a range of 50-150% of their optimal
values. At the reactor level, it was found that nearly 50% shorter reactors are needed to
meet the two impending NOx emission regulations in the U.S. when the optimal
hierarchically structured washcoat is instead of the presently used commercial washcoat.
For autothermal reforming of methane, the gain in overall catalytic activity could be
improved by a factor of 1.5-1.8, simply by the introduction of macropores with a size of
1 μ m, and occupying an optimized fraction of space. The H2/CO ratio can be tuned as
well: a larger macroporosity generally favors a higher H2/CO ratio.
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6. Conclusions and Future Work
We summarize the work discussed in the previous chapters and conclude with an
outlook for future research.

6.1 Conclusions
Broad pore channel networks (that serve as molecular highways in nanoporous catalysts)
were optimized with the aim to maximize catalyst performance. Model-based
optimizations were used to address this issue. Various models (1D and 2D models,
continuum and pore network models) were used as a basis for structural optimizations.
Finite-volume discretizations of these models were numerically solved using the hybrid
code, the multigrid code and commercial software (Comsol). Optimization methods used
range from a brute force method (i.e., inspection of the response surfaces) to a parallel
genetic algorithm and a reduced gradient method. A great variety of pore structures and
geometries were studied to avoid possible pore structure or geometry dependent features.
Model-based optimizations yield theoretical insights for rational design of
hierarchically structured porous catalysts. For cases where DM=Dm and with a single
reaction, ηopt is dictated by Φ 0 in a universal way when the generalized distributor
Thiele modulus Φ 0 =

V r (c0 )
S 2

(∫

c0

cc

Dm r (c) dc

V r (c0 )
generalized Thiele modulus Φ =
S 2

)

−1 2

is defined in a way analogous to the

(∫

c0

cc

De r (c) dc

)

−1 2

(Froment and Bischoff,

1990), but using the molecular diffusivity in the broad pore channels Dm, rather than the
effective diffusivity in the nanopores De. When Φ 0 >5, ηopt ≈ 1 ( 2Φ 0 ) and ε opt ≈ 0.5 .
The rationale is that, in the optimal catalyst, diffusion limitations exist only in the
direction perpendicular to the external surface of the catalyst (e.g., the radial direction in
a spherical catalyst particle), and molecular diffusion in the broad pore channels
dominates transport in that direction. For cases where DM is calculated using
Bosanquet’s formula to include the influence of Knudsen diffusion in broad pore
channels, it was found that the ηopt - Φ 0 curve is the same as that for cases where DM=Dm
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when Kn0 ≤ 0.1, while the curve shifts downward for Kn0>0.1, because Knudsen
diffusion in the broad pore channels plays a role.
The universal ηopt - Φ 0 relation leads to two practically easy-to-use, yet theoretically
rigorous guidelines for catalyst design: (1) The effectiveness factors of the optimal
catalyst and the nanoporous catalyst and, consequently, the gain in catalyst performance
by the introduction of broad pore channels, could reasonably be estimated based solely
on the values of Φ 0 and Φ according to the ηopt - Φ 0 and η - Φ relations. (2) For cases
where Φ 0 is large (e.g., Φ 0 >10), catalytic material should be deposited in a thin layer
(skin). The thickness of this skin is defined by Φ 0,s ≤ 3. Even when broad pore channels
are introduced in the optimal way, a thicker skin only leads to a waste of catalytic
material without noticeable rise in production rate.
In the above, all broad pore channels in the nanoporous catalyst have the same size,
i.e., the pore size distribution is bidisperse. To study the role of a channel diameter
distribution in the optimal structure, the performance of the bimodal catalyst was
optimized and compared with that of the bidisperse catalyst. Extensive calculations
showed that a uniform distribution of broad pore channels with a single, optimized
diameter typically suffices. Although simulations predict that optimal bimodal structures
are up to 30% more active than their bidisperse counterparts, this prediction results from
apriori assumptions on the broad pore network (e.g., a fixed number of pore channels)
and the fact that the studied finite structures contain corners. Bejan (1997) studied how
to distribute a given amount of high-conductivity material on a chip in order to minimize
the maximum temperature on the chip. He claimed that a tree-like network with a broad
channel diameter distribution is optimal. However, our calculations showed that the treelike network only performs as efficiently as the fan-like one constructed based on the
insights obtained in this study. It was also found that, in all cases, ηopt or the maximum
temperature on the chip is again dictated by Φ 0 in a universal way.
The gains that could be realized in practice by using rationally designed,
hierarchically structured porous catalysts were demonstrated for deNOx catalysis and
autothermal reforming of methane. For deNOx of flue gases, at the washcoat level,
overall catalytic activity in a mesoporous washcoat with a median pore size of 32.5 nm
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could be increased by a factor of 1.8-2.8 simply by introducing 8-22µm macropores
(occupying 20-40% of the total volume of the washcoat) and keeping macropore walls
(consisting of the same mesoporous catalytic material) 33µm thick. The loss in terms of
effectiveness factor is less than one half of a percent when the channel diameter and the
channel wall thickness vary independently in a range of 50-150% of their optimal
values. At the monolith reactor level, it was found that nearly 50% shorter reactors are
sufficient to meet the two impending NOx emission regulations in the U.S. when the
optimal hierarchically structured washcoat is used, compared with the use of a
commercial, non-optimized washcoat. For autothermal reforming of methane, the gain in
overall catalytic activity could be improved by a factor of 1.5-1.8, simply by tuning the
macroporosity and macropore diameter of the commercial catalyst. The H2/CO ratio
could also be controlled: a large macroporosity generally favors a high H2/CO ratio,
because hydrogen produced via steam reforming could “escape” faster from the catalyst
before it is consumed via the reverse water gas shift reaction when more space is
allocated for transport.

6.2 Recommendations for future work
An ideal porous catalyst should be active, selective and deactivation resistant. However,
this study mainly focused on the maximization of catalytic activity and briefly touched
upon selectivity related issues. Therefore, it is recommended to extend this study to the
design of more selective and deactivation resistant catalysts. We expect that an
optimized bidisperse catalyst would be sufficient for the maximization of selectivity.
The reason is that what affects catalytic activity and selectivity is not the pore structure
itself, but the transport process that depends on the pore structure. The fact that the
optimizations of catalytic activity of various bimodal and bidisperse structures yield
essentially the same optimal catalytic activity means that all these optimal structures,
although they look very different, have nearly the same effective diffusivity. Since
effective transport properties are loosely related to pore structures, when these structures
are optimized, it is very likely that optimizations of various bidsperse and bimodal
structures yield nearly the same optimal catalytic selectivity.
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To design more deactivation resistant catalysts, it is necessary to recognize that
deactivation could be due to either pore blocking or decreasing intrinsic catalytic
activity. For deactivation due to pore blocking, pore structures with better connectivity
would be preferred, because they could provide additional pathways if one path is
blocked. For deactivation due to decreasing intrinsic catalytic activity, it is desirable to
develop porous catalysts, the performance of which is insensitive to intrinsic kinetics.
However, this insensitivity is a result of a series of diffusion limitations as discussed in
Chapter 1 and comes at the cost of a low effectiveness factor. To the best of our
knowledge, we do not think that there is a way to design a catalyst with insensitivity to
intrinsic kinetics and with a high effectiveness factor, simply because a high
effectiveness factor means that the apparent kinetics of catalysts is its intrinsic
counterpart or nearly so and, consequently, it must be very sensitive to its intrinsic
kinetics.
The main objective of this work is to provide general principles and guidelines for
catalyst synthesis. Since there is a lot of ongoing research on the synthesis of
mesostructured zeolites (i.e., zeolites with introduced mesopores), it is worth discussing
whether mesostructured zeolites are optimal. For liquid-phase reactions, mesostructured
zeolites could be optimal, because molecular diffusion may still dominate in mesopores.
For gas-phase reactions, Knudsen diffusion typically dominates in mesopores.
Therefore, it may be desirable to have larger pores, in order to have higher molecular
diffusivities. Whether mesostructured zeolites are optimal should be determined on a
case-by-case basis. For cases with single reactions, Chapters 2 and 3 provide a back-ofthe-envelope recipe.
Minimization of the amount of catalytic material needed to obtain a given yield is a
very intriguing question. Recently, there is much debate on how to reduce the use of
platinum in fuel cells for the generation of a given power density. In fact, minimization
of the amount of catalytic material needed and maximization of catalytic activity are
almost the same problem. To illustrate the point, consider a problem which is the same
as the one discussed in Chapter 2 except that the broad pore channel volume fraction is
not an optimization variable, but fixed. The same procedure developed in Chapter 2
could be used to solve this simpler problem. It means that more catalytic material is
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needed if the optimal value misses the target specified prior to the optimization, and less
catalytic material is needed if otherwise. Perform the optimization again at a fixed broad
pore channel volume fraction that is adjusted according to the results obtained in the
previous optimization. By such an iterative process, the minimum amount of catalytic
material for a given target could be found. Therefore, the minimization problem is not a
new problem. Nevertheless, discussions on the minimization problem provide a new
perspective to look at the same results. Note that it is possible that no solution exists for
the minimization problem when the target is set too high.
Another direction to extend this study is to optimize the pore structure of a catalyst
at the reactor level. This study considered a special case of reactor-level optimizations,
in which the optimal structure does not change in the axial direction of the reactor.
However, this is not generally true. Typically, the optimal pore structure depends on the
concentrations at the external surface of the catalyst, which change axially in the reactor.
Reactor-level optimizations with an arbitrary single reaction could be performed on the
basis of the universal ηopt - Φ 0 relation at each point in the reactor. This simplifies the
optimization problem, since there is no need to solve differential equations at the catalyst
particle level. However, in the general case of multiple reactions, the optimization
problem needs to be revisited. Coupling with heat transfer may also lead to multiple
steady states, complicating the optimization.
Despite considerable work on the design of hierarchically structured porous
catalysts in this thesis, how to manufacture such optimized catalysts remains an active
area of research. Therefore, we recommend considering the manufacture of
hierarchically structured porous catalysts as an extension to this theoretical work, and
validating results experimentally. One promising manufacturing technique is to use
photolithography to create a microstructure on a silicon surface, and then to washcoat
the silicon surface with porous catalyst (Meille et al., 2005). The advantage of this
technique is that both photolithography and washcoating of porous catalyst have been
developed and used separately in large-scale industrial applications for years. The
combination of the two techniques could yield a cost-effective way for the manufacture
of hierarchically structured porous catalysts. Other promising alternatives include microprinting and a Dow proprietary technology that was developed to prepare ceramic
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acicular mullite monoliths (Moyer and Hughes, 1994; Ha et al., 2000). Please note that
photolithography and micro-printing can be used only for open surfaces. Microchannel
reactors should be an ideal platform to implement these open-surface techniques. The
Dow technology can be applied for monolith reactors where photolithography and
micro-printing are difficult to carry out. Finally, we would like to stress that the optimal
catalyst does not necessarily have to look exactly the same as the ones schematically
shown in Figures in this thesis. For instance, the optimal catalyst can also be made by
compressing nanoporous particles of an optimized size, keeping broad pore channels
with an optimized diameter between these nanoporous particles.
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Appendix A. An Implementation of the Reduced Gradient Method
The implementation of the reduced gradient method is discussed in detail here. For ease
of discussion, consider the bimodal structures of class D as shown in Fig. A.1. Eight-fold
symmetry is imposed, as the optimum is assumed to have this symmetry. Therefore, only
the bottom-left quarter of the entire catalyst (as shown in the right part of Fig. A.1) is
considered. The aim is to maximize η hs , defined in Eq. (2.4), with respect to the design
variables, Li (i=1, 2, …, 2N+1), as labeled in the right part of Fig. A.1:
max η hs

(A.1a)
2 N +1

subject to

∑L =L
i =1

(A.1b)

i

Li > 0 i = 1, 2,

, 2N +1

(A.1c)

where Eqs. (A.1b-c) are algebraic (non-PDE) constraints.

Figure 0.1: Hierarchically structured porous catalyst with 2N × 2N broad pore
channels (left) and its bottom-left quarter (right). N=3 for illustration only. The
nanoporous, catalytically active material (where the nanopores are not shown
explicitly) is indicated in white, the broad pore channels in black.

The equations governing steady-state diffusion and first-order reaction in the bottom-left
quarter of the catalyst are

∂ ⎛
∂c ⎞ ∂ ⎛
∂c ⎞
⎜ Dm ⎟ + ⎜ Dm ⎟ = 0
∂x ⎝
∂x ⎠ ∂y ⎝
∂y ⎠

in the broad pore channels (black) (A.2a)

∂ ⎛ ∂c ⎞ ∂ ⎛ ∂c ⎞
⎜ De ⎟ + ⎜ De ⎟ = kc
∂x ⎝ ∂x ⎠ ∂y ⎝ ∂y ⎠

in the nanoporous material (white) (A.2b)

with the boundary conditions
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x = 0 : c = c0

(A.3a)

y = 0 : c = c0

(A.3b)

x = L:

∂c
=0
∂x

(A.3c)

y = L:

∂c
=0
∂y

(A.3d)

Note that only cases where DM=Dm are discussed here, but those where DM is
calculated using Bosanquet’s formula are solved in the same way. Equations (A.1-3) are
made dimensionless, as follows:
max η = ∫∫ cdxdy

(A.4a)

Ω

2 N +1

subject to

∑ L =1
i =1

(A.4b)

i

Li > 0 i = 1, 2,

, 2N +1

(A.4c)

∂ 2c ∂ 2c
+
=0
∂x 2 ∂y 2

in the broad pore channels

(A.5a)

∂ ⎛ ∂c ⎞ ∂ ⎛ ∂c ⎞
2
⎟ = Φ0c
⎜β
⎟+ ⎜β
∂x ⎝ ∂x ⎠ ∂y ⎝ ∂y ⎠

in the nanoporous material

(A.5b)

with the boundary conditions

x = 0:c =1

(A.6a)

y = 0:c =1

(A.6b)

x = 1:
y = 1:

∂c
=0
∂x

(A.6c)

∂c
=0
∂y

(A.6d)

where

Φ 0 = L k Dm

(A.7a)

β = De Dm

(A.7b)

c = c c0

(A.7c)

x=x L

(A.7d)
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y=y L

Li = Li L i = 1, 2,

(A.7e)
, 2N +1

(A.7f)

Before entering into the details of the implementation, we first introduce a general
strategy on how to implement the reduced gradient method to solve a PDE-based
optimization problem by reusing existing software. It should be stressed that this strategy
works not only for the problem of interest in this study, but also for a generic PDE-based
optimization problem. The idea is to compute the value and gradient of the objective
function by solving the discretized PDE and another system of linear equations using
existing software, and to feed the value and gradient into an existing optimization
package to solve the optimization problem. To introduce the strategy, consider the
following formulation of nonlinear programming:
min f1(x)

(A.8a)

s. t. g1(x) ≤ 0

(A.8b)

where f1: RN→R and g1: RN→RM are continuously differentiable functions. Equation
(A.8a) is the objective function and Eq. (A.8b) is the constraint. x ∈ RN is the
optimization variable vector.
The problem consisting of Eqs. (A.8a-b) could be readily solved using a number of
gradient-based optimization packages, e.g., SNOPT (Gill et al., 2002), MINOS (Murtagh
and Saunders, 1995), LANCELOT (Conn et al. 1992), DONLP2 (Spellucci, 1998) and
GRG2 (Lasdon et al., 1978). To do so, all a user needs to do is to provide the
information required by the optimization package. The standard input information
includes the value and gradient of the objective function, Eq. (A.8a), and the Jacobian
matrix and value of the constraints, Eq. (A.8b). To illustrate how to obtain this input
information, consider the following PDE-based optimization problem:
min f2(xs, xd)= f2[q(xd), xd]

(A.9a)

s. t. g2(xd) ≤ 0

(A.9b)

where f2: Rn→R and g2: Rn→Rl are continuously differentiable functions. Equation
(A.9a) is the objective function. xs=q(xd) is mathematically equivalent to h(xs, xd)=0,
which results from the discretization of a PDE in terms of finite element or finite
difference methods. xs ∈ Rm and xd ∈ Rn are state variable and design variable vectors,
respectively. State variables are those that could be determined by solving the discretized
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equations, h(xs, xd)=0, for given data, i.e., geometry, coefficients, boundary conditions
and initial conditions. Design variables are these data. In the problem, Eqs. (A.1-3), state
variables are concentrations c , and design variables are Li . Equation (A.9b) is the nonPDE constraint.
For the problem consisting of Eqs. (A.9a-b), the objective function could be
evaluated by solving the discretized equations, h(xs, xd)=0. A solver could be used in
this calculation if there exists one. The Jacobian matrix and value of the non-PDE
constraint, Eq. (A.9b), could be easily obtained in general. To compute the gradient of
the objective function, differentiate Eq. (A.9a):
df 2 ∂f 2 ∂xs ∂f 2
=
+
dxd ∂xd ∂xd ∂xs

(A.10)

where
∂f 2 ⎡ ∂f 2
=⎢
∂xd ⎣ ∂xd1

∂f 2
∂xd2

∂f 2 ⎡ ∂f 2
=⎢
∂x s ⎣ ∂xs1

∂f 2
∂xs2

⎡ ∂xs1
⎢ ∂x
⎢ d1
⎢ ∂xs1
∂xs ⎢
= ∂xd2
∂x d ⎢
⎢
⎢
⎢ ∂xs1
⎢⎣ ∂xdn

∂xs2
∂xd1

∂f 2 ⎤
⎥
∂xdn ⎦
∂f 2 ⎤
⎥
∂xsm ⎦

∂xs2
∂xd2
∂xs2
∂xdn

T

(A.11a)

T

(A.11b)

∂xsm ⎤
∂xd1 ⎥
⎥
∂xsm ⎥
∂xd2 ⎥⎥
⎥
⎥
∂xsm ⎥
∂xdn ⎥⎦

(A.11c)

Typically, Eqs. (A.11a-b) are easily evaluated either analytically or by numerical
differentiation. To compute Eq. (A.11c), differentiate both sides of the discretized
equations, h(xs,xd)=0:
dh
∂h ∂xs ∂h
=
+
=0
dxd ∂xd ∂xd ∂xs

(A.12)

where
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⎡ ∂h1
⎢ ∂x
⎢ d1
⎢ ∂h1
∂h ⎢
= ∂xd2
∂x d ⎢
⎢
⎢
⎢ ∂h1
⎢⎣ ∂xdn

∂h2
∂xd1

⎡ ∂h1
⎢ ∂x
⎢ s1
⎢ ∂h1
∂h ⎢
= ∂xs2
∂x s ⎢
⎢
⎢
⎢ ∂h1
⎢⎣ ∂xsm

∂h2
∂xs1

∂hm ⎤
∂xd1 ⎥
⎥
∂hm ⎥
∂xd2 ⎥⎥
⎥
⎥
∂hm ⎥
∂xdn ⎥⎦

(A.13a)

∂hm ⎤
∂xs1 ⎥
⎥
∂hm ⎥
∂xs2 ⎥⎥
⎥
⎥
∂hm ⎥
∂xsm ⎥⎦

(A.13b)

∂h2
∂xd2
∂h2
∂xdn

∂h2
∂xs2
∂h2
∂xsm

Equations (A.13a-b) can be evaluated either analytically or by numerical differentiation.
From Eq. (A.12),

∂xs
∂h ⎛ ∂h ⎞
=−
⎜
⎟
∂xd
∂xd ⎝ ∂xs ⎠

−1

(A.14)

Substitute Eq. (A.14) into Eq. (A.10):
−1

df 2 ∂f 2 ∂h ⎛ ∂h ⎞ ∂f 2
=
−
⎜
⎟
dxd ∂xd ∂xd ⎝ ∂xs ⎠ ∂xs

(A.15)

For reasons of numerical efficiency, the inverse of the matrix, Eq. (A.13b), is not
evaluated directly, but calculated by solving the linear equation
⎛ ∂h ⎞
∂f 2
⎜
⎟z =
∂xs
⎝ ∂xs ⎠

(A.16)

Note that the coefficient matrix of the linear equations, Eq. (A.16), is the Jacobian
matrix of the discretized equations, h(xs, xd)=0. Substitute z ∈Rm into Eq. (A.15):
df 2 ∂f 2 ∂h
z
=
−
dxd ∂xd ∂xd

(A.17)

At this point, one could provide all the information that a gradient-based optimization
package needs to solve the problem consisting of Eqs. (A.9a-b). The gradient, Eq.
(A.17), is the so-called reduced gradient, therefore the implementation strategy
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constructed here is called the reduced gradient method (Nocedal and Wright, 1999).
According to the above discussion, the reduced gradient method could be readily
implemented on the basis of existing software to solve a PDE-based optimization
problem. Furthermore, in this implementation framework, the software can be freely
chosen among those that can perform the aforementioned calculations. This feature can
be employed to tailor the implementation to different problems. It should be mentioned
that the reduced gradient can be calculated either by Eqs. (A.16-17) or by numerical
differentiation. The fact that both methods should yield the same value for the reduced
gradient can be employed in debugging the code.

Figure 0.2: Illustration of computational cells. The nanoporous, catalytically active
material (where the nanopores are not shown explicitly) is indicated in white, the
broad pore channels in black.
The strategy established earlier was implemented to solve the above problem, Eqs. (A.13). As shown in Fig. A.2, the diffusion-reaction equation, Eqs. (A.2a-b), was discretized
using the finite volume method on a matrix of computational cells (Versteeg and
Malalasekera, 1995). The computational cells have nearly the same size, and none of the
cells crosses the interface between the broad pore channels and the nanoporous material.
For the cell (i, j) (the cell in the ith column counting from the left and the jth row
counting from the bottom), the discretized equation is
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H ij = ( Fij ,right − Fij ,left ) + ( Fij ,top − Fij ,bottom ) − Rij = 0

(A.18)

where Rij is the dimensionless reaction rate in the cell (i, j), and Fij,top, Fij,bottom, Fij,right and
Fij,left are the dimensionless fluxes through the four sides of the cell (i, j):
⎧⎪Φ 02 cij Δxi Δx j when the cell (i, j ) is inside the nanoporous material
Rij = ⎨
when the cell (i, j ) is inside the large pores
⎪⎩0

Fij ,top

ci , j +1 − cij
⎧
Δxi j = 1, 2, , nt − 1
⎪α
= ⎨ ( Δx j + Δx j +1 ) 2
⎪
j = nt (boundary on the top)
⎩0

(A.19b)

ci , j − ci , j −1
⎧
Δxi j = 2,3, , nt
⎪α
⎪ ( Δx j + Δx j −1 ) 2
=⎨
⎪ cij − 1
⎪α Δx 2 Δxi j = 1 (boundary on the bottom)
⎩
1

(A.19c)

ci +1, j − cij
⎧
Δx j i = 1, 2, , nt − 1
⎪α
= ⎨ ( Δxi +1 + Δxi ) 2
⎪0
i = nt (boundary on the right)
⎩

(A.19d)

cij − ci −1, j
⎧
Δx j i = 2,3, , nt
⎪α
⎪ ( Δxi + Δxi −1 ) 2
=⎨
⎪α cij − 1 Δx i = 1 (boundary on the left)
⎪ Δx 2 j
⎩
1

(A.19e)

Fij ,bottom

Fij ,right

Fij ,left

(A.19a)

where cij is the concentration in the center of the cell (i, j). Δxi is the length of the cell
(i, j) in the horizontal direction. Note that, as a result of the four-fold symmetry, Δxi is
also the length of the cell (j, i) in the vertical direction. nt is the number of the cells in a
row or a column.
When the flux passes the interface between the broad pore channels and the
nanoporous material, the dimensionless diffusivity, α , is determined from (Crumpton et
al., 1995)

α = 2β ( β + 1)

(A.20a)

Otherwise, α is determined from
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⎧ β when the cell (i, j ) is inside the nanoporous material
⎩1 when the cell (i, j ) is inside the large pores

α =⎨

(A.20b)

A system of discretized equations, corresponding to h(xs, xd)=0, is obtained by
assembling Eq. (A.19) for all the cells. There are many existing solvers for the
discretized equations. A multigrid solver, MGD9V, is selected here because of two
reasons. First, a multigrid algorithm has proven to be one of the most efficient methods
to solve the equations that result from the discretization of elliptic PDEs (Wesseling,
2004). The performance of a direct solver using an algorithm of banded Cholesky
decomposition (http://www.netlib.org/lapack/double/dpbsv.f) and of the MGD9V was
compared by solving the diffusion-reaction equation for a structure containing a single
broad pore channel. It is found that the two methods perform equally well for cases
using 50 × 250 computational cells. The direct solver is more efficient for cases using
fewer computational cells, and is less efficient for cases using more. Note that the
efficiency of the direct solver depends strongly on the number of computational cells in
the horizontal or vertical direction, whichever is fewer. For instance, the direct solver is
far less efficient than the MGD9V for a case using 100 × 250 computational cells. In this
study, the number of computational cells varies from 129 × 129 to 513 × 513. A second
reason to use a multigrid solver is that this particular multigrid solver is specially
designed to deal with numerical difficulties that arise from the discontinuous diffusion
coefficient across the interface. However, the MGD9V might occasionally break down.
To handle such exceptions, an ICCG method (Incomplete Cholesky Conjugate Gradient)
was implemented to solve the linear equations when the MGD9V fails (Meijerink and
van der Vorst, 1997). The discretized equations are linear with respect to the state
variables (concentrations) and, therefore, the Jacobian matrix of the discretized
equations, which is equivalent to

∂h
, is the same as the coefficient matrix of the
∂xs

discretized equations. As a result, the ICCG-safeguarded MGD9V is also used for the
solution of the linear equations that are equivalent to Eq. (A.16).
the chain rule to obtain the matrix that is equivalent to
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∂h
:
∂xd

∂H ij
∂Lk

is evaluated using

∂H ij

nt

=∑

∂Lk

where

l =1

∂H ij

∂H ij ∂Δxl
∂Δxl ∂Lk

(A.21)

is easy to obtain from Eqs. (A.18-19).

∂Δxl

From straightforward geometrical considerations, Lk is the sum of a subset of Δxl ,
∂Δxl
is equal to unity if Δxl belongs to that
∂Lk

l=1,nt, as shown in Fig. A.2. Therefore,

subset, and is equal to zero if not. The discretized objective function can be expressed
either as the sum of the reaction rates over all the cells or as the sum of the fluxes
through the boundary. The two expressions are equivalent, which could be shown by
adding Eq. (A.18) over all the cells. The discretized objective function, expressed as the
sum of the fluxes through the boundary, is as follows:
nt

nt

nt

nt

j =1

i =1

η = ∑ Fn j ,right + ∑ Fin ,top − ∑ F1 j ,left − ∑ Fi1,bottom
t

j =1

i =1

t

(A.22)

There is no flux through the top and right boundaries, so that, combined with Eqs.
(A.20c, A.20e):

η=

4 nt
∑ α (1 − c1 j ) Δx j
Δx1 j =1

(A.23)

Therefore,
i ≠1
∂η ⎧0
=⎨
∂cij ⎩− 4αΔx j Δx1 i = 1

Note that

(A.24)

∂f
∂η
is equivalent to a component of 2 .
∂xs
∂cij

∂f 2
∂η
, which is equivalent to a component of
, is calculated (using the chain rule)
∂Li
∂xd

from
∂η nt ∂η ∂Δx j
=∑
∂Li j =1 ∂Δx j ∂Li

where

∂Δx j
∂Li

(A.25)

is computed in the same way as discussed above and
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⎧
4 nt
α (1 − c1k ) Δxk
−
⎪⎪
2 ∑
∂η
= ⎨ ( Δx1 ) k = 2
∂Δx j ⎪
⎪⎩4α (1 − c1 j ) Δx1

j =1

(A.26)

j ≠1

At this point, all the ingredients needed are available for the problem, Eqs. (A.1-3).
A Fortran implementation was developed by combining NLPQL, MGD9V and a limited
amount of in-house coding in the way described. Note that the NLPQL, rather than the
L-BFGS was used here. However, both implementations are equally efficient and predict
essentially the same optima. To test the Fortran implementation, several numerical tests
were performed using different combinations of the numbers of the computational cells
and of the optimization variables. The number of the computational cells varied from
129 × 129 to 513 × 513, and the number of the optimization variables from 101 to 201.
However, the parameters, Φ 0 and β , remained the same in all cases, in order to study
the effects of the numbers of the computational cells and of the optimization variables on
the performance of the implementation. All the numerical tests were carried out on a
Dell laptop with a 2.16 GHz Intel Core2 Duo processor. NLPQL allows users to control
the termination condition by setting the value of a parameter. The smaller this value is,
the stricter the condition is. The optimization does not converge if the value is too large,
and it takes many iterations without significant change in the value of the objective
function if the value is too small. This parameter was set to be 5 × 10-3 in all the
numerical tests.
Table A.1 summarizes the results of these numerical tests. The objective function
was evaluated 21-26 times in each of these optimizations, and the reduced gradient was
evaluated 10-12 times. Note that the evaluation of the objective function requires only
the solution of the discretized equations, while the evaluation of the reduced gradient
requires both the solution of the discretized equations and of the linear equation, which
is equivalent to Eq. (A.16). Therefore, the total number of calls for the linear solver, the
ICCG-safeguarded MGD9V, varied between 41 and 50. Among those calls, the ICCG
was active 4-8 times in each optimization to handle the exceptions caused by the failure
of the MGD9V. In other words, the MGD9V solved more than 80% of the equations,
which is desirable since the MGD9V is much more efficient than the ICCG.
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Table 0.1: Summary of the numerical tests ( Φ 0 =1, β =0.01): (a) number of
computational cells; (b) number of optimization variables; (c) number of
evaluations of objective function; (d) number of evaluations of reduced gradient;
(e) number of calls for linear solvers; (f) number of calls for ICCG; (g) number of
iterations; (h) CPU time (seconds); (i) optimal value.
Case1

Case2

Case3

Case4

Case5

Case6

(a) 129× 129 257× 257 257× 257 257× 257 513× 513 513× 513
(b)

101

101

161

201

101

161

(c)

26

22

26

21

25

22

(d)

12

11

12

10

12

11

(e)

50

44

50

41

49

44

(f)

6

4

8

7

8

6

(g)

12

11

12

10

12

11

(h)

2.52

13.86

21.39

19.59

211.52

174.28

(i)

0.52010

0.52030

0.52078

0.52097

0.52040

0.52090

Figure 0.3: Value of the objective function as a function of the number of iterations.
Optimization was performed on 129 × 129 computational cells, with 101
optimization variables.
The CPU time of the optimizations mainly depends on the number of computational
cells because the solution of the discretized equations is the most time-consuming
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calculation. The CPU time for cases on 513× 513 computational cells is much longer
than that for cases on 129× 129 or 257× 257 computational cells. This observation is
attributed to poor scaling of the ICCG for the solution of the discretized equations. The
number of iterations varied from 9 to 12 for each of the optimizations. The optimal
values are independent of the number of computational cells, showing satisfactory
convergence. When the number of the broad pore channels is sufficiently large, the
optimal values are also independent of the number of the optimization variables, as
discussed in Chapter 4. As shown in Fig. A.3, the value of the objective function
typically converges within a limited number of iterations.
Table A.2 summarizes the results of the numerical tests that were performed using
different combinations of the values of Φ 0 and β . The number of computational cells
and optimization variables are 257× 257 and 41, respectively. The implementation works
pretty well in all cases with the exception of case 4, the CPU time (197.91 seconds) for
which is significantly longer than that for any other cases. The reason for the low
efficiency in case 4 is that the number of iterations is the largest, and the ICCG was
called 58 times during the iterations.

Table 0.2: Summary of the numerical tests with different combinations of the
values of Φ 0 and β (257 × 257 computational cells and 41 optimization variables):
(a) number of evaluations of objective function; (b) number of evaluations of
reduced gradient; (c) number of calls for linear solvers; (d) number of calls for
ICCG; (e) number of iterations; (f) CPU time (seconds); (g) optimal value.
Case1

Case2

Case3

Case4

Case5

Case6

Φ0

0.1

1

5

0.1

1

5

β

0.01

0.01

0.01

0.001

0.001

0.001

(a)

23

31

13

105

52

106

(b)

11

14

7

48

26

23

(c)

45

59

27

201

104

152

(d)

0

0

0

58

8

1

(e)

11

14

7

48

26

23

(f)

4.97

5.48

2.33

197.91

31.39

15.00

(g)

0.93037 0.51836 0.15761 0.91437 0.49244 0.11571
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Figure 0.4: Optimal structure of the lower-left quarter of a hierarchically
structured catalytic square, computed with 41 optimization variables and using
different numbers of computational cells: 129 × 129 (left), 257 × 257 (center) and
513 × 513 (right). The optimization results shown correspond to Φ 0 =1 and β =0.01.

Figure 0.5: Optimal structures of the lower-left quarter of a hierarchically
structured catalytic square, computed using different values of Φ 0 and β .
Optimizations were performed with 41 optimization variables and using 257 × 257
computational cells.
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Figure A.4 presents the optimal structures using different numbers of computational
cells, varying from 129× 129 to 513× 513. Although the optimal structures calculated
using different numbers of cells slightly differ from one another, almost no difference in
performance (i.e., the objective function) is found between them. The rationale is that the
optimal effectiveness factor is insensitive to changes in structure when all the
nanoporous islands (indicated as white rectangles in Fig. A.4) are sufficiently small so
that diffusion limitations vanish locally. As shown in Fig. A.5, the optimal structures
remain essentially the same when β changes from 0.01 to 0.001. The figure also shows
that the broad pore channels (indicated in black) in the optimal structures become wider
when Φ 0 increases from 1 to 5, corresponding to situations with more significant
diffusion limitations, requiring broader pores to access the catalytic material, in order to
achieve high yields.
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Nomenclature
A

area occupied by the entire catalyst, m2

B0

Darcy’s permeability constant, m2

c

concentration, mol m-3

c0

concentration at the external surface, mol m-3

cc

concentration at the catalyst center, mol m-3

cin

inlet concentration at the catalyst center, mol m-3

d

broad pore channel diameter, m

dmax

maximum of the optimal channel diameter for cases where DM=Dm, m

d0

mean free path, m

De

effective diffusivity in nanoporous catalytic material, m2 s-1

DE

effective diffusivity in bidisperse sub-squares, m2 s-1

Deff

lumped effective diffusivity, m2 s-1

DK

Knudsen diffusivity, m2 s-1

Dm

molecular diffusivity, m2 s-1

DM

diffusivity in broad pore channels, m2 s-1

kE

effective rate constant for bidisperse sub-squares, s-1

k

intrinsic rate constant of nth order reaction, (mol m-3)1-ns-1

K

Langmuir adsorption constant, m3 mol-1

Kn

Knudsen number

Kn0

distributor Knudsen number, defined in Eq. (3.4)

L

catalyst particle size, m

LR

reactor length, m

Ls

catalyst layer thickness, m

Ly

length of structures of class A along the y direction in Fig. 4.1, m

Mi

molecular mass of species i, kg mol-1

Ni

flux of species i, mol m-2 s-1

P

pressure, Pa

Pe

Péclet number

r (c)

reaction rate, mol m-3 s-1
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R

tube radius, m

Rg

universal gas constant, J mol-1 K-1

RH

heat generation rate, W m-3

S

external surface area of a catalyst particle, m2

T

temperature, K

T0

temperature at the external surface of the catalyst, K

V

catalyst volume, m3

Vr

radial velocity, m s-1

Vz

axial velocity, m s-1

V0

inlet velocity, m s-1

w

channel wall thickness, m

wmax

maximum of the optimal channel wall thickness for cases where DM=Dm, m

Greek Symbols

χs

optimal scaled production in a skin, defined in Eq. (3.5), -

ε

channel volume fraction, -

Φ

generalized Thiele modulus, defined in Eq. (2.16), -

Φw

generalized wall Thiele modulus, defined in Eq. (2.6), -

Φ0

generalized distributor Thiele modulus, defined in Eq. (2.17), -

Φ 0,s

generalized distributor Thiele modulus for skin, defined in Eq. (3.6), -

η

effectiveness factor of nanoporous catalysts, -

η hs

effectiveness factor of hierarchically structured porous catalysts, defined in Eq.

(2.4), -

η ref

optimal effectiveness factor obtained when DM=Dm, -

ηw

wall effectiveness factor, defined in Eq. (2.12), -

λH

thermal conductivity of highly conductive material, W K-1 m-1

λL

thermal conductivity of the chip, W K-1 m-1

λcat

thermal conductivity of the catalyst, W K-1 m-1

μ

viscosity, Pa s
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ρ

density, kg m-3

ρ cat

catalyst density, kg m-3

τ

tortuosity, -

υij

stoichiometric coefficient of species i in the jth reaction, positive for products and

negative for reactants
Ω

area occupied by the nanoporous material, m2

Subscripts
channel

broad pore channel side at the broad pore channel/nanopore interface

hs

hierarchically structured porous catalyst

nano

nanopore side at the broad pore channel/nanopore interface

opt

optimal

s

skin or bidisperse eggshell catalyst
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