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ABSTRACT 

The flow induced by a vehicle traveling through a porous-

wall tube is analyzed as a one-dimensional incompressible flow steady in 

the vehicle-fixed frame of reference. The pressure and velocity fields 

are determined for both non-viscous and viscous flows, for varying 

vehicle blockage ratios, for externally and internally propelled vehicles, 

and for various tube-wall porosities. 

The externally propelled vehicle is represented by a porous 

drag disc and the results of the investigation show that with this type 

of propulsion even small wall porosities - of less than 10 per cent -

can be very effective in reducing the extent of the disturbed flow field 

and the drag of the vehicle. The internally propelled vehicle is repre

sented by combinations of a drag disc and an actuator disc, at appropriate 

distances from one another and coupled to produce equal and opposite 

forces, i.e., a thrust equal to the drag. The drag of the internally 

propelled vehicle also decreases with increasing wall porosity, up to a 

critical value which depends on the vehicle blockage and length. This 

critical wall porosity is 10 per cent for a vehicle blockage of 40 per 

cent and a vehicle length of 5 times the tube radius. 
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volume flow rate 
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area times contraction coefficient) 
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1. INTRODUCTION 

This report deals with the effects of wall perforations on the 

propulsion of a vehicle traveling through a tube. These effects are 

evaluated for different vehicle blockage ratios, for external and in-

ternal modes of propulsion, and for both viscous and non-viscous flows 

through one-dimensional incompressible flow analyses. Two experiments, 

aimed at the verification of an assumed relation for the flow through 

the wall and of a portion of the analysis relating to externally propelled 

vehicles, are also reported. 

Historical Review 

The existing literature on the subject of this investigation 

falls into two general areaS - flow through perforated walls and propul-

" f h" 1 " t b S 1" t" t 1-6 h "d d th Slon 0 ve lC e ln u es. evera lnves 19a ors ave conSl ere e 

problem of fluid flows in ducts with porous walls. In general, the 

theoretical studies have been limited to laminar incompressible flow for 

a finite-length system and have yielded solutions to the Navier-Stokes 

equations based on the key assumption of a uniform flow velocity through 

the wall. This assumption can be valid only for a finite-length porous 

section of small porosities with a constant pressure difference across 

the wall. This is not a reasonable assumption for an infinitely long 

porous tube which is the case in the present investigation. For the 

model of this report, the pressure in the tube, hence the driving poten-

tial for inflow or outflow through the tube wall, is dependent upon the 

vehicle mode of propulsion and on the distance from the vehicle. 

Goodman7,16 avoided the restrictive assumption of a; constant' 

velocity through the wall and proposed the perforated wall boundary 
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condition derived in terms of a potential flow. This boundary condition 

is based on the linerized Bernoulli equation giving the pressure difference 

across the wall proportional to the time rate of change of the velocity 

potential, and is undoubtedly correct for the near field problem that 

Goodman was considering. On the other hand, as pointed out by Foa, non-

steady effects in the flow through the wall are unimportant wherever the 

time required for the pressure to change appreciably inside the tube is 

very long compared to the travel time of pressure waves over a distance 

equal to the thickness of the wall -- a condition which is surely satisfied 

everywhere in the far-field.* Therefore, the flow through the wall can 

accordingly be taken to be everywhere and at each instant proportional to 

the square root of the local and instantaneous pressure difference across 

the wall. 

Numerous aspects of problems associated with the propulsion of 

vehicles traveling through tubes have been reported with an excellent 

8 summary of these results presented recently by Foa. Of particular 

significance to the present investigation are the results of Cromack and 

Iyer9 who experimentally evaluated the effects of wall porosity on both 

externally and internally propelled vehicles. For the low test speeds 

and a single blockage ratio, it was found that a wall porosity of only 

10 per cent was needed to reduce the effective drag of the vehicle in a 

tube to that of a vehicle on an open track. 

This investigation deals with the effects of both blockage ratio 

and mode of vehicle propulsion (external or internal). The.exte~nally 

* The fact that local rates of change of conditions 'are si~riificant 
only in the near field -- and, even there, only where the slope of the 
meridional contour of the vehicle is large -- has been recognized by 
Goodman in a private commuication. 



3 

propelled or wheel driven vehicle generates a flow in the direction of the 

motion of the vehicle because of the region of increased pressure ahead of 

the vehicle. A drop in pressure occurs across the vehicle. Part of the 

object of this investigation is to determine what occurs behind the vehicle. 

The internally propelled or propeller driven vehicle derives its thrust 

by the fore-to-aft transfer of air around the vehicle. Thus a region of 

reduced pressure exists ahead of the propeller with an increase in pressure 

across the propeller. In the vehicle-fixed frame of reference, the flow 

is steady and would appear as shown in Fig. 2. Because of the different 

flow fields generated by the two modes of propulsion, the effect of wall 

porosity is expected to be significantly different. 

Statement of the Problem 

The purpose of this investigation is to determine analytically 

the effect wall perforations have on the performance of externally a.nd 

internally propelled vehicles of various blockage ratios. The model 

considered is an infinitely long, uniformly porous tube with the flow 

induced by the vehicle assumed to be incompressible, one-dimensional and 

steady in the vehicle frame of reference. Because of the similarity of 

the induced flow fields, the externally propelled vehicle is represented 

by a porous disc or drag disc placed normal to the tube axis. The 

porosity of the disc is specified by the vehicle blockage ratio. 

An ideal propeller or actuator disc generates a low pressure region 

ahead and a rise in pressure across itself. 

flow is accelerated towards the propeller at 

wall velocity. The actuator disc alone represents a thrust gene~ator. 

The internally propelled vehicle, on the other hand, can b~' ... 

represented by a suitabljT matched combination of drag and actuator discs. 
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For steady level motion, the drag disc solution must be matched to the 

actuator disc solution with the correct amount of inflow between the two 

discs, such that the thrust equals the drag. 

The following assumptions are made: 

1. The flow is treated as incompressible, one-dimensional, and 

steady in the disc-fixed frame of reference. 

2. The flow through the wall is proportional to the square 

root of the pressure difference across the wall. This assumption implies 

that each tube-wall perforation acts as an orifice, with no mutual inter

ference, and that the flow through the wall is quasi-steady. 

Both viscous and non-viscous flows are considered. Non-viscous 

flow means that there is no force on the flow due to the moving wall. 

Although this analysis is limited to moderate speeds due to the 

assumption of incompressibility, the model is capable of revealing the 

effects of the porous tube for the different modes of propulsion and for 

different blockage ratios. Initially, the drag and actuator discs will 

be analyzed individually. They will then be combined to represent the 

internally propelled vehicle. 



2. THEORETICAL ANALYSIS 

2.1 Equations of Motion 

The one-dimensional steady-flow momentum and continuity 

equations for the flow of an incompressible viscous fluid through a 

tube with perforated walls, as derived in the Appendix, are 

dP = -2.(2U-Us)dU f-2C".(1-U)/i-V/ dX 

vJhere U = u lu is the axial velocity of the flow that crosses the 
ssw 

5 

2.1 

2.2 

control volume boundary. Thus U = U for outflow and U = 1 for inflow. 
s s 

v (x) is the average velocity through a given hole and is directly 
w 

proportional to the pressure difference across the tube wall. V (x) w 

may be positive (inflow) or negative (outflow), and is given in the 

Appendix as 

(Outflow) 2.3a 

~/~-p (Inflow) 2.3b 

In these expressions for the flow through the wall, each hole is 

assumed to be an orifice with a flow coefficient Cf • 

For inviscid flow (C1' = 0), eq. 2.1 can be integrated directly 

and combined with equations 2.2 and 2.3. After the appropriate 
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boundary conditions are established the resulting integrated equations 

define the entire inviscid flow field. 

In the case of viscous flow, the solution of eqs. 2.1 and 2.2 

is more difficult. A numerical solution of the two equations 

simultaneously is possible once the initial conditions are established. 

Solutions for the regions ahead of and behind the vehicle must be found 

separately and matched at the vehicle. Thus the overall solution requires 

solving a two-point boundary value problem numerically as two initial 

value problems. The initial conditions, however, must be determined 

in terms of the solutions to the flow equations for the up-stream 

and down-stream regions. Solutions require assuming the conditions 

at the vehicle (initial conditions), integrating with respect to 

distance, then adjusting the initial conditions until the up-stream 

and down-stream boundary conditions are satisfied. 

2.1.1. Boundary Conditions. A pressure difference across the 

porous wall cannot be sustained, hence, at some distance ahead of and behind 

the vehicle, the pressure in the tube must be atmospheric, i.e. P - P = o. 
a 

Furthermore, the effect of viscosity is to bring the flow to rest 

relative to the tube wall. In the vehicle or disc-fixed frame of refer-

ence then, the viscous-flow boundary condition for the velocity at some 

distance from the vehicle, is u = u or U = 1. For the stationary wall w 

case, the velocity must approach zero. 

For inviscid flow, changes in velocity cease when the pressure 

in the tube becomes atmospheric but the flow may not be at rest relative 

to the wall. At some distance ahead of the vehicle, the flow is undis-

turbed, thus the up-stream boundary conditions are P - P = 0 and U = 1. a 



In the wake of the vehicle, however, the magnitude of the inviscid flow 

velocity depends on the mode of propulsion and must be determined from 

the detailed analysis of each particular case. 

2.2. The Vehicle as a Drag Disc 

2.2.1. Inviscid Flow 

2.2.1.1. X L.. 0 -- OUTFLOW. Ahead of the disc outflow 

occurs due to the increased pressure in the tube. Equation 2.1 with 

C'i = 0 and u;. '" V yields upon integration 

2.4 

where the constant of integration has been evaluated at some distance 

ahead of the disc where P = P and the flow is at rest relative to the 
a 

7 

tube wall (i.e. U = 1). Substitution of eqs. 2.4 and 2.3a into 2.2 gives 

and upon integration 

u== 

where 

and 
-.I 

Sl/7 Uct 

Equation 2.5 for U = 1 yields 
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x 
o --r.. 2.6 

Equations 2.4 and 2.5 discribe the inviscid flow pressure and 

velocity distribution ahead of the drag disc as functions of the wall 

porosity. The length of disturbed flow ahead of the disc is given 

by eq. 2.6 and is shown to be inversely proportional to the wall 

porosity. 

2.2.1.2. X> 0 -- INFLOW. The pressure increases 

to a value greater than atmospheric ahead of the disc and is expected 

to drop to av~ue below atmospheric behind the disc. The flow is 

assumed to be incompressible with no inflow or outflow through the 

tube wall in the immediate vicinity of the disc. Therefore, the flow 

must accelerate through the disc due to the area constriction and then 

expand back to fill the tube a short distance behind the disc. Figure 

2 depicts the flow model and shows typical pressures and velocities in 

the disc frame of reference. Station 2' is defined as the location 

behind the disc where the flow again fills the tube cross section 

after accelerating through the disc. At 2' the pressure is P2,and 

the velocity is Ud • No assumption is made as to the magnitude of P2 , 

relative to P. At station 2, immediately behind the disc, the pressure 
a 

is P2 and the velocity is Ud/f9 ,where), is defined as the ratio of 

the open area to the total area of the disc times a contraction coefficient. 

The one-dimensional flow eqs. 2.1 and 2.2 must be satisfied from 

2' to station 3 where P - P = 0 and no fUrther changes occur. Since . a 

the flow is assumed to be non-viscous, the only mechanism to cause the 



flow to change is a pressure difference across the wall. At station 3, 

P = P since the pressure must return to atmospheric due to the porous 
a 

walls but the magnitude of the velocity is not known and must be 

determined from the analysis. 

If Pa» P2 " inflow occurs and eq. 2.1, for inflow and C~~O, 

becomes 

d.P = -2(2U-f)dU 
2.7 

Inflow means an increase in velocity or positive dUo Furthermore, dP 

must be positive for the pressure to return to atmospheric, making 

9 

dP/dU positive. Equation 2.7 then shows that inflow cannot occur behind 

the drag disc for inviscid flow unless U ~ .5. For U ~ .5, dP/dU 

cannot be positive so no inflow can occur. 

Ud ~ .5. Equation A-8, obtained by eliminating P between 

eqs. 2.2, 2.3b and 2.7 gives 

2-
A (2U-t) 

Integration of eq. 2.8 yields, for U = Ud at X = 0, 

-{i'A,X 
U - .5 r (lJd - .5) e 

2.8 

2.9 

Equations 2.9 and A-3 show that P = Pa when U = .5. Thus for Ud ~ .5, 

inflow occurs behind the drag disc and U approaches .5 exponentially. 



It should be noted that if Pa~ P2" outflow occurs and 

eq. 2.1 becomes 

dP = -2U dU 

10 

2.10 

Outflow results in a negative dU and eq. 2.10 then gives a positive dP. 

For Pa <: P2" however, a negative dP is required for the pressure to 

return to atmospheric. 

Thus the only conditions satisfying eqs. 2.1 and 2.2 are: 

for U d ~ .5, p 2' = P a and consequently no inflow or outflow occurs, 

leaving U = Ud everywhere downstream of 2'; and for U
d 
~ .5, U3 = .5, 

a 
P

2
, is given by and P 

2.11 

and the velocity distribution by eq. 2.9. 

2.2.1.3. X = o. Constant total energy flow is 

assumed through the disc, thus the Bernoulli eq. from 1 to 2 gives 

+-

or in normalized form 

2.12 
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Ud ~ .5. The momentum equation written between 2 and 2' is, 

for Ud ~ .5 and P2, = Pa 

since the velocity at 2 is ud! j3 because of the area constriction. The 

assumption has been made that no inflow or outflow occurs between 1 

and 2' thus u2' = ud • Normalized, this equation becomes, for P2' = Pa' 

7?-P a.. ,2 2.13 

Equations 2.4, 2.12 and 2.13 combined describe the entire 

inviscid flow field influenced by the drag disc. Combining these equations 

and solving for Ud as a function of ;6 yields 

2.14 

Now the above equations can be solved completely for a given 

value of ~ , that is,for any given disc porosity. 

Ud L:.. .5. For Ud <. .5, P2, < Pa and inflow occurs. 

Equation 2.13 then becomes 

2.15· 



Equations 2.4, 2.11, 2.12 and 2.15 combined can be solved for U
d 

in 

terms of ;8 to get 

if = ~ [-f3 + ~2-3f3 + l·S ] d (.1 -213) v'1 2.16 

12 

The drag of the disc is obtained from a momentum balance across 

the disc, i.e. between 1 and 2' which gives the drag D, as 

The drag coefficient defined by 

J) 

becomes 

or from eqs. 2.12 and 2.13 

2.17 

2.2.2. Viscous Flow 

For viscous flow, eq. 2.1 must be integrated numerically 

because of its non-linear nature. Equations 2.1 and 2.2 can be solved 

simultaneously using a Runge-Kutta forward intergration scheme providing 

initial conditions at the disc for the pressure and velocity are known. 

This means that P1-Pa and Ud must be known for a given wall ~orosity and 
, ,',.\ 

.friction factor. However, the velocity through the disc is 'n6't,< known for 
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a given disc porosity )9, until the pressure difference (P1-P
2
,) across 

the disc is determined. For viscous flow, this pressure difference 

depends on the integrated frictional forces ahead of and behind the disc. 

Thus the problem of solving the momentum and continuity equations 

for viscous flow is an iterative one of solving a two-point boundary-

value problem with matching conditions at the disc. A closed form 

approximate solution can be obtained for the viscous problem by substi-

tuting the inviscid velocity distribution into eq. 2.1 and integrating. 

2.2.2.1. X < 0 -- OUTFLOW. For X < 0 the velocity U, 

was given by eq. 2.5 as 

2.5 

Then 

SUbstitution into eq. 2.1 for outflow with U = U and integration yields 
s 

1i -~ - 1 - q/ T ~ {~ (I - Ci ) -2C0:5 S + Si1~_2C1} 
2.18 

The validity or degree of approximation of eq. 2.18 can be 

determined by assuming a value of U
d 

and for specified wall porosity and 

friction factor, calculating P
1 

- P
a

• This pressure and the assumed 

U
d 

then become the initial values for the numerical integration of 

eqs. 2.1 and 2.2. Generally no more than two iterations are needed 

to find the correct value of pressure P1 - Pa for a given Ud such 



that, upon numerical integration, the boundary condition of P - P = 0 
a 

and U = 1 can be satisfied. 

2.2.2.2. X» 0 -- INFLOW. Recall that for inviscid 

flow, the conditions behind the disc were found to be P
2

' = P
a 

and 

U = Ud for U
d 
~ .5, and for Ud ..::::. .5, inflow occurs and P

2
,< Pa. 'The 

amount of wall porosity had no effect on the magnitude of the pressures 

14 

at the disc for inviscid flow. For viscous flow, however, the effect of 

the wall is felt and the frictional force of the wall on the flow will 

bring the flow to rest relative to the wall. This means that the down-

stream boundary conditions are P
3 

= P and U = 1, thus requiring inflow 
a 3 

behind the disc in order to satisfy continuity. 

cLP 
dl) 

Equation A-6 of the Appendix, 

_ -z(2U-l) + 2,C".. 
A 

(j -UJ/ J -u/ 
I~-P 

A-6 

obtained by eliminating dX between eqs. 2.1 and 2.2 shows dP/dU may be 

positive, negative, or zero depending on whether the friction term is 

greater tha~less than or equal to the momentum term. For all values of 

U « .5, dP/dU is positive. Furthermore, dP/dU is zero when 

r"Pa- P Cr (1 -U)/ i-vi 
A (.i!.lJ -1) 

Thus, dP/dU may be zero for any value of U and P - P depending on the 
a 

magni tude of C'f / A , a parameter relating the friction coefficient and 

the wall porosity. 'The particular solution of eq. A-6, or eqs.,2. 

and 2.2 simultaneously, which satisfy the conditions behind the 

disc, however, is P - P = 0 when U = 1. a 



Numerical solutions to eqs. 2.1 and 2.2 for inflow behind the 

drag disc can be obtained by assuming a value of P
2

, - P
a 

for a given 

Ud and iterating on P2 , - Pa until the downstream boundary conditions 

of P - P = 0 and U = 1 are simultaneously satisfied. 
a 

2.2.2.3. X = O. Once the values of P
1 

- Pa and 

15 

Pa - P2 , have been obtained for any prescribed values of friction factor, 

wall porosity and U
d

, then the corresponding value of disc porosity can 

be found from eqs. 2.12 and 2.15 which gives 

where 

;6 = C~-~)[ -1 ~ 

rI - ~ - Pa. + ~ -1), 
~2 

2.3. The Thrust Generator as an Actuator Disc 

2.20 

Consider next an actuator disc or propeller operating in a 

porous tube. In the disc-fixed frame of reference, a reduction in 

pressure occurs ahead of the disc causing inflow, thus an increase in 

the flow velocity. Energy is added at the disc resulting in a pressure 

jump across the disc. The actuator disc alone might be viewed as a 

propeller driven vehicle which has no aerodynamic drag but experiences 

rolling resistance equal to the thrust of the propeller. 

2.3.1. Inviscid Flow 

2.3.1.1. X ~ 0 -- INFLOW. Ahead of the actuator 

disc, inflow occurs due to the reduced pressure in the tube. Equation 

2 .1 with C". = 0 yields, upon integration 
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2.21 

where the constant of integration has been evaluated at some distance 

ahead of the disc where P = P and the velocity is at rest relative to the 
a 

tube wall (i.e. U = 1). SUbstitution of eqs. 2.21 and 2.3b into 2.2 and 

integration yields 

2.22 

where 
-i 

Cz =- cosh (ZUd.. -i) 

and 

Equation 2.22, for U = 1 gives 

2.23 

Equations 2.21 and 2.22 describe the pressure and velocity 

distribution ahead of the actuator disc as a function of the wall porosi-

ty for inviscid flow. The distance of disturbed flow ahead of the disc 

is given by eq. 2.23 and is shown to be inversely proportional to the 

wall porosity and the flow coefficient. 

Immediately ahead of the disc (at X = 0) the pressure is P1 

and the velocity is Ud • Equation 2.21, evaluated at the disc gives 

~ -11 - z l.{t (Od -t) 
2.24 
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2.3.1.2. X~ 0 -- OUTFLOW. The inviscid one-dimen-

sional momentum equation for outflow 

dP = -2UdU 2.25 

shows dP/dU to be negative for all values of U. This means that dP and 

dU are of opposite sign. Outflow of an incompressible fluid from a 

constant area tube dictates that dU must be negative, hence dP must be 

positive. A positive dP means either: (1) P
2
< Pa which is not 

compatible with outflow or (2) P increases with X behind the actuator 

disc. Case (2) must also be ruled out since the porous walls cannot 

sustain a pressure difference and outflow results in a continual pressure 

rise. Thus outflow cannot exist behind the actuator disc for an inviscid 

flow. Therefore, the pressure can only be atmospheric everywhere behind 

the disc and the velocity remains constant at the value through the disc, 

Ud. The flow situation for an inviscid fluid is depicted in Fig. 2. 

2.3.1.3. Thrust. The thrust of the actuator disc 

is equal to the pressure jump across the disc times the disc area, thus 

In non-dimensional form the thrust coefficient, defined as 

becomes 

= 2~(Ua -.1) 
2.26 

after solving for Pa - Pi from eq. 2.24. 
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2.3.2. Viscous Flow 

2.3.2.1. X ~ 0 -- INFLOW. For U 2!: 1, the friction 

term is negative, i.e. the flow is moving faster than the wall, hence 

the viscous effect has a tendency to retard the flow. Equation 2.1, 

repeated here for ease of reference, 

dp = -2 (27J-i) d U + 2c,. (t-V)/ l-U/ d.X 
2.1 

shows dP <. 0 for all U ":> 1 since dU /' 0 for inflow. 

As an approximation, the inviscid velocity distribution may be 

used for the viscous ca.se with substitution for U and dU in eq. 2.1. 

u ~ ~ [1 + cosh (Xx + Cz )] 

du - ~ sinh (AX + Cz ) dX 
2 

Integrating and evaluating between X and X yields 
o 

P. -p =L a.. 2. 

+ C .. 
;>( 

2.22 

2.27 

For X = 0, eq. 2.27 gives the approximate pressure immediately ahead of 

the disc as 



+ C-r r 2.. c x L 4 2. 
2.28 

In eqs. 2.27 and 2.28, the first terms represent the change in momentum 

19 

for inviscid flow. The second terms represent the viscous effects which 

are dependent upon both the friction factor and the wall porosity. 

Equation 2.28 gives an approximate value of Pa - P1 for a given Ud to 

use as initial values for the numerical solution of eqs. 2.1 and 2.2. 

For the final solution an iterative procedure must be used to determine 

the correct value of Pa - P
1 

such that the up-stream boundary conditions 

of P - P = 0 and U = 1 are satisfied simultaneously. a 

2.3.2.2. X ~ 0 -- OUTFLOW. Outflow is required 

behind the actuator disc in order to eventually bring the flow to rest 

relative to the tube wall. This means dP/dU must be positive since 

both dP and dU must be negative. Equation A-5 from the Appendix, 

dP 
ciU 

= - 2. U - ZC"., (1 -U)/ 1. -u/ 
A -1/ P-Pa. A-5 

for U ~ 1, shows that dP/dU is positive only if the friction term is 

greater than the momentum term. Also, dP/dU is zero for 

= - C'r 
~ 

(l-UJ/1.-U/ 
ZT 

which shows P - P = 0 when U = 1. Again, numerical solutions and an 
a 

iteration procedure are required to determine P2 - Pa. 



2.3.2.3. Thrust. The thrust coefficient for the 

actuator disc with viscous flow is given by 

= 

2.4. The Vehicle as Matched Drag and Actuator Discs 
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For a fluid-supported internally-propelled vehicle, the 

resistance consists entirely of aerodynamic drag. Thus, for steady level 

motion, there can be no unbalanced aerodynamic force on the vehicle, :.e., 

the thrust must equal the drag. Therefore, in the vehicle frame of 

reference, the streRm force ahead of the vehicle must equal the stream 

force behind the vehicle less any increase in momentum due to 3nflow 

over the length of the vehicle. 

2.4.1. Drag - Actuator Disc Combination. The internally 

propelled vehicle can be represented by a drag disc followed by (an 

appropriate distance away) an actuator disc matched to give a thrust eGLt;;~. 

to the drag. The drag disc will cause a pressure rise hence outflow and ,r, 

decrease in velocity in the region ahead of itself. The actuator disc 

operates in the wake of the drag disc, thus is affected by and in turn 

influences the flow through the drag disc. Inflow must occur in the reg~o~ 

between the discs as the actuator disc accelerates the flow to obtain the 

thrust. It has already been shown that the pressure must be atmospheric 

behind the actuator disc for inviscid flow. Figure 3 shows schematic,'ll:;y 

the model with the expected pressure and velocity distributions. 

The equations already developed for the drag and actuator discs 

alone still apply but must be matched through the new boundary condi

tions. Using the notation of Fig. 3 and considering inviscid flow, the 
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appropriate relations for the drag disc are 

2 
i - Vd. 2.4 

2.12 

2.15 

For the inflow region ahead of the actuator disc, the momentum 

equation (eq. 2.7), integrated from P3 and U
3 

forward, gives 

2.29 

When U = Ud , P = P2 , and eq. 2.29 becomes 

2.30 

Setting the thrust equal to the drag yields 

P-R a. .3 
7? - R, 

1 2 2.31 

since P = P • 4 a 
When the stream force ahead of the vehicle is equated 

to the stream force behind the vehicle less the increase in momentum due 

to inflow along the vehicle, the following equation results 



22 

or, in normalized form, 

2.32 

Equations 2.30, 2.31 and 2.32 are not all independent, hence 

one more equation is needed - the integrated continuity equation for 

inflow between the two discs. Equation 2.29, rearranged gives P - P as 
a 

and substitution into the inflow continuity equation for P - P gives a 

?\ dX 

Integrating and rearranging to obtain U explicitly, yields 

2.33 

where 
_u 2 

c= ~ .3-1-

and 

At X = L, U = Ud and eq. 2.33 can be solved for Pa - P
3

• Thus 
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P-"A a.. .3 
_ 2 1 ( XL ------ 2~-i - (2u3 -i)e. 

- 4 sinh (-?-..'L) 

J( ~L J2 r: + ~2U.-t) e - (ZUd-i) - 4- sinh (-:>:LJtSZUd-t)(Z~-t) 

i 

-(2U3 -t! cosh r-/I:LJJJ ) 
Equating eqs. 2.4 and 2.32 yields 

2 

2.34 

2.35 

Because of the nature of the above equations, a solution is 

best obtained by specifying U
d 

and solving for the remaining terms, 

including ~. Equation 2.35, for a specified value of Ud , gives U
3

• In 

turn, eqs. 2.34, 2.30 and 2.4 give P
a 

- P
3

, P2, - P
3

, and P
1 

- Pa. 

Equations 2.31, 2.12 and 2.15 can be solved for f as 

2.36 
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where 

Thus the entire flow field is specified for the case of matched 

internal propulsion. The drag, and consequently the thrust required, are 

dependent upon the product of the wall porosity and the vehicle length 

for lengthsup to a critical length, X. For lengths greater than X , 
o 0 

the disc conditions of Ud , ~ , and CD are independent of the actuator 

disc. 

with 

Xo is determined from eq. 2.JJ for U = Ud and P
a 

- P
J 

= P1 - P2, 

P1 - P2, evaluated for the drag disc alone and for the same Ud• 

X is given by 
o 

Thus 

X = 1:-.In 
o X 

p,-~/ 
, 

Z 

2.4.2. Actuator - Drag Disc Conbination. An internally 

2.J7 

propelled vehicle may also be simulated by an actuator disc followed by 

(an appropriate distance away) a drag disc. This configuration, with the 

thrust generator located at the front of the vehicle, might be superior 

from the standpoint of reducing the effects of choking in a non-porous 

tube. 

Ahead of the actuator disc, the pressure decreases and the 

velocity increases as for the actuator disc alone. Thus the momentum 

equation for inflow gives, using the previously defined notation, 

2.J8° 
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Between the actuator and drag discs, (from 4 to 1) the 

pressure will increase causing outflow and a decrease in velocity. The 

pressure will then drop across the drag disc. As previously determined 

for the drag disc alone, the pressure behind the drag disc must be 

atmospheric unless the velocity through the disc is less than one half. 

For reasonable blockage ratios, the velocity will be greater than one 

half so P2' = Pa. 

The thrust must equal the drag, hence 

2.39 

Also, the stream force ahead of the actuator disc (at 3) must 

equal the stream force behind the drag disc (at 2') plus the momentum 

decrease due to outflow from 3 to 2'. Thus 

or 

2 2 
~-~ 

2.40 

Outflow occurs from 4 to 1 between the discs, and the integrated 

outflow momentum equation yields 

P-P,. a. p-p 
1. a. + 

Substitution for P - P in the outflow continuity equation gives 
a 

du -AdX 
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and integration from the drag disc (X = 0) forward yields 

sln (-?\.X + C.3) 2.41 

where 

At X = L, U = U3 and eq. 2.41 can be rearranged to give 

2.42 

or solving for the length L 

L 1.. on ~ -1 l.L sin 'd = ___ Sl ~========~ 
[ 

-1 

-?\ lu: f- (p,-Pa.) !U;/+(P,-Pa ) 
2.43 

Equation 2.41 cannot be solved for P
1 

- P
a 

explicitly since C
J 

is also 

a function of P1 - P
a

• 

A critical length exists such that 

which leaves for all lengths greater than the critical 

p-p 
.t a. 

2.44 



which is of course, equal to the thrust, Pa - P
3

• The critical length 

is given by 

2.45 

Equations 2.12 and 2.15 still apply for the drag disc and 

when combined yield 

2.46 

or, solving for ~, gives 

2.47 

where 

Equating eqs. 2.38 and 2.40 gives U
3 

as 

2.48 

The positive root is required since U
3 
~ 1. 

A solution for a vehicle of a given blockage and length is 
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involved and requires a number of estimations and interations. Solving 

eq. 2.45 for tjJ in terms of ;S gives 

2.49 



which then permits specifying j3. Then from the definition of t/ and 

an assumed value of Ud , P1 - Pa can be calculated. For the assumed U
d

, 

eq. 2.48 gives the value of U
3

• The corresponding length required can 

then be obtained from eq. 2.43. A number of trials may be necessary to 

obtain the required Ud to satisfy the specified length. 
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Once the correct values of Ud'and P1 - Pa are determined, Pa - P
3 

can be calculated from eq. 2.38 and the entire flow field is determined. 

P1 - P
a 

represents the drag of the vehicle and as such is dependent upon 

the wall porosity, and the vehicle length and blockage. 

2.4.3. Doublet. A doublet, defined as the limiting case of a 

drag disc and an actuator disc at a zero distance apart, is shown sche-

matically below. 

----------I-~---------

1122' 4 

---------~----------

There is no inflow or outflow between the discs, however, the flow is 

assumed to accelerate through the drag disc and expand back to fill the 

tube at 2' before entering the actuator disc. In the notation of the 

drag disc, stations 2' and 3 are coincident. 

With no inflow between the two discs, the stream force at 1 

must equal the stream force at 4 for the thrust to equal the drag. Thus 

for incompressible flow with the mass flow rates at 1 and 4 equal, the 

pressures at 1 and 4 must also be equal. Previously, it was shown that 

the pressure must be atmospheric behind the actuator disc (i.e. P4 = Pa)' 



therefore Pl also equals Pa which further requires that u
1 

= u
4 

= u • 

This is possible under two conditions. One is the trivial case of 

(3 = 1 and thus no drag or thrust. The second possibility is that 

a given t, P2 and P2' adjust such that u
1 = u = u and Pl = P • d w a 

The Bernoulli equation from 1 to 2 gives 

or in non-dimensional form with Pl = Pa and ud = u 
w 

w 

for 

2.50 
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Equation 2.50 is the same as eq. 2.12 with P1 = Pa and Ud = 1. The 

momentum equation from 2 to 2', assuming no inflow, yields from eq. 2.lJ 

f or U
d 

= 1 

2.51 

The drag of the doublet, hence the thrust, is the pressure difference 

across the drag portion of Fa - P2 , which, from the above two equations 

becomes 

c]) 
2.52 

If the actuator disc is placed ahead of the drag disc, then 

the pressure behind the actuator disc must be greater than atmospheric 

to produce the thrust. Behind the drag disc, the pressure must also be 

atmospheric and the velocity equal to the remote velocity in order for 

the stream forc e to be equal across the doublet. Thus the rise in 
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pressure behind the actuator disc (the thrust) is equal to the drop in 

pressure to atmospheric behind the drag disc (the drag). 

Using the same notation of 1, 2, and 2' for the drag disc, the 

pressure P1 must be greater than atmospheric and is given by 

The momentum equation from 2 to 2' is, for P2' = Pa 

P-"F! a. Z = 

and combined, the drag coefficient CD becomes 

Thus the drag of the doublet is the same whether the actuator disc is 

is ahead of or behind the drag disc. The pressure differences are of the 

same magnitude for the two cases but the pressure is greater than atmos-

pheric for the case of the actuator disc followed by the drag disc. 

It should be noted that the drag is independent of the wall porosity 

for the doublet. 
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3. EXPERIMENTAL APPARATUS AND PROCEDURE 

Experiments were conducted for two purposes: first, to deter-

mine the aerodynamic characteristics of perforated walls under the 

conditions of axial flow through the tube; and second, to verify the 

theoretical results for the drag disc simulation of the externally pro-

pelled vehicle in a perforated-wall tube. 

3.1. Aerodynamic Characteristics of Perforated Tubes 

3.1.1. Experimental Facility. Tests were conducted to 

determine the aerodynamic characteristics of perforated walls in the 

simple set-up shown schematically in Fig. 4. The facility consists of a 

3-foot section of 4 inch I.D. plexiglass and 17 feet of 4 inch I.D. 

aluminum tubing. The plexiglass portion, located between sections of 

the aluminum tubing, was perforated with 12 circumferential rows, 2 

inches apart, of 8 equally spaced 1/8 inch dia. holes. Some of these 

holes were covered with MYstic tape to reduce the porosity. The holes 

were later enlarged to 1/4, 7/16 and 5/8 inches as a means of increasing 

the wall porosity. 

An orifice plate, located up-stream of the perforated section, 

was used to mea.sure the total flow rate from the pressure chamber. A 

calibrated flow nozzle, inserted into the open end of the aluminum tube 

was used to meter the flow rate axially out of the tube. The difference 

between these two measured values is the volume flow rate through 

the porous wall section. Static pressure taps are located adjacent to 

and either side of the perforated portion. These pressure taps, each 



connected to one side of a U-tube water manometer, give the pressure 

difference across the tube wall directly. 
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The rotary air compressor, driven by a variable speed electric 

motor, supplies air continuously to the pressure chamber. The volume 

flow rate through the tube was controlled by the speed of the compressor 

and by the control valve at the exit of the pressure chamber. 

For the arrangement shown in Fig. 4, the pressure in the tube 

was greater than atmospheric and outflow through the tube wall occurred. 

For inflow tests, the inlet to the pressure chamber was attached to the 

inlet to the rotary compressor and the air drawn in through the tube 

walls and through the tube itself. For these inflow tests, the nozzle 

and orifice plate was reversed. 

3.1.2. Test Procedure. The orifice plate was calibrated with 

a standard calibration nozzle for the entire range of compressor speeds 

by inserting a solid section of plexiglass tubing and metering the flow. 

Then with 1/8 inch dia. holes in the perforated section and the apparatus 

arranged for outflow as shown in Fig. 4, tests were run for a range of 

motor speeds of 600 to 1400 RPM. This provided a range of volume flow 

rates of from 25 to 60 cfm through the orifice plate and corresponding 

tube axial velocities of the order of 10 fps. Manometer readings were 

taken for the orifice plate, tube wall pressure taps and the nozzle along 

with the atmospheric pressure and flow temperature readings. The holes 

were then covered with tape, one row at a time, and the readings taken 

again. The apparatus was changed over for inflow and the tests;r,~peated 

for the same hole size. Next, the diameter of the holes was 'increased 
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consecutively, to 1/4, 7/16 and S/S inches and the entire procedure 

repeated. 

3.1.3. Data Reduction. The tube axial velocity, VT and the 

corresponding dynamic pressure, qT were determined from the volume flow 

rate through the orifice plate, the tube cross-sectional area, and the 

local temperature and pressure as expressed by 

Q.. O~IFIC'E.. / lube A "eo.. 

The volume flow rate through the porous wall was calculated as 

the difference between the flow rates through the orifice and the nozzle. 

The average velocity through each hole in the wall, V was then obtained 
w 

by the relations 

Q. WALL 

Vw-
Vr 

Q. ORIFIC£ 

Q \iVA 1...1... /A R£A of h'oLE.S 

v;. 
The pressure difference across the wall that causes the inflow 

or outflow, was taken to be the average of the two static pressure read-

ings up-stream and down-stream of the perforated section as given by 

Some of the above tests were repeated in a second similar 

facility capable of greater flow rates. This facility, described below, 
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was constructed for the purpose of extending the range of tests and for 

testing the drag disc in a porous tube. This second facility has the 

capacity of 600 cfm which gave axial velocities in the order of 100 fps 

in a 4 inch dia. tube. 

3.2. Drag Disc in a Perforated-Wall Tube 

3.2.1. Experimental Facility. The existing laboratory 

facility for flow measurement experiments consisting of a centrifugal 

blower, 7-5/8 inch dia. steel duct and installed flow metering devices, 

was modified by removing a portion of the ducting and all of the meters 

except the venturi. A reducer was made to accommodate 4 inch I.D. plexi

glass tubing. The plexiglass tubing was uniformly perforated, as pre

viously describe~ over the entire length of the two 4-foot sections. 

Discs of various porosities were installed perpendicular to the tube 

axis between the two perforated plexiglass sections and taped in place. 

Twelve pressure taps were installed in the porous sections for measure

ment of the pressure difference across the tube wall. 

A schematic of this facility is shown in Fig. 5. Figure 6a is 

a photograph of the entire facility while Fig. 6b is a close-up of the 

porous tube in the vicinity of the perforated disc. 

3.2.2. Test Procedure. Tests were conducted by inserting a 

particular drag disc between the two perforated sections and for a given 

setting of the damper control valve, manometer readings were taken for 

each pressure tap along the tube and for the venturi meter. For some 

tests, pitot-static probe measurements were also made at several axial 

locations and radially across the tube. Some variation in volume flow 
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rates was obtained by adjusting the control valve and new readings were 

made. Discs of different porosities were then tested for the same tube 

wall porosity, then the procedure was repeated for increased hole sizes 

to give larger porosities. 

3.2.3. Data Reduction. The axial dynamic pressure, qT was 

calculated from the measured volume flow rate through the venturi meter 

and the correpsonding measured pressure and temperature. This dynamic 

pressure, plus the static pressure measured at the entrance to the 

perforated section gives the entrance total pressure. The normalizing 

remote velocity, V.,was taken as the velocity that would exist for 
l 

that total pressure, if the static pressure were expanded isentropically 

to atmospheric pressure. 

The normalized pressure difference across the wall, P - P , was a 

calculated as the measured static pressure divided by the remote dynamic 

pressure, q .• The local axial velocity was determined from the pitot
l 

static probe measurements and the local static pressure and normalized 

by the remote velocity, V .• 
l 
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4. DISCUSSION OF RESULTS 

Solutions to the equations of motion governing the flow field 

induced by a vehicle traveling through an infinitely long porous tube 

represent a two-point boundary value problem. The flow is known to be at 

rest far up-stream and far down-stream of the vehicle, at least for viscous 

flows. Solution of these equations, however, requires a numerical 

integration technique because of their complexity. Furthermore, solutions 

must be obtained for each region and then matched at the interface between 

regions, i.e., at the vehicle. 

Numerical solutions have been obtained using a Runge-Kutta 

forward integration scheme to solve the momentum and continuity equations 

simultaneously. This technique requires knowing initial values for 

pressure and velocity and integrating with respect to distance. Inviscid 

flow closed-form solutions have been obtained which permit the determina

tion of the disc conditions for a specified drag disc porosity or actuator 

disc thrust. For viscous flow, however, closed form solutions are not 

possible and an iterative scheme is required to determine the correct 

disc conditions which satisfy the up-stream and down-stream boundary 

conditions. 

The assumption has been made that the velocity through the wall 

is proportional to the square root of the pressure difference across the 

wall as given by eq. 2.3. Figure 7 shows the results of test conducted 

to verify this assumption. As presented, the test data exhibits a 

straight line trend, the slope of which is the value of the flow 

coefficient, C
f 

in eq. 2.3, thus verifying the assumed form of the 

velocity function. 
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All of the data points for inflow appear to lie on the same 

straight line through the origin corresponding to a flow coefficient of 

Cf = .75. For outflow, two curves of different slopes are evident. 

The steeper curve corresponds to Cf = .60 and represents data for 

relatively low axial flow velocities (VT = 10 fps). The flagged data, 

corresponding to Cf = .9, represents data for axial flow velocities of 

the order of 100 fps. A stagnation point exists on the downstream 

portion of each hole due to the turning of the flow to go through the wall. 

Thus the higher axial velocity in the tube results in a higher velocity 

through the wall for a given static pressure difference across the wall. 

Furthermore, when the tube wall thickness is of the same order as the 

hole diameter, a somewhat irregular and non-linear pressure drop occurs 

10 through the wall • 

All results are presented in a normalized form with pressures 

given as the difference between the local static pressure and atmospheric 

pressure. A constant value of C
f 

= .65 for inflow and outflow has been 

used for all of the theoretical calculations throughout this investigation. 

4.1 The Vehicle as a Drag Disc 

For inviscid flow, eqs. 2.14 or 2.16 are used to determine the 

mass flow velocity, Ud through the disc for a specified value of disc 

porosity, ;3. For Ud 2:. .5, the pressure is atmospheric in the 

flow region behind the disc and no inflow occurs, thus eq. 2.14 

applies. Equation 2.16 applies for Ud ~ .5 which means that inflow 

occurs behind the drag disc. Figure 8 shows the velocity through the 

disc as a function of disc porosity for both inviscid and viscous flows. 
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The viscous flow solution is for a tube-wall fricition factor of C~= .01 

and a 2.5 per cent wall porosity. All solutions for larger wall porosities 

and/or lower friction factors lie between the two curves. Thus very 

little difference is found in the velocity through the disc for changes 

in friction factor or wall porosity. The individual points on the graph 

11 represent experimental data obtained by Taylor and modified to 

correspond to the conditions of this analysis. f3 for the perforated 

plate, as used by Taylor, is the geometric ratio of the open area to 

the total area of the disc. For this investigation, however, ~ is an 

effective porosity and can be obtained from the solution of the conservation 

equations. As such, f3 represents the product of the contraction coeffi

cient, C and the geometric porosity of the disc. Thus for an approximate 
c 

value for the contraction coefficient based on the results for an orifice 

plate12 , excellent agreement is shown between Taylor's results and the 

results of this investigation. 

The pressures ahead of and behind the drag disc are presented 

as functions of disc porosity in Fig. 9. For inviscid flow, the pressure 

and velocity at the disc are independent of the magnitude of the wall 

porosity. For viscous flow, however, the pressure does depend on the 

magnitude of the wall porosity for values of ;3. less than approximately 

.6. For larger values of ;C5 , there is no perceptable pressure difference 

across the wall behind the disc and the viscous and non-viscous solutions. 

coincide. 

Thus for the drag disc, or simulated externally propelled vehicle, 

the wall porosity has the greatest effect for the low disc porosities or 

large vehicle blockage ratios. Furthermore, a large pressure relief is 
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evident even for wall porosities as low as 1 or 2.5 per cent. 

The drag of the disc, given by eq. 2.17, is presented in Figs. 10 

and 11 as a function of the disc porosity. Figure 10 shows the drag to 

decrease for increasing wall porosities for values of f9 up to about .6. 

If compressiliility is considered, the effect of porous walls would be 

felt for higher values of ~ • 

Figure 11 shows the drag of the disc for a 2.5 per cent wall 

porosity and for various values of friction factor.* As expected, a 

decrease in friction factor results in a lower value of vehicle drag. In 

the disc-fixed frame of reference, the effect of viscosity is to increase 

the stagnation pressure in the direction of the flow due to the moving wall. 

This causes a higher total pressure at the disc and thus an increased drag 

of the disc. Experimental data points from ref. 11 are also shown. Again 

;3 has been modified to account for flow contraction through the disc. It 

should be noted that Taylor's results are for perforated plates dropped in 

open water and not within a porous tube. The drag of a solid plate in the 

open and normal to the flow has been found to be about 1.913 • All of these 

measured values of drag tend to confirm the validity of the present analysis. 

The total effect of a porous-wall is best shown in Figs. 12, 13, 

and 14. Figures 12 and 13 present the pressure and velocity distributions 

as functions of distance from the drag disc for various wall porosities 

and for both inviscid and viscous flow respectively. Increasing the wall 

porosity reduces the distance for disturbed flow ahead of the vehicle. 

For inviscid flow the velocity does not return to the wall velocity be-

hind the drag disc, but instead a constant velocity wake of U = Ud for 

* The friction factor would depend on the wall porosity and on whether 
for inflow or outflow. 
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Ud '2. .5 and of U = .5 for U
ci 

<'.5 is maintained. The effect of 

viscosity is to bring the flow to rest relative to the wall and a finite 

length wake results. Frictional effects bring the flow to rest in a 

distance of about 600 tube diameters eX = 1200) for a friction factor 

of .01. Figure 14 presents the pressure and velocity as functions 

of distance for a 2.5 per cent wall porosity and for various friction 

factors. The inviscid solution is also shown for corr.parison. 

Experimental results have been obtained for cases of a stationary 

wall relative to the drag disc. Pressure was measured by means of 

static pressure taps at the wall located Iilidway beb-Jeen equally spaced 

rows of holes. The velocity v;as determined from pitot-static probe 

measurements taken along the tube center-line. The pressure and velocity 

are normalized relative to the dynamic pressure and velocity that would 

exist at the inlet to the perforated tube if the flow at the inlet was 

expanded isentropically to atmospheric pressure. 

Figures 15 and 16 show the experimental and corresponding 

theoretical results of pressure and velocity as functions of distance 

for a wall porosity of 4.8 per cent and for two different porous discs. 

A flow coefficient, Cf = .56 was assumed based on the experimental distance 

required for the pressure to reach atmospheric. Figure 15 shows the 

results for a disc of 50 per cent geometric porosity which resulted in 

a velocity at the disc U
d 

= .48 and a pressure ahead of the disc of 

P1 - P
a 

= .76. Behind the disc there was no measurable pressure difference 

or velocity change. Modification of the geometric disc porosity by a 

contraction coefficient of C
c 

= .73, gives a value of ;S = .365 which 

corresponds precisely with the inviscid curve of Fig. 8. The results 

presented in Fig. 15 show the flow to be disturbed over a distance of 
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only about 20 tube radii with very good correlation between theory and 

experiment. 

A 1/4" aluminum disc with 1/4" dia. holes (;89<=0, = .23), shown 

in Fig. 19, was tested and the results are shown in Figs. 16 through 18. 

Figure 16a and 16b show the velocity and pressure distributions as 

functions of distance. Because of the low value of disc porosity for this 

test, the pressure is below atmospheric immediately behind the disc. 

Figure 17 shows the normalized static pressure behind the drag disc as a 

function of the tube radius indicating a reduced pressure across essentially 

the full tube diameter. Variations in the pressure are due primarily 

to the fact that some measurements were taken immediately behind holes 

and some behind solid portions of the disc. Figure 18 shows a series of 

velocity profiles, obtained by means of a pitot-static probe, in the vicinity 

of the disc. The orientation of the velocity traverse is shown in Fig. 19 

indicating that the reason for the erratic velocity immediately behind 

the disc is that two measurements occur directly behind holes in the disc. 

These results show clearly that the flow is fully expanded and essentially 

one dimensional within 1 and 1/2 tube diameters behind the drag disc. 

Figure 20 shows the variation in the ratio of C /C D viscous D inviscid 

with wall porosity for several values of disc porosity. Recall that the 

drag coefficient for inviscid flow is not dependent upon the wall porosity 

as is CD' • These curves, generated by cross-plotting the results 
VlSCOUS 

presented in Fig. 10, show a large decrease in CD for even very low values 

of wall porosity, i. e. for high blockage ratios. A value of t5 2 .5 

would be realistic for a vehicle in a tube, hence wall porosities of 

only up to 10 per cent would have significant effect. The results 



presented in Fig. 20 show the same general trend as the experimental 

results shown in Fig. 21, which has been reproduced from ref. 9. The 

experimental results are for an externally propelled vehicle with a 

50 per cent blockage ratio and show a significant reduction in the 

effective drag for porosities up to 10 per cent. 

4.2. The Thrust Generator as an Actuator Disc 

The actuator disc alone could be considered to represent an 
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internally propelled, wheel supported vehicle with no aerodynamic drag. 

For such a vehicle, the thrust must balance the rolling resistance only. 

The thrust required must be specified for the actuator disc, 

then for inviscid flow, eq. 2.26 gives the velocity through the disc 

and the entire flow field can readily be determined. Figure 22 shows 

the pressure and velocity distributions as functions of distance for 

various wall porosities and for a constant thrust. Ahead of the disc, the 

pressure is less than atmospheric causing inflow with a resulting velocity 

greater than the wall velocity. The distance of disturbed flow decreases 

with increasing wall porosities. Behind the actuator disc, the pressure 

is atmospheric and a constant velocity CU = Ud ) wake is maintained. 

Viscous effects are almost negligible as shown by the slight difference 

in pressure and velocity even for the high friction factor of Cr = .02, 

except for the effect of bringing the wake flow to rest relative to the 

tube walls. The distance required for this viscous dissipation of the 

wake is large though, being about 104X for a friction coefficient of .02. 

The flow field induced by an actuator disc in a perforated tube 

is similar to the flow field produced by a propeller in a finite length, 
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constant area, cylindrical fairing14• An actuator disc operating in a 

finite length constant area fairing produces a low pressure ahead and 

essentially atmospheric pressure behind the disc. In addition, the flow 

leaves the fairing in a constant area stream tube with the flow tangent 

to the exit of the fairing. Like the propeller within a fairing, the 

actuator disc in a porous-wall tube generates a low pressure region 

ahead and atmospheric pressure behind the disc with a constant area 

and constant velocity (D = Dd ) wake. 

An actuator disc without a fairing or shroud, generates a 

contracting stream tube and a pressure greater than atmospheric 

immediately behind the disc. This would represent inflow in a region 

of excess pressure. In the present analysis, as the wall porosity 

approaches unity, the contracting slip stream is not realized because 

of the constant area restriction imposed. Furthermore, the analysis 

shows that the pressure always becomes atmospheric behind the actuator 

disc. Thus this analysis is not valid in the limit as the wall porosity 

approaches unity because the flow conditions of the un-shrouded propeller 

are not satisfied. The extent to which the porosity can be increased 

is not known. 

4.3. The Vehicle as Matched Drag and Actuator Discs 

The resistance of a fluid supported internally propelled 

vehicle is due entirely to aerodynamic drag. Such a vehicle is simulated 

in this investigation by a combination of a drag disc and an actuator 

disc. The spacing of these two discs is a measure of the vehicle length 

while the porosity of the drag disc specifies the effective vehicle 



blockage. Frictional drag on the vehicle is not included. Under conditions 

of level motion, the thrust on the vehicle must equal the drag of the 

vehicle. For the drag disc followed by the actuator disc, outflow occurs 

ahead of the drag disc in an amount dependent upon the blockage and the 

drag. Inflow, in an amount determined by the conservation equations, 

must occur between the two discs, i.e. over the length of the vehicle. 

The results of this analysis for the combined drag and actuator 

discs are presented in Fig. 23 through 29. The effect of varying the 

wall porosity is shown in Fig. 23 for a vehicle with a 40 per cent 

blockage ratio and a length of five times the tube radius. The thrust 

or drag of the vehicle, (p 
a 

P
3

) is shown to decrease for increasing 

porosities up to 10 per cent. For a 10 per cent porosity, the pressure 

behind the drag disc is atmospheric which is the same as for the drag disc 

alone. For wall porosities greater than 10 per cent then, the drag remains 

constant while inflow occurs over less than the full length of the 

vehicle as shown by the curve for 12.5 per cent. Thus 10 per cent is 

the critical porosity for the vehicle configuration shown. 

It should be noted that the critical wall porosity depends on 

the vehicle blockage or velocity through the drag disc, and on the 

corresponding vehicle length. For a vehicle blockage ratio of 1.58 

( f3 = .60) the critical vehicle length is 10 for a 5 per cent wall porosity 

while the critical length is 5 for a 10 per cent wall porosity. 

The pressure immediately ahead of the drag disc (P1 - Pa) 

increases for increasing porosities up to 10 per cent while the correspond

ing velocity through the drag disc decreases. For a 12.5 per cent wall 

porosity, the pressure and velocity at the discs are the same as for a 10 



per cent wall porosity but with a further decreased length of disturbed 

flow ahead of the drag disc. Behind the actuator disc, the pressure is 
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everywhere atmospheric and the wake velocity increases for increased wall 

porosities. The higher wake velocity is a consequence of the correspond

ing lower velocity through the drag disc. 

Figure 24 shows the effect of viscosity for the case of a 5 

per cent wall porosity and a friction coefficient of C~ = .01 which 

results in a lower velocity through the drag disc and a lower pressure. 

throughout the region between the two discs. The drag is thus increased 

slightly by the effects of viscosity. 

Figure 25 shows the pressure and velocity distributions as func .. 

tions of distance from the actuator disc for three vehicles of 40 per cent 

blockage and lengths of 5, 7.5, and 10 times the tube radius and for a 

wall porosity of 5 per cent. The drag decreases slightly for increasing 

lengths up to a vehicle length of 10. As the length increases, the 

velocity through the disc decreases resulting in a higher velocity through 

the actuator disc. For further increased vehicle lengths, the pressures 

and velocities would remain as shown for a length of ten. 

Figure 26 shows the pressure and velocity distribution for a 

typical Tubeflight Vehicle as described by Foa15 and for a 5 per cent 

porous wall. The vehicle length of 75 ft. and a tube diameter of 15 ft. 

give a nondimensional length of 10 which is greater than the critical 

length for the 5 per cent wall porosity. Hence, the pressure is atmos

pheric and the velocity constant for a short distance behind the drag 

disc before being influenced by the actuator disc. 
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Figure 27 shows the comparison of two simulated internally 

propelled vehicles of 40 per cent blockage and lengths of 5 tube radii 

with a 5 per cent tube wall porosity. The difference between the two 

vehicles is the fore or aft location of the thrust generator. The drag 

is greater for the vehicle with the forward located thrust generator due 

to the higher velocity through the drag disc. 

Figure 28 shows the vehicle drag coefficient as a function of 

the disc porosity for various wall porosities and for a constant non

dimensional vehicle length of five. Shown also is the curve for the 

drag disc alone and for a doublet. Increasing the wall porosity reduces 

the drag of the internally propelled vehicle for blockage ratios greater 

than 30 per cent and for wall porosities up to about 10 per cent. 

It should be noted that the drag disc in all cases simulates a 

vehicle with flow separation on the after body. This is n~ unrealistic 

as the assumption has often been made in the absence of boundary layer 

control. 

Figure 29 shows the vehicle drag coefficient as a function of 

the wall porosity for a vehicle blockage ratio of 40 per cent and for 

three different vehicle lengths. The drag coefficient decreases for 

increasing porosities up to some critical value. 
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5. CONCLUSIONS 

This investigation concerns the effects of wall perforations on 

the performance of both externally and internally propelled tube vehicles. 

The results of a one-dimensional analysis show that wall porosity 

has a beneficial effect on the performance of tube vehicles. The assumption 

of an incompressible flow limits the validity of the analysis quantitatively 

- but not qualitatively - to moderate speeds. 

Wall perforations have the effect of reducing the effective 

blockage, hence the drag of the vehicle and the distances ahead of and 

behind the vehicle where the flow is disturbed. These effects are 

important for high blockage ratios and become insignificant for blockage 

ratios below 30 per cent. Changes of wall porosity have a large effect 

when the wall porosity is very small, and become insignificant when it 

is greater than about 10 per cent. 

For the externally propelled vehicle, properly simulated by the 

drag disc, the inviscid-flow analysis predicts, in closed-form solutions, 

a finite-length disturbed flow region ahead and an infinite wake behind 

the vehicle. In the absence of viscosity, changes of wall porosity modify 

the distance over which the flow is disturbed but not the maximum amplitude 

of the disturbances in the tube and the drag of the vehicle. On the 

other hand, when viscosity is accounted for, the wake is found to return 

to rest relative to the tube wall behind the vehicle, and the drag is 

found to be a function of the wall porosity. For large blockage ratios, 

inflow occurs behind the vehicle regardless of whether the fluid is viscous 

or not. In contrast, for low blockage ratios, inflow behind the vehicle 

will take place always and only if the flow is viscous. For wall 

porosities up to about 10 per cent an increase of porosity causes the 



the viscous flow field to diminish in extent and the drag to decrease. 

For the internally propelled vehicle, suitably simulated by a 

drag disc followed by an actuator disc, the overall effect of viscosity 

is small and the inviscid flow analysis predicts the drag as a function 

of wall porosity, vehicle length, and blockage. Outflow occurs ahead, 

inflow over the length, and outflow behind the vehicle. In the region 

behind the vehicle, the force of the moving wall tends to retard the 

flow causing an increase in pressure which in turn causes outflow and a 

gradual return of the flow to ambient conditions and to rest relative 

to the tube wall. 

For the model used, the drag of the vehicle is a function of 

its length up to a critical length which depends on the porosity of the 

tube wall. A specified amount of inflow is required between the two 

discs to produce a thrust equal to the drag, hence a lower internal 

pressure is needed behind the drag disc for a short simulated vehicle 

to produce this inflow. The lower pressure results in a higher drag. 

For a vehicle of a given blockage and length, the drag is reduced by 

increasing the tube wall porosity up to a critical value. 

With the forward-located thrust generator, a, region of inflow 

exists ahead, a region of outflow over the length, and in the case of 

viscous fluids, a region of inflow behind the vehicle. Because of the 

higher values of velocity at the vehicle, the drag is greater than for 

a corresponding vehicle with an aft-located thrust generator. 
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APPENDIX 

DEVELOPMENT OF THE GOVERNING EQUATIONS 

The control volume shown below is within an infinite, constant 

area, uniformly porous tube stationary in the vehicle or disc-

fixed frame of reference. As such the walls and surrounding atmosphere 

are moving at a constant velocity u relative to the control volume. 
w 

I---J ~(X) 
o U I : urdu 
o ---, I· 

P I f 1 -P-l-dp _ -7- ~ - - ~=- .......... -=--- 1"_ --

:IJ/.5C ~ X ---il .. -+\ .... ~- dx -J 
The flow is steady in this frame of reference and is treated as one 

dimensional, incompressible and viscous with mass addition or extraction. 

Conservation of mass requires that 

+- ~Ah "(X) dx 

or du :;:: 
A-1 

where Ahdx is the wall hole area over the tube length dx, 0( is the tube 

corss-sectional area and V (x) is the velocity tprough the wall at any 
w 

given distance x. 

inflow or outflow. 

V (x) is positive or negative depending on whether for 
w 

The flow through the wall is assumed to be proportional 

to the square root of the pressure difference across the wall. This means 



that each hole is assumed to be a simple orifice. 

expressed as 

Thus V (x) may be 
w 

(inflow) 

(outflow) 

where Cf is a flow coefficient which is less than or equal to unity. 

Considering the force due to pressure and the viscous effects 

due to the moving wall, the momentum equation may be written as 
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-po( - 0<. (p-fdp) - ~o(ldx = jJO«Urdu)(U-fdu) 

The last term on the right hand side represents the x-directed momentum 

flux of the mass that passes through the wall. u is the axial velocity 
s 

of this mass. For inflow, u = u since the wall and ambient outside air 
s w 

are moving at the velocity u. For outflow, u = u, the local axial w s 

velocity of the flow. If the wall and atmosphere are stationary relative 

to the disc, then for inflow u = 0 and for outflow u = u. The situation s s 

of a stationary disc and wall is representative of a wind tunnel arrangement. 

The previous equation reduces to 

A-2 

The friction force per unit mass f, is proportional to the square of the 

flow velocity relative to the wall. For moving walls, f is given by 



J - - c,.. (Uw - u)j Uur-uJ 
r 

while for stationary walls f is 
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For convenience, the following non-dimensionalized terms are defined: 

p - -p /1 ;;u~ 
u - u/u. ~ 

X - x/r 

'fJ = nd/~J) 

where u c>o equals u for moving walls. w In non-dimensional form, eqs. 

A-l and A-2 become 

(inflow) 

A-3 

(outflow) 

d p = - 2. ( 2lf -ll;s) d l7 + 2 Cr (1-U) I 1. -U / dx 
A-4 

With eq. A-4 written in terms of influence coefficients as 

dp = ;; d lJ f- {. aX 
the various conditions are summarized in the table below. 



U 
s 

OUTFLOW 

Moving Walls U 

Stationary Walls U 

INFLOW 

Moving Walls i 
Stationary Walls o 

fl 

-Zu 

-zU 

-2(ZU-i) 

-4U 
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f2 

2Cr (f -UJ/l-Uj 

-2C U 2 
r 

2Cr (i-W/t-U/ 

-2C1' U
Z 



Equations A-3 and A-4 can be combined to eliminate either X 

or P. Solving for dP/dU by the elimination of dX gives 

dP = _ ZlT _ 2Cr (i-U)/t-U/ 

dU ?--"!p-Pa. I 

for outflow and 

dP _ _ 2(2U-l) +2C.,. (1.-UJ/l-U/ 
dU ~ I Pa..-p I 

for inflow, where A= i'pcf • 

A-5 
OUTFLOW 

A-6 
INFLOW 

The elimination of P and dP requires differentiating eqs. A-3 

and equating to eq. A-4 to get 

for outflow and 

dU (dY _ X(2lJ-i)) + -;':C1'(i-UJ/i-U/ - 0 

dX dX2. 

for inflow. 

A-7 
OUTFLOW 

A-8 
INFLOW 
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