
 

 

 

 

Basic Properties of Pyroelectric Crystals 

 

by 

Matthew Evans 

A Thesis Submitted to the Graduate 

Faculty of Rensselaer Polytechnic Institute 

in Partial Fulfillment of the 

Requirements for the degree of 

MASTER OF SCIENCE 

Major Subject: Engineering Physics 

 

 

 

 

 

 

Approved: 

 

_________________________________________ 

Dr. Yaron Danon, Thesis Adviser 

 

 

 

 

 

 

 

Rensselaer Polytechnic Institute 

Troy, New York 

July 2010 

(For Graduation August 2010)  



 

ii 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Copyright 2010 

Matthew Evans 

All rights reserved  



 

iii 

TABLE OF CONTENTS 

 

TABLE OF CONTENTS ................................................................................................. iii 

LIST OF FIGURES ........................................................................................................... v 

ABSTRACT ...................................................................................................................... x 

1.  Introduction ................................................................................................................... 1 

1.1  Motivation ................................................................................................... 1 

1.2  Historical Review ........................................................................................ 1 

1.3 Physics of pyroelectric crystals .................................................................... 2 

2.  Approximation of pyroelectric coefficient ................................................................... 5 

2.1  Motivation for research of pyroelectric coefficient .................................... 5 

2.2  Theory ......................................................................................................... 7 

2.3  Design ....................................................................................................... 11 

2.4  Heating Profile .......................................................................................... 14 

2.5  ODE .......................................................................................................... 18 

2.6  Measurement ............................................................................................. 20 

2.7  Various crystal sizes .................................................................................. 27 

2.8  Fitting to the curve .................................................................................... 30 

2.9  Summary ................................................................................................... 36 

3.  Localized measurement  ............................................................................................. 38 

3.1  Motivation and theory ............................................................................... 38 

3.2  Setup and Method ..................................................................................... 40 

3.3  Point contact measurement ....................................................................... 41 

3.3.1  Surface charge measurement ...................................................... 41 

3.3.2  Charge collection from bottom face of hole ............................... 42 

3.4  Charge collection from the hole bottom and sides .................................... 44 

3.5  Lifted contact measurement ...................................................................... 45 



 

iv 

3.6  Grounded experiments .............................................................................. 47 

3.7  Discussion ................................................................................................. 49 

4.  Emission from altered crystal surface ......................................................................... 51 

4.1  Movitation and theory ............................................................................... 51 

4.2  Entire crystal emission .............................................................................. 52 

4.3  Grounded emission ................................................................................... 53 

4.4  Copper plate .............................................................................................. 54 

4.5  Plastic block insulator ............................................................................... 56 

4.6  Plastic cover .............................................................................................. 58 

4.7  Rectangular prisms .................................................................................... 62 

4.8  Summary ................................................................................................... 65 

5.  Conclusion .................................................................................................................. 66 

5.1  Summary ................................................................................................... 66 

5.2  Future work ............................................................................................... 67 

REFERENCES ................................................................................................................ 68 

Appendix I – ODE  .......................................................................................................... 70 

Appendix II – Origin fit to heating profile ...................................................................... 74 

 

 

 

 

 

 

 

 

 

 

 

 



 

v 

LIST OF FIGURES 

 

Figure 1:  Circuit diagram of Lang’s system. dQ/dt is the charge generated by the crystal, 

Rs is the shunt resistor, Rcr is the crystal’s resistance, Ccr is the crystal’s capacitance, and 

RM is the resistance of the meters. ..................................................................................... 7 

Figure 2:  Pyroelectric voltage curves a, b, c correspond to equations 7, 6, 8 respectively.

 ......................................................................................................................................... 10 

Figure 3:  Illustration of physical setup. Crystal 3 cm diameter by 1 cm thickness. ......  11 

Figure 4:  Circuit diagram of system at RPI. dQ/dt is the charge generated by the crystal, 

Rcr is the crystal’s resistance, Ccr is the crystal’s capacitance, Cs is the added capacitor, 

CM is the capacitance of the meter  and RM is the resistance of the meter. ..................... 13 

Figure 5: Picture of crystal in box. A crystal of 3 cm diameter by 1 cm thickness was 

mounted on a TEC. A copper disk is attached to the Z
+
 surface of the crystal. 

Thermocouple wires were attached at the base of the TEC. The coaxial cable sends 

signals to the multimeter. ................................................................................................  13 

Figure 6:  Measurement of temperature at the top and base of a 2 cm diameter by 1 cm 

thick crystal ...................................................................................................................... 15 

Figure 7:  Linear fit of temperature measurement for a 2 cm diameter by 1 cm thick 

crystal  .............................................................................................................................. 16 

Figure 8:  Temperature profile of the top and bottom of a 3 cm diameter by 1 cm thick 

crystal. .............................................................................................................................. 17 

Figure 9:  Average temperature, of the top and base, of a 3 cm diameter by 1 cm thick 

crystal. Origin polynomial fit to the line was calculated and plotted over the average 

temperature. ..................................................................................................................... 18 

Figure 10:  Charging curve of measured current. The Crystal has dimensions of 3 cm 

diameter by 1 cm thick .................................................................................................... 21 

Figure 11:  Approximation of charging curve. Crystal 3 cm diameter and 1 cm thickness.

 ......................................................................................................................................... 23 

Figure 12:  A plot for 4 different values of Cs, 15nF, 1 µF, 2 µF, and 100 µF. Charging 

curves calculated using equation 15 are plotted over measured data. Crystals with 

dimensions of 3 cm diameter by 1 cm thickness were used.. .......................................... 24 



 

vi 

Figure 13:  Current as a function of time for several heating rates. Comparison of 

measured current against calculated current. The same 3 cm diameter by 1 cm thick 

crystal was used for all experiments.. .............................................................................. 25 

Figure 14:  Total charge calculated with no leakage, charge calculated with leakage, and 

total charge measured for different heating rates. For a crystal of 3 cm diameter by 1 cm 

thick. ................................................................................................................................ 26 

Figure 15:  Measured current from a pyroelectric crystal of 2 cm diameter by 1 cm thick. 

The calculated current (using equation 17) is plotted over the measured values.. .......... 28 

Figure 16:  Measurement of current from a pyroelectric crystal with a surface of 0.5 cm 

by 0.5 cm and thickness of 0.4 cm. The current was measured over ten minutes and the 

calculated current is plotted over measured data.. ........................................................... 29 

Figure 17: The calculated χ
2
(γ)

  
values plotted against a given range of pyroelectric 

coefficient values. The lowest point or minimum value is the approximated pyroelectric 

coefficient for a charging curve. For a constant heating rate. The measured data comes 

from a crystal of 2 cm diameter by 1 cm thick. ............................................................... 30 

Figure 18: The calculated χ
2
(γ)

  
values plotted against a given range of pyroelectric 

coefficient values . The minimum value is adjusted by a 5% increase. The measured data 

comes from a crystal of 2 cm diameter by 1 cm thick. The shifted values show the 

minimum now occurs at 164 and 170.. ............................................................................ 31 

Figure 19: The current is calculated for a pyroelectric coefficient of 165 µC m
-2

 K
-1

 and 

then of 167 µC m
-2

 K
-1

 and plotted. The measured data comes from a crystal of 2 cm 

diameter by 1 cm thick. ................................................................................................... 32 

Figure 20:  The calculated χ
2
(γ)

 
values plotted against a range of pyroelectric coefficient 

values. The minimum value is the approximated pyroelectric coefficient for a charging 

curve with a non constant heating  rate. The measured data comes from a crystal of 3 cm 

diameter by 1 cm thick.. .................................................................................................. 33 

Figure 21:  The calculated χ
2
(γ)

  
values plotted against a given range of pyroelectric 

coefficient values. The minimum value is adjusted by a 5% increase. The measured data 

comes from a crystal of 3 cm diameter by 1 cm thick. The shifted values show the 

minimum now occurs at 165 and 171.... .......................................................................... 34 

Figure 22:  The current is calculated for a pyroelectric coefficient of 165 µC m
-2

 K
-1

 and 

then of 168 µC m
-2

 K
-1

 and plotted. The measured data comes from a crystal of 3 cm 

diameter by 1 cm thick... ................................................................................................. 35 

Figure 23:  The calculated χ
2
(γ)

 
values plotted against a range of pyroelectric coefficient 

values. The minimum value is the approximated pyroelectric coefficient for a charging 

curve. The measured data comes from a crystal of 5 mm by 5 mm and 4 mm thick. ..... 36 



 

vii 

 

Figure 24:  Physical illustration of the probe making surface contact and contact in the 

drilled hole. ...................................................................................................................... 40 

Figure 25:  Measurement of surface current of a pyroelectric crystal using a probe of 

radius 1 mm. A calculated value is plotted over the measured the data using equation 17.

 ......................................................................................................................................... 42 

Figure 26:  Measurement of current of a pyroelectric crystal using a probe of radius 1 

mm. The probe was placed into the drilled 4 mm hole.  A calculated current is plotted 

using equation 17 ............................................................................................................. 43 

Figure 27:  The entire area of the hole was measured using the nail probe. The calculated 

current is plotted using equation 17. ................................................................................ 44 

Figure 28:  The current was measured at the bottom surface of the hole and then for the 

entire area of the hole. Equation 17 is used to calculate current for areas and is plotted 

over the measured currents. ............................................................................................. 45 

Figure 29:  The current measured from the nail probe as it is lifted 1 mm above bottom 

face of the hole. The calculated current is plotted over the measured data.. ................... 46 

Figure 30:  Current measurement between the full area of the hole and the reduced lifted 

area. Two calculated current curves are found by using the full area and the reduced 

lifted area. The curves are plotted over the experimental measured current.. ................. 47 

Figure 31:  Copper tape covers a section of the crystal. The tape was attached to ground. 

At another point the IDI probe makes contact with the crystal’s surface. The crystal was 

2 cm diameter by 1 cm thick and has a 2 mm hole.. ........................................................ 48 

Figure 32:  A section of the crystal was grounded. A piece of copper tape connects the 

crystal’s surface and ground. The IDI probe was placed on the crystal’s surface. Current 

was measured over 6 minutes with the IDI probee.. ........................................................ 49 

Figure 33:  Emission of electrons from a hole drilled into the face of a pyroelectric 

crystal. .............................................................................................................................. 51 

Figure 34:  Setup of a pyroelectric crystal with a drilled hole in a vacuum. The crystal 

emits during heating and the emitted electrons hit the Faraday cup. The current was 

measured via the multimeter. ........................................................................................... 52 

Figure 35:  A pyroelectric crystal of 2 cm diameter by 1 cm thick, with a 2 mm diameter 

hole was heated for 6 minutes. Current was measured with the Faraday cup at a diistance 

of 6 mm.. .......................................................................................................................... 53 



 

viii 

Figure 36:  A pyroelectric crystal with dimensions of 2 cm diameter by 1 cm thick was 

heated in vacuum. Current was measured with the Faraday Cup. The current was 

measured while grounding the crystal surface (except the hole) and then again with no 

ground. The multimeter noise is also plotted for reference. ............................................ 54 

Figure 37:  Setup of a pyroelectric crystal with a drilled hole in a vacuum. The grounded 

copper plate blocks emission except for electrons that go through the hole in the plate. 

The crystal emits during heating and hits the Faraday cup. The current was measured via 

the multimeter. ................................................................................................................. 55 

Figure 38:  The current measured by the Faraday cup for a pyroelectric crystal of 2 cm 

diameter by 1 cm thickness. The copper plate hole was aligned with the drilled hole of 

the crystal.. ....................................................................................................................... 56 

Figure 39: A pyroelectric crystal of 2 cm diameter by 1 cm thickness was heated in 

vacuum. A Teflon block with 2 mm diameter hole was placed between the crystal and 

the Faraday cup, at a distance of 6 mm from the crystal.. ............................................... 57 

Figure 40:  A pyroelectric crystal of 2 cm diameter by 1 cm thickness was heated in 

vacuum. A Teflon block with 2 mm diameter hole was placed directly onto the crystal..

 ......................................................................................................................................... 58 

Figure 41:  A pyroelectric crystal with dimensions of 2 cm diameter by 1 cm thick was 

mounted to the TEC. The plastic cover was attached to the crystal and the two holes are 

drilled into it. One hole was aligned over the crystal’s drilled hole. The second hole was 

aligned over the crystal’s surface.. .................................................................................. 59 

Figure 42:  A pyroelectric crystal with dimensions of 2 cm diameter by 1 cm thickness 

was heated for 7 minutes. A plastic cover was attached to the surface of the crystal. 

Copper tape covers the surface hole of the crystal. The drilled hole was exposed.. ....... 59 

Figure 43:  A pyroelectric crystal with dimensions of 2 cm diameter by1 cm thick was 

mounted to the TEC. The plastic cover was attached to the crystal and the two holes are 

drilled into it. One hole was aligned over the crystal’s drilled hole. The second hole was 

aligned over the crystal’s surface. The small probe was added to the setup.. ................. 60 

Figure 44:  A pyroelectric crystal with dimensions of 2 cm diameter by 1 cm thick was 

heated for 7 minutes. A plastic cover was attached to the surface of the crystal. Current 

was measured of the crystal’s drilled hole and then over the surface.. ........................... 61 

Figure 45:  Two current measurements of rectangular prisms A and B. Both rectangular 

prisms are solid 5 mm x 5 mm with 4 mm thickness. Current was measured with the 

Faraday cup at a distance of 4 mm from the prism. The heating ramp was 7 minutes. .. 63 

 



 

ix 

Figure 46: Two current measurements of rectangular prisms A and B. Both rectangular 

prisms are 5 mm x 5 mm with 4 mm thickness. Rectangular prism B has a hole with 

dimensions of 2 mm diameter by 2 mm in length. Current was measured with the 

Faraday cup at a distance of 4 mm from the prism. ......................................................... 64 

Figure B.1:  Heating profile of a 3 cm diameter and 1 cm thick crystal.. ....................... 74 

Figure B.2:  Heating profile of a 3 cm diameter and 1 cm thick crystal. 5
th

 order 

polynomial fit is plotted over the average temperature. A display of the constants used to 

fit the curve is on the Origin plot.. ................................................................................... 75 

Figure B.3:  The display box for the 5
th

 order polynomial fit calculated in Origin.. ....... 76 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

x 

ABSTRACT 

 A method was developed to determine the pyroelectric coefficient of individual 

pyroelectric crystals. To characterize the coefficient we measure the charge produced as 

a function of time. New investigation was conducted into understanding the charge 

inside the crystal. To reach this charge a hole was drilled into the crystal. Experiments 

were conducted by contact and emission from the drilled hole.  
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1. Introduction 

1.1 Motivation 

 The objective of this work is to characterize and understand the basic properties 

of pyroelectric crystals. The research is focused on the pyroelectric effect in applications 

for ion and electron acceleration. Pyroelectric emission has been utilized at RPI in 

various x-ray applications and in neutron production. In order to support this work, a 

more in depth analysis of the pyroelectric crystal is needed. This thesis also seeks to 

reevaluate the commonly used pyroelectric coefficient values. Previously, the 

pyroelectric coefficient was assumed to be a constant value.
1,2

 Low emission rates and 

various color discrepancies raised doubts in the claimed coefficient values being used. 

The objective is to create a nondestructive testing method that ascertains the pyroelectric 

coefficient for different crystals. Multiple crystals could then be tested to find the best 

one for Pyroelectric Acceleration experiments. The method introduces a level of quality 

control on crystals purchased from vendors. To characterize the coefficient, the method 

measures the charge produced as a function of time. The second goal of this thesis is to 

explore crystal alteration and its effects. New investigation is conducted into 

understanding the charge inside the crystal. The work includes increasing the surface 

area of the crystal by perforating the emitting face. The purpose of this study is to 

support and enhance Pyroelectric Accelerators at RPI.  

 

1.2 Historical Review 

A Pyroelectric Accelerator is a low cost portable nuclear device.  Pyroelectric 

Accelerators are capable of producing low energy x-rays or neutrons. Research into 

Pyroelectric Accelerators has yielded various applications in the field of medicine, 

pyroelectric fusion, and x-ray fluorescence.  

In 1965 Lang created a method for measuring the pyroelectric coefficient, DC 

dielectric constant and resistivity of a pyroelectric crystal.
1
 The crystal was modeled as a 

lossy capacitor in parallel with an ideal charge generator. The entire model was 

described as a closed circuit to measure the voltage of a pyroelectric crystal heated over 

time. Lang derived various expressions for calculating the pyroelectric properties of the 
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crystal. Lang’s work acts as the sourcebook for thermal, mechanical, and electrical 

properties of a pyroelectric crystal.
2
 

Original research at RPI conducted by Geuther and Danon, showed that pyroelectric 

crystals in a vacuum can be used to produce x-rays.
3
 The work showed extensive 

applications for pyroelectric crystals. The potential created by the crystals repealed 

electrons from the surface and produced characteristic or bremsstrahlung x-rays. 

Experiments were conducted to verify that the electric field produced was sufficient to 

ionize gas. To improve field ionization, a tip was mounted to the crystal. Finally, the 

creation of a paired crystal system was used for neutron production and x-ray generation. 

Paired-crystal experiments showed doubling of the x-ray energy. One crystal acted as a 

particle emitter and accelerator while the other served as a target that attracts the 

charges. The system ionized a deuterium fill gas near a metallic tip mounted on the 

surface of a crystal. The target crystal was coated in deuterium with deuterated 

polyethylene. When cooled, one crystal would accelerate and one would attract. The 

technique turns the vacuum chamber into a compact neutron source. 

In 2008 Gillich continued to improve the reproducibility and production rate for 

Pyroelectric Accelerators.
4
 After examining the constraints of the physical equipment, 

Gillich expanded the heat transfer of the system. Work was performed using 

thermoelectric module controllers with feedback loops, bringing the system to the digital 

age. The thermal system provided the ability to control the heating cycle. In addition, 

extensive inspection of tips was performed. The new portable prototype could 

reproducibly generate neutrons.  

In 2009 Fullem derived formulas for calculating the potential and field strength in 

both single crystal and two crystal Pyroelectric Accelerators.
5
 Derivations of single and 

double crystal systems were given. The derivations were used to calculate unknowns 

such as charge, capacitance, and voltage of a single crystal system. The expressions 

describe the basic physics of Pyroelectric Accelerators.  

 

1.3 Physics of pyroelectric crystals 

The objective of this section is to give a brief overview of pyroelectric crystals. A 

pyroelectric crystal is ferroelectric material that experiences spontaneous polarization 
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under temperature or mechanical change. The unit cells of pyroelectric material each 

have a dipole moment. The dipoles are crammed tightly together and add up in the 

direction perpendicular to the surface. The dipole moment per unit volume of the 

material is known as the spontaneous polarization. Spontaneous polarization (Ps) is 

always nonzero in a pyroelectric material. Ps exists in the absence of an applied electric 

field and is equal to the bound charges on the crystal’s surface. When a pyroelectric 

crystal undergoes a change in temperature the spontaneous polarization is altered as 

shown in the following equation. 

TPs   
(1) 

where Ps [C/m
2
] is the spontaneous polarization, γ [C/m

2 
K] is the pyroelectric 

coefficient, and T [K]  is the temperature. The pyroelectric coefficient is the sum of the 

strain and thermal expansion coefficients. The thermal expansion causes strain that alters 

the electric displacement by a piezoelectric process.
6 

 At equilibrium Ps is constant and no charge is produced. External perturbation 

caused by temperature or mechanical stress causes the dipoles to align. The pyroelectric 

effect is only observable during this period of change and uncompensated charge 

appears at the surface. Existence of the pyroelectric effect requires three conditions: the 

molecular structure must have a nonzero dipole moment, the material must have no 

center of symmetry, and the material must have no axis of rotational symmetry. 

 Altering the temperature causes the displacement of atoms from their equilibrium 

positions on a cubic lattice resulting in the rise of spontaneous polarization, which is 

called the pyroelectric effect. Surface charge is created in a particular direction as a 

result. Bound charges are completely compensated by free carriers or by charges 

localized on the surface and nearby free charges such as electrons or ions will be 

attracted to the material. In atmospheric pressure the surface charge is neutralized by the 

ions in the surrounding gas. The net surface charge then becomes zero and no electric 

field is formed. When a temperature gradient exists and the crystal is placed into a 

closed circuit it is possible to measure the charge across the surface. The amount of 

charge produced is proportional to the cross-sectional area of the crystal. 
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Pyroelectric crystals exhibit a Curie temperature, above the Curie temperature the 

crystal becomes paraelectric, and spontaneous polarization will no longer occur. Below 

the Curie temperature the pyroelectric crystal is polar and exhibits Pyroelectricity. For 

this research lithium tantalate is used in all experiments. Lithium tantalate possess a 

Curie temperature of 685°C.  

 In vacuum atmospheric charges no longer build up over the face of the crystal. 

The screening charges are no longer compensated for and a high electric field is created 

across the surface of the crystal. During this time, the crystal will attract ions and 

electrons resulting in emission. For a pyroelectric crystal emission is caused by the 

surface ionization. There are three types of surface ionization.  

1. Ionization of gas atoms and molecules near the charged crystal surface. Known 

as field ionization. 

2. Ionization of atoms and molecules in an absorbed layer. Known as field 

desorption. 

3. Ionization of crystal atoms. Known as field evaporation. 

The dominant surface ionization for a pyroelectric crystal is field ionization. The 

other two processes are not likely to occur,
6
 field evaporation is especially rare. For 

Pyroelectric Accelerators the crystal is cut along the z-axis, the two opposing surfaces 

are referred to as the Z
+
 face and Z

-
 face. If the crystal is heated, the Z

+
 face of the 

crystal becomes less positive so it accelerates electrons away and attracts positive ions. 

The Z
-
 face will accelerate positive ions and attract electrons due to a positive net 

charge. If the crystal is cooled the Z
+
 face of the crystal accelerates positive ions away 

and attracts electrons to the surface. The Z
-
 face during this time attracts positive ions 

and accelerates electrons away from the surface. The phenomenon of Pyroelectricity 

described above is the central principal of Pyroelectric Accelerators. 
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2. Approximation of pyroelectric coefficient 

2.1 Motivation for research of pyroelectric coefficient 

 The research conducted at RPI is done to support the understanding of the basic 

properties of pyroelectric crystals. This is so improvements can be made to Pyroelectric 

Accelerators for nuclear fusion. In order to improve Pyroelectric Accelerators certain 

parameters are reviewed. To determine which variables to explore, we first look at the 

charge a crystal produces. The charge produced by the pyroelectric crystal depends on 

the change in temperature T , pyroelectric coefficient γ, and the area of the crystal 

surface, Acr. The magnitude of the charge produced is given by:
1
 

         (2) 

where Q is the charge on the crystal’s surface. When any of these parameters are 

increased, a larger amount of charge is produced. To improve previous results in 

Pyroelectric Accelerators it is necessary to maximize the total charge produced as a 

function of time. A Pyroelectric Accelerator will be constrained by the physical 

limitation of the system and the pyroelectric crystal itself.  

When a pyroelectric crystal undergoes a change in temperature the crystal’s 

polarization is altered. The temperature of the crystal is controlled by a thermoelectric 

cooler which allows the temperature to be adjusted to our specifications. Previously RPI 

has developed two methods for cooling the TEC, an air system and a water system.
4
 

With air cooling it is difficult to maintain a temperature below 15°C, because the fan 

cannot remove heat from the TEC efficiently enough to go far below room temperature. 

The water cooling system is able to reach a lower limit of 10°C.
4
 The cooling system 

used for this work limits the starting temperature to 15°C. The upper temperature is not 

limited by the Curie temperature of the crystal but by the TEC. The Melcor 

thermoelectric cooler must maintain a temperature gradient between both sides of the 

TEC. For a maximum temperature of 125°C on the heating face, the opposite face must 

be at 35°C.
7
 If the cooling side cannot maintain this, the TEC will not function properly. 

The obtainable temperature difference is not constrained by the limits of the crystal but 

by the device used to heat it. Earlier work done by Gillich
 
was conducted in order to 

improve the vacuum chamber and heat transfer systems of pyroelectric accelerators.
4
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The pyroelectric coefficient is a physical property of a pyroelectric crystal. It is 

commonly described as the change in the spontaneous polarization vector with 

temperature,
3
 as shown in equation 3 below: 

T

Ps




  (3) 

where   is the pyroelectric coefficient, Ps is the spontaneous polarization, and T is the 

temperature. With standard units of C m
-2 

K
-1

. The pyroelectric coefficient can be 

viewed as the change dipole moment per unit area as a function of temperature. 

Although the spontaneous polarization of a ferroelectric crystal changes with respect to 

stress or strain, when we use the term pyroelectric coefficient we are only looking at the 

changes with temperature. A pyroelectric material is characterized by a primary 

coefficient and secondary coefficient.
8
 The total of the two coefficients are referred to as 

the pyroelectric coefficient of a material.  

The research conducted seeks to accurately measure and record the pyroelectric 

coefficient of an individual crystal. Different crystals have different piezoelectric and 

pyroelectric properties. Previously Guether showed that for Pyroelectric Acccelerators, 

LiTaO3 has a high pyroelectric coefficient and low dielectric constant.
3
 Different crystal 

vendors may produce different pyroelectric coefficients. Whether this is due to crystal 

growth, design, or etching techniques, it is important to know which vendor produces the 

best product. Visual inspection shows discoloration in crystals that may have been 

caused by impurities. By determining the pyroelectric coefficient we identify a variable 

that was previously taken from other sources. The assessment of each crystal will 

improve accuracy of calculations and provide quality control. If the crystal’s coefficient 

is lower than the stated value the crystal will not be used. This is a form of quality 

control that will aid pyroelectric research at RPI. Selecting crystals with higher 

pyroelectric coefficients can improve results in Pyroelectric Accelerators that create x-

rays, electrons, ions and neutrons. There are various listed values of pyroelectric 

coefficients for LiTaO3. The most common two are 176 µC m
-2

 K
-1 8

 and 190 µC m
-2

 K
-1 

2
. Both vendors used by RPI, MTI and Red Optronics, do not list values for the 

pyroelectric coefficients of their crystals. Purchasing a pyroelectric crystal of the same 

geometry does not always result in the same maximum charge. Due to the previously 
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stated facts, a method was developed to determine the pyroelectric coefficient of the 

crystal by the charge produced. The system was designed for repeatable use. 

 

2.2 Theory 

 The technique used for measuring the pyroelectric coefficient stems from two 

papers by Lang.
1,9

 The pyroelectric crystal behaves as a current generator in parallel with 

its own resistance and capacitance and can be modeled as a lossy capacitor which is in 

parallel combination with an ideal capacitor and a resistor. The crystal acts like an ideal 

charge generator, creating a system that acts like a charging RC circuit. A shunt resistor 

is connected in parallel with the crystal and the voltages across the crystal and shunt 

were measured as a function of time for several shunt resistances. This technique does 

not alter the domain structure of the pyroelectric crystal.
1
 The model of the system 

involved in these measurements is the parallel combination of the crystal, shunt resistor, 

and meter as shown in figure 1.  

dQ/dt

Crystal Shunt Meter

C
cr

R
sR

cr
R

M

 

Figure 1 - Circuit diagram of Lang’s system. dQ/dt is the charge generated by the crystal, Rs is the shunt 

resistor, Rcr is the crystal’s resistance, Ccr is the crystal’s capacitance, and RM is the resistance of the meter 

Lang describes the system as a function of charge gain and losses.
4
 A differential 

equation was derived from the charge balance of the system. In this system the crystal 

generates current, which is leaked through the crystal. The current generated can also 

flow through the meter. The rate of the charge flow is equal to the current generated 

minus the current loss through the crystal and the system. The system for Lang’s case is 

a shunt resistor and an electrometer, creating a simple model of a DC circuit. The 
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purpose of the setup is to produce a charging curve that is slow enough for the meter to 

measure. The charging curve is dictated by the time constant. 

Lang published two papers that describe a method for measuring the pyroelectric 

coefficient, DC dielectric constant and resistivity of a pyroelectric crystal.
1,9

 The method 

depends on modeling the system as a lossy capacitor and producing charging curves 

where the voltage is measured over a period of time. Lang derived the following 

expressions when observing a pyroelectric sample while varying temperature.
1
 

The following expressions were checked experimentally by Lang: 

V
CRdt

dV

dt

dT

C

A

eqeqeq

cr






















 1

 

Mcreq CCC 
 

111 
 screq RRR  

(4) 

where Acr is the area of the crystal surface,   is the pyroelectric coefficient, V is the 

voltage across the crystal surface, dV/dt is time derivative of the voltage with respect to 

time, dT/dt is time derivative of the temperature, Req, Rcr, and Rs are the resistances of 

the total, pyroelectric element and shunt resistor, Ceq, Ccr, and CM are the total, 

pyroelectric element, and electrometer capacitances, respecitivly.
4
 

Lang established three different charging curves that are dependent on the time 

constant of the circuit. The time constant is defined as follows: 

                              eqeqCR   (5) 

where the time constant, τ describes the rate of change of the pyroelectric crystal with 

respect to the temperature. It is the first order response to the temperature input of the 

circuit. The shape of the voltage time curve is dependent upon the resistance of the shunt 

resistor.
9
 The rate of temperature change is referred to as (dT/dt)0, since it will be 

constant in this system. Lang demonstrates three general solutions to the ODE in 

equation 4, for the case when dT/dt is a constant, in the following equation 6. 





























eqeqCR

t

0
eqcr e1

dt

dT
RAV  (6) 
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Case 1: For τ<<1 the voltage will rapidly increase. To obtain this a shunt resistor of 

Rs<<Rcr is used to produce a time constant of τ <<1. When the crystal is heated the 

voltage in this case very rapidly increased to a constant value. The charging curve takes 

on the appearance shown in figure 2 (a). To calculate the voltage for this case the 

solution is derived from the ODE of equation 4. 

                              
 

0dt
dT

scrRAV   when t  (7) 

Case 2: For τ≈1 a new charging curve is produced. For this case to occur the shunt 

resistor will be a value that causes the equivalent resistance to match the equivalent 

capacitance. For example if the equivalent capacitance of a system 10
-11

 farads, the 

equivalent resistance must be of the order of 10
11

 ohms. The charging curve produced 

takes on the appearance as shown figure 2 (b). Solving equation 3 as a linear ODE with 

the boundary condition that V(0) = 0 results in the equation 6. 

 

Case 3: For τ>>1 a slow charging occurs. The charging curve takes the shape as shown 

in figure 2 (c). Generally this occurs when Rs>>Rcr. When the shunt resistance is much 

greater than the crystal resistance we see a time constant of τ >>1. When the time 

constant is very large the solution to the ODE becomes 

























eq
2

eq

2

eq0
cr

RC2

t

C

t

dt

dT
AV  (8) 

Upon evaluation of equations 6,7,8 only the time constant shapes the curve.  
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Figure 2 - Pyroelectric voltage curves a, b, c correspond to equations 7, 6, 8 respectively.
 9

 

Altering the time constant does not increase the maximum voltage produced. 

Lang’s work established the basis of determining the physical properties of the 

pyroelectric material such as pyroelectric coefficient, the dc dielectric constant and the 

volume resistivity. Four different procedures were developed based of the three charging 

curves to determine the physical properties of a pyroelectric sample. Each procedure 

only relies on using different shunt resistors while keeping the temperature profile and 

crystal size constant. For example it is possible to just calculate the pyroelectric 

coefficient from a single charging curve of case 1. However if a charging curve of case 1 

was then compared to a curve in case 2, a more accurate value for the pyroelectric 

coefficient is established. 

For the research conducted at RPI a new model was created. The model was 

geared towards Pyroelectric Accelerator applications so temperature profiles and crystal 

sizes are consistent with previous work done at RPI. The objective is to perform 

repeatable measurements of the charging curves of pyroelectric crystals. A multimeter 

will allow us to transverse beyond Lang’s work by measuring not just voltage but 

current as well. This research seeks to evaluate the surface charge in regards to the 

charge balance of a pyroelectric crystal, so it makes sense to examine the flow of charge 
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over time instead of voltage. The new system will also be designed to alter not just the 

equivalent resistance but also the equivalent capacitance. This allows more options for 

altering the time constant which changes the shape of the charging curve. The system 

can also be applied to Pyroelectric Accelerators if the shunt resistor and multimeter are 

replaced with the equivalent resistance of a fill gas across the gap. Applying this method 

in terms of capacitance might prove more straightforward since we can calculate the 

actual capacitance of the gap unlike the resistance.  

 

2.3 Design 

The design of system follows the circuit diagram in figure 1. The crystal was 

heated by the TEC. A wire was attached to the top of the crystal which feeds into the 

multimeter (HP3458A), which has the ability to measure current, voltage, and resistance. 

The multimeter (HP3458A) measures current as a function of time, with an internal 

shunt resistor and capacitance, Rmeter= 545.2 kOhm and Cmeter=15.6 nF, respectively. 

Figure 3 is an illustration of the physical setup of the system. 

 

Multimeter

HP3458A Computer

Breadboard

Copper Disk

Serial Cable

Capacitor

Crystal

3 cm

diameter

1 cm thick

 

Figure 3 - Illustration of physical setup. Crystal 3 cm diameter by 1 cm thickness  

Once the mulitmeter obtains a signal it will send it to the computer as shown in 

figure 3. For this design LabVIEW was used to control the temperature and record the 
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current. LabVIEW is a general purpose programming language that develops projects 

visually. Two LabVIEW programs are needed to perform these functions. Both 

programs will run in parallel from the same computer. The LabVIEW program (created 

by Bryan Herman) was used to control and record the temperature of the crystal.
4
 The 

second LabVIEW program is a modified HP 3458A multimeter VI. The HP multimeter 

was controlled by the LabVIEW program, which stored the measurements to an output 

file. The LabVIEW program recorded the current every 1 second.  

All LiTaO3 crystals are heated on the Z
-
 face using a thermoelectric cooler 

(Melcor part HT4-12-40), that was mounted onto the TEC with silver epoxy (GC 19-

2092). Corona Dope (GC Electronics 10-4702) was placed around the bottom edge of 

the crystal to prevent discharge. Prior to mounting the crystal a piece of copper tape was 

attached to the Z
-
 face of the crystal. The copper tape was then grounded by contact to 

aluminum housing. This procedure promotes charge flow from the Z
- 
face to ground. On 

the Z
+
 face of the crystal silver conductive epoxy was used to attach a copper disk that 

covers the surface. The copper disk dimensions are 3 cm in diameter by 0.1 cm thick. At 

the center of the copper disk a dip socket was mounted. The dip socket attaches the 

coaxial cable to the Z
+
 surface of the crystal. Both the dip socket and coaxial cable are 

mounted using solder.  

To change the time constant of the circuit a shunt resistor or capacitor is needed. 

In the experiments presented here the circuit is designed to change the capacitor of Cs. 

Figure 4 represents the circuit used at RPI to measure the current of a pyroelectric 

crystal.  
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dQ/dt

Crystal Capacitor Multimeter

C
cr

C
MC

sR
cr

R
M

 

Figure 4 - Circuit diagram of system at RPI. dQ/dt is the charge generated by the crystal, Rcr is the 

crystal’s resistance, Ccr is the crystal’s capacitance, Cs is the added capacitor, CM is the capacitance of the 

meter  and RM is the resistance of the meter 

 For this circuit a system was designed in aluminum housing. When the TEC 

heats the crystal, current is measured via the multimeter. Cs was in parallel with the 

crystal. Figure 5 shows the experimental setup of the crystal in the aluminum housing.  

 

Figure 5 - Picture of crystal in box.  A crystal of 3 cm diameter by 1 cm thickness was mounted on a TEC. 

A copper disk was attached to the Z
+
 surface of the crystal. Thermocouple wires were attached at the base 

of the TEC. The coaxial cable sends signals to the multimeter. 
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Figure 5 shows the copper disk attached to the top of the crystal. The coaxial 

cable was connected to the multimeter. This design was setup to reduce noise and 

promote safety. Forced cooling was not possible with this design due to latent heat 

stored in the aluminum housing after a heating cycle. It is possible to switch between 

current and voltage measurements. 

 

2.4 Heating Profile 

Lang’s work illustrated that the charge balance of the system relies on a constant 

temperature profile.
1
 This can be applied to either heating or cooling experiments. By 

uniformly heating the crystal the time derivative of the temperature is a constant. The 

charge balance equation can then be solved as a first order linear nonhomogenous ODE. 

When a TEC is powered it heats the crystal along the z-axis. A crystal does not heat at 

the same rate as the thermocouple wires located at the base of the TEC.  This will cause 

the temperature of the base of the crystal to be different than the temperature at the top at 

the crystal. The temperature difference is proportional to the size of the crystal. Two 

examples are demonstrated, one for large crystals with dimensions of 3 cm diameter by 1 

cm thickness and one for smaller crystals with dimensions of 2 cm in diameter and 1 cm 

thickness. 

Earlier experiments have proven that the temperature difference between the top 

and bottom are almost the same.
3
 This experiment was replicated with a crystal of size 2 

cm diameter by 1 cm thick. Temperature measurements are made by attaching 

thermocouple wires to the top and near the base of the crystal. Figure 6 is a plot of the 

temperature at the two locations previously mentioned. 
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Figure 6 - Measurement of temperature at the top and base of a 2 cm diameter by 1 cm thick crystal. 

ΔT=90K over 10 minutes 

Examining figure 6 shows that there exists a temperature difference of five 

degrees between the top and bottom of the crystal. The temperature difference is 

noticeable for the entire heating ramp, and the top of the crystal has an obvious delay in 

heating. After 30 seconds the crystal begins to heat at a constant rate. A relatively linear 

profile was observed with a small discrepancy at the beginning of the cycle. The top of 

the crystal temperature is fitted with Origin and plotted in figure 7.  
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Figure 7 - Linear fit of temperature measurement for a 2 cm diameter by 1 cm thick crystal.  

The Origin linear fit in figure 7 uses an estimated regression method to fit an 

equation to the temperature data. The coefficient of determination is a measure of how 

good the equation fits the curve.
10

 A higher coefficient gives a more accurate equation. 

The fit in figure 7 has a coefficient of determination of R
2
 = .99. The linear fit displays 

an equation that describes this temperature profile.  

BtAy   (9) 

where y is the temperature, A and B are constants, and t is the time. The temperature 

derivative with respect to time of equation 9 is a constant. A constant temperature profile 

allows us to solve the ODE of equation 3 and derive a general solution with our 

constants. 

It is incorrect to assume that this will work for larger crystals. A second 

experiment using a crystal with dimensions of 3 cm diameter by 1 cm thick was 

conducted. To limit variables the only factor that was adjusted was crystal size. The 

setup uses the same equipment as previously shown for the smaller crystal. Figure 8 is a 

plot of the temperature profile at the top and base of the crystal.  
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Figure 8 - Temperature profile of the top and bottom of a 3 cm diameter by 1 cm thick crystal. ΔT=80K 

over 10 minutes 

From figure 8 it is noticeably visible that there is a delay in heating between the 

top and base of the crystal. The majority of the heating ramp was constant. At the end of 

the heating ramp the difference between the top and bottom is 20 degrees. The heating 

cycle in figure 8 is 10 minutes long. A linear fit like equation 9 will not work. The 

instantaneous time derivative of the temperature is not constant for crystals of this size, 

and a new fit is needed to describe the measurement in figure 8.  

For time t<100 there is a significant delay in heating. This is caused by the 

increased size of the crystal as it takes additional time for heat to conduct to the top. For 

a heating rate of five minutes the temperature difference is 20 K. For time intervals 

shorter than five minutes the temperature difference is greater than 20 K and will not 

reach its maximum temperature before the ramp ends. Time intervals greater than five 

minutes usually see a maximum temperature difference of ~20 K. The actual 

temperature of the crystal will be somewhere between the top and base values. An 

average temperature will be taken between two measurements. This value is plotted in 

figure 9 and Origin is used to fit an equation to the line.  
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Figure 9 - Average temperature, of the top and base, of a 3 cm diameter by 1 cm thick crystal. Origin fits a 

polynomial to the line and plotted over the average temperature. 

This average heating profile must be converted into a function with respect to 

time before proceeding. Origin can perform polynomial regression with error weighting 

through the polynomial fit tool.
10

 Producing an equation that best fits the data, a 5
th

 order 

polynomial was used to fit the curve, with a coefficient of determination, of R
2
=0.99. 

The 5
th

 order polynomial has the following form 

                             
MtXtXtXtXtXtT  5

4

4

3

3

2

2

10)(  

 
(10) 

where X0, X1, X2, X3, X4, and M are constants that pertain to each individual curve fit. 

The quintic polynomial now describes the temperature at a time t.  

 

2.5 ODE 

With the new heating profile it is possible to derive a new ODE. Using equation 

4, it is clear that a time derivative is needed. Equation 11 takes the derivative of equation 

10 with respect to time: 

4

4

3

3

2

210 5432 tXtXtXtXX
dt

dT
  (11) 
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The constant M in equation 10 drops out and the result is a quartic polynomial.  Equation 

11 can be substituted as the temperature dependent function.  

 The crystal is thought of as a charge generator. The charge balance of the system 

can be described as an ODE  

Scr

cr
R

tV

R

tV

dt

dT
A

dt

dq )()(
   

(12) 

where dq/dt is the rate of flow of charge. The rate of charge is function of the charge 

produced minus the charge loss through the crystal and crystal loss through the shunt 

resistor. The shunt resistor for our case is in the multimeter. Equation 12 contains 

voltage and current, but due to limitations only one can be measured at time. Equation 

13 can be used to simplify the equation 12 into a single term. 

C

tq
tV

)(
)(   (13) 

Substituting equation 13 into equation 12 allows us to rearrange all the charge terms to 

the left hand side. The charge loss terms are combined and placed next to the rate of 

charge. The charge balance equation is as follows. 

dt

dT
Aqq cr




1
 (14) 

Equation 14 can be used to come up with a solution that applies for our ODE as follows.  
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(15) 

where B is 1/τ.  

Equation 15 works for crystals with non uniform heating rates. For crystals with 

uniform or constant heating rates we reexamine equation 5, which is Lang’s solution for 

voltage of a pyroelectric crystal. Although the equation is used to obtain the voltage of 

the crystal we will measure current. Equation 6 uses a temperature derivative (dT/dt)0, 

which is the time derivative of the temperature at t=0.
1
 It is a constant value, and since it 

does not depend on time, conversion from voltage to current is possible with one simple 

substitution. 
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R

V
I   (16) 

Plugging equation 16 into equation 6, the current then becomes 







 













t

cr e
dt

dT
AI 1

0

 (17) 

There is a similarity between equation 15 and equation 17 in regards to the normalizing 

factors Acr and . The shape of the curve is dependent on the temperature function with 

respect to time. Theoretically it would reach the maximum charge production within a 

few seconds of the heating ramp. For crystals, 2 cm diameter by 1 cm thick, the heating 

profile works with a linear fit so the derivative will be a constant. Equation 17 is used for 

crystals of this size. Realistically the crystals are not heated uniformly. Heat transferred 

by conduction is slow for larger crystals and requires equation 15 to obtain the current. 

This adjusted ODE will be compared with experimental results presented in the next 

section. 

 

2.6 Measurement 

 A Crystal with dimensions of 3 cm diameter by 1 cm thickness was placed in the 

aluminum housing so that current could be measured over different heating ramps. The 

adjusted ODE of equation 15 will be applied to these measurements. The time constant 

of the system will be designed to be as close to one as possible,  1. The shunt 

resistance of the multimeter is 545.2 kOhm,
11

 and for a time constant of approximately 

one, a capacitor of 2.0 µF is placed in parallel with the crystal. The capacitors in parallel 

act as follows 

Mscreq CCCC   
(18) 

where Cs is a capacitor placed into the circuit, Ccr is the crystal capacitance and CM is the 

capacitance of the multimeter. The crystal’s capacitance is given by the following 

equation. 

cr

crcr
cr

L

A
C

 0  (19) 

where εcr is the crystals relative permittivity (εcr=46), ε0 is the relative permittivity of free 

space (ε0=8.854*10
-12

 A
2
 s

4 
m

-3
 kg

-1
), and Lcr is the thickness of the crystal.

12
 For a 
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crystal of 3 cm diameter by 1 cm thick, the capacitance is Ccr = 0.29 nF. The HP3458A 

manual states the multimeter has a capacitance of CM  = 15.6 nF.
11

 If we add a capacitor 

to the system that is much greater than other capacitances it will dominate the circuit. 

The equivalent capacitance of the system becomes roughly the capacitor added to the 

circuit. Multiplying this by our equivalent resistance produces a time constant of τ = 

1.09. This circuit should produce a charge curve similar to (b) in figure 2. The crystal is 

heated to 120°C over a period of 10 minutes. Figure 10 shows the current plotted against 

time (charging curve), 
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Figure 10 - Charging curve of measured current. The Crystal has dimensions of 3 cm diameter by 1 cm 

thick 

The charging curve in figure 10 slowly increases before reaching the maximum 

current at the end of the run. The slope is more exaggerated than (b) in figure 2. This 

could be a result of the nonlinear heating ramp. At t>450 the current approaches its 

maximum value. This can be compared to a rough maximum current calculation. To find 

the maximum current we substitute equation 16 into equation 7 and produce the 

following equation that gives the maximum current the curve will reach. 
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0

max 









dt

dT
AI cr  (20) 

where Imax is the current a crystal will produce with no leakage. This will commonly be 

used as a reference value. For a crystal with dimensions of 3 cm diameter the surface 

area is 7.06*10
-4

 m
2
. The temperature derivative with respect to time is 100 K over 600 

seconds. Using the stated pyroelectric coefficient value of 190 µC m
-2

 K
-1 5

, it is possible 

to plug all these values into equation 20. The result is a current of 22.35 nA. A visual 

comparison to figure 11 show that the curve does not reach this value, but the curve 

reaches 19 nA by the end of the heating ramp. Although equation 20 gives a rough 

estimate, a more in depth analysis is needed.  

The next step is to plot the calculated values against the experimental data. A 

heating profile for ten minutes is substituted into Origin to produce constants in the form 

of equation 11. These constants are then transferred into equation 15 along with the other 

parameters. B in equation 15 is equal to the reciprocal of the time constant, which has 

the value of 0.91. Even though equation 20 shows us that the assumed value of 190 µC 

m
-2

 K
-1 

is overestimated, it can be used as reference point. Since the pyroelectric 

coefficient is just a normalizing factor, we can adjust to the curve. Adjusting the 

pyroelectric coefficient to 165 µC m
-2

 K
-1

, matches the experimental charging curve. 

Figure 11 is a plot of the calculated current using 165 µC m
-2

 K
-1

 and 190 µC m
-2

 K
-1 

plotted over the measured current. 
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Figure 11 - Approximation of charging curve. Crystal 3 cm diameter and 1 cm thickness 

 Figure 11 illustrates that the shape of the calculated current fits over the 

measured current. Since the shape of the charging curve is determined by the time 

constant
1
, this implies that B is correct. The pyroelectric coefficient is a normalizing 

factor that when adjusted lowers the curve. If all values expect the pyroelectric 

coefficient are known within 5 percent. It is within reason to adjust just the pyroelectric 

coefficient to fit the curve. The dip represented at the end of the curve occurs from the 

slower heating rate at the end of the temperature profile as seen in figure 9.  

 In an effort to understand the system fully, the time constant was altered to shape 

the charging curve. Altering the time constant of the system verifies the pyroelectric 

coefficient as shown in Lang’s method.
9
 A larger capacitor will take longer to charge 

and reach the full potential. The equivalent capacitance was changed four times to alter 

the charging curve. Each run will be 10 minutes long for a temperature difference of 

80°C. For capacitors that have a capacitance greater than the crystals it is a simple matter 

of placing it in parallel to complete the circuit. This is illustrated in equation 18. It is 

possible with these large capacitors to reproduce case 2 and case 3 of Lang’s method by 

replacing Cs in circuit diagram shown in figure 4. All other values remain constant. For 

case 1, τ<<1, an equivalent capacitance must be much less than resistance. The circuit 
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was constructed by removing the capacitor in figure 4. The coaxial cable from crystal 

goes directly into the multimeter, which causes the equivalent capacitance to be 

dominated by the multimeter. Figure 12 represents four difference capacitors and the 

charging curve for each. 
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Figure 12 - A plot for 4 different values of Cs, 15nF, 1 µF, 2 µF, and 100 µF. Charging curves calculated 

using equation 15 are plotted over measured data. Crystals with dimensions of 3 cm diameter by 1 cm 

thickness were used. 

 The pyroelectric coefficient is verified when each charging curve reaches the 

maximum current produced. Figure 12 uses the same pyroelectric coefficient, 165 µC m
-

2
 K

-1
, for each calculation to match the measured data. The 15 nF capacitor charges very 

quickly with a slight delay at the start. The time constant of the system is less than one 

and takes on the appearance of (a) in figure 2. Theoretically the charge should build up 

instantly but due to slow heating this is not the case. The values of Cs = 1 µF, 2 µF, and 

100 µF were interchangeable in the circuit. Although capacitors with 1 µF and 2 µF are 

the same order of magnitude they produce different slopes. Their respective time 

constants are τ = .55 and τ = 1.09, respectively. With just half of the time constant value 

the slope is significantly changed to a faster charging time. The charging curve for 100 

µF is much lower than other three curves and will not reach a current of 20 nA. The time 

constant, τ, is 54.52 for this capacitor. For a time constant of this magnitude the charging 
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curve bears a striking resemblance to (c) in figure 2. Looking at the four charging curves 

in figure 12 it appears that the lower capacitors are at the maximum current for a longer 

period of time. Calculating the total current of each curve reveals the lower the Cs values 

produce the maximum current for longer times. 

This method can then be applied for different heating rates. Finding the time it 

takes to heat the crystal is a considerable factor. The magnitude of current is inversely 

proportional to the time it takes to heat the crystal. For shorter heating ramps a crystal 

should reach a higher current. To confirm this we can calculate different heating rates 

using equation 15, with heating profiles that range from five to ten minutes. Transferring 

these heating profiles into Origin gives a new temperature rate that is substituted into 

equation 15. The calculated current is then compared to the measured current over 

different heating rates. The same 3 cm diameter by 1 cm thick crystal was used for all 

experiments. The starting temperature is 20°C and the heating ramp ends at 100°C, 

giving total ΔT = 80°C. Figure 13 shows the calculated current from equation 15 against 

the measured current for each temperature rate. 

0 100 200 300 400 500 600
0

5

10

15

20

25

30

35

40

10
9

8
7

6

5

=165C/m
2
K

Starting temp 20 [C]

Ending temp 100 [C]

 

 

C
u

rr
e

n
t 

[n
A

]

Time [Seconds]

Heating Time

 5 min

 6 min

 7 min

 8 min

 9 min

 10 min

 

Figure 13 - Current as a function of time for several heating rates. Comparison of measured current against 

calculated current. The same 3 cm diameter by 1 cm thick crystal was used for all experiments. 
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 Figure 13 shows that for shorter temperature ramps the current is much higher at 

the end of the heating cycle. Using equation 20, the maximum current for five minutes is 

two times that of the ten minute ramp. Figure 13 verifies that the maximum current for 

five minute ramp is double that of ten minute ramp. Longer times produce a lower 

maximum current but for a longer period of time. This plot does not show that discharge 

events occur more frequently for shorter time ramps. 

The theoretical charge of a crystal should be the same order of magnitude as 

equation 2. Figure 13 indicates that is not the case and charge loss is occurring. Charge 

loss was caused by either the crystal or its environment. These charge losses are 

accounted for by the exponential term in equation 15. The total charge of the crystal is 

lower but the crystal still reaches a maximum value at some time later. Theoretically the 

maximum value for a crystal with and without charge loss is the same. Calculating the 

total charge for a crystal of 3 cm diameter by 1 cm thickness, we find that the crystal 

does not reach the theoretical maximum charge. Figure 14 is a plot of total charge for 

heating rates of five to thirteen minutes.  
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Figure 14 - Total charge calculated with no leakage, charge calculated with leakage, and total charge 

measured for different heating rates. For a crystal of 3 cm diameter by 1 cm thick. 

 All three slopes represented in figure 14 are for a temperature difference of 80°C 

and 3 cm diameter crystal. The pyroelectric coefficient used in all calculations was 165 
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µC m
-2

 K
-1

. The black line (with triangles) shows the charge calculated from equation 2 

with no leakage. As shown in figure 14, a crystal with no leakage produces the same 

total charge for every heating length. In theory the total charge is independent over the 

rate of temperature change. This was not observed for an actual pyroelectric crystal since 

it experiences charge leakage. The grey line (with squares) is the total charge calculated 

by equation 15, for a range of 5 to 13 minutes. Then the calculated current is added up 

and integrated over time to get the total charge. The red line (with circles) is the total 

charge calculated from the measured current. The measured current is added up and 

integrated over time and plotted for each heating ramp. The collected charge of the 

crystal is much lower than its theoretical value. As time progresses the charge loss 

decreases for longer heating ramps. The difference between the theoretical charge 

w/leakage and the measured charge may be caused by internal resistances, parasitic 

capacitances and non uniform heating. At longer heating ramps the temperature 

difference between the top and bottom of the crystal is less, the crystal is more stable, 

and the total charge is greater. For shorter heating ramps more charge loss occurs and the 

crystal was prone to discharge. 

 Altering the heating rate of the crystal can produce various current ranges, as 

shown in the heating ramps in figure 13. For shorter ramps the instantaneous charge is 

higher, but short lived. For longer heating ramps emission lasts longer and was stable. 

The instantaneous charge emitted over this time is low compared to shorter heating 

ramps. Heating the crystal at an extremely slow rate will approach the theoretical 

maximum charge. There is an optimal heating rate that produces a large enough charge 

and maximizes the time of emission for nuclear applications. Finding this rate is a 

balancing act between high instantaneous charge and long emission time.  

 

2.7 Varying crystal sizes  

 The method of approximating the pyroelectric coefficient was repeated for 

various pyroelectric crystal sizes using the same equipment. All the crystals used in 

these experiments were LiTaO3. Two crystal sizes are chosen for additional 

measurement. The first was a cylindrical crystal with dimensions of 2 cm diameter by 1 
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cm thick. The crystal was attached to a smaller copper disk with silver epoxy. Figure 15 

is the measurement of current that the crystal produces over a ten minute heating ramp. 
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Figure 15 – Measured current from a pyroelectric crystal of 2 cm diameter by 1 cm thick. The calculated 

current (using equation 17) is plotted over the measured values. 

 Figure 15 shows a significantly reduced charging curve as compared to figure 10. 

This comes from the reduction in the crystal’s surface area. The calculated current is 

found by equation 17. Plotting the current with the pyroelectric coefficient of 165 µC m
-

2
 K

-1
 reveals a charging curve that matches the measured current. The measured current 

reaches a maximum value of 8 nA as shown in figure 15.  

 The second crystal used was a rectangular prism with a surface of 0.5 cm by 0.5 

cm and thickness of 0.4 cm. The setup for measuring the current was the same as 

previous crystals. This crystal has a significantly smaller area than the cylindrical 

crystals, which means the current is smaller. Figure 16 is a plot of the measured current 

from the rectangular prism crystal over ten minutes. 
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Figure 16 – Measurement of current from a pyroelectric crystal with a surface of 0.5 cm by 0.5 cm and 

thickness of 0.4 cm. The current is measured over ten minutes and the calculated current is plotted over 

measured data. 

 Figure 16 shows the measured current for a heating ramp over ten minutes. The 

current is calculated using equation 17 and plotted over the measured data. The 

pyroelectric coefficient value used for large crystals (3 cm diameter by 1 cm thick), 165 

µC m
-2

 K
-1

 produces a curve that is lower than the measured data. To match the measure 

current the reference value of 190 µC m
-2

 K
-1

 was used for the pyroelectric coefficient. 

For a crystal of this size its capacitance will be significantly smaller than the larger 

cylindrical crystals. Using equation 19 we find the prism’s capacitance to be 2.54 pF, 

which are two orders of magnitude smaller than the larger cylindrical crystals. This 

causes a decrease in the time constant, lowering it to less than 1. The charging curve’s 

slope was steeper than the cylindrical crystals. 

 The smaller crystal has a higher measured pyroelectric coefficient than both the 

cylindrical crystals. The difference is to the first order but still reveals that different 

pyroelectric crystals possess different pyroelectric coefficients. The lower pyroelectric 

coefficient could have been caused by damage done to the crystal, impurities or the 

manufacturing process itself. These pyroelectric coefficient values are used as reference 

for further experiments. 
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2.8 Fitting to the curve 

 The χ
2
(γ) distribution is used to determine the pyroelectric coefficient for a given 

charging curve. The χ
2
 method can be used to explore any error in our measurements. 

The χ
2
(γ) formula is defined by the following equation: 
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where calculatedi(γ) is the calculated current, measurei is the measured current, σ is the 

instrumentation error , and N is the number of measurement points.. The χ
2
(γ)

 
values will 

give us an estimation of how well the theoretical calculation fits the curve. When plotted 

against a range of pyroelectric coefficient values it produces a parabola with a minimum 

point. In theory this minimum value is the best estimate of the pyroelectric coefficient. 

First we find the calculated current from equation 17 then substitute it into equation 21 

to find χ
2
(γ). Figure 17 displayed below is the plot of the χ

2
(γ)

 
values as a function of 

pyroelectric coefficients, for a crystal of dimensions 2 cm diameter by 1 cm thick. 
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Figure - 17 The calculated χ
2
(γ)

  
values plotted against a given range of pyroelectric coefficient values. The 

lowest point or minimum value is the approximated pyroelectric coefficient for a charging curve. For a 

constant heating rate. The measured data comes from a crystal of 2 cm diameter by 1 cm thick. 
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 Figure 17 shows the expected parabola shape when plotted. The red line in figure 

17 shows the minimum point on the parabola. The lowest point on the parabola is found 

through Mathcad to be 167. To determine the error on this value, adjust the lowest point 

by an arbitrary increase of 5%. The 5% increase shifts the minimum value on the 

parabola as shown in figure 18. 
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Figure - 18 The calculated χ
2
(γ)

  
values plotted against a given range of pyroelectric coefficient values . 

The minimum value is adjusted by a 5% increase. The measured data comes from a crystal of 2 cm 

diameter by 1 cm thick. The shifted values show the minimum now occurs at 164 and 170.  

 The red line in figure 18 is the 5% increase in our minimum value. The red line 

intersects the parabola at two points, 164 and 170, resulting in a range of ±3. The 

minimum value shows that the curve fits best with a pyroelectric coefficient of 167±3 

µC m
-2

 K
-1

. We then plot this “best” fit alongside our previous visual approximation. 

Figure 19 is the plot of the calculated current using both pyroelectric coefficients over 

the measured current. 
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Figure - 19 The current was calculated for a pyroelectric coefficient of 165 µC m
-2

 K
-1

 and then of 167 µC 

m
-2

 K
-1

 and plotted. The measured data comes from a crystal of 2 cm diameter by 1 cm thick. 

 Upon inspection of figure 19 we notice that the value of 167 µC m
-2

 K
-1

 is a 

better fit to the curve. 

 The next step is to use apply the same procedure to the non uniform heating rate. 

As previously shown we calculate the χ
2
(γ)

 
values and plot against a given range of 

pyroelectric coefficients. The minimum point on the parabola will give the best estimate 

of the pyroelectric coefficient that fits the measured curve. Equation 15 is used to 

produce the calculated values of a crystal of 3 cm diameter by 1 cm thickness.  Both the 

calculated and measured values are transferred into equation 21 and the χ
2
(γ)

  
values are 

plotted in figure 20 below.  
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Figure – 20 The calculated χ
2
(γ)

 
values plotted against a range of pyroelectric coefficient values. The 

minimum value is the approximated pyroelectric coefficient for a charging curve with a non constant 

heating  rate. The measured data comes from a crystal of 3 cm diameter by 1 cm thick. 

 Figure 20 shows a parabola as expected with the minimum value illustrated by 

the red line. Using Mathcad the minimum value was found to be 168. This value is also 

higher than the visual approximation value. We once again take an arbitrary 5% increase 

to show the sensitivity of γ. The 5% increase in the minimum value is plotted in figure 

21 
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Figure - 21 The calculated χ
2
(γ)

  
values plotted against a given range of pyroelectric coefficient values. The 

minimum value is adjusted by a 5% increase. The measured data comes from a crystal of 3 cm diameter by 

1 cm thick. The shifted values show the minimum now occurs at 165 and 171. 

 The red line in figure 21 is the 5% increase in our minimum value. The red line 

intersects the parabola at two points, 165 and 171, resulting in a range of ±3. The 

minimum value shows that the curve fits best with a pyroelectric coefficient of 168±3 

µC m
-2

 K
-1

. We then plot this “best” fit alongside our previous visual approximation 

value. Figure 22 is the plot of the calculated current using both pyroelectric coefficients 

over the measured current. 
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Figure - 22 The current is calculated for a pyroelectric coefficient of 165 µC m
-2

 K
-1

 and then of 168 µC 

m
-2

 K
-1

 and plotted. The measured data comes from a crystal of 3 cm diameter by 1 cm thick. 

Figure 22 shows us that the best fit to the curve is a pyroelectric coefficient of 168 

µC m
-2

 K
-1

. 

 Visual approximation for crystals of size 5 mm by 5 mm and 4 mm thick showed 

a pyroelectric coefficient of 190 µC m
-2

 K
-1

.The χ
2
(γ)

 
method was repeated for crystals 

of size to determine the best fit to the curve in figure 16. The χ
2
(γ) values are calculated 

and then plotted in figure 23.  
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Figure - 23 The calculated χ
2
(γ)

 
values plotted against a range of pyroelectric coefficient values. The 

minimum value is the approximated pyroelectric coefficient for a charging curve. The measured data 

comes from a crystal of 5 mm by 5 mm and 4 mm thick.  

 The minimum value was calculated by Mathcad and plotted in figure 23. The 

χ
2
(γ) method tells us the best fit to the curve is 185 for crystals of size 5 mm by 5 mm 

and 4 mm thick. Shifting the minimum value by a 5% increase and plotting on the 

parabola reveals a sensitivity of ±5. The best fit for the pyroelectric coefficient of 

crystals this size is 185±5 µC m
-2

 K
-1

 

 

2.9 Summary  

The research described in this section focuses on understanding and 

characterizing the pyroelectric coefficient for LiTaO3. The charge of the pyroelectric 

crystal is determined by three factors, the pyroelectric coefficient, temperature change, 

and the surface area. The temperature of the crystal that is used for calculations is the 

average between the top and base temperature measurements. The temperature profile of 

the system must be accounted for and a new ODE was developed. With this new ODE it 

was possible to approximate the pyroelectric coefficient since all other factors are 

accounted for. A method of determining the pyroelectric coefficient stems from the work 

done previously by Lang.
1
 The current of a crystal was measured as a function of time 
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and plotted and the pyroelectric coefficient was approximated to the measured current. 

For large cylindrical crystals the measured current suggests a pyroelectric coefficient 

that is different from the previously taken values. These coefficient values are verified 

by changing the time constant of the circuit and comparing to other charging curves. 

Expressing these values in the form of charge brings new insight to the charge loss of the 

system by non uniform heating and leakage. 
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3. . Localized Contact Measurement 

3.1 Motivation and theory 

 New speculation raises that idea that charge exists inside the crystal.
13

 The 

charge at the center of the crystal is thought of as an untapped resource. For a solid 

crystal it is not practical to obtain this charge. The charge does not leak out from the 

sides and will not migrate to the surface. Brownridge has shown that no charge 

migration occurs between the crystal’s surface below 200°C.
14

 The lack of charge 

migration is what makes pyroelectric crystals an excellent electron accelerator at low 

temperatures. To reach this charge inside the crystal we have to alter its structure. 

Brownridge’s work has demonstrated that a cracked crystal still retains the same 

physical properties and still produces charge.
14

 The damaged pyroelectric crystal 

continues to function in its new shape as long as it remains below the Curie temperature. 

The remaining cracked pieces still function but are difficult to characterize since they 

now have irregular shapes. The difficulty comes in altering the crystal’s structure 

without breaking it into pieces.  

One way to reach the center of the crystal is to drill a hole. Drilling a hole in the 

crystal increases the surface area while maintaining its basic structure. This process 

hollows out a cylindrical shape into the crystal and creates a new surface at the depth of 

the hole. If the crystal is not damaged, charge will be produced on the bottom face of the 

hole. In addition charge is produced on the side walls of the hole and would increase as a 

function of depth. During emission it might be possible for electrons to accelerate out of 

the hole if the potential is high enough. This method would also effectively increase the 

surface area of the crystal without running into predicaments that come from larger 

crystals, such as high power and discharge. It is expected that the charge emission is 

proportional to the hole’s surface area. The crystal would create charge at the bottom 

face of hole plus an additional amount from the sides. The area of the surface in the hole 

is found by the following equation  

Ahole            (22) 

where Ahole is the surface area, r and L are the radius and length of the hole respectively.  

Previously, we were restricted to measuring the entire surface charge of the 

crystal. Once the hole was created we needed to measure specific sections of the crystal. 



 

39 

Using a small spring loaded probe we measured different locations on the crystal. The 

current collected by the multimeter is limited by surface contact the probe makes. This 

allows us to place the probe in the drilled hole and only measure the charge from the 

hole. Using the probe’s surface area we can calculate the current for the contact area. 

The calculated current can then be compared to the measured current for verification. 

The goal of this experiment it to provide accurate data for current measurement inside 

the crystal. This technique will be sensitive to any increase in current from various 

positions on the crystal’s surface. We measured the current at the surface of the crystal, 

at the bottom face of the hole, the side walls of the crystal and then finally the entire area 

of the hole. Each run uses the same heating rate and only the position of the probe 

changes. The measurements can then be compared to determine if the current is larger at 

different points on the crystal. Figure 24 is a physical illustration of the probe making 

contact with the crystal. 
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Figure 24- Physical illustration of the probe making surface contact and contact in the drilled hole. 

 Figure 24 shows the physical illustration of setup used to perform localized 

current measurements. The probe possesses the ability to move to different locations on 

the crystal. The thick black lines show the areas in which the probe makes contact with. 

The multimeter (HP3458A) was used to measure the current from the crystal.  

 

3.2 Setup and Method 

  Measurement is now determined by the contact area the probe makes, which is 

why a new setup was created for localized measurements. The spring loaded probe was 

attached to a lever that applies force down on the probe. When the lever applies force to 

the probe it presses down on the surface of the crystal. This causes the maximum area of 

the probe to be in contact with the surface of the crystal. The base of the probe is a 

sphere with a radius of 1 mm.
15

 The advantage of using the spring loaded device is that 

the probe can be moved to any position on the crystal. Rapid measurements can be made 

without the use of epoxy or other adhesives. The physical connection between the probe 

and the crystal is applied by direct force from the lever. Proper surface contact is 

essential for the accuracy of current measurements. A probe that isn’t flush with the 

surface produces values that are lower than expected. The probe is a Duralloy plated 

cylinder (IDI 100603-036-8-097) with a 2 mm diameter. The system was placed in an 

aluminum housing to eliminate electric noise and was used as ground. For all 

measurements a crystal of 2 cm diameter by 1 cm thick is mounted on a TEC and placed 
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into the aluminum housing. The lever device was then placed next to the TEC. The 

probe wire was connected to a BNC connector that feeds into the multimeter 

(HP3458A).  

 To achieve our object four experiments were performed. The first experiment 

was to measure the crystal’s surface by point contact. The second experiment measured 

the same quantity of area in the drilled hole. We expect the two measurements to be the 

same. The third measurement collects charge from both the side walls and the bottom 

face of the hole. The final experiment measured charge from the side walls to verify that 

the walls do produce charge.  

 

3.3 Measurement from point contact 

 A 2 mm diameter hole was drilled 4 mm into a crystal with dimensions of 2 cm 

diameter by 1 cm thick. The surface area of the hole was found from equation 22. For a 

radius of 1 mm and a length of 4 mm, the area of the hole is 28.27 mm
2
. The ratio of the 

hole area to the base of the hole is,  

0.9
14.3

27.28


base

hole

A

A

 
(23) 

With the modified crystal various localized measurements were made. 

  

3.3.1 Surface Charge Measurements 

Point measurements on the surface of the crystal were made first by pressing the 

probe onto the surface of the crystal and heating it for 6 minutes to 110°C. A faster 

heating ramp was used to produce higher current significantly above the background 

noise of the multimeter. As shown in figure 25, the charging curve was measured using 

the IDI probe. 
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Figure 25 - Measurement of surface current of a pyroelectric crystal using a probe of radius 1 mm. A 

calculated value is plotted over the measured the data using equation 17. 

 As shown in figure 25 the current was measured on the surface of the crystal and 

the calculated current was plotted over it. The probe picks up a larger amount of noise 

because it does not use adhesives for contact. Insulating the probe reduces the noise but 

this effect is limited when measuring by physical contact. The crystal was placed in 

parallel with a 2.0 µF capacitor, resulting in a time constant of ~ 1. Equation 17 was 

used to produce the calculated current. The pyroelectric coefficient of this crystal is 167 

µC m
-2

K
-1

 and assumed to be the same at all points on the surface. The current reaches a 

maximum of 0.23 nA on the crystal’s surface and this value is our reference point that 

will be compared with the current from the hole.  

 

3.3.2 Charge collection from the bottom face of the hole 

 The next step was to measure the current at the bottom face of the hole without 

collecting charge from the sides. This step would indicate if the charge buildup is greater 

in the hole than the surface of the crystal. The same IDI probe makes contact with the 

bottom face of the hole and measures current. Figure 26 is a plot with the measured 

current from the bottom of the drilled hole.  
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Figure 26 - Measurement of current of a pyroelectric crystal using a probe of radius 1 mm. The probe was 

placed into the drilled 4 mm hole.  A calculated current is plotted using equation 17. 

 Figure 26 illustrates the measured current is 17% greater in the hole than on the 

surface. The calculated current is the same curve used in figure 25. The maximum 

current was ~ 0.29 nA and has higher variations since the probe was surrounded by the 

side walls of the crystal. This could be caused by the bottom face of the hole having an 

uneven surface. To drill the hole a flat diamond tipped drill bit was used. Although it 

appears flat it cannot match a chemically etched surface. The two charging curves in 

figure 26 are evaluated to reveal a 17% increase between the two.  

 There are two possibilities for the increase in current. The first possibility is that 

probe could be picking up extra charge from the side walls of the hole. When the probe 

is placed at the center of the hole it looks like two concentric circles. That means for 

probe to pickup any charge from the sides, the charge must travel 0.05 mm through the 

atmosphere. The probe picks up these charges as sharp spikes or discharges. After the 

walls discharge the potential is lost and it takes time for charge to reach this level again. 

The sharp spikes occur as one data point and are not continuous. The second possibility 

is that the crystal experiences a greater temperature change in the drilled hole since it is 

closer to the TEC. The probe is placed 4 mm into the crystal. This is 4 mm closer to the 

source of heat than the surface measurement. From measurement we know that the 



 

44 

crystal experiences a five degree difference between the top and the bottom. If the heat 

has to conduct half the distance it is possible to assume that the temperature difference is 

roughly half. The temperature at the center of the crystal is thus greater than the top, 

resulting in a larger current.  

 

3.4 Charge collection from the hole bottom and sides    

 A different probe was used for measuring the full surface area of the hole. A nail 

cut to a diameter of 2.05 mm makes contact with the entire surface area of the drilled 

hole. The bottom face of the nail was polished and covered with soft solder to a flat 

surface. The soft solder was used to improve contact between the nail and the crystal. A 

wire was soldered to nail and feed through the lever. The lever applies pressure on the 

wire that pushes down on the head of the nail. The applied force ensures contact between 

the nail and bottom face of the hole. Figure 27 is a measurement of the nail in the 

crystal’s hole.  
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Figure 27 – The entire area of the hole is measured using the nail probe. The calculated current is plotted 

using equation 17. 

 In figure 27 the calculated current, using equation 17, is plotted over the 

measured data. The pyroelectric coefficient of the crystal was 167 µC m
-2 

K
-1

. The 

heating ramp lasts for 6 minutes to a temperature of 110°C. According to theory the 
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charge collected in the hole should be nine times greater than the surface charge. The 

charging curve reaches a maximum current of 1.7 nA represented in figure 27 and when 

compared to the results from the bottom face, in figure 26, we see a ratio of 7.8. For 

comparison figure 28 is a plot of the measured current for the bottom face of the hole 

and the entire area of the hole. 
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Figure 28 – The current is measured at the bottom surface of the hole and then for the entire area of the 

hole. Equation 17 is used to calculate current for areas and is plotted over the measured currents. 

 Figure 28 shows the increase in current compared to bottom face. The area 

increases as the depth of the hole increases. The technique of drilling can result in an 

increase in charge production if contact with the side walls of the hole is made. 

 

3.5 Lifted contact measurement 

 The surface area of the side walls is greater than the bottom face so the walls 

should produce more charge. To validate this assumption, the nail probe was lifted up to 

prevent contact from the bottom of the hole. The probe was lifted roughly 1 mm above 

the bottom of the hole. We expect to see a loss of 25% compared to figure 27 which 

measures the side walls and the bottom face of the hole. Figure 29 is the measurement of 

the current when the probe is lifted.  
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Figure 29 - The current measured from the nail probe as it is lifted 1 mm above bottom face of the hole. 

The calculated current is plotted over the measured data.  

 Figure 29 shows that the measured current is slightly higher than the calculated 

current. The measured charging curve appears to reach a maximum of 1.2 nA before the 

end of the heating ramp. The calculated current is slightly lower with a charging curve 

that reaches 0.90 nA. The measured current in figure 29 clearly picks up more current 

than predicted along with a few discharge spikes.  

 The lifted probe measurement can be evaluated against the entire surface area of 

the hole as compared in figure 30 that contains both the calculated current for the 

reduced area and for the entire hole. 
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Figure 30 - Current measurement between the full area of the hole and the reduced lifted area. Two 

calculated current curves are found by using the full area and the reduced lifted area. The curves are 

plotted over the experimental measured current. 

  In figure 30 we see a 25% change because the hole depth was reduced from 4 

mm to 3 mm. 

 

3.6 Grounded experiments 

The original setup for this experiment involved grounding the crystal’s surface 

and then measuring current from the drilled hole. A measurement of the entire surface 

area of the hole could be made without interference from the top of the crystal. The 

theory was that grounding the crystal’s surface will not affect measurements in the 

drilled hole. To do this we covered the entire surface of the crystal with copper tape and 

then attached it to ground. The IDI probe was placed in the hole and the crystal was 

heated for 6 minutes. The IDI probe showed no increase in current. Grounding the top of 

the crystal eliminated the charge measured by the probe. This is a surprising find since it 

was originally believed that charge migration does not occur below 200°C.
14

 When the 

copper tape was removed, the crystal performed as previously reported in this chapter. It 

was originally believed that charge does not migrate through the crystal beyond leakage. 

Grounding the surface of the crystal revealed that this is not the case.  
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 Grounding a section the crystal does not eliminate charge production but reduces 

it. The IDI probe makes contact with a point on the crystal’s surface. A piece of copper 

tape covers a section of the crystal and was attached to ground. Figure 31 is the physical 

setup described previously.  
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IDI probe

Hole

2 mm diameter

 

Figure 31 - Copper tape covers a section of the crystal. The tape was attached to ground. At another point 

the IDI probe makes contact with the crystal’s surface. The crystal was 2 cm diameter by 1 cm thick and 

has a 2 mm hole.  

 The crystal was heated for 6 minutes and the current was measured using the IDI 

probe. The results are plotted figure 32.  

 

 



 

49 

0 50 100 150 200 250 300 350
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

 

 

C
u

rr
e

n
t 

[n
A

]

Time [seconds]

 Measurement while grounding half the crystal

 Surface Measurement No ground

 Calculated current

 

Figure 32 – A section of the crystal was grounded. A piece of copper tape connects the crystal’s surface 

and ground. The IDI probe was placed on the crystal’s surface. Current was measured over 6 minutes with 

the IDI probe. 

 The original surface measurements are plotted along with the grounded 

measurement and the calculated current in figure 32. The decrease in current was an 

unexpected result. When grounded, the measured current dropped by 40%. The copper 

tape on the crystal may have introduced a high electric field to the surface. The high 

electric field could be the cause of the decrease in current measured by the probe. 

 

3.7 Discussion 

To measure the current inside the crystal a hole was created. As expected it was 

found that charge was produced inside the crystal including the side walls. This was 

confirmed by measuring the current only on the side walls by lifting the probe. The 

charge produced was found to be proportional to the surface area. In order to optimize 

the geometry of the crystal, techniques in perforation should be examined. It would then 

be possible to create multiple holes in the crystal to maximize the surface area in which 

charge can be emitted. Experiments in grounding lead to some unexpected results. It was 

previously believed that charge migration does not occur below 200°C.
14

 This was not 
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the case for our system. The copper tape may have been creating a high electric field on 

the surface of the crystal. Certain interactions on the crystal’s surface are still unknown. 
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4. Emission of a pyroelectric crystal with altered surface 

4.1 Motivation and theory 

 The work done in chapter 3 showed that the side walls of the drilled hole 

produced charge. Current was measured when direct contact was made with the side 

walls. The current produced was proportional to the amount of area the probe makes 

contact with and the surface area was increased by the length of hole drilled. The next 

step is to determine if drilling holes into a crystal is beneficial for Pyroelectric 

Accelerators. The purpose of this chapter is to investigate the emission of electrons or 

ions from the hole. This includes emission from the bottom face of the hole and the side 

walls. Electrons or ions emitted from the bottom face of the hole confront the obstacle of 

being on a different plane than the surface. If the electrons don’t experience acceleration 

then they won’t make it out of the hole. It is also possible for electrons to curve and hit 

the side walls of hole. The objective of this chapter is to confirm that electron emission 

does occur from the drilled hole and to characterize it. Figure 33 is a conceptual drawing 

showing ionized electrons emitting out of the crystal’s hole. 

Crystal

-

TEC

Electrons

 

Figure 33 – Emission of electrons from a hole drilled into the face of a pyroelectric crystal. 

 For the following experiments a vacuum environment is needed. An aluminum 

vacuum chamber was connected to a turbo molecular pump station (Leybold BMH 70 

DRY), as previously reported.
3,4

 The pressure gauge attached to the system read between 
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0.1 mTorr to 1 mTorr. To collect emission and measure current a copper Faraday cup 

was used.
16

  

 

4.2 Entire crystal emission 

 The pyroelectric crystal was placed in the vacuum chamber and emits electrons 

on heating. The entire crystal was placed in front of the Faraday cup for measurement. 

Measuring the current of the entire crystal gives a reference for later comparison. Figure 

34 shows the setup of the crystal and how the electrons will hit the Faraday cup. 
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Figure 34 – Setup of a pyroelectric crystal with a drilled hole in a vacuum. The crystal emits during 

heating and the emitted electrons hit the Faraday cup. The current was measured via the multimeter. 

 As the length of the gap between the crystal and cup increases, the measured 

current decreases. In order to maximize emission the crystal was placed at a distance of 

6 mm away from the cup.
16

 It was shown that for the drilled crystal there was no 

decrease from contact measurement, so emission should perform as expected. Figure 35 

is a plot of the current measured by the Faraday cup over 7 minutes heating. 
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Figure 35 - A pyroelectric crystal of 2 cm diameter by 1 cm thick, with a 2 mm diameter hole was heated 

for 6 minutes. Current was measured with the Faraday cup at a distance of 6 mm.  

 Figure 35 shows the charging curve of current measured by the Faraday cup. The 

charging curve in figure 35 confirms that emission still occurs for a crystal that has a 

hole drilled into it. If the distance between the crystal and the cup is less than 3 mm the 

system was prone to discharge. 

 

4.3 Grounded emission: 

 The large surface area of the Faraday cup raises the issue of accurate 

measurements from the drilled hole. The Faraday cup is much larger than the crystal’s 

surface area, and measures emission from the entire crystal surface. To characterize the 

emission from the drilled hole a new setup was needed, originally it was believed that 

grounding the surface of the crystal will prevent charge on the surface but allow 

emission from the hole. The setup is similar to figure 34, but copper tape was used to 

cover the crystal’s surface. A second piece of copper tape was attached to ground. We 

verified that emission does not occur when the crystal’s surface was grounded. Figure 36 

is the plot of emission for the grounded and ungrounded crystal with the Faraday cup.  
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Figure 36 – A pyroelectric crystal with dimensions of 2 cm diameter by 1 cm thick was heated in vacuum. 

Current was measured with the Faraday Cup. The current was measured while grounding the crystal 

surface (except the hole) and then again with no ground. The multimeter noise is also plotted for reference. 

 Figure 36 shows that grounding the crystal’s surface prevents electron emission 

and was on the same order of magnitude as the multimeter noise. Emission from the 

grounded crystal was too low and cannot be characterized. The ungrounded 

measurement is plotted to show that the crystal produces current well above the noise 

level. Grounding the surface of the crystal does not produce definite results. A new setup 

is needed to characterize the current produced from the drilled hole.  

 

4.4 Copper plate 

 The next setup attempts to align the Faraday cup with emission only from the 

drilled hole. Since the Faraday cup is much larger than the drilled hole, an object is 

needed to block emission from the rest of the crystal. Placing a grounded object in front 

of the cup prevents emission from the entire crystal. The object acts as a collimator that 

only allows emission from the drilled hole through. Figure 37 shows the addition of a 

grounded copper plate into the physical setup. 
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Figure 37 - Setup of a pyroelectric crystal with a drilled hole in a vacuum. The grounded copper plate 

blocks emission except for electrons that go through the hole in the plate. The crystal emits during heating 

and hits the Faraday cup. The current was measured via the multimeter. 

 The grounded copper plate has a 2 mm diameter hole that aligns with the 

crystal’s drilled hole and is 1 mm thick. The focal length of the crystal may have been 

altered upon drilling, which influences the field lines. Alignment of the drilled hole and 

the grounded copper plate was challenging. A flashlight was used to align the two holes 

and the copper plate was placed 6 mm from the crystal. A distance of 6 mm was chosen 

due to previous work with focal length of pyroelectric crystals.
16

 Figure 38 is a plot of 

the current measured by the Faraday cup with the grounded copper plate between the 

crystal and cup. 
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Figure 38 – The current measured by the Faraday cup for a pyroelectric crystal of 2 cm diameter by 1 cm 

thickness. The copper plate hole was aligned with the drilled hole of the crystal.  

 The pyroelectric crystal was heated for 7 minutes with a temperature change of 

90°C. Numerous runs with the copper plate resulted in rapid buildup before discharging. 

As seen in figure 38, the copper plate blocks emission during the early part of the run. 

The sudden increase in current may be the result of a focusing effect that was occurring 

but this is unfounded at this time. Reducing the distance between the copper plate and 

the crystal resulted in multiple buildup discharge peaks. Vibrations from the chamber 

also caused the copper plate to shift under vacuum. When the plate shifts, measurement 

from the crystal’s surface was collected instead of the drilled hole. The current measured 

using this method cannot be localized to only the drilled hole. Without continuous 

measurement it is not possible to characterize the emission from the drilled hole. 

 

4.5 Plastic block insulator 

 In order to have a more effective collimation the copper plate in figure 37 was 

replaced with an insulator. The insulator chosen was a Teflon block with dimensions of 

7.5 cm width by 15.3 cm length and 1.3 cm thickness. The Teflon block creates a large 

barrier between the crystal and the cup. A 2 mm diameter hole was drilled through the 

Teflon block and the Teflon block was placed 6 mm away from the crystal. A flashlight 
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was used to align the drilled hole with hole of the Teflon block. Figure 39 is a plot of the 

measured current for a 7 minute heating ramp, with the Teflon block between the crystal 

and the cup. 
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Figure 39 – A pyroelectric crystal of 2 cm diameter by 1 cm thickness was heated in vacuum. A Teflon 

block with 2 mm diameter hole was placed between the crystal and the Faraday cup, at a distance of 6 mm 

from the crystal. 

 Figure 39 shows the positive charging curve measured by the Faraday cup. The 

electrons from the crystal are hitting the Teflon block and charging it. The block then 

emits positive ions that when measured by the cup show up as positive current. Teflon is 

a dielectric that becomes polarized by the electric field. Realignment of the drilled hole 

and Teflon block hole do not improve results. The Teflon block cannot be constrained 

like the copper plate and its large size make it susceptible to the vibrations of the 

vacuum chamber. To reduce alignment issues the Teflon block was placed directly onto 

the crystal’s surface and the two holes are aligned. Placing the insulator directly on the 

crystal also charges the block. Figure 40 is a plot of the current measured by the Faraday 

cup when the Teflon is placed directly in front of the crystal. 
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Figure 40 - A pyroelectric crystal of 2 cm diameter by 1 cm thickness was heated in vacuum. A Teflon 

block with 2 mm diameter hole was placed directly onto the crystal.  

 The current measured by the Faraday cup in figure 40 was positive, which means 

positive ions are emitted from the Teflon block. The setup was also prone to discharge. 

The method of using barriers to characterize emission from the drilled hole does not 

produce definite results. Problems with alignment and positive prove the approach is 

ineffective.  

 

4.6 Plastic cover 

 To effectively block emission from the crystal’s surface an insulator was attached 

to the crystal itself. The plastic cover acts as an insulator and should prevent any charge 

build up that occurs on the crystal’s surface. Two holes are drilled into the plastic cover, 

one over the drilled crystal hole and the second over the crystal’s surface. The plastic 

cover was 2 cm in diameter and 0.05 cm in thickness. The cover was attached with silver 

epoxy. Figure 41 is the physical setup of the crystal with the plastic cover. 
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Figure 41 – A pyroelectric crystal with dimensions of 2 cm diameter by 1 cm thick was mounted to the 

TEC. The plastic cover was attached to the crystal and the two holes are drilled into it. One hole was 

aligned over the crystal’s drilled hole. The second hole was aligned over the crystal’s surface. 

 For all runs with the plastic cover the crystal was heated for 7 minutes. A piece 

of copper tape was placed over the surface hole. The idea was that the copper tape stops 

emission from the surface and the Faraday cup only sees emission from the drilled hole. 

Figure 42 is the plot of the current measured by the Faraday cup. 
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Figure 42 – A pyroelectric crystal with dimensions of 2 cm diameter by1 cm thickness was heated for 7 

minutes. A plastic cover was attached to the surface of the crystal. Copper tape covers the surface hole of 

the crystal. The drilled hole was exposed.  

 Figure 42 shows that no emission reaches the cup before t<300. At t>300 the 

current quickly increases and discharges repeatedly. This was a similar charging effect 

that occurred with the Teflon block. The plastic cover acts like an insulator until enough 

charge builds up and then emitted. The plastic cover emitted a negative charge since it 
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was attached to the crystal and charged negatively. The measured current for this setup 

reaches a maximum current 2 nA, which suggests the cup sees emission from the entire 

crystal. The Faraday cup was a poor choice for collecting emission with the plastic 

cover. A smaller probe was needed to localize emission measurement. 

 A smaller probe was made to collect emission from the drilled hole. The small 

probe was 2 mm in diameter and made of copper. Teflon tape covers the small probe 

except for the face. Figure 43 is the physical setup of the system with the small probe 

added. 
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Figure 43 - A pyroelectric crystal with dimensions of 2 cm diameter by1 cm thick was mounted to the 

TEC. The plastic cover was attached to the crystal and the two holes are drilled into it. One hole was 

aligned over the crystal’s drilled hole. The second hole was aligned over the crystal’s surface. The small 

probe was added to the setup. 

 The small probe first measures current over the drilled hole then measures 

current over the second hole. The crystal was heated for 7 minutes with a temperature 

change of 90°C. Figure 44 is the plot of the current measured for both holes. 
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Figure 44 – A pyroelectric crystal with dimensions of 2 cm diameter by 1 cm thick was heated for 7 

minutes. A plastic cover was attached to the surface of the crystal. Current was measured of the crystal’s 

drilled hole and then over the surface. 

 Figure 44 shows two similar current measurements. The current from both the 

surface and the drilled hole match. The measured current slowly increases to about 0.15 

nA before the end of the cycle. The drilled hole does not appear to be emitting more than 

the surface of the crystal. The plastic becomes charged during heating and emits from 

the entire surface. The hole has a small effect and cannot be properly characterized with 

this method. The small probe was subject to electronic noise and instability which makes 

it a poor choice for characterizing electron emission. 

 In an attempt to measure any current from the drilled hole a thin rod of 0.1 mm 

diameter was placed inside the hole. The thin rod was held by a clamp at one end and 

placed in the center of the hole. This method proved ineffective due to the vibrations of 

the vacuum chamber. Under vacuum the thin rod makes contact with the side walls of 

the plastic cover. The thin rod acts as a wire attached to the plastic cover, which 

measured the entire surface of the crystal. Without a more constrained system to hold the 

thin rod this method will not work. Measurement from the thin rod would be difficult to 

characterize but would illustrate that there is emission from the side walls of the drilled 

hole.  
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4.7 Smaller crystals 

 From the small probe measurements we learned that distinguishing between the 

two emissions was difficult. The increase in emission from the side walls was small 

compared to the entire crystal and will not register with the small probe. The ratio of the 

hole area to the crystal surface area was increased in order to make the hole contribution 

larger. For a crystal of 2 cm diameter, a hole of 2 mm does not account for much of the 

surface area. Using a smaller crystal with dimensions of 5 mm in length, we see a 

significant change in surface area when a 2 mm hole is drilled into it. The idea was to 

measure emission from a crystal before and then after drilling. A second solid crystal 

was also measured for comparison. A 2 mm length hole drilled to the center of the 

crystal would be a 25% percent increase in surface area. Any discrepancies could then be 

witnessed. 

 Two rectangular prisms, of LiTaO3, are chosen for measurement. Both prisms are 

5 mm by 5 mm and a thickness of 4 mm. The first prism remains intact. The second 

prism has a hole drilled into it. The hole is 2 mm in diameter and 2 mm in length. To 

compare both prisms it is important to verify that they have the same pyroelectric 

coefficient. The current was measured and the coefficient was approximated by the 

method described in chapter 2, the pyroelectric coefficient for both prisms was found to 

be 185 µC m
-2

 K
-1

. 

 We also confirm that emissions from the two rectangular prisms are the same by 

measuring current with the Faraday cup before drilling. Each prism was mounted on a 

TEC and placed in the vacuum chamber. The Faraday cup was placed 4 mm away from 

the rectangular prism. The rectangular prism was heated for 7 minutes with a 

temperature change of 90°C. Figure 45 is a plot of the measured current using the 

Faraday cup before drilling. 
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Figure 45 – Two current measurements of rectangular prisms A and B. Both rectangular prisms are solid 5 

mm x 5 mm with 4 mm thickness. Current was measured with the Faraday cup at a distance of 4 mm from 

the prism. The heating ramp was 7 minutes. 

 Figure 45 shows that the both emissions are equal. Both current measurements 

reach 0.48 nA before the end of the heating cycle. The slope for each prism was also the 

same. Figure 45 serves as the before picture for emission measurements. A 2 mm 

diameter hole with a length of 2 mm was drilled in rectangular prism B. The increase in 

surface area by the depth of hole was 25%. Both rectangular prisms are placed in the 

vacuum chamber and heated for 7 minutes. Current was measured with the Faraday cup 

for both rectangular prisms. Figure 46 is a plot of the measured current using the 

Faraday cup after drilling. 
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Figure 46 – Two current measurements of rectangular prisms A and B. Both rectangular prisms are 5 mm 

x 5 mm with 4 mm thickness. Rectangular prism B has a hole with dimensions of 2 mm diameter by 2 mm 

in length. Current was measured with the Faraday cup at a distance of 4 mm from the prism.  

 Figure 46 does not show a 25% increase in emission from the rectangular prism 

B with the drilled hole. In fact the total emission of crystal was less than the solid crystal 

A. The charging curve on figure 46 shows a dip at t>110 to t<200 in crystal B. With a 

lower charging curve it takes longer for crystal B to reach the maximum current. Both 

rectangular prisms reach same maximum current of 0.5 nA over 7 minutes. When we 

add up the total current there was a noticeable decrease between before and after drilling. 

This is caused by the dip in crystal B that lasts for 90 seconds. 

 It does not appear that emission from the side walls was leaving the drilled hole. 

In order to collect emission from the side walls a new technique was used. The idea was 

to fill the hole with a conductive epoxy to improve charge collection and emission. The 

hole in rectangular prism B was filled with silver conductive epoxy and placed in the 

vacuum chamber. The dip that occurs in figure 46 was not present in the charging curve 

of crystal B. The silver epoxy restores the crystal to a flat surface but causes 

discrepancies in the charging curve. The measured current was not similar to figure 46 

and thus the system has changed due to the silver epoxy. Replacing silver epoxy with 

silver paint shows similar results. 



 

65 

 In order to enhance emission for the crystal an addition was made. A tip was 

added to the silver conductive epoxy in the hole of rectangular prism B. Two tips were 

used. The first tip was a metal leg of a resistor. The second tip was a thin copper rod of 1 

mm in diameter. Neither the resistor leg nor the copper rod showed improvement in 

emission.  

 

4.8 Summary 

 Previous work from chapter 3 shows that the side walls of the drilled hole 

produce charge and it was predicted that emission would occur in vacuum. The 

pyroelectric crystal in chapter 3 was placed in a vacuum chamber and shown to emit 

electrons on heating. There was no noticeable change in emission for a crystal with 

dimensions of 2 cm diameter by 1 cm thick. Various techniques and collectors were used 

in attempt to characterize emission from the drilled hole. Smaller rectangular prisms 

were used to illustrate any change in emission. Two rectangular prisms were analyzed 

before and after drilling. The hole drilled into a rectangular prism results in no change in 

the maximum current but a decrease in total current. The work performed in this chapter 

was unable to characterize emission from the side walls and suggests future work is 

needed. 
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5. Conclusion 

5.1 Discussion 

 The objective of this thesis is to aid Pyroelectric Accelerator studies in regard to 

improving reproducibility and high yields. In order to support Pyroelectric Accelerators, 

research was performed in the area of the crystal’s geometry and pyroelectric coefficient. 

To determine the coefficient, a model was created based upon the charge produced by 

the crystal. It is possible to adjust the charge production by changing the time constant of 

the model. The model constructed was tested on multiple crystals. The previously taken 

values of 190 µC m
-2

 K
-1

 and 176 µC m
-2

 K
-1

 were found to be incorrect for larger 

cylindrical crystals. For crystals of 3 cm diameter and 1 cm thickness the pyroelectric 

coefficient was found to be 168±3 µC m
-2

 K
-1

 and for crystals of 2 cm diameter and 1 cm 

thickness the pyroelectric coefficient was 167±3 µC m
-2

 K
-1

. The rectangular prisms 

were found to have a pyroelectric coefficient of 185±5 µC m
-2

 K
-1

. During testing, viable 

insights into charge leakage over different heating rates was also examined. A 5 minute 

heating ramp from 20°C to 100°C produced a total of 20% less charge than compared to 

a 10 minute heating ramp with the same temperature range. It was found that longer 

heating rates minimize charge loss. The same 5 minute heating ramp produces 200% 

more instantaneous current than a 10 minute heating ramp with the same temperature 

range. This work demonstrated a viable testing method for pyroelectric crystals, which 

was used to verify individual pyroelectric coefficients. Measuring the pyroelectric 

coefficient of each crystal serves as a quality control that allows selection of the best 

crystal for further experiments. 

This research confirmed that charge was produced inside the crystal. To properly 

characterize this charge, a hole was drilled into the crystal. The basic work conducted in 

the second chapter was applied to localized measurements on the crystal’s surface, 

proving that current can be measured at different locations on the crystal. Contact 

measurement showed charge production from the bottom face and the side walls of the 

hole, and the increase in current was proportional to the increase in surface area. It was 

also discovered that grounding the crystal’s surface eliminated the charge measured by 

the probe, and grounding a section of the crystal reduces the charge measured by the 
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probe. This result was unexpected and suggests further study into the interactions on the 

crystal’s surface.
 

The final undertaking was to prove that drilling holes is beneficial to the emission of 

pyroelectric crystals. The same crystal used in chapter 3 was placed in a vacuum and 

shown to emit electrons on heating. Drilling holes into a crystal does not stop field 

ionization and the electric field of the crystal still accelerates electrons in a vacuum 

chamber. To measure the current we used a Faraday cup attached to the HP3458A 

multimeter. We start with measuring the emission from the entire crystal then move on 

to experiments involving the crystal’s hole. Various methods and techniques were used 

to try to characterize the emission from the drilled hole. Although none of the methods 

accurately described emission from the hole, it did show that emission does occur. Using 

a smaller sized crystal we found that there was a decrease in total emission due to the 

hole. We originally expected to notice a substantial increase in current proportional to 

the surface area. Results at this time were constrained by the geometry of the system and 

showed minor success. The work involving emission from the crystal’s hole is 

unfounded at this time.  

 

5.2 Future Work 

Getting electrons or ions to leave the hole showed limited success. Inside a drilled 

hole the electrons may not possess the potential necessary to leave the hole. Although 

field ionization did occur it appeared to be a lower amount. We know that field 

ionization improves with a tip emitter.
1
 As seen in section 4.7 a tip emitter on the surface 

does not yield any increase in emission. Placing a tip emitter into a hole may lead to 

better results.  

Altering the shape of the crystal may lead to new designs in Pyroelectric 

Accelerators. Currently the production of a pyroelectric x-ray device leads us to believe 

that chemical etching is superior for hole creation.
17

 With chemical etching, a more 

controlled design can be carved out of the crystal’s surface. One of the chief concerns is 

that drilling may discourage electron emission. Drilling is also limited by the shape and 

size of the drill bit, so advanced designs are not possible. Other methods, such as 

chemical etching used for pyroelectric x-ray devices, may provide superior results.
17
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Appendix - I ODE 

 In chapter 2 an ODE was introduced. This is the derivation of the ODE in full. 

The constant M drops out and the result is a quartic polynomial. Now this equation can 

be substituted into equation 7 as the temperature dependent function. Now let us 

reexamine the charge balance equation. 

dt

dT
Aqq 




1
 (24) 

It is now possible to solve as a first order nonhomogeneous linear ODE. Listed below is 

a standard nonhomogeneous linear ODE 

)()(' xryxpy   (25) 

where y is an unknown function, p(x) is a function of x, and r(x) is function of x. 

Equation 11 is nonhomogeneous since r(x) is not zero. The defining feature is that it is 

linear in both the unknown function y and its derivative y’=dy/dx. The values p(x) and 

r(x) may be any given functions of x. Where r(x) is considered to be the input of the 

system and y(x) is the output of the system. In our case the function r(x) is the 

temperature derivative with respect to time and p(x) is the reciprocal of the time 

constant. Our input r(x) is the quantity of the temperature as it changes with time. The 

output y(x) is then the charge produced by the system.  

 

Total charge output = Response to the input temp with time + response to the initial data 

 

The general solution of a linear equation is a one parameter family of functions 

which satisfies the equation for every choice of the parameter and which contains all 

possible solutions to the equation. That means there are no solutions to the equation that 

cannot be written in the form of the general solution for some choice parameter. The 

initial condition shows that there is a unique value of the parameter in the general 

solution that causes the initial condition to be satisfied. It is now possible to construct a 

general solution for this ODE by the integrating factor method. The general solution 

takes the form. 

hhh Cerdxeexy   )(  (26) 
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where h is a new variable and C is a constant of integration. With the general solution 

we can use this method to solve our ODE.  We define x as time t, y as the charge q, p as 

the reciprocal of the time constant, the function r(x) as
dt

dT
A , and h as  pdt .  

 

The charge balance equation is now thought of as a nonhomogenous ODE. As 

shown below here is the charge balance ODE. 

dt

dT
Aqq 




1
 (27) 



1
p

 
(28) 

Atftr )()( 
 

(29) 

Where 
dt

dT
tf )(

 

 


t
dth

1
 (30) 

Define the integrating factor 
t

e  and multiply it to both sides of equation 27. 

dt

dT
Aeqe

1
eq

ttt



   (31) 

 

The left hand side of the equation can now be rewritten using the product rule of 

derivatives. 

dt

dT
Aeqe

tt

 






'

 (32) 

 

Integrate both sides of the equation. 

 




 dt

dt

dT
Aedtqe

tt



'

 (33) 

Plugging in temperature function, equation 11, results in the following. 

 




 dttXtXtXtXXAedtqe

tt

)5432( 4

4

3

3

2

210

'

  (34) 
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The simplification of using B in place of tau helps ease the solution. Where tau is the 

time constant as seen in equation 5. 



1
B  (35) 

Integrating the left side and substituting in B to the equation. The problem is reduced to 

the evaluation of the integral. A quartic polynomial is rather long but straightforward.  

  dttXtXtXtXXAeetq BtBt )5432()( 4

4

3

3

2

210  (36) 

Integrating the right side of the equation reveals. 




 




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BtX
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X
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





5

223344

4 )2424124(5

B

BttBtBtBX

 

(37) 

 

Now we have an equation that defines charge as a function of time with a transient 

temperature derivative. There is still an unknown constant M in the equation, which can 

be found by assuming there is no charge at time t=0.  At equilibrium temperature the 

crystal is not disturbed and thus will produce no charge. 

0)0( q  (38) 
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(39) 

Moving M to the left side and dividing out the common factor. 
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(40) 

 

Plug the constant back into the equation 37. 
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(41) 

To simplify things we pull both constants out front.  
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(42) 

Looking at this equation illustrates that the unknown pyroelectric coefficient is a 

normalizing term. The pyroelectric coefficient and the area of the crystal do not change 

the shape of the curve. The pyroelectric coefficient and area are thus normalizing factors 

that acts to only raises or lowers the curve. To find the current from the charge, we use 

the charging a capacitor relationship of an RC circuit. 

RC

q

dt

dq
I   (43) 

 

Equation 43 can be used to come up with a solution that applies for our ODE as 

follows. 
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Appendix - II Origin fit to heating profile 

 To calculate the current for a crystal of 3 cm diameter and 1 cm thickness the 

heating profile of the crystal is needed. The temperature is measured at the top and 

bottom of the crystal. The actual temperature of the crystal is the average between the 

two measurements.  The average temperature is plotted in figure B.1. 
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Figure B.1 - Heating profile of a 3 cm diameter and 1 cm thick crystal. 

 Figure B.1 is a heating profile of a 3 cm diameter crystal and 1 cm thick crystal 

over ten minutes. The curve is nonlinear. The heating ramp is ten minutes but the crystal 

continues to heat longer. It will reach the set temperature during this time. To find the 

slope of the curve the temperature profile is plotted in Origin 7.0. Figure B.2 is the 

temperature profile in Origin with the 5
th

 order polynomial fit. 
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Data: Average Temp

Model: Poly5 

Equation: y = A0 + A1*x + A2*x^2 + A3*x^3 + A4*x^4 + A5*x^5 

Weighting:

y No weighting

  

Chi^2/DoF = 0.03633

R^2 =  0.99992

  

A0 294.98109 ±0.04096

A1 -0.01259 ±0.00109

A2 0.00064 ±8.8913E-6

A3 -1.7265E-6 ±2.9646E-8

A4 2.3375E-9 ±4.2956E-11

A5 -1.2481E-12 ±2.2465E-14
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Figure B.2 - Heating profile of a 3 cm diameter and 1 cm thick crystal. 5
th

 order polynomial fit is plotted 

over the average temperature. A display of the constants used to fit the curve is on the Origin plot. 

 Figure B.2 is the average temperature of a crystal 3 cm diameter and 1 cm 

thickness for ten minutes. The 5
th

 order polynomial fit is calculated using Origin’s 

nonlinear fit tool. Initial parameter estimates for the polynomial fit are calculated 

automatically and results of the fit are reported. Origin displays the constants used to fit 

the curve in the box. The constants can then be plugged into equation 11 to calculate the 

current. The constants listed are used in equation 11 to calculate the current. The display 

plot in figure B.2 is displayed again in figure B.3. 
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Figure B.3 - The display box for the 5
th

 order polynomial fit calculated in Origin. 

 The constants listed are used in equation 11 to calculate the current. Origin 

displays a coefficient of determination as R
2
 = .99. The coefficient of determination tells 

us how well the equation fits the curve. The values of R
2
 range from 0 to 1, where 1 is 

the best fit for the data. Origin rounds to the fifth decimal place for display purposes 

only.
10

 Origin always uses full precision in the mathematical calculations.
10 

 

 

 

 

 

 

 

 

 

 

 

 


