TELESEISMIC WAVEFORM MODELING IN 2.5
DIMENSIONS

By
Ben I. Baker

A Thesis Submitted to the Graduate
Faculty of Rensselaer Polytechnic Institute
in Partial Fulfillment of the
Requirements for the Degree of
MASTER OF SCIENCE
Major Subject: EARTH AND ENVIRONMENTAL SCIENCE

Approved:

Steven W. Roecker, Thesis Adviser

Rensselaer Polytechnic Institute
Troy, New York

December 2009
(For Graduation December 2009)



CONTENTS

LIST OF FIGURES . . . . . . . . . . iii
ABSTRACT . . . . e v
INTRODUCTION . . . . . . e vi
1. The Forward Problem . . . . ... ... ... . ... ... ......... 1
1.1 The Continuous Forms . . . . . . . ... .. ... ... ... ..... 1
1.1.1 Non-Rotated Continuous Equations of Motion . . . . . . . .. 1

1.1.2  Non Rotated Equations of Motions in the PML . . . . . . .. 5

1.1.3 Rotated Continuous Equations of Motion in the PML . . . . . 10

1.1.4 A Note on the Pefectly Matched Layer . . . . ... ... ... 12

1.2 Discretization for the Continuous Equations . . . . . .. .. ... .. 15
1.2.1 The Finite Difference Forms . . . . . . . ... ... ... ... 15

1.2.2  Finite Difference Templates . . . . . . .. .. ... ... ... 15

1.2.3 The Non-Rotated Templates . . . . . . . ... ... ... ... 15

1.2.4 The Rotated Templates . . . . . . ... ... ... ...... 16

1.2.5 Notes on Some Derivatives . . . . . . . . ... ... ... ... 16

1.2.6  Forms for the Finite Differencesinuw . . . . . ... ... ... 18

1.2.7 Forms for the Finite Differencesinov . . . . . . ... .. ... 22

1.2.8 Forms for the Finite Differences inw . . . . . . . .. ... .. 25

2. Total Field Scattered Field Approach for Plane Waves . . . . . . . . .. .. 29
3. Analytic Solution to the 1D Problem . . . . . .. ... ... ... ... .. 33
3.1 Solution to the Layer Problem . . . . . . . ... ... ... .. .... 33
3.1.1 Definitions . . . . . . . ... 33

3.1.2 The Displacement Terms . . . . . . .. ... .. ... ..... 36

3.1.3 The Stress Terms . . . . . . . . ... ... ... ... ... 40

3.2 The Haskell Propagator Matrix . . . ... ... ... ... ...... 44
3.2.1 The Incident P Wave . . . . . . . .. .. ... ... ...... 48

3.2.2 The Incident SV Wave . . . . . . ... ... .. ... ..... 55

3.2.3 The Incident SH Wave . . . . . . . .. .. ... ... ..... 58

3.24 Noteson Signs . . . .. .. ... 64

11



3.2.5 Time and Frequency Considerations . . . . . . . ... .. ... 64

3.2.6 Comment on Convolution and Wraparound . . . . . . . . . .. 66

3.2.7 Programming Notes . . . . . . .. .. .. ... ... ..... 66

3.2.8 Note on Sign of Transforms . . . . . ... ... ... .. ... 68

3.29 The Fluid Layer . . . . . . .. . .. ... L 69

4. Dispersion Analysis . . . . . . . . .. 74

4.1 The Error Functional . . . . . . . .. .. .. ... ... ... ..., 74

4.1.1 Non Rotated Form . . . . .. ... .. ... ... ....... 75

4.1.2 Rotated Equations . . . . .. ... ... ... .. ....... 7

4.1.3 Finite Difference Forms and the von Neumann Method . . . . 81

4.1.4 Special Case . . . . . . . . 90

4.1.5 The Cubic Equation . . . . . .. ... ... .. ... .. ... 92

416 D<0:RealCase . . .. ... ... ... ... ... ... 92

4.1.7 D >0: Complex Case . . ... ... ... ... .. ...... 93

4.1.8 Group and Phase Velocities . . . . . . ... .. .. ... ... 94

4.1.9 Derivation of Real Roots . . . . . . . ... ... ... ..... 95

4.1.10 Numerical Integration . . . . . . .. .. ... ... ... ... 96

5. Discussion and Conclusions . . . . . . . . .. ... L. 98

LITERATURE CITED . . . .. . . . . . . . .. 101
APPENDICES

A. Derivation of the Finite Difference Forms . . . . . . . . .. ... ... ... 103

A.1 Finite Difference Formsinw . . . . .. ... ... ... ... ..... 103

A.2 Finite Difference Formsinv . . . . .. .. ... ... ... .. .... 111

A.3 Finite Difference Formsinw . . . . . . .. ... ... ... ...... 117

11



2.1

3.1

3.2

5.1

LIST OF FIGURES

Schematic of the model. We consider a heterogenous medium (grey
rectangle) bounded by half spaces on the top and bottom and vertically
stratified media on either side. Plane waves enter the medium from
below but converted waves may also enter the heterogeneous region
from the side. The 1D media on the left and right are used for waves
entering from the left and right, respectively, and are not necessarily
the same. To prevent diffractions, the wave speeds in the heterogeneous
medium match those in the 1D media at the boundaries. Orientations
of the “non-rotated” (z,y, z) and “rotated” (2’,y/, 2') axes are indicated
ontheright . . . . . . . . .

Direction of axes and number of layers and interfaces. Figure adapted
from Haskell (1953) . . . . . . . . ...

Rotation from (Z,R) to (L,H) . . . . . . . .. ... ... .. ... ...

(a), (b), and (c) are the u, v and w response, respectively, to a veloc-
ity model given by (d) at 11.2 seconds. The background layer is the
compressional velocity with the red at 6,000 meters per second, and
the blue at 7,000 meters per second. The model physically spans 168
kilometers in length and 41 kilometers in depth. . . . . . .. ... ...
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ABSTRACT

In this thesis we adapt a 2D frequency domain finite difference method previously
developed for active source seismological wave propagation to now calculate the 2.5D
elastic response of a local media to teleseismic waves. Since the method is spectral
and the discretization is high order it is well equipped to run on moderately sized
computers. To prevent us from having to simulate an entire Earth response, we
adopt a total field scattered field approach with an analytic solution built on the
1D Haskell propagator method. We also adapt a method for reducing numerical

artifacts such as anisotropy and dispersion arising from discretization.



INTRODUCTION

Full waveform tomography is a class of methods that attempts to estimate medium
properties from the entire seismic waveform. The method is advantageous to linear
methods such as Born approximation techniques, in that we are no longer limited
by single scattering approximations. When compared to time domain methods,
which are bound by the Fresnel zone, we now shift our limiter on information re-
covery to the dominant wavelength of the signal. As demonstrated by Pratt (2003)
this spectral domain method provides access to higher frequency, higher resolution
information, with less computational overhead.

To recover a full waveform we must first provide an estimated waveform via
forward modeling. Appropriate variational methods such as finite elements (Hughes,
1987), spectral elements (Komatisch and Vilotte, 1998) boundary element methods
(Bouchon, 1995 and Fujiwara, 2000) , are all applicable to the inversion method of
Pratt et al (1999), and our versatile total field scattered field approach in specifying
a plane wave, which is not subject to edge effects as are similar approaches. However,
we choose the computationally advantageous and conceptually more direct method
of finite differences at the cost of rigid grid specification.

Another computational advantage of the method proposed here is we approx-
imate 3D methods with the geologically reasonable assumption of invariance in one
direction (Takenaka and Kennett, 1996). This also allows us greater freedom in

modeling events that are not necessarily on axis with our regional network.

vi



CHAPTER 1
The Forward Problem

1.1 The Continuous Forms

In this section we begin with the continuous equations of motion for a linearly
elastic isotropic hetergenous medium in three dimensions. Since we expect a material
invariance parallel to the strike of a convergent event we can apply the simplifying
assumption to 2.5D dimensions (Takenaka and Kennett, 1996). From there we
introduce our artificial absorbing boundaries as described by Zheng and Huang
(2002), from now referred to as ZH02. Next we discretize via a 9-point mixed frame
finite difference stencil (Stekl and Pratt, 1998). To find the rotated frame will we
directly work from our discretized visco-elastic equations. When accumulating our
finite difference forms we directly introduce a mass lumping to the intertial term (Jo
et. al, 1996). The optimization scheme is further eleaborated upon in the section

on numerical dispersion.

1.1.1 Non-Rotated Continuous Equations of Motion

In defining the forward problem we begin with the the general elastic wave

equations for an isotropic medium is given by Aki and Richards, (2002):
pUl = fz + (A(Sijekk + 2/L€Z'j)’j (11)

To convert to the frequency domain, we apply the unitary Fourier transform

1 i wt
u(w) = E!U(t)e dt (1.2)

where w is angular frequency. This form deviates from standard conventions in the

lack of the minus sign in the exponent, but is consistent with Pratt’s definition of



the Fourier transform. Regardless, we rewrite ((1.1)) as

prili + (A(Sijekk + 2M6ij),j + fz =0 (13)

This expands to

0 0 ou Ov 0
2 [ES— [ES— —_— [ES— JES— JE—
WPU+8.CE {()\+2 +)\< )] 3y {“(ay+ax)}+az

(5 )] 520
0 ou Ow 19) ov  Ou 0

2
il 2,,) il e il
YUy [(“ “>a A(a +82)}+8x {M(8x+8y)}+8z
81} 8w

{ 3y>} th=0
0 ow ou  Ov 0 ow Ou 0
2 JE— R —_— JES— R [ES— —_—
T, l(HQ")a “(ax 8y>}+8x {M(8x+8z>}+8y

ow  Ov
(5 + )|+ om0

To make the problem computationally palatable we will assume in (1.3) that material

variation in y vanish and reduce to 2.5 dimensions, i.e. g—; = g—Z = 0. The other

key implication of our assumption is that the wavefield at any position y is a time

delayed version from a previous vy, i.e.
U(Qf,y,Z,t) :U('T70727t_pyy> (14)

where p,, is the slowness in the y direction. For a frequency domain representation,
we consider a plane wave (with sign convention consistent with our definition of the

Fourier Transform in (1.2))

u :A(w)ei(wt—kxz—kyy—kzz)

:A(w)ei(wt—wpyy—kzx—kzz)



where we recognize a relationship for wavenumber and slowness in y as k, = wp,.

It follows that the derivatives in y become

8—u——iw u 82_u__(w )*u
oy N Py 0y? - Py

We can now rewrite ((1.3)) as

0 ou ow
2 o ou . ow _ 2, . OV
wpu + e [(A+2u)ax +/\( iwpyv + 82’)] +,u( (wpy)“u zwpya )

0 au
2p(3 )] o

ou  Ow 0
2 2 . gu ow o ov
wpv — (Wpy)~ (A + 2p)v — iAwp, (83: + 873) + 9 [ < iwpyu )

0
+_8,z [ ( — iwpyw > +f,=0
0 ow ou 0 8w
2 .
wpw—l——az [()\4—2 )_8 +)\<8x zwpw)} +_8 [ (

+u <—(wpy)2 zwpya ) +f, =

or simplified to

0 0 0 0 0 0
(p _pzﬂ)“ﬂu + B {()\ + 2#)—?; + )\—w} + — |::u (_u + _w):|

0 ov 0 ov
(p = Py (A 4 2p) Jw?v + p ( a_x) + 5 <u§)

, ou Ow 0 0



0 ow ou 0 ow  Ou
p— 2 — — — — —
(p pyu)ww—i-a ()\+2)a —i—)\a] 5 [ (8x+8z>]

0 0
— iwp, (@AU + ua—z> +f.=0 (1.5c)

Observe that though we still have to solve for (u,v,w), the differencing matrix is

now 3 X n, X n, instead of n, X n, x n,.



1.1.2 Non Rotated Equations of Motions in the PML

Since we can not computationally propagate a wave in an infinite layer, we
must create a faux infinite layer via the Perfectly Matched Layer (PML). Following
ZHO02 we can create a complex stretching in the absorbing boundary which will at-
tenuate incoming waves even at grazing incidence. For this reason, we prefer this
method to a simpler technique such as the Clayton Engquist absorbing boundary
condition (Clayton and Engquist, 1977). An additional advantage of ZH02 formu-
lation of is that it readily available for implementation in a non-cartesian frame,
an advantage over the formulation by Komatisch and Tromp (2003). Starting with
equation (21) of ZH02 we have a stretched coordinate form of (1.1)

—pwie e .U = Gy (1.6)

Upon substituting (22) - (30) of ZH02 we write out the stress tensor in (1.6) as

8;5 = % _(A+2 p) 3“ Aezg Aeyaaf] (1.7)
% _ % e, 20 a EZ@/ Ou (1.7¢)
ag—;y = a% :(A +2 fﬁfg—z + Aez@ + Aexg—ﬂ (1.7d)
ag: - % :()\ + zﬂ)ezjyg—w + )\eyg + Aexgy} (1.7g)
o e am



For u we find
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or

0 1 ow 0 [, 0u o [.0v
— 2 — P [ JR— P
W7 €LEYE, PW exeyaz [(/\ +2u) - 82} + € {A&J + exaz {)\ayl

P OO 1ow) oypovl 0| 10w
“or |Moz e |1 emﬁy Ha Exezﬁy €y Oy

For 2.5D media we note ¢, = 1 and a% = —iwp,. This allows us to simplify the

above for u to

— Wi pu =, a@ {()\ + 2,u) L g;j zwpyeZaa [Av] + % {)\g_i]}
: 3U 2 o [ ow o 10u
—dwpyeafin - = (wpy) €z piu + el + ol (e

Then, dividing through by the €’s on the left and cleaning up some we find in «
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similarly in v

2
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and likewise in w

0

& [)\'U}

0 :
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Then expanding the derivatives on (1.8), (1.9), and (1.10) we get

(up2 — p)wu = 10 {1} (()\+2 )2“) +l§ [(/\+2M)%]

€, 0T | €,

+e:ez (aaa: {A%} ]98{ g_ﬂ)

10 {1} du 18 [ wpy< MHM;“) (1.11a)

;& ; “az 6282

2 o= 2O L) 00 10 ol 1O HL] Ov, 10 O
(py (A+2p) p)wv—exax L] 8 How +ezaz €, M62+e§02 "oz
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w8 o ) 38 o
(e )
} wpy(av B
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€; 0T | € €,



From here we can define

1 10 |1
Ry, = o Ry, = < oz [a] (1.12a)
1 10 |1
R.=— Rp=-21|= 1.12b
! . 7 € 0z LJ ( )

We can now rewrite (1.11a), (1.11b), and (1.11c) as

Ou 0 Ou 0 [, 0w 0 [ ow
2 N2 ==
ou 0 | Ou 0 ov
+ Rgz,ua + Rlza [ He ] Ry iwp, (% [Av] + ,u%> (1.13a)

o (91)

8
8
. 8w

8 (9u 0 ou
2_ R— QE— QE—
ow 0 ow 0 (‘3@
+ Roypt—— pe + Rlza { a—} Ry iwp, (8 [Av] + ha, ) (1.13c)
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1.1.3 Rotated Continuous Equations of Motion in the PML

For greater numerical accuracy we seek a rotated discretization ( Stekl and
Pratt, 1998). To introduce the rotated coordinates we take x to be positive right,
z to be positive down. We include a 45° clockwise rotated system by letting (2, 2’)

be the displacements related to (z, z) by

i cos@ —sinf| |z

z sinfl  cosf z

Under a clockwise (—45°) rotation we find

TS T

and back with (+45°)
_z'—z. _ a'+Z
r=%7 2=

Taking the first derivatives we find

9 _00d 004 1,0 9 (1.14a)
Or  0x' dr 07 0r /2 \0x 07 '

0 0 or' 0 07 1 0 0

FER e T Y > (%*a—) (1.14b)

Then applying (1.14a), (1.14b) to (1.13a) (1.13b) and (1.13c) we find

2
-t = ") (g = 55 )+ (= ) |2 (55 - 55
(2 ) (5 D)
2 ox' 02 ox' 02 ox' 02 ox' 0%
R TN
V2 0z Ox 2 \0z ox 0z Oz

Rlxsz_y {g[m] aal[m] +u (% - %)} (1.152)
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1.1.4 A Note on the Pefectly Matched Layer

The stretched coordinate system, Z, in the PML region is defined by

T
B =) + / ei(x') dx’
7

This is equivalent to the Komatisch and Tromp, (2003) definition

or
Ez i) — i__Dz %
() = 2~ -Dy(a)
Finally,
i =1- _dz
i) =1~ Ld)
Also, from the chain rule:
0  Ox; 0

Note that

ox; 1 1 w w

3i’z‘+ Coe(m) 1= tdi(w)  w—idi(@;)  iw + di(w)

12

(1.16)



13

which is equation 8 of Komatisch and Tromp.

1 /01
Ry = . (%a)

1 Oe,
€3 Ox

- (atm) & (=5)

- (z'w f;(x)f %&é(;)

The D Function

3 1 n\? _ ,3a 1
d(n) = 55 log (E) (5) = o5 o8 <R>
3o 1

where « is the P wavespeed, § is the width of the PML layer, n is the distance into
the PML, and R is the reflection coefficient chosen as 0.001.

Tw _E' w W w w pid/e
iw+d i \iw+d) w—id oI+ de-idlv o2 + &2

d goes like n?, starting at 0. Note, the two competing items are the reflection
coefficient, and width of the layer. Ideally, we would like to choose R extremely
small, but to counter act this we must then take o to be larger thereby keeping d
approximately constant. This is because of the introduction of numerical reflection
since the computer does not see a smooth exponential decay, but rather a staircase
representing the exponent.
A note on signs. The integral
T;
B =) + / ei(a’) dx’
oy
presumes that we are going in the +x direction. If we are going in the —z direction,

we reverse the sign of integration so in effect taking the negative of e. That’s okay
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but we need to be mindful of the sign on the derivative term

9 (L
or \ e,

because x is going in the opposite direction.

~ w—idi(xz)  iw +di(x)
B w B w

O (1N _ 10e iw 2& iw+di(x)) iw ad;(z)
or \e, )] €€0r w+d;(x) ) Ox iw  (iw+di(z))? Ox

The idea is that we evaluate d with x increasing away from the boundary, but for

ei(x)

the (—x,—2z) sides this is in the opposite direction, so the derivative term will be
negative. This would account for the extra minus sign on this term from Komatisch

and Tromp.
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1.2 Discretization for the Continuous Equations
1.2.1 The Finite Difference Forms

To solve equations the non-rotated and rotated continuous equations given by
1.13a, 1.13b, 1.13c and 1.15a, 1.15b, 1.15¢, we choose the method of finite differences.

To introduce the finite difference forms we will use the following stencil:

ficig—1 fig—1 fitip—1
ficik fik Jiv1k (1.17)

fi—l,k-i—l fz’7k+1 fi+1,k+1

1.2.2 Finite Difference Templates

Without loss of generality I will provide differencing templates for a function

f which could be u, v, or w, as well as v which could be any combination of A and

L.
1.2.3 The Non-Rotated Templates

= ox { gi} i {Wiﬂ’k B %k)w — (Yik — ’Yil,k)w

1
= Az [%H/z,k (fixre = fir) = Yiery2.6 (fie — fi—Lk:)] (1.18a)

0 1
F2 = p { aﬂ AA2 Ditrw (firiesr = firrn—1) = Yk (fimipsr — ficrn-1)]
(1.18b)
- 82’ 82 A2 Vik+1/2 Ui k+1 ik Yik—1/2 \Jik ik—1 .

F4=—

af 1 (fi+1h+1 — fic1h41) e (fir1h—1 — fic1h—1)
a 8x 2A ’)/l k+1 QA ’Yz,k—l 2A

1
= E [%’,k+1 (fi+1,k+1 - fzel,kﬂ) — Yik—1 (fi+1,k71 - fifl,kfl)] (1'18(1)

F5 [Vf] [%+1/2 b (firrn + fik) = Yier2 6 (fie + fz’—l,k)} (1.18e)
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F6 = ’Ygf YN Virty2.k (firre = fir) + vic1y2 o (fir — fim1p)] (1.18f)
F7 = 7% = LA [Viks1s2 (i1 — fim) + Yiro1/2 (fik — fin—1)] (1.18g)
F8 [’Yf] [’Yz k1/2(fikr1 + fir) = Yig—1/2(fi + fi,kq)] (1.18h)

1.2.4 The Rotated Templates

of 1
RF1 = - ; } ) 4 ) .
Vo 2\/§A [Vir12 ke1/2 (Firrperr — fir) + Yic1y2 12 (fir — fimip-1)]
(1.19a)
of 1
RF2=~ny—"— = ——— |[~,_ - —E) ) P
W 2v2A [’V 12 k4172 (fici k1 — fir) + Yirry2 k—1/2 (fire — fivrn 1)}
(1.19b)
o [ of] 1
RF3 = O ”Ya—j:, =5Az [%+1/2,k+1/2 (firrper — fir) = Yicrj2 h—1/2 (fir — fi,l,k,l)]
- (1.19¢)
o [ of 1
RF4 = B, ’Va—f, = SN2 [’Yz'+1/2,k+1/2 (fika1 = fisrk) = Yic1y2 k172 (ficih — fi,kfl)}
_ (1.19d)
o [ Of] 1
RF5 = 5 7% =5x2 [Vic12 ke1/2 (Fiprr — fimik) — Yirry2 o1z (fisip — fino1)]
- (1.19¢)
o[ of] 1
RF6 = 97 ’Va—zf, = 5A2 [%‘—1/2,k+1/2 (ficrhsr — fi) = Virry2 k—1/72 (fir — fira k,l)}
- (1.19f)
0 1
RF7 = — — [ 3 —+ i — Yi_ -~ i + o
8x’hf] 9v2A [7+1/2,k+1/2 (fisrhrr + fir) = Yicrjo k12 (fir + ficip- 1}
o 1 (1.19g)
RF8 = @[’Vf] = —2\/§A [%’—1/2,k+1/2 (ficr o1 + fi) = Yivry2 k—1/2 (fie + fig16— 1)}
(1.19h)

1.2.5 Notes on Some Derivatives
In developing the above forms, we have on occasion chosen an intuitive ap-
proach to the discretization of a derivative as opposed to a strictest form derived

directly from Taylor’s expansion. Below, are details of the instances we have chosen
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averaging to numerical analysis.

0 1
78—?; T oA [%’+1/2 & (fivre — fir) +Yicrj2n (fir — fi_Lk)]

a of 1
(% ﬂ [%H/z k fi-i—l,k: — Yi—1/2 k fi—l,k - fi,k (%+1/2 g T Yi—1/2 k}
1
= E [%‘+1,k fi+1,k — Yi-1,k fi—l,k + Vik (fz'—i—l,k - fi—l,k) - fz‘,k (%’+1,k - %‘-1,k)]

41A [72+1k[fz+lk_flk]+71 1k[f7,k_f7, 1k]+71k[fz+1k_fz lk]]

1 {1 [%H’k (fivrh — fir) bt (fir — fi—1k) (fivre — ficik) }

212 A ’ A + ik 2A

Note we could compute 8%[7 f] two ways

af (fz‘+1,k - fifl,k> (%‘+1,k - 'Yifl,k)
+f8f Vi, k 2A +fz,k IA

2 =~

[”Yf] Yi+1,k fH—l E— Vi-1,k fi—l,k
2A

So we average the two

Yi+1,k fz—i—l E— Yi—-1,k fi—l,k (fz'—i—l,k - fi—l,k) (%’+1,k - %‘-1,14)_
hf] { oA + Yik A + fik A

1 (Yitr,e + Vi) firre — (Vi + Vi) fio1.k b (Vit1.6 — Vi-1k) |
2 2A e 2A

1
= 5A [%‘H/z & fivik — Yicr2 k ficrk + fik

1
= ﬂ [%‘+1/2 k fi+1,k — Vi—-1/2.,k fzel,k + fi,k(%;+1/2 k %‘—1/2,1@)}

1
~5A [%’+1/2,k (fisre + fir) = Yicr2 ke (ficip + fzk)]

(Yt — Yierk + (Vi — Yik)) |
2

Finally we arrive at

1
[Vf] [%H/z g (Uit + Wik) — Yie1/2.0 (Uig + uz‘—Lkﬂ



1.2.6 Forms for the Finite Differences in u
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For our finite differences we will use a mass lumping technique on the intertial

term (Marfurt, 1984). Recalling our non rotated equation of motion in u given by

(1.13a)

0

ou 0 Ou
(upi—p)wQU _ sz()\‘FQM)%""R%x% [()\ + 2#)8 1+R1J;R1z <8

ou o | 0
+R22,ua +R1za |: Y

If we gather the forms from Appendix A.1 we obtain

ASUU
=
U &

2 2

Ry,

+ o= [Hik-1/2 — Higr1y2] + fs
2A V7 ’ 2A

AUV twpy
= Ria—7= 2A [()‘ - :“)ifl/lk - (/\ - M)i+1/2,k]

Uik

. 2
ASUU_ (1=0) oy (Rlx

+

Uit1 k 4
AUV wp

= —R z Y A i
Uit 1 QA( +N) +1/2 ,k

1 — 2
AU (1=b) o (Ru Ros

Ui—1k 4

AUV WPy
Vi—1k = Rlx 2A

LN+ )i 1/2 k
A6UU 1—b 2 (R%Z RQZ)
=> i k172
Ui k41
W (o

A4UU 1—b . RQZ)
= - i k—1/2

Uj —1
(Ni1k + Migt1)

AQUW N R, R,
Wit ksl 4A2

0
(9 } Ry iwp, (8 [

Roy
A2 22 ) (A4 20)i1/2 1

Ar m) ¥ 20)iapze

ow
[Aa] +

R z
A2 [()\ +20)iv1/2 6 + (A + 20)i-1)2 k;] - A—IQ [Nz’,kz—i—l/Q + Mi,k—l/Q]

SN+ 2pm)ic1y2 gk — (A4 20)ig12.]  (1.20a)

(1.20b)

(1.20¢)

(1.20d)

(1.20e)

(1.20f)

(1.20g)

(1.20n)

(1.20i)
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ATUW Ri.R1.
:> J—

Wit+1,k—1 4A? (A + pig—1) (1.205)
A3UW R, Ry,
Wi;—1 k+1 = = iAQl ()\i_l’k + ,ui,k—‘,—l) (1201{)
AIUW Ry Ry,

Gipr Az ok + i) (1.201)

The rotated terms are from (1.15a)

2 2_R2x ou ou i_i %_%
py=pleie =5 00 G ~ 5 o' M2\ 5w ~
d
o

07
i RuRy. [0 0 \ ow (’3w i 8_w ow
2 oxr' 0% &E ox' 07
+R2z au_{_% +R%Z i+i %—{_%
\/_ 0z ox' 2 oz Ox' 'Maz' ox'!
R WPy [ O, O v Qv
et {&c’ Aol = gl m (ax' 02/

Collection of the rotated forms in Appendix A.1 yields. Before proceeding, recall

that each term is pre-multiplied by the weighting (1 — a).

ASUU
=
Wik
Ry
42 [N+ 20)i-1/2 k—1/2 + (A + 20)i-1/2 k172 — (A + 208)i1/2 ka1j2 — (A + 208)i1/2 j—12]
R,
_4&2 [+ 20)ig1/2 k12 + A+ 2012 ko172 + A+ 20)im1/2 k12 + A+ 20)ig1/2 k-1/2)

Ry,
+ 42 [,uz—&-l/Z k—1/2 + i 1/2,k—1/2 — Mi-1/2 k+1/2 — Hit+1/2, k+1/2]
2

+ 4Alz2 |:'U'i_1/2 k+1/2 + Mit1/2 k—1/2 + Hit1/2 k+1/2 —+ Mi—l/Q,k—l/Q] (121&)

AQUU R%I R2x R%z RQZ
Wit 1,k+1 <4A2 + 4A) (At20)i1/2 kyr/2 + (4A2 + E) it1/2 k+1/2 (1.21b)

AlUU R%x RQ:E R%Z RQZ
T = (4A2 - 4A) (>\—|—2,U)i71/2,k71/2+ (4A2 — 4A> Hi—1/2 k—1/2 (1.21c)

AsUU RQl" R g R2z R z
= <4A12 - 42) (A+20)ic1/2 kr1/2+ (452 + 42) fic1/2 k12 (1.21d)

Ui—1,k+1
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ATUU (Rfm Rau R R,

A+ 2p)i - — o | M _ 1.21
Uit 1,k—1 42 + 4A>( +2p) +1/2,k=1/27F <4A2 4A> Hit+1/2 k—1/2 ( e)

A6UU R?
Wi k+1 _4Alz [(/\ + 2'u)"“/? k+1/2 + (A+ 2#)1'—1/2 ,k+1/2}
2
+ 4—A1zg [Mz‘+1/z,k+1/2 + ui_1/2,k+1/2] (1.21f)
ASUU R?,

[O‘ +20)it1/2 k172 + (A + 2,u)i+1/27k71/2}

R?,
N 4A12 [Hti41/2 jet1j2 + Birrjo p-1/2]  (1.21g)

Wit1k 42

A2UU R2.
U1k - _4Al2 [+ 20)i 172 key1j2 + A+ 200)im 172 k-1/2)
RQ
B 4A1Z2 [“Fl/?,kfl/z + i—1/2 ,k+1/2} (1.21h)

A4UU R2
Uj k—1 ~ _4Alg; [O\ +20)i-172 k-172 + (A + 200)i41 /2 ,k—l/Q}
Ri
+ 4_AZ2 [fic1/2 k=12 + pis1/2 p—12] (1.213)

ASUW Ri.R1.
=

W k 4A?
[()\ + 1)iv1y2 k172 A+ 1)ic1y2 kr12 — A+ Wivr2 ka2 — (A + H)zel/z,kq/z}
(1.21j)
A6UW R, Ry,
Wikt = ;AQI [()\ - M)i+1/2 k+1/2 — ()\ — ,u)i—l/2 7]H_l/Q} (1211{)
ASUW R, Ry,
Wit ko = ;Azl [O‘ o “)i+1/2 k=1/2 7 (A — :u)i+1/2,k+1/2} (1.211)
A2UW R, Ry,
= —iAr [O‘ — i1z k172 = (A= M)i—l/Q,k—m] (1.21m)

Wi—1,k 42



AAUW Ry, Ry,

W fo—1 ~ TIA (A = w2 p-1/2 = (A = is1/2 5-1/2]

AUW

Wi41,k+1
AITUW

Rla:Rlz
=

AA? (A f)iv1/2 ke1/2

Rl:c Rlz

Wi—1,k—1
A3UW
Wi—1,k+1
ATUW

Wit1,k—1

AUV Ryztwpy
Uik = 4A

AA? (A 1)iz1/2 o—1/2

o Rlx Rlz
42

Ri.R1.
— ZILA; (A + 1)iv1/2,k-1/2

(A 1)ic1/2 kt1/2

21

(1.21n)

(1.210)

(1.21p)

(1.21q)

(1.21r)

[(A - M)i—l/?,k—l/Q + (/\ - N)z‘—l/? K172 — (>\ - N)i+1/2,k+1/2 - ()\ - M)z‘—}—l/?,k—l/?]

AUV

Vit1,k+1

A1UV
=

Vi—1,k—1

A3UV
=

Vi—1,k+1
ATUV

Vit+1,k-1

_%(A + 1)it1/2 kt1/2
RlZiAwpy (At 1)im1/2 p—1/2
Rlii”p LN+ Wic1/2 k4172
_%()\ + Wit1/2 k-1/2

(1.21s)

(1.21t)

(1.21u)

(1.21v)

(1.21w)



1.2.7 Forms for the Finite Differences in v
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Recalling our general equation of motion in the non-rotated from (1.13b)

ov
— (py(A+2p) — p)w?v + Ry, (Mﬁ_x) + R%za

ou

8{2@} ov

+R22/La +R1"’6

5]

)=

. 0 0
— wWwpy (Rm {8 [pu] + /\8_} + Ry, {0 [pw] + A\—

we discretize by collecting the non rotated finite difference forms in Appendix A.2

ASVV R? R?

— wap” .

Uik

R2x

A_léz[ﬂi,k+1/2 + i k—1/2] — ﬁ[uz‘ﬂm k& ic1y2 ]

R,
i — A Hik=1/2 = Hi 1.22
+ 5 (fhiz1/2 6 — Miv1)2 6] + 5 (Wi k=172 — M j1/2)  ( a)

A6VV 1-5 R}, Ry,
= ( )WQ "+ (A_lz + i) Hi k+1/2

Vi, k+1 4
A4VV (1-— b w2 <R%Z Rzz)
- Hi k—1/2
Vi k—1
ASVV. (1 —b . ( Rgz>
w p + Hit1/2 k
Vit1,k
AQVV (1-— b w2 "y Rgx .
Uik P 9A Hi—1/2 k
ASVW iwp
Wir = Ry, sz [()\ 1) k172 — (A = )i - 1/2}
A6VIV WPy
P —Ry, oA (A + )i k12
A4VW WPy
= A b
Wi g1 Rlz IA ( +/4L)z,k 1/2
ASVU wp.
ik = Ri, 2Ay [N = wWit1j26 — (A= p)ic1/2 1]
A8VU iwp
—Ri,—2(\ i
Uit 1k 9N oA M iz
A2VU w
= Ri;— Py (A 1)ic1/2

Ui—1,k N 2A

(1.22b)

(1.22¢)

(1.22d)

(1.22¢)

(1.22f)

(1.22g)

(1.22h)

(1.22i)

(1.22)

(1.22K)
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For our rotated equation of motion for v given by (1.15b)

0 ov
(P2 +20) — p)wv = = [ T2 (Roy + Ra.) + = (Roz — Ray)
V2 \ Oz 0z
1

0 ov 0 ov 0 ov 0 ov
2 7 2 2 . v v e
2 [(R“+R ) (a / [ ax’} o7 [“a D (L~ Bay) (895’ [“az/} M [Nﬁx’})}
. Ru (9 B Bu  du
— WPy %[Mu] - y[uu] tM a7 " am
g B D0 8w+8w
KN A oz o2 ' or

we collect the finite difference forms from Appendix A.2

ASVV
=
Ui k
(Roy + R2.) (Rs, — Roy)
T[Mz‘—uz,k—l/z — Hit1/2 ,k:+1/2] + T[Miﬂ/g,k_yz — ui_1/27k+1/2]
(B}, + R) (73 + 2,)
- T[MHW Jer1/2 FHi-1/ 7k_1/2]+T[Mi—1/2 k12 FHiv1/2 5—1/2]
(1.23a)
AQVV R? + R?, RM + Ry,
; i 1.2
Vi1 k+1 = ( A2 AN ) Mit1/2 k+1/2 (1.23b)
AlVV 2 R2$ + R2z
= —1/2 1.2
Vi 11 ( AN2 AA ),uz 1/2,k—1/2 (1.23c)
A3VV R? —|-R Ry,
= - i— 1.23d
Vi1 k+1 ( 4A ) Hi—1/2 k+1/2 (1.23d)
ATVV R? +R —R,.
) i+1/2 o 1.23
Vit k1 < 4A >M+1/2,k 1/2 (1.23e)
AVY (B i) ( + ) (1.23f)
Vi k41 VIVAY: Hit1/2 k+1/2 T Hi-1/2 k+1/2 .
A8VV R? — R?,
Vit k = . 14A2 L) (Hit1/2 k172 + Hiv1y2 k-1/2) (1.23g)
A2VV R — R2,
= —( ! : ) (Nz 1/2 k—1/2 + Hi-1/2, k+1/2) (12311)
Vio1,k VVAY:
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A4VV R?, — R?, .
= ( 14A2 o) (“i—1/27k—1/2 +Mz‘+1/2,k—1/2) (1.231)

Vi k—1

ASVU Ryziwp,
Ui,k - 4A

(A = )ic1yz k12 + (A= wic1y2 k12 — X — wit1y2 o2 — (A = f)iv1/2 k—12]

(1.23)
Ang leiwpy
B At )i 1.23k
Ui+1,k+1 = VAN ( +N) +1/2,k+1/2 ( )
AlVU Rlxiwpy
A - - 1.231
Ui—1,k—1 = 4A A+ p)iz1/2 k172 ( )
A3VU Rlxiwpy
- A i- 1.23
Ui 1 k+1 4A (A +p) 1/2,k+1/2 ( m)
ATVU Ry iw
= _1—py<)\ + 1)it1/2 k-1/2 (1.23n)
Ui4+1,k—1 4A

AV N
Wy, k;
Ry iw
14Apy (A = itrj2 jirs + A= iz b1z — A= wicijo k12 — (A= @ig1j2 5-1/2]
(1.230)
AV W Rlziwpy
- At 1.23
Wit1 ft1 = AN (A+n) +1/2 k+1/2 ( p)
AlVW Rlziwpy
A = - 1.2
Wi—1 k-1 = AN (A + p)ic1/2 j—1/2 (1.23q)
ASVW Rlziwpy
- A - 1.23
Wi—1 k1 N ( + N) 1/2,k+1/2 ( 1")
ATVW Ry iw
= _1—]93,()\ + 1)iv1/2 k-1/2 (1.23s)

Wit1,k—1 4A
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1.2.8 Forms for the Finite Differences in w

We recall our continuous non rotated equation of motion in w given by (1.13c)
ow 0 ow 0 |, 0u ou
—(up?— S AF20) — A+2 Rz A —
(upy—p)w?w+ R, (At w3, +Rlza [( +2u) 5~ }+Rl Ry (@ { ax] " ["azD

L
0
ow 8 8w 0 av

We collect terms from Appendix A.3 and find

AW L
Wi k
R2, 2
~ A2 2O+ 20 kagz + A+ 20, ko1y2] — A? 2 (lip1so ke + Hio1j2 k]
R, R,.
+ 22 [:U’z 172,k — Mit1/2 k] A [()\ + 2,u)l k—1/2 — ()\ —+ 2,[1,)1 k+1/2] (124&)
AWV iwp
Uik = 5 2Ay (A= iz = (X = )i k2] (1.24b)
- Az A+ 2p); 1.24
Wi k41 4 Wit A2 + 2A (A + 20)i gr1/2 ( ¢)
AWV Z'wpy
=~ A+ )i 1.24d
(] Rl 2A (At )i g2 ( )
AdWW - (1-0b) ,, R% Ry,
- >~ A+ 201); 1.24
W; -1 5z Y A2 9A (A +20)i k-1/2 (1.24e)
AWV WP
= Riag (At i 1.24f
Vi k-1 DY A+ )iy ( )
ASWW B 1-0 ,, R%x Ry,
Wit1,k B 4 wip A2 BN Hit1/2 k (1.24g)
A2WW B 1-0 ,, R%x Ry,
w4 P AT oA ) Hee (1.24h)
AIWU Ri,R., '
Uit k1 T A? (Aigsr + piir k) (1.24i)
ATWU R, R, ‘
= 21 (Nip—1 + pit1 ) (1.24j)

Uit1 k-1 4A
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ABWU Ry Ry
Ui—1 k+1 B 4A2

AIWU  RyRi.
Ui1 o1 AAZ

(Ai k1 + Hi1 k) (1.24k)

(Ni g1 + fic1 k) (1.241)

Then recalling our rotated continuous equation of motion in w given by (1.15¢)

2 N2 — 1 w a_w R.(0 9 ow | ow
(upl—p)ww = ﬁ(AJFQﬂ) 5ot o )t (ot a0 ) |2 (55 + 5
_{_Rllez 14_2 A %_% + i_i %4_%

2 0z o0z ox 072 oxr 072 H 0z o0z
LRuf (0w uN\ R (0 0N[ 0w o
V2 H\ow ~ 92 o \or 02 ) |Mow ~ oz

fﬁgiﬁ?{ (334—gg>-+—Q{Ad—%J@{AM}

we can collect our forms from Appendix A.3 and find

ASWW

W,k
R,
T 4A

[()\ +2)i1/2 k—172 + (AN +20)iv1/2 k—1/2 — (A +20)i11/2 k172 — (A4 20)i-1/2 ,k+1/2]

Ro,
+ 42 [Mz 1/2 k+1/2 T Hi—1/2 k—1/2 — Hi+1/2 k—1/2 — Hi+1/2 k+1/2}

2

4A 2 (N4 20)i1/2 o172 + N+ 204172 12 + N+ 20)i1/2 512 + A+ 20)i1/2 5—1/2]

R?,
- ﬁ [Liv1/2 5172 + Hiz1j2 k-12 + Hiv1/2 hi1/2 + Hio1j2 ke12]  (1.258)

AQWW RQZ R z R2x R x

Wit1 i1 - (4A12 - ) (A4 2p)ig1/2 kt1/2 + (4A12 42) (A4 20)i51/2 k+1/2
(1.25b)

ATWW R?, Ry, Ry,

Wi—1k—1 - (4A2 a 4A) (A 200)i-172 -1/2 + (4A2 - (A +20)i-1/2 k-172
(1.25¢)

ASWW R?. R, Ra,

= | 1a: A2 — ) (A +2

Wi—1 k+1 (4A2 * 4A) A+ 200)imry2 172 + <4A2 AN + 240)i1/2 k+1/2
(1.25d)

ATWW R?, R, RQQ; Ra.

wi+1,k.71 - <4Al2 - 4Z)<>\+2M i+1/2 k— 1/2+ ( L 2 ) )\+2[U, i+1/2,k—1/2

(1.25¢)
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AGWW  R2, R
W k41 T A2 [N+ 2012 sz + A+ 2012 012 _@(M—l/? K172 Fit1/2 kv1/2)
(1.25f)
ASWW  R? 2
= =7z (A 20); A+ 200)i41/2 e g )0 Z,
Wit 1k ANA2 [( + 2u) +1/2 k+1/2 + (A +2p) +1/2 .k 1/2}+4A2 (u 12 k—1/2 T +1/2,k+1/2)
(1.25g)
AWW R 2
= =75 (A 20)im1/2 k- A+ 2p) ey ek
Wi—1 k 42 [( +2u) 1/2,k—1/2 + (A +2p) 1/2,k+1/2}+4A2 (p 1/2 k+1/2 THi—1/2 k 1/2)
(1.25h)
= 5 A 2 A — A 2 i— _ _ Tz i _ i 3
Wi k-1 4A2 [( +20)ivy2 -1z + A+ 20)im1/2 .8 1/2] A2 (Hit1/2 k172 THi-1/2 k—1/2)
(1.251)

A5WU . Rllez

U 4A?
[N+ 1)ic1y2 kvryz + A+ itz e-172 — AN+ Wivry2 w12 — (A4 Wiz1y2 5-1/2]
(1.25))
ASWU  RyR..
Uisin iAzl (A = Wivrjz e172 = (A = Wirz2 k-172] (1.25k)
A6WU  Ri,Ru.
Ui ot 1 - éllA; [()\ — i-12 pr1/2 — (A — ,U)i+1/2,k+1/2] (1.251)
A2WU  RiRi.
Uitk - le; [(A = Wi—1/2.k-1/2 — (A = ft)i—1/2 ,k+1/2] (1.25m)
AAWU  RiRi.
Ui k-1 - iA?l [(/\ — Wir1/2 6172 — (A = /~L)i—1/2,k—1/2] (1.25n)
AQWU Rllez
= A+ )i 1.250
Uil ksl AN2 ( H)it1/2 kt1/2 ( )
AIWU  Ri.Ry.
Ui1p—1 T A2 (A + p)i-1/2 k172 (1.25p)
A3WU Ri. Ry,
= A+ i- 1.25
Ui—1,k+1 42 (At H)iz1/2 12 ( a)
ATWU — RuRu.
= — SO Wi ko1 (1.25r)

Uit1,k—1 42
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ASWYV Ry iwp,

Uik 4A
[()\ - M)i+1/2 k—1/2 + ()\ - M)i—1/2,k—1/2 - (/\ - M)z‘+1/2 JH1/2 ()\ - M)i—l/z,k+1/2]
(1.258)
AWV _ _M(,\ju/ub)ijq/?’,m/2 (1.25t)
Vi1 k+1 4A
AlWV = Rlziwpy (/\ + ,u)i_l/g k—1/2 (12511)
Vi—1,k—1 4A
ASWV _ Rlzi(ﬂpy ()\ + H)j_l/z’k+1/2 (125V)
Vi—1,k+1 4A
ATWYV _ Ry.iwpy (A + M)i+1/2,k—1/2 (1.25w)

Vit1,k—1 4A



CHAPTER 2
Total Field Scattered Field Approach for Plane Waves

Following from Roecker, Baker, and McLaughlin manuscript in prepartion (2009),
we develop two methods for specifying an analytic solution. Our first approach,

which we will not ultimately use, comes from considering the sourceless problem
Su=0 (2.1)

which is sensible since our teleseismic sources will be out of the computational
domain. Though 2.1 is ill-posed, we can still look for a distribution of sources fy,

that will generate a desired u = ug in a simple medium discretized by Sy, i.e.
Souo = fo (22)

As consequence of the work done in developing an analytic solution we have a
means of specifying a ug for a simple model and can certainly generate S, via finite
differences. Direct multiplication in 2.2 will gives a force distribution f, such that we
can solve the heterogeneous problem Su = f;, for u. However, the differencing nature
of Sy means that most of the energy will be located in the location of steep velocity
contrast, which tend to be near the free surface. Consequently, our free surface
sources can be several orders of magnitude greater than that of sources within the
medium. Upon implementation we are now heavily reliant upon our implementation
of free surface boundary conditions, which leads to numerical instability.

An alternative approach would be to decompose the total wavefield, u;, into

its background wavefield, ug, and it’s perturbed wavefield, uy,

u; = ug+uy, (2.3)

29
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In a similar fashion we can also decompose our differencing matrix S
S =S5+ 5 (2.4)
Then we write our sourceless problem 2.1
Su; = (5o + Sp)(ug + up) = Spug + Spug + Suy =0 (2.5)

Recalling the background plane wave problem has no internal forces, Soug = 0 we

can rearrange the last equality of 2.5 into
Suh = —Shuo = —(S — So)llo (26)
Thus
un = —Sil(S — So)llo

and expanding on uy gives us a desired expression for our scattered field,
Ut = Upg — Sil(S — S())llo (27)

Now we identity the source distribution as f = —(S — Sp)uy, indicating the forces
now only appear at perturbations in the background model, which generally will not
include the boundaries, and we circumvent the numerical limitation of the previous
approach.
To demonstrate the approaches are mathematically equivalent we recall that
in the total field approach
Su; = Spug = £

and from 2.5
Sut — (So + Sh)(U(] + llh) = fg -+ Shuo + ShLIO =+ Suh = fo

and finally
Suh = —Shuo (28)
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which is indeed equation 2.6. Hence we can either obtain a total wavefield by consid-
ering the distribution of sources that create a wavefield in the background medium,
or obtain a the scattered wavefield generated from sources located at medium per-
turbations. As previously noted for numerical reasons we prefer 2.6. When im-
plementing we find our layer cake model by assuming an infinite extension of the
heterogenous velocity model that corresponds to the angle of incidence. For exam-
ple, if the wave comes from the ‘left’, our 1D model will be an extension of the
values in the first column of our velocity matrix. For example see figure 2.1. Also,
we specify our p, velocity by choosing a velocity at the bottom of the model. This

should represent our mantle velocity.
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Half Space

Left 1D Medium Right 1D Medium

X
K3

Heterogeneous Medium

Half Space

Figure 2.1: Schematic of the model. We consider a heterogenous medium
(grey rectangle) bounded by half spaces on the top and bottom and
vertically stratified media on either side. Plane waves enter the medium
from below but converted waves may also enter the heterogeneous region
from the side. The 1D media on the left and right are used for waves
entering from the left and right, respectively, and are not necessarily
the same. To prevent diffractions, the wave speeds in the heterogeneous
medium match those in the 1D media at the boundaries. Orientations of
the “non-rotated” (z,y,z) and “rotated” (z',y/,z') axes are indicated on
the right



CHAPTER 3
Analytic Solution to the 1D Problem

3.1 Solution to the Layer Problem

In developing the total field scattered field approach we require an analytic
solution to the layer cake problem. A suitable approach is the Haskell propagator
matrix technique. We follow the method prescribed for calculating the free surface
response for incident P and SV waves Haskell (1953), Haskell 1962, as well as inci-
dent SH waves Haskell (1960), now referred to as H53, H62, and H60 respectively.
In addition to what is provided directly from Haskell’s work for the free surface,
additionaly we require the displacement at every point in the medium, which can

be found by ‘backing out’ the solution from the free surface.

3.1.1 Definitions

Our reference frame will be x positive right and z positive down as shown in
3.1. Following H53’s notation (0) will relate to the free surface, 1, will represent the
first layer, and (1) will denote the interface between the first and second layer etc.
until the n’th layer.

The notation for this section is as follows
p = Angular frequency

p = Density
d = Thickness

ky =

2m
p = Angular wave number
c

" horizontal wavelength

¢ = Apparent wave speed

u, w = Displacement components in x and z directions
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- Direction of Propagation

Free Surface

@ » X

1

€Y
2

2
Y 3

+Z
n-1
(n-1)

Figure 3.1: Direction of axes and number of layers and interfaces. Figure
adapted from Haskell (1953)

[A+2
a= + o = Dilitational wave speed
P

b= \/E = Rotational wave speed
P

v = «, 3 = Velocity for P or S wave speed
1 = Angle of incidence

k, = ksint = Wave number in x
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k., = k cosi = Wave number in z

where

<

sing = —
c

We can now use

cos?i+sin®i =1

. / A
CcoS? = 1_<E>
2
. 1— (v
ky =k, S50 g E(C) — (5)2—1:1@0”

T . .
S 7

or

Then

To account for the exponential decay of potentials away from boundaries we have

2
Ty = —2—1 c>v
v
and
2
Ty = —1 1——2 c<wv
v
22
N =
2

o = Normal stress
7 = Tangential stress

We write our plane wave solution as

ez’(pt—kx) — eipte—i(kmﬂc—i-kzz) — eipte—ikmwe_ikmrvz

where in this context we mean ¢ = /—1.



3.1.2 The Displacement Terms

We seek a solution to the homogenous wave equation

2

pa—tl;:()\+2,u)V(V-u)+uV><qu

The displacement in terms of potentials is given by

u=Vop+VxW¥

or
09 v
A e
L )
A R

Taking the divergence and curl of (3.1) gives

*® (A +2u)_,
= o
ot? p v
1
=-V°w
ot? pV

Now we define up our up going and down going trial solutions

CI)d _ Alei(pt—kxac—kzz) _ Alei(pt—kwx—eraz)
own — =

_ i(pt—kgxz+kzz) __ i(pt—kgx+keraz)
Cbup = A2€ = AQ@
\deown _ Blei(pt—kxac—kzz) _ Blei(pt—kxm—erﬁz)

\Pup _ B2ei(pt—k;xa:+kzz) — BQGi(pt—kxar—&—ergz)

The dilatational wave solution for the m’th layer is given by

Cou dw PO U PP PV 9D 9P

V-u=A,

" Ox + 0z 0x2  0r0z + 022 + Ordz  Ox? +

36

(3.1)

(3.2a)

(3.2b)

(3.3a)

(3.3b)

(3.4a)

(3.4b)
(3.4c)

(3.4d)
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Then by virtue of the wave equation

PO 00 19%

A = _— - - - - =
o Ox2 022 a? ot?

or in the Fourier domain

P
A, = 2
which rearranges to )
—%Am ) (3.5)

Similarly for rotational waves

VX = Wy = =
u w 5

1 (au aw> 1 (a2<1> PV PD a2w> 1 (a%p

0z o0x) 2\0xdz 022 0x0x 0x2) 2

Once more using the wave equation

Wm =

_lfw 9wy _ 10
2\ 022 0x22) 2p32 Ot2

In the Fourier domain this can be rearranged into

25

p2

W = U (3.6)

The dilatational waves can be written as a combination of up going and down going
waves in the m’th layer by

_@u 8_w

A = 2=
" 8x+82

— kDAL o krans 4 AU (k7] (3.7)

which is 2.1 of H53. Likewise, for the rotational waves

<8u ow

s _) _ ei(pt—k:c) [w;dne—ikrﬁmz + w;fneikrﬁmz] (38)

92 a2
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which is 2.2 of H53, and the A,, and w,, terms are constants. The displacements

corresponding to (3.7) and (3.8) are given by 2.3 and 2.4 of H53

o0 OV i 0A, B 2%&%

T P PR % R (3.9)
o O a? 0N, (% Own

This shows the equivalence of Haskell’s potential and the standard potentials if we
recall (3.5) and (3.6)

Continuity of displacement across a boundary is satisfied if the velocity com-
ponents are made continuous. Additionally, since the apparent velocity ¢ = 7 is the

same in all layers we can introduce the dimensionless quantities

10u u and 1ow w
. = n _— = —
cdt ¢ c Ot c
Then we express (3.9) by
' k 2 Am 2 m K Am m
bR gy |0 OB O O | TR 5 OB g gp O
p? Ox p? 0z p? ox 0z
where with (3.7)
aAm — gei(pt—kx) [Aie—ikramz_’_Aumeikramz] — _ikei(pt—kx) [A;Jlne—ikramz_’_A?neikramz]
ox ox

and with (3.8)

Ow 9 . . . , A . .
m _ez(pt—kx) [wgle—zkrﬁmz_’_wglezkrﬁmz] _ Zkrﬂmez(pt—kx)[_wydne—zkrﬂmz_’_w;{bezkrﬂmz]

0z Oz
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we can expand

—=-= [—zk:ozanm — ikrg, 202 (wh e7Hs7 w}jlemrﬁz)] e (pt=kz)
¢ p
k> . , .
— _E [Oéanm + zrﬁmﬁi(w;lne—zkrgmz o w:ﬁlezkrgmz)} ez(pt—kr)

2 2
Q . ; r 6 . . .
m d ikTro,, 2 U KT oy 2 BmMm | d tkrg,, 2 u ikrg, 2z i(pt—kzx)

2

o . . ) ) )

_ miA d —ikra,,z AU 1kram 2 d —ikrg,,z _ ,u ikrg, z i(pt—kx)
|: 62 [ me ot + me am ] + T’gm’)/m[wme " wme " ]:| €

Noting Euler’s identity

Al emHramz L AU eFTom? = cos(kry, 2) (AL + A%) —isin(kr,,, 2) (AL — A")

u

demtkromz _ u eom® = cos(krg,, 2)(wh — w) — isin(krg, 2) (W +w®)

wi€ W€
And finally obtain 2.7 of H53

2

% = {—O;—’;[(Afn + A%) cos(kry,,2) — (A% — A% ) sin(kry,, 2)]

m

—r/gmym[(w;i — wy)cos(krg, z) — @'(cug1 +w) sin(krgmz)]}ei(pt_k”) (3.11)
In a similar fashion

9lm ZHm
p? 0z + p? Ox

ﬁ?n(%}m] :_% [ o, 0N,

0wy,
pg Qp Oz _2672n }

Ox
where with (3.7)

oA, . , . .
_ Zkramez(pt kx)[_Agne tkra,, 2 + Aumezkramz

0z

and with (3.8)
0wy,

ox

— _ikelp(tka) [w;lnefzkrgmz + w;ﬂbelkwmz
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we can expand

w Z‘k ) i L . .
< ;2 [Ty ik, (Ag,e”*rem® — Ap e*ron) — k232 0, ] €A
k? , ' |
= —?[Tamafn(Afne—Zkramz - A:LnezkramZ) + 2ﬁiwm]62p(t—kx)
k? , ' | |
= ——Q[Tam@gn(Agneflkramz _ Aumezk’ramZ) 4 Qﬁi(wgnefzkrgmz 4 wgnezkr@mz)]
p

2
_ m ﬁd —ikramz AU kT oy, 2 d —ikrg,,z KT By, 2
o {To‘m 2 (Ane " m€" ) + Y (wWpe” O+ wm )}

Then noting Euler’s identities we obtain 2.8 of H53

2
. {_ramo‘—m[(Ai — A" cos(kra, 2) — i(AL + A" ) sin(kra, 2)]

W
c c?
+7m[(wfn + wyy, ) cos(krg,, z) — i(wfn —wy) sin(krgmz)]}ei(pt_kx) (3.12)

3.1.3 The Stress Terms

Using the isotropic strain relationship we have
0ij = Cijiieii = (A 4 1)6ijenn + pieq;
It follows that the normal stress is given by

020222)\%4-(/\-1—2;1)8—10

ox 0z
where we have
u _ ayPhn G Pem 0w g PAn B P
oxr  p? 0a? p? 0x0z 0z  p* 022 p? 0z0x

then

ou  Ow ol [9%A 0?A
27—y om m =\, A
Am (890 * 82) Am p? [ O0x? * 02?2 } AmBm



From this we write

ol OPA,,

B2 02w,
P2 022 2

p? 0z0x

0= Al + 2, [—

|
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A, 32 0%w
_ 2 _ 9 2 A 9 2 _Oé_m Pm 0" Wm
(pmam pmﬁm) m+ pmﬁm|: p2 822 p2 aza$:|
2 92A 32 0w
- 2\, — 202 A, + 202 |- 9m 9fm I “m
pm (am m = 20 8m + ﬁm{ p? 022 p? 8283:})
a? 9PN, 52 82w
2 | _—"m m
_p’”(aA 2 [ R 2azaxD
and using
o O’°A,, B aZ O’°A,, _A
p2 o2 p2 922 "
we simplify to 2.5 of H53
2 92 2 92
B 9 o | am O°A B 07w
0= pm (amAm + 263, [pQ 52 2 9201 (3.13)
For shear stress we have
ou Ow
_ _ 2 -
T = Ogs = 204€5. = Py, (8z + 8:;:)
where
ou _O‘?n DA, B 52 0*wpm, d ow  az, IPAy, 2ﬁ§1 DPwp,
dz  p? 0z0x p? 072 a or 2 0z0x p? Ox*
it follows that
_ ﬁ? % ﬁQ aQWm _ %
7= Pmm p? 8x82 O 022
and we arrive at 2.6 of H53
2 92 2 2 2
B 9 _oz_m(‘?Am ﬁ_m 8wm_6wm
T =2pn05, { 02 900z + e (—8902 2 (3.14)



We have already found

oA, . A A A
= @kramez(pt—ka:)[_Azle—zkmmz + Aumelk’l‘amz]

0z

O, ‘ , .
5 _ _Zkezp(t kx) [w;ine ikrg,, z + w;{bezkrgmz]
€z
where the second derivatives are as follows

0x?

0w
m _erip(tka) [wd e*'ikrﬂmz + o eikrgmz]
m m

9’A , . , . ) .
T zk;ramez(pt_k‘”) [ikra, AL e rom? L jkr, AU ehrom?]

022

Pwm
0xdz
2A, . , . ,
T — k,ZTamez(pt—kx)[_Agle—zkramz + Azlezkramz]

ez(pt—kx)[_wgle—zkrﬁmz + w;ﬁlezkrﬁmz]

m

k2Tg

Now we find

0A o . .
a:L,m _ _Zk,el(ptka) [Ailnefzkramz + Azfnezkramz]

Ow , . A .

aZm — Zkrﬁmez(pt—k:v)[_w;dne—zkr/gmz + w:fzezkrﬁmz]

where the second derivatives are

azAm _ k?2 i(pt—kx) Ad —ikram, 2 Al kT oy, 2

Ox2 =—ke [ m€ +A4,e ]
82wm . i(pt—kx) 7, d —ikrg, z . u ikrg, z
92 ikrg,,e [ikrg,,whye mE 4 ikrg w e PmE]

_ —]{327’% ei(pt—k:(;) [w;dne—ikr,@mz

42

2.2 i(pt—k d _—ik ik
k Tamez(p x) [Am€ tkram, 2 + A%ez r&mz]

u ikrg,, 2
+ wy, e
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Then we can plug in for (3.13)

0= pme i(pt— km)a [ d —zkram + Au ZkJT’amZ]
i(pt—kx) Oé —ikra,, 2 u _ikra,, 2
+ pme 267, 4 emthramz 1 AU eikram?]
+ Pm€ i(pt—kx) 267%1 |: mk,2 ﬁm d —zkrgm + w:fneikrgmz):|
i [0 . }
_ pmez(ptka) (|:0572n . 2673;_7;:| [Aiefzkramz + A:Lnezkramz])

+pm€ i(pt—kx) <2ﬁ2 |:2_7a [ w;ineikrgmz_i_wrdneikr@mz]])

ept kx) d

—ik ik 2 d —ik ik
= P+ (o e A eTn] + 282 g, [~ Ron® + i eon])

AT
Ad —ikra,, 2 + Aumeikramz] .

2

m
i(pt—kx) 2
m

!
(2,1

_ 2,2 d —ikrg, z u ikrg,, 2
= pme 26% 1 (Wi~ E — e ]

Finally using Euler identities we end up with 2.9 of H53

0 = —pnai(ym — 1) [(AL, + AY) cos(kra,,z) — i(A, — AL) sin(krq,, 2)]

— P2, [(Wh — wh) cos(krg, z) — i(wl, + wi ) sin(krg, )] (3.15)

Likewise for shear stress we have

a? : , .
T = 2pm63n (_p_gnk2ramel(pt—kx)[_Ad e—zkramz + Aumezkramz]>

+ 2032 {fj

( /{2)[ d fzkr@m 4 w;ineikrﬁmz]
__7;(_]{;2)7,% [wgne—ikr,gmz + wgleikrﬁmz]}ei(pt—kx)
p m
8, . <
_ 2)0m 5 (a Tame i(pt—kx) [A;ineflkmmz . Aﬂ:nezkramz])

2
+ QPmC—Z1 g2 (5, —1) [wd e thramz Lyt gihram=] | oilpt=ka)
—_——
258, (125, /%)

2 d _—ik ik (pt—k
= pmam'ymram[_Ame ram® 4 AZ@(?Z ramz]ez(p &

. meQme(’Ym . 1)[wrdnefikramz + w:%eikramz]ei(ptka)
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Then with Euler identities we find 2.10 of H53

T = {pma?n’ymram [(Afn — A") cos(krg,, 2) — (AL + A") sin(k:ramz)}

— P — 1) [ + i) cos(br,,2) — il — i) sin(rg, 2)] 0
(3.16)

3.2 The Haskell Propagator Matrix

We now build a recurrence relation between layers based as proposed by H53,
and consider the cases of unit input P, SV, and SH plane waves. At any interface
between m and m — 1 layers we have a relation for the stress and displacement at

the interface as well and the solution to the wave equation in the m’th layer

Um—1 -Ad + A ]
Wm—1 Al _ AU
c =B, | ™ ™™ (3.17)
Om—1 wd — Wy
_Tm—l_ _wffl—l—w};b_

The elements of E are determined by setting z = 0 in (3.11) to (3.16) or in H53
equation 2.10

_02_27271 O _’ymrﬁm 0 |
2
0 —Zmy 0 "
B = & Tom k (3.18)
_pma?n(’ym - 1) 0 _pmczfymrocm 0
L 0 pmafn’ymram 0 _pmc27m(7m - 1)_
Now consider the next interface down, or the m interface
[ i | AL+ AL ]
wl o |at-a
‘| = Dn (3.19)
Om wd —wd
| T | Wi 4w
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where D,, is given by (3.11) to (3.16) evaluated at the layer thickness z = d,,, i.e.

D, =
(){2 . a2 . . .
——5 cos Py, i~ sin P, —YmTB,, COS Qm, 1YmTg,, Sin Qm
2 2
I8 T, sin Py, —22r,,, cos Py —iYm SIN Qp, Ym €08 Qm,

2 . 2 : 2,2 . 9.9 p

=P, (Ym — 1) €08 Py ipmag, (ym — 1) sin P, —PmC VT B, €OS Qum, LPmC YT B,y SN Q@
. 2 . 2 L2 . 2

— 8P Ym e, SID Py P YmT e, €08 Py ipmCYm(Ym — 1) sin Q. —pim Yo (Ym — 1) cos Qum

(3.20)

where P, = kr,, dn and Q,, = krg, d,,. The constants A% + A% etc. can be
eliminated in (3.17) and (3.18) giving a linear relationship between the values @/c,

w/c o, and T at the top and bottom of the m’th layer which may be expressed by

c c c
‘|l =Dn,E| ¢ | =an]| © (3.21)
Om Om—1 Om—1
_Tm_ _Tm—l_ _Tm—l_

where E! is the inverse of F,, given by

Y . _
G Pty 0
2 (’Ym_l) 1
El = 0 € 02 ram 0 PmOZ Tam (3.22)
m (ym—1) 0 S 1 0 '
YmTBm, PmC=YmT By,
0 1 0 L
L PmC"Ym

From equations (3.20) and (3.22) the elements of the matrix product a,, = D, E}!

can be computed by

)11 ="m €08 P, — (Y — 1) cos Q,

)12 =i[(Vm — 1)7“;; sin Py, + Ym7g,, Sin Qm,
am)13 = — (pmc®) " (cos P, — cos Qy,)

)

14 =1(pmc®) (1} sin Py, 4 15, sin Q)



(m)21 = = i[YmTap S Py + (Y — 1)1 sin Q]
(am)oz = — (Ym — 1) cos Py, + Y cos Qy,

(am)23 =i(pmc?®) H(ra,, sin P, + T/g"ll sin Q)
(am)

(am)1s

%)
b
|

Um)31 =PmC Yo (Ym — 1)(cos P, — cos Qy,)

am)32 =1 pmC[(Ym — 1)27“;7}1 sin P, + Wirgm sin Q]

U )11 =1 pmC [V T S Py + (Y — 1)1} sin Q)]
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Now the boundary conditions require the values of %, %, o, and 7 computed at the

top of the m’th layer be the same as the values computed at the bottom of the

(m — 1)’th layer. Then we write 2.17 of H53 as

[ i | =
c c
Wi Wm—2
c _ c
= GmAm—1
Om Om—2
_Tm_ Tm—2

Repeated calculation of (3.23) yields 2.18 of H53

ﬂnfl ug
C C
Wn—1 o
C C

= Ap-1ap—2° A1
On—1 0o
_Tnfl_ 70

(3.23)

(3.24)
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Then application of the inverse yields 2.19 of H53

[ d u_ Ug
A+ AY i
Ad — AU wo
n n —1 c
d " = En Ap—1Qp—9 A1 (325)
w, — W oy
n n
d u
| Wh + w, ] | 70 |

Of particular interest is the case when the stresses vanish at the free surface and

there are no sources at infinity, so that A = w? = 0. We can write (3.25)

AZ Ug Uo

= =E,'a g =J o 3.26
4 = Fn n—1an—2 " A1 0 = 0 ( )
wn

_wg_ _O_ _0_

or explicitly as

Ai :JH@ + Jlgﬁ (327&)
C C

Al =] 20 4 g, 10 (3.27h)
C C

wﬁ IJ31@ + ngﬁ (3270)
Cc C

wﬁf :J41% + J42% (327(31)

By eliminating A¢ and w? we have

@ _ Ja2 — Ji2 _ J1o — J32
wo  Jn—Ja Js—Jn

(3.28)

As noted by H53 since J is a function of ¢ and k, (3.28) provides an implicit rela-

tionship between ¢ and k, which is the phase velocity dispersion function.
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Of particular interest to us, and not so much Haskell, is the displacement at
any depth within the medium. Suppose this depth is a distance h below interface
m — 1. Then

Q:L_h dmfl Q'mel
c c c
% wm—l wm—l
c _ —1 c _ c
= Dpn(h)E,, = a(h)
Oh Om—1 Om—1
_Th_ _Tm—l_ _Tm—l_
e o o My My,
o o 0 Moy Moo
= ApQm—2 - G100 =M =
Ohp (o) 0 M31 M32
_Th_ _7'0_ L 0 ] _M41 M42_

Then using the structure of M, and realizing only My, My, My, and Myy will be

active by consequence of matrix multiplication gives

uTh B My My u—co
w_ch M21 M22 %
where
M11 M12 . Cll i012
M21 MQQ iCQl C(22
then
up ., U ., Wy N o
? = Cll? + 20127 = 0113%((]) — Clgxs(W) + Z[CH\S(U) + Cm%(W)]
Wh U wo

- = Z'Czl? + 0227 = —CnS(U) + CoR(W) +i[CuR(U) + CoaS(W)]

Hence, after calculating the repsonse at the surface due to the input of our choice,

we then back out the response anywhere else.

3.2.1 The Incident P Wave

For the case of an incident P wave of unit amplitude, and no up going S wave

we have AY = 1 and w? = 0, or the matrix analog of (3.25) in terms of reflectivity
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coefficients ~ _ _ -
Al +1 Ju Jiz| |t

AL =1 | Jn Jn| |22

0 I Il | oo
0] | Jaf [0

or expanded as

Wo

i
—1 =Jy— + Jyy Al
C C

which is 4 equations with 4 unknowns. Rearranging we find

—1 0 Ju Juo| |AY 1
—1 0 Ju Jnf |wf| |-1
0 —1 Jyu Juo| || |0
0 =1 Ju Jio| %] |0

d

n’

Now our goal is to invert and solve for the A¢, w %, and %, where we will call R

our inverse matrix. Finding the determinant of a 4 x 4 system we use the transpose

-1 =1 0 0
0o -1 -1 0o -1 -1

0 0o -1 -1
=—\|Ju Jau Ju|t+|[Ju Jn Ja

Ju Ja I Ja
Jag Tz Jao Jiog Jz Jao

Jig Ja Jsa Ja2
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which expands to

= —(Jo1Jao — Ju1Joo) + (Jo1Js0 — J31J2) + (J11Jae — Ju1J12) — (J11d32 — J31J12)
= —Jo1(Jao — J32) + Joo(Ja1 — J51) + Ji1(Ja2 — J32) — Ji2(Jax — J31)

and our corrected determinant from equation 7 of H62.
D = (Ji — Jo1)(Jaz — J32) — (Ji2 — J22)(Jar — J31) (3.30)

We can also find the elements of the inverse by taking the determinants of the 3 x 3

sub-matrices

0 Jau Jao
Riy=|—1 J31 Jao| = Jor(Jao — J32) + Joa(J31 — Ja1)
-1 Jn Ja
-1 Jo Ja
Roy =10 J31 Jso| = Ja2Ju1 — J31Ja0
0 Ju Ja
-1 0 Jyp -1 0 Jyn
Ry =10 =1 Jso| =Ja2— J32 Ru=10 -1 Jy|=Ju—Jsn
0 -1 Jp 0 -1 Jy
0 Ju Jio
Rio = |—1 J31 Jso| = J11(Jaa — Js2) + J12(J51 — Ju1)
-1 Jn Ja
-1 Jiu Ji2

Roo =10 Jg Jgo| = Js2Jun — J31Ja2
0 Ju Ja



-1 0 Jp -1 0 J;
Ryo =10 —1 Jgo| =Jaa— Js2 Rpp=10 -1 Jy|=Ju—Ja
0 -1 Jy 0 -1 Jp
0 Ju Ji2
Ris=|0 Jy Jy|=J12Jo1 — Ji1J2
-1 Jun Ja
-1 Jun Jie
Ros = |—1 Jyy  Joo| = Ju1(Joo — Ji2) + Ju2(J11 — Jo1)
0 Ju Jao
-1 0 Jp -1 0 J;
R3s=1—-1 0 Jog| = Ji2 — J2 Ryiz=|-1 0 Jor| = Ji — Jn
0 -1 Jy 0 -1 Jgy
0 Ju Jio
Riy=10 Jy Joo|=Ji2Jox — J11J2
-1 Ji Js
-1 Ji Ji2
Roy = |=1 Joy Jao| = J51(Joa — J12) + Js2(J11 — Jo1)
0 Jsi Jso
-1 0 J12 -1 0 J11

Ry =1—1 0 Jy|=Ji2— Jo Riz=1-1 0 Jo|=Ju—Jn
0 -1 J32 0 -1 J31

From this we could reassemble R in it’s entirety, however,since we are effectively

only multiplying by the vector [1, —1]T, we can truncate R to

J21(J42 - J32) + J22(J31 - J41) _Jll(J42 - =]32) - J12<J31 - J41)
R— _J32<]41 + J31<]42 <]32<]41 - J31<]42

Jag — Js2 —Jyo + J3o
—Jy + I3 Ju — I3

o1
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Finally doing the multiplication yields

_ Jo1(Jaz — Js2) + Jaa(Js1 — Jan) + J11(Jaa — Js2) + J12(Js1 — Jan)

Ad
n D
Al — (Ju + Jo1) (Jaz = Js2) — (Ji2 + Jo2) (S — J31) (3.31)
D
wg _ — 3041 + J31Ja0 — J39d41 + J31J40 _ 2(J31J42 — J32J41) (3.32)
D D
U o — Jzo + Jua — I3 (Ja2 — J52)
Z = =9 3.33
c D D ( )
W —Ju+ Iy — Ju + I (Js1 — Ju1)
Z = =2 .34
c D D (3:34)

These are the corrected quantities for H62.

We can rewrite D a bit

D= _(J11J32 - J21J32) + (J11J42 - J21J42) + (J12<]31 - J22J31> - (J12J41 - J22J41)

then
R(D) = Jindag — Jadsa — Joads1 + Ji2du
(D) = —Jndsz — Jandao + Ji2Js1 + JaoJu
Note that ) ) ) ) ) _
Jin Je RS Cii iCha
Jo Jaa|  |S R| |G O
J31 J3a v S (31 iCs9
o Ji|  |S R] O [iCn Ca|

D= - (iCII O32+C21032>+<011042_2.021042)"’_(2.012031 —022031)+(012041+i022041)

R(D) = C11Cy2 — Cy1C39 — Cp2Cs1 + C12C x4
J(D) = —C11C39 — C1Ca + C12C51 + CyoClyy

From (3.17) and (3.18) the values of * and % at the top of the n’th layer are given
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by
anfl ?L d d
= ——Q(A + AR) = Yarg, (Wi — wp) (3.35)
{ 2
wnc_l = —%Tan(ﬁi = AL) + Yalwy + wp) (3.36)

To exhibit combined effect of crustal layering and the free surface we can normalize
(3.33) and (3.34) by the coefficients of A% in (3.35) and A¥ in (3.36), thus the

normalized surface amplitudes are

i (J32 — Ju2)
o D

n

U, =2 (3.37)

c? (J31 - J41)

2
QiTq, D

W, = (3.38)

H62 notes these as the transfer functions relating the given input component of
motion to the output free surface component of motion.

If we seek to normalize the surface amplitudes to unit total amplitude in the
incident wave, then we should multiply the right hand side of (3.37) by 22 = sin(i,,)
and the right hand side of (3.38) by “*222 = cos(in)

c (Js — Ja2)
J— 2_—
U O, D

¢ (Js1 — Ja)
Qay, D

W —2&
which is the response to the total excitation for AZ = 1.
For implementation reasons, we desire normalized forms for the real and imag-
inary parts of U, and W,. Note that if D = x + iy, then
L D x-—uy
D DD+  DDx

U — E(J:sz — Ji2) N &D*(Jsz — Ji2) N 2c (
" a, D a, DD ~ a,|DP?

(.CE — zy)(z032 — 042) = i.ﬁECgQ — .17042 + y032 + in’42

r—iy)(Jsa—Ja2) = t(x—iy)(iCs2—Cl)
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R(U,) = —t(xCa2 — yCs2) (3.39a)
S(Up) = t(yCaz + 2C32) (3.39D)
Expressions for the normalized real and imaginary parts of W, displacements can

be found by

(x —iy)(Js1 — Ju1) = x 31 — 1y sy — xJyy + iyJy = xCs —iyCsy —ixCyy — yCyy

R(Wp) = t(zCs1 — yCu) (3.40a)

Finally we can determine the real and imaginary parts of the ratio %
p

Up _ UWy _ RU)RW,) + S(Up) (W) + i[SUp)R(W,) — R(Up)S(Wh)]

w,  W,W; W, W

If we set A =1 in (3.35) and (3.36) then we have velocities scaled by a medium
constant. So our input is the velocity impulse (which has a flat spectrum) and the
quantity we recover are the dimensionless velocities U = % and W = % To recover

the associated displacement we integrate over time

u:c/Udt:_iU:—iEU and w:—if
p b p

.C c
(Up,u;) = —Z]S(Ur, U) = Z;(Ui, -U,)
where we take u and w to be zero at zero frequency, p = 0. In general the displace-
ment associated with a velocity impulse will not be of much use.
If we want the response to a displacement impulse d, we need to scale A
appropriately. The velocity spectrum A will be related to an equivalent displacement
spectrum 6 by A = ipd. For a flat spectrum associated with displacement, § = 1, it

follows that A = ¢p. Then the velocity response to a displacement impulse is just
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1pU = Uy, with associated displacement
C .
u:c/Uddt:,—sz:cU
w

or, in other words, the displacement response to a displacement impulse is the same
as the velocity response to a velocity impulse.

For some applications we need to know the displacement response to an accel-
eration impulse, a. Here, the time integration means the velocity spectrum, A, will
be related to an equivalent acceleration spectrum, a, by A = %. It follows, for a flat
acceleration spectrum, a = 1, that A = %. The velocity response to an acceleration

impulse is thus % = U,. The associated displacement is then

cU c
U:C/Uadt:——:—jU
pp p
In the general case of Green’s functions for unit forces, it would seem that we want
this last form. For example, in the wave tomography software, the source term units
are force per volume, therefore we would like the Green’s functions corresponding

to a displacement response from an acceleration impulse.

3.2.2 The Incident SV Wave

For the case of incident SV waves in the n’th layer, we set A} = 0 and

wy = 1 and once more consider the incident wave to have unit amplitude. This

reduces (3.25) to

Al ] [ Je)

Al | a2 %0
W1 T | |
_wi+1_ _J41 J42_

which can be written as
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then rearranging as 4 equations and 4 unknowns gives

—1 0 Ju Ji| |Ad 0
10 Ju e || |0
0 —1 Jy Juo| [ 2| |-1
0 =1 Ju | |2 [ 1]

The work done for our previous inverse is still applicable however we now realize

that the final two columns are active, thus

Afll Jiada1 — Ji1 a2 —J19Jo1 + J11J22
wd B i —Jio(J11 — J2n) — I (Jaz — J12)  Js1(Jog — Ji2) + Jaa(J11 — Ja1) | | —1
“_CO D Jia — Jao —J12 + Joz 1
_%_ i —Ju + Ja Ji1 — Jot |
This yields
Ji1Jag — J12Jo1)
Al :2( 11J22 12J21 349
‘ - (3.42)
o — Jaa(J11 — Jo1) + Jua(Ja2 — Ji2) + J31(J22 — Ji2) + Js2(J11 — Jan)
" D
szl _ (Jog — Ji2)(Ja1 + Ja1) — (Jo1 — Ji1)(Ja2 + Ja2) (3.43)
D
() (Jog — J12)
—_— =2 3.44
. 5 (3.44)
Wo _ o= ) (3.45)

c D
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As before we can find the normalized surface amplitudes by dividing (3.44) and
(3.45) by the w! coefficients in (3.35) and (3.36), respectively,

A (o2 = J12) (3.46)
Yols, D
2 (Ji — Joa1)
W= =7 (3.47)

To normalize with respect to the total amplitude of the incident wave we use

2 (J22 - J12) @nrﬂn . 6(022 - iClz)

U, =
TnTB, D c G.D

W. = 3 (Jll - J21)& _ C(Cll — i021>
’ Tn D c B.D

If the wave is traveling horizontally, then it is pure SV. H62 notes we could resolve

it into an SV and SH using the angle of polarization e of the incident wave

AsH
tane = —— 3.48
Asy (345)

Then if we let Vi be the normalized surface amplitude for SH waves, 7, as defined

by equation 5 of H60, the surface amplitudes are given by

ug = Agy U, cosigy, (3.49a)
v = Agy Vs tane (3.49b)
wo = Agy Wy sin igy, (3.49¢)

but that is not really needed here. To obtain the real and imaginary parts we

proceed as before

i (022 — ngQ) . C D*(ng — ngg) C

B, D B, DD*  B,DP

US = (l‘ — Zy)(CQQ — iC’u)

with the real and imaginary parts given by
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S(Us) = 5n|D|2 ———(2Cha + yCs)
Then for W,
_ c(Chp —iCy) ¢ D*(Cy1 —iCoq) < . »
e GnD B DD+ "~ B.|DJ? (z —iy)(C11 — iCy)
which gives
RW,) = =———=(2Cy; — yCa)

ﬁnlDP

(W) = =55 (@Cxn + yCan)

ﬁn\DIQ

3.2.3 The Incident SH Wave

Following from H60 we now consider the case of the incident SH wave. The
plane wave solution for the homogenous elastic equation of motion for the SH case

is given by H53 (9.1)
v = ei(ptszx) [,Udefikzrgz + ,Uueik:zr[;z] (35())

with corresponding transverse shearing stress

ov

Ys:,ua

— kg g P Ren) [ ydemikaraz 4 uikrsz] (3.51)
If we differentiate (3.50) with respect to time we find
b = ipeiPte et [ylo=iheraz | yugikars] — ik ceiPtemikat[ydgikatsz | yueikaraz]
If we set z =0 at the (m — 1)’th interface we then have
v

(—) = ikt + o)l he) (3.52a)
¢ m—1

Yy, = ikafimrs,, (V2 — vl )e!Pi—ke) (3.52b)
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which can be rewritten as

i (0 L 7 L
('U;l1 + 'Ufn‘l) = —— (_) e~ Pt pikaT (U;fz _ U;in) _ Y, e ipt gikew
kx\c/,._1 kgpimrs,,

Then at the m’th interface, z = d, we find

v , B | o
<_) — ka[vde ikzrg,, 2 +’Uu€lk1rﬁmz]62pt€ tkyx
C

m

Defining Q,,, = k,7g,,d

(g) = flk‘x [UglefiQm + U;L;LeiQm]eipte*ikzx
C m
= ik [0 (cos Q@ — i8N Q) + VY (cOS Qpy + i8I0 Q)] ePle™He"

= iky[cos Qp (v + v2) + isin Q (vY — v )]ePle "

. d —ik ik ipt —ik
Vo s = ki [~ o g e ZJeinteihas

= ikoptm7p,, [~V (cOS Qp — 15N Q) + V™ (cOS Qpy + i 5in Q)] ePle™Re®
The above then becomes

(f) = [iky €08 Qu (V2 + v™) — ky sin Q,, (V2 — v )]ePreHe" (3.53a)

C

Yy, o = keftm7p,, [1 €08 Qu (VY — v&) — sin Q,, (v, + v )]ePle =" (3.53b)

m

Substituting our rearranged expressions for v& + v% and v¥ — ve gives

(E) - (E) cos Qm + ! Ys, , sin @, (3.54a)

}/Sm = }/;mfl COS Qm + Z (2) Mmrﬁm Sin Qm (354b)
C
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(3.55)

Hence
¥ i . ¥
(E)m — cos Qm HmT By, Sin Qm (E)mfl —
m
Yo | |ittwrs, sinQn  cosQ Yoo
where
i .
0 — cos Qm s Sin Qm
UYbmT B, SIN Qo cos Qo

Applying the recurrence relation and a free surface it follows that

(), @] _ [

}/Sn 1 O 0
Note
1 0] L 7 L W)
(’Ud T Uu)n - _ (_) efzptelkza: — efzptezkzm[A 1 (_) 4 AlQY;BO]
kx C/) 1 g ¢ 0
u d i —ipt ikyx i —ipt ikyx v
(v* —v%), = —k—YS,He et = — e e [Ag1 | =) + AxYy]
or again with the free surface conditions, and recalling that % = 2 — kv
d u i —ipt ikyx v —ipt ikzx
(v 40", = ——e P TA | = | = Ajuge e
k. ¢/,
u d i —ipt Jikzx 0 1 —ipt ikyx
(V" =), = ————e Pt Ay | - | = Agivge”Pe
kyptnrs, c)o  HnTB,

Now consider the delta excitation in the half space v} = 1, then

d o —ipt ikyx
U, +1= AHU()G e
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1—w) = Ag vge~Ptetka®
HnT s,
Equating and solving for v
d d
vd+ 1. 1—vw
e S ()
An Aoy
d d
Un 1 Mnrﬁn Un
+ — BT,
An | An - Ay T4
d d
v ) 1 T T 1
A T, 5 = U (— o ﬁn) Pnbn _
An Az A Aoy Aoy A
d <A21 + MnrﬁnAn) B Avipinrg, — An
" A1 Ao A1 Ag
ol — Allﬂnrﬁn — Ay
" Ao+ prs, Al
Then using ve + 1 = AjjvgePletka®
A —A 2A T o
114078, 21 +1= 114073, _ Allvoe—zptezkxm
Aoy + pinrs, Anr A1 ptnrp, + An
Or
vy = 2lu’"lrﬁn eipte—ik’m:c
Arpinrg, + A2l
To implement we first construct A
0" — cos @, “miﬁm sin @, _ | a1 1412,
W T3, cos Qm 1a21,, 022,

_ | Mty 012,y || Q1L 2012,
Ap—10p—2 =

a1, , Q22,4 421, _, A22,_,

a11,_,011,_, — 12, ,021,_, (@11, ,012,_, + Q12,_, 022, _,)

Z(amnflannfz + a22n71a21n72) g2, _,022, 5, — A21, 1012, ,
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and so on following this pattern. Then, solve for vy as above

20T - ~
n'! Bn ezpte—zkl-az

U, =
0 Aviptnrg, + Ao

To recover the displacement recall at any (m — 1) interface that

Ysm—l O
or since ¢ = 2% = ik,v
Um—1 Vo
= Gm—-1Am—2 " " Qg
Y1 0

Then the displacement at any point in the layer between interfaces m and m — 1 is

found from

m(h m—
on(h) = apran(h) | = A |
Yin(h) Y, | 0

vm(h) = Al vo

where a,,(h) is just the a,, evaluated a distance h below the m — 1 interface. Note
that even when h = d we are at interface m. Recalling (3.55) a,,(h) is the case

where Q),,,(h) = kyrs,, h. If rg is imaginary then

2
co8 @y, = cos | —ikyy |1 — @h

61’0

Then using

=cosf +isinf
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61 — &1 — cos(in) + isin(in) ¢~ — 1 = cos(in) — i sin(in)
we find
~1 4 N
cos(in) = cosh(n) = %
—1 _ en n_ e
sin(in) = isinh(n) = ‘ % ‘ Zi(e 26 )
i

In the program, when rg is imaginary we have rgz = iry and @ = kyrgd =

’iTQ k’xd = iZz

22 —2z9
cos @) = cosh(zy) = % =,
22 __ pTR2
sin Q = isinh(z) = 2(6—26) =S,
Then
i 1 1
0 — cos Qm T Sin Qm _ Cs T So _ Cs P
Z.:umrrﬁm sin Qm COos Qm _iIU/mT2S2 C'2 _iumr252 C’2
Thus
ay, = Cy uwzm S
—ifmT252 Cy

Note the additional minus sign in as;, which we keep track of with the e, array in
the program.

When calculating vy for rg, real; rg, = 79,

v T 2T buparg, = b 2011 (pn7s,)* — 1241075, b21
Avipinrg, + Air buiptnrg, + ibay biipinrs, — iba (b11tns,)? + b3,
S
’ 2611 (pn7,)° 247, b1
Vop = Vo, = —

(b11pnts, )% + b3y (bripinTs, ) + b3

For rg imaginary and rg = irs.

— 2'U’”Tﬁn _ QiMnTQn i 2Mnr2n
Anipinrg, + A1 biipnra, +iba biipnran + bn

Vo = Vop

This is however the half space so 7 will always be real.
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3.2.4 Notes on Signs

According to the convention of H53, z is positive in the direction of propagation
(+R or ‘away’) and z is positive down. One would surmise that a positive L direction
for P waves would be in the (—Z, R) direction, so that we reverse the sign on Z. If
we do this, then a simple crustal model gives (—Z, R) on the transmitted P, or (up,
away) as one would expect for the +L. The Ps wave is (down, away) which would
be a +H.

One would then also suspect that a positive incident S wave in the +H direc-
tion would be (down, away) = (+Z,4+R) so we do not reverse signs in this case. For
a simple crustal model the transmitted S is (+2,+R) as we would expect. The Sp
wave is (+7, —R) or (down, towards) which would make it — L.

Note that if we use a ‘lithosphere’ model (high V' over low V') the sense of the
converted phases reverses.

For P waves, the principal direction will be the L component, and the dip
angle we get from tomhask is shown in figure 3.2. (angle with respect to horizontal;
counterclockwise from positive). Note that even though we reversed signs on W,

the sense of Z is still positive down; hence:

L=—7sind + Rcosd

H = Zcosd + Rsind

For the S waves, the principal direction will be in the H component, and the dip

angle is the compliment of what is shown above d' = d — 90°.

L=—7cosd — Rsind

H = —7sind + Rcosd

3.2.5 Time and Frequency Considerations

We begin with a source time function file, which typically will be a band

limited delta function like we find on the L components from SH analysis. From
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> R

14
\J H

Figure 3.2: Rotation from (Z, R) to (L, H)

this we specify the sampling interval A; and the number of samples n,. We can
also specify a start time, which comes in the header, but for simplicity we will take
to = 0. We specify where in the source time function file the source time function
actually exists with tge, and tse,q. These are times and will be converted to sample
numbers igpeq and ¢isenq in the program. It is this window of the source time function
we will use for convolution.

In the current version the actual size of the time series is hardwired into the
variable nn2 which is set to M AX PT = 2VNPOW where NNPOW = 16. Hence the
length, in samples, is 65536. For FF'T purposes we need a factor of 2 points. The
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time duration is then nn2 x dt (actually dt x (nn2 — 1)), so the frequency interval

Ay = m. The total number of frequencies for which we need to compute the

spectrum should be MAX PT'S = MAX PT/2+1 (including zero frequency f = 0).
We need only half because the other half will be the complex conjugate.

We calculate the Thomson Haskell response for each frequency, then convolve
with the spectral representations of the source time function by multiplying the

spectra. These are then transformed back to the time domain.

3.2.6 Comment on Convolution and Wraparound

In essence each of the two time series has a length M AXPT and so the
convolution will have 2 x M AX PT points. Wraparound happens because the FFT
assumes periodicity in the signal every M AX PT points. If half of the signal is
zero padded then there will be negligible wraparound in the MAXPT that we
keep. This is why we we move the source time function to the front of the time
series before we compute the spectrum. It also turns out this makes computation
of the convolution time delay very simple. We have to guess that all the significant
theoretical conversions will arrive within the first half of the time window. This is

worth checking from time to time, however, 65536 points seems to be overkill.

3.2.7 Programming Notes

Instead of rewriting the code from scratch, we elected to utilize a similar code
for receiver function analysis developed by G.L. Kosarev. However, there is a subtle
issue in scaling in the code by Kosarev, and the inferred code from our discussion
thus far. We notice the first two rows of his E,! matrix (£ matrix for the half
space) are scaled by —a? and his last two rows are scaled by —23% as compared
to Haskell. This is a bit odd considering that the rest of the E~! matrices are not

similarly scaled. Hence we would have

(AL Al [ —a2dy —a?J

Az — Ag B —a2J21 _a2J22 %
wy + Wy 282 262 2
wi—wn | [ 2080 2087
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Or better, consider what happens to our evaluation of U and W
D = —(iC11Cs35+C51 Cs) +(C11Cua—iC51 Cpp ) +(iC12C31 — C2C31 ) +(Cr2C a1 +iCo2Cl1 )
D always involves a row (1,2) term multiplying a (3,4) term, so

Ukosarev = 2a262DHaskell

For the incident P wave

2ﬁ2 2c (J32 - J42) 1

U osarev — - = ——U, aske
K Pl o, D o2 Uaskel
And for the incident S wave
042 C <J22 — J12) 1
U osarev — - = - Uase
b 20‘252 ﬁn ’anﬂnD 252 Haskell

and the same logic for W. Again, the ratio % is unchanged.

When we do the inversion, we really only care about this ratio. For the P
wave problem, we use the Z component as the basis for W, and multiply it by the
% ratio to get the R component.

When using the code we specify a 1D model file, and the original ‘L’ component
which serves as a source time function given in ASCII @ format. We will then
specify a window about the original L to isolate the source time function using
sbegs tsend, and ty. Then we copy the source time window to array z; and Fourier
transform. Now, Z; and Z; become the real and imaginary parts of the spectrum.

The emergence angle is computed by
L =Z7sina— Rcosa

H=—Zcosa— Rsina

where a is the ‘dip’ angle with respect to the horizontal plane. Hence, as dip — 90°,

L— 7, H— —Randasdip— 0°, L - —R, H— —Z. Note that this R is positive
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towards the source (negative of usual sense). The emergence angle is with respect

to the vertical axis. We take 5° in this example, the deduced dip was 83.3°.

3.2.8 Note on Sign of Transforms

When using any other method with the wave tomography software from Pratt
we must be mindful of the signs in the Fourier Transform, being Pratt’s forward and

inverse transform are opposite of convention. In H53 we solve for F'(w) so that

(1) = / F(w)elt=k) g,

In the wave tomography software we have the source time function (srcsubs.f)

S(w) = / s(t)etdt

and in eltime, etc to go from frequency to time

() = / Flw)e—“!du
in the 2.5D derivation we use
U= A<w)€i(wt7wpyy7kzxszz)

which is like H53. But it seems that to be consistent with the wave tomography we
should use

U* = A*(w)e i@i-wpy—heo—kez) — 4

Thus, the frequency domain representations in the wave tomography should be the
complex conjugate of the Haskell form. Note, that doesn’t matter for f(¢) because

it is real.
ft) = /F(w)ei(m_kx)dw = /F*(w)e_i(“’t_km)dw

Hence, in explanewv.f we take the conjugate of the H53 and H62 solution. What

appears to work is to solve for u and —w, take the conjugate in explanewv.f to back
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propagate
fto2) = [ P2 = it
[tz 2) = eikII/F*(w,z)ei‘”tdw
— 6iwpzx / F*(w)eikzzefiwtdw
where
w 1
—_— == —
ko Pa

Conjugating reverses the direction of time and space. We can reverse time back
again by using e ™! and x with e*+* but we reverse z again by transforming F
with a negative z. This makes z positive down which is the convention of the wave
tomography software.

One outstanding question thus far is why don’t we do this for S7

3.2.9 The Fluid Layer

If we make observations near an ocean then we may be interested the effect of
a fluid top layer. In this case we can not directly take the limit 3,, = 0 since the
inverse of F,, given by (3.18) becomes singular. However, we may define an effective

inverse transform by setting 3,, = 0 in (3.22) and setting 7,,_1 = 0 we find

0 0 0
2
S 0 0
Fl= T (3.56)
0 0 0 0
0 0 0 0]
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where we notice we only have two linearly independent columns which span our

range, which are the unknown coefficients. If we set (3,, = 0 in (3.20) we obtain

—O;—Qg“ cos P, 202—2’; sin P, 0 0
a2, : o2,
D - 1~ BT, SIN Py —78rg, cos Py 000
) =
pma2 cos P, —ippaZ sinP, 0 0
0 0 0 0
from which we multiply
B a2 'CY2 . ] B
——5 cos P, i—3-sin P, 0 0f |0
w — D F-l iiig”ram sin P, —i—%”ram cosP, 0 0 —
m m - 2 . 2 .
pmay, cos P, —ippaz, sin P, 0 0] [0
0 0 0 O0f (O
to obtain )
0 —i—1-sinP, P 102 cos P,
D p-l 0 cos P, 12 sin P,
Qa = =
" e 0 szc sin P, cos P,
0 0 0

(3.57)

0 L 0]
p’mam

I
0 0 0
0 0 O_
0_
0

(3.58)
0
0_

We note the difference in the minus sign for entry a;o. If the top layer is fluid then

Al + AY et to
Ad _ Av Wm—1 wq
E, " "= ¢ = Am—-1Gm—2 -+ 0Qo ‘=M
wld —wd Om—1 0
AR B | 0
Applying (3.58) we obtain
_“?0_ [0 —i-Lsin P, —m% cos Py 0] _%_
@Q
Lo 0  coshy i sinFy 0f [0
ag =
0 0 2 0c gin Py cos Py 0 0
g
| 0] 0 0 0 0] | 0]

o> o o5 ok

Z.M sin P[)’Lbo
Tag

—i-L sin Py
Tag c

cos Py=2

0

M

My | | %
Mz | |22
My |
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The obvious problem here is there is no solution for uy, however as noted by H53
an ideal fluid does require continuity of tangential displacement at the boundary, so
ug is irrelevant. Alternatively, if the stress is zero everywhere on the surface, then
there is is no horizontal gradient, i.e. ug = 0. We must note though that although u
is not required to be continuous across the interface, the continuity of vertical stress
implicitly creates a u displacement by the pressure gradient in x. If we consider the

relationship between stress and pressure direct simplification of (3.11) and (3.15)

yield
W o?
—= —C—’;ram[ i(AL + AY)sinkry,,. + (AL — A" cos kr,,.]
0 = pma’ [(A% + AY ) coskry, . — i(A% — A" ) sinkry, ]
do 2 d U : : d U
5 P kra, [— (AL + AvYsinkr,,, z — i(AL — Ar) coskr,,, 2]
2
= — P02 kro, [(AY + A" )sinkry, 2 +i(A% — A") cos krq, 2]
1 8’[1) Oézn . . d u : d u
- —?zpram[—z(Am + A ) sinkr,,, 2 + (AL, — AY) cos kry,, 2]
2
= —a—pram (AL + A% sinkr,, 2 + (A% — AY) cos kry,, 2]
Then
w__,oma (AL 4+ A ) sinkrg,, 2z + (A% — A% coskr,, 2] = dop _ 0o
pmtl = Prom om = 9 ke T 02
Thus,
oP
. _ 0P po_
P 0z’ ?

Alternatively, we can proceed from the relationship between pressure and displace-

ment

0c=pa*A=KA=K @—l—a—w =KV.-u=-P
Jxr 0z

Similarly, then

(9P 80

pil = — = B —iky P = —ikypma [(AL +AY) cos kry,, . —i( AL —AY ) sin kry,,.]
T T
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so that
U 1 2 [ Ad u nd wn
— = - krpmoi [(AL, + Ay ) coskry,, . — (A, — An ) sinkrg,, .|
c iPPmC
2
= —%[(A% + AY) coskrg,,. — i(AL — AY) sin kr,,.]

Which is the expression for u in (3.11). Note that pressure and displacement are

not independent, so we choose one, which here will be u instead of stress. So

-5 0 00
0
02
Eal — 0 —agrao 00
0 0 00
| 0 0 0 0]
[ —3—2% cos Py z(z—gg sinPy 0 0| [~ ;% 0 0 0]
00 g _a __
a — DOE()_I 13 rzo sin Py ?2 ra(; c?s P 00 0 Zrac 0
poagcos By  —ippagsinFy 0 0 0 0 00
i 0 0 0 0] 0 0 0 0]
[ cos Py —i% sinF, 0 0]
@0
—i% sin Py cos Fy 0 0
— @Q
—poc? cos By z";o—cz sinPy, 0 0
@
i 0 0 0 0]

Returning to the J notation we have

cos B, —i-LsinPy, 0
TQO
—i-tsin P, cos Py 0
7'040
oc?
—poc?cos Py i2=sin Py 0
@Q

0 0 0

J/(Io

S olg ol
I
~
o O o O
O o8 ol
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so as before

A:ll + Az J11 J12
Ad — A | S “70
wg — wg J31 J32 %
i wy + Wy i | Ju1 Jag |
as compared to the old form
_%_ [0 —ii sin Py —m% cosPy 0] _u—co_ ——irao sin PO%—
" % B 0 cos P iﬁ% sinF 0 % B cosPo%
“lo 0 i®sinPy  cosPy 0| |0 i2€ sin Py
| 0] 10 0 0 0] [0 i 0 |

An alternative approach is to solve for stress (pressure) at any depth and then

convert this to v and w via the gradient.



CHAPTER 4

Dispersion Analysis

4.1 The Error Functional

For dispersion analysis we wish to determine how much our finite difference

dw
dk

@
» ko

forms will cause our numerical group, and phase velocities to differ from a
their analytic counterparts. To develop an analytic representation pertinent to our
numerical methods we will assume an isotropic, homogeneous, unbounded, source-
less medium.

To proceed we will simplify our non-rotated and rotated continuous equations
of motion based on our aforementioned assumptions and express the system as a
linear combination of rotated and non rotated forms. We then apply an appropriate
discretization to the stiffness terms and mass lump the inertial terms. Expressing
this finite system in matrix form we obtain an associated ‘eigenvalue’ problem in
frequency, w. After substitution the resulting determinant is cubic in frequency,
from which we are then able to obtain our desired group and phase velocities. With
these expressions for group and phase velocitiy Jo et al, (1996) and seek coefficients
a and b as to minimize the numerical dispersion. As an added bonus, this method
implicitly reduces numerical anistropy when applied to a 2.5D system.

To begin we define a set of functionals to represent error in the L, norm for

phase velocity (ph)

P Uph 2 sv o 2 SH o 2
_ p . _ p . _ p
Em=t= | B =m0 B s IRy ()
and group velocity (gr)
pak . sv? . sH?
Eb=1-2|,;, EY=01-%2|; E"=|1-2 4.2
gr a ’ gr Ra ) gr Ra ( )

for our compressional P, shear-vertical SV, and shear-horizontal SH waves. Note
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we adopt the big R notation of Stekl and Pratt which is related to Poisson’s ratio,
o by

1 _
R=y/2— = g (4.3)

We formally seek to minimize largest errors over k* = % = é provided G = }1

is the grid points per wavelength, and propagation angle, 6 € [O, ﬂ To make
the calculations more intuitive, we change variables and minimize over wavenumber

ke [0, %”}, hence

1 2n /G pm/4
%min [ / / max{EY EN ESY ELESY ESTY df dk (4.4)
€1 €2

Because we generate a decoupling in the case when our apparent slowness in y is
0 we choose lower bounds of €; and €;. Numerical tests indicate our our solutions
are ‘almost’ complex as a result of finite precision. As an artifact of our numerical

integration we choose €; = e = .031 which proves stable for all cases.

4.1.1 Non Rotated Form

Our simplified equation of motion in three dimensions is given by

0 auj 62ui

9,02, Mo, (4:5)

—w?pu; = (A + p)

or in longer form

0’u 0% 0w

—wipu = (A + p) + + + 'a2u+a2u+a2u
wn= a | 022 Oz0dy  Ox0z] a |0x2  Oy? 022
)2 = (A + )'ﬂ+8_21)+82w'+ -@_{_@_‘_8_2@
v K | 0ydx ~ 0y?  Oy0z| a 022 0y? 022
—pw = (At ) 0*u N 0*v N 0w 0*w N 0w N 0*w
W= K 5200 0z0y 022 e oy? 022
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Then rewriting with our 2.5D assumption which yields g—; = —iwpyu and g—;g =

—(w?p,)?* we obtain

0?u 0?u 0*w v
—wou = 2) —w? e — -
wipu = (A + ,u)a2—|—u( wpiu + )+(A+u)axaz zwpy()\—l—u)ax

922
0%v Pv ou ow
—wPpv = (A4 2p) (=P v + pio— + g — dwpy (A ) 5 — dwpy (A4 1) 5=
0w 0w 0u v
— 2 o — 2 - 9 -
wiow = (A+2u) 5 +u( W pw + o 2) At ) g — iwpy (A + )5
or
82u 82u 0w v
2/ 92 _ . =
(0420t == (4 T2 i, 1+ @—' 2
w PPy =PIV =1\ G2 T gz ) TP s T ey A )5
0, o Pw  Pw Pu v
w (Mpy—f?)w:(>\+2M)W+MW+()\+M)8 5 —Wpy()\JFM)&
Then dividing by p and recalling that o? Mpz“ and 3% = Z we have
, 0% 0%u 0*w ov
2422 _ 50w 50 2 2 o2
w (6 1>u Oé or 2 +ﬁ ( ﬁ )axa Zwa@‘ ﬁ )ax
Pv 0% ou Ow
w2(a2p§ —1)v = 3 <W + 5, 2) pry(oz — ﬁz)a—x — uupy(oz — %)= o
Pw 0% Pu v

20122, 2 _ 2v% ow 2 2 92

Finally, introducing the big R notation from (4.3), where R? = 5—2, and dividing out

by a?
(R~ é)u = % + RQ% +(1- 32)558 — iwpy (1 — R?)g;
by - %)” = (giii + 222) twpy (1 — R2)% —iwpy(1 = RQ)‘;I;
AR, g = G4 G (1 B 1 !
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Defining
1
_ 2
T\ = R*p; = (4.11a)
_ 5 1
T, =p, — e (4.11b)
we at last obtain
A= T m o) P - a2
W= 5 T 52 dzdz Py O '
2T v = R2 82 + @ — W (1 _ R2)a_ —w (1 — Rz)gw (4 12b)
N 02 ' 022 Py oz Py 0z ’
0w 02w 0%u v
2 vw 207 W P2 _ _ R\~
whw =5+ B T - Bgg, —ien(1= B (4.12¢)

4.1.2 Rotated Equations

Again, if we rotated our system 45°, we can relate our original (z,y) frame to

(', y") via
I, — xjﬁz’ Z/ — z\;ﬁm
and back by

Taking the first derivatives we recover (1.14a) and (1.14b) given by

9 oo 00 1 (0 o .
dr  Ox' dx 0 dx /2 \0x' 0 '
0 0 8x 0 07 1 0 0
— = — =——+ = 4.1
8z a0z (92 9z 2 (6’x’ N 0z ) (4.13b)
The second order derivatives given by
o? 1/ 0? 0? 0?
ox2 2 <8x’2 * 82’2> 920 (4.142)

0?1/ 0 0? 02
922 2 <8x’2 * 82”2) * 0z'0% (4.14b)
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o 1/ 0 92
dx0z 2 ((99[:’2 N 32/2) (4.14c)

We can then rewrite the equations of motion in the original frame as

2 /92 2 2 /92 2 2
9422 o (Ofu | D G5 (0 Qw4 5 O
W5y = Du = 2 <8x’2 * 62’2) * 2 (830’2 * 02" (" =5 )Gx’&z’
L) (Pu Pw\ @) (v
2 ox? 027 Py V2 oz 07

w?(a’p; — v =

v D% (@2 =p3%) (Ou  Ou o (@ =p%) (Ow  Ow
(B ) i (22

2 /o2 2 2 /92 2 2
2422 o (w Ow e (Fw  OFw 2 oy 0w
By~ Lw = 2 (8;5’2 * 82’2) 2 (83:’2 * 0z"? +la=p )ax’ﬁz’
N (a2 _ ﬁQ) aQu B aQu B (Oé2 _ 52) @ @

2 ox? 027 “Py V2 oz’ 07

or slightly reduced to

2 32 2 2
2 22 (@*+pB%) (0P Ou
w(8 Dy Du = 9 <8x’2 + 0272
0*u (a? = p%) [(*w  *w (> =p%) (Ov v
R 7 <8x’2 8z’2> RN <8x’ az)

wz(azpi —1)v=

v 0% o (a®*=p3?) (Ou  Ou o (=37 (Ow  Ow
2 gy @ =p7) [(ou ouy \a”=p7) (ow  ow
g (83:’2 * 82’2> WPy V2 <8x’ 82’) WPy V2 (69&’ * 82’)

2 g2) /2 5?2
w2(ﬁ2p§ —Dw = lo 9 ) (0;’;} + 3;/12})
(- ) Pw (o —3?) (02u 82u> (2= (@ @)

o0x'02 + 2 ox2 02
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Then with our expressions for T} and 75 given by (4.11a) and (4.11b), dividing out

by o? and recalling our big R notation we find our rotated forms are given by

2 (I+R?) (9Pu  O%u
Wil = 2 Ox"? * 02"
0%u (1-R?) (*w O*w . (1=R*)[Ov v
J—— J— 2 E— —_— — —_—— ——
(1-R )(‘Qx’ﬁz’ * 2 (aa;/2 82’2) Py V2 <8x’ 82’)
(4.17a)
W =
o (PPN AR (e o\ () (ow ow
ox? 027 1Py V2 or' 0z Py V2 ox' 0z
(4.17Db)
9 C(I1+R?) (Pw | DPw
wilw = 2 O0x'? N 02"
Pw (1 —-R? (0*u Q% o (1—=R?)) [(Ov Ov
J— 2 j— —_— — — —
tA-R )ax’ﬁz’ * 2 <8x’2 82’2) Py V2 (81‘/ 82’)
(4.17¢)

We can then express our our continuous equation of motion as a linear combination

of non-rotated and rotated differential forms

WTiu = aA; + (1 —a)Ay (4.18a)
wTyv = aB; + (1 — a) B, (4.18b)
wTiw = aCy + (1 —a)Cy (4.18c¢)

where A; represents the spatial operators in (4.12a) and A, represents the spatial
operators in (4.17a) and so forth.

Next we can spatially average to the inertial term, whose significance in the
finite element community is to diagonalize the mass matrix. For both finite elements

and finite differences it appears to increase convergence. Now our approximation
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looks like
(1-0)
u =2 buy, + T(Ui-i-l,k + Uit + Ui jg1 + Uip—1) (4.19a)
(1-0)
v R bug + 1 (Vit1,k + Vie1k + Vigpg1 + Vig—1) (4.19Db)
(1-90)
w = bw;  + T(wi—l-l,k + Wi_1 g + Wi g1 + Wig—1) (4.19¢)

Then if we combine (4.18a), (4.18b), (4.18¢) with (4.19a), (4.19b), (4.19¢) we arrive
at
(1-b)

W T (bu@k + T(ui-i-l,k + U1k + Ui gt1 + Ui,k—l)) =aA; + (1 —a)As

(4.20a)

1-0
w2T2 <bvi,k + ( 1 )(UiJrl,k + Vi—1k + Vi, k+1 -+ Ui,kl)) = CLBl + (1 — a)Bg (420b)

1-0b
w2T1 (bwi,k + %(wﬂ_l,k + Wi—1,k + Wi k+1 + w@k_l)) = CLCl + (1 — a)OQ

(4.20¢)
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4.1.3 Finite Difference Forms and the von Neumann Method
To proceed with (4.20a), (4.20b), and (4.20c) we want to create a ratio between
the numerical and theoretic case and thereby must discretize the problem. Our finite

difference forms are given by

7= fisip I~ = ficip 1= it gt f+ = fipt1:
f-= fir-1; fZ = ficip—1; [T = fistp-1; fi = ficips
or visually
A
T A
Ii I+ I
Then writing out the stencils we have
0 + -
&f; f 5 Af (4.21a)
0 _
anC / *2 Af (4.21b)
82 +_9 -
axJ; _J AJ;+ ! (4.21¢)
0? -2 _
8;; _ S+ AJ;+f (4.21d)
A P Ry L
T (4.21e)
of _fi-j-
eI (4.21f)
of _ [y -7 f+
o +—2 -
axf; == 2Af2+ ! (4.21h)
0? C =2 +
az£ By mff /2 (4.21i)
W (f+—f__f+—f_>_f+—f+—f+f_ o
0r'02  \2A \ V2A VoA ) 2A2 e
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As typical we proceed with a von Neumann analysis by introducing a plane wave

solution (ug, v, wo)e_i(k”*kzz). These are related to the finite difference stencils by

o = A(w)el@tmwrwy—ka(z=R)=k:(z=R)) — foilketha)A (4.22a
fo= A(w)ei(wt—wpyy—kxa:—kz(z—A)) — fetks (4.22h
fj- _ A<w)ei(wt—wpyy—kx(x—i—A)—kz(z—A)) _ fe—z‘(kx—kz)A (4.22c
= A(w>ei(wtpryy*kz(a:fA)szz) _ feisz (4.22d
f= A(w)ei(wt—wpyy—kzx—kzz)
fr= A(w)ei("dt_“"pyy_ka:(CU"FA)_kzZ) — fe~ikeld
fi= A(w)ei(wt*wpyy*kz(I*A)sz(wA)) _ fei(krkz)A
f= A<w)ei(wtpryyszxsz(erA)) — feik:A

Ft = Afw)eltmsmha(t2)—hes(:+8)  pomilhtia (4.22i

The discrete forms of (4.20a), (4.20b), and (4.20c) can be written in matrix form as

K:
T\M; 0 0 g i e i B L
w
— _ wpy K21 K wpy K32
K wpy K32 K
0 0 T1 M 1 Wo _A321 —yA _A323 Wo

This is closely related to the eigenvalue problem in w for 3D, however we have added
eigenvalues into the stiffness terms. As we would expect though, the eigenvalues are
in general all real valued with the exception of a few pathological cases when we are
at low wavenumber and low 6 or we decouple the system with p, = 0, in which case
the effect of round off error is quite severe, and thus resulting in ‘almost’ complex

eigenvalues. We can explicitly define our mass and stiffness terms by

My = bu;, +
1—-b, . A A ,
— b+ T(ezsz +e—zsz +61k2A +€—7,sz)

1—
=b+ Tb(2 cos kA + 2 cos k,A)

(™ +u” +uyp +ul)
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which simplifies to

1—
My =b+ ( 5 ) (cos kA + cosk,A)

Then we note that k,A = kA cosf and k, = kAsinf. Hence

My =b+ (1 ; ) (cos(kA cos @) + cos(kAsin ) (4.24)

with corresponding derivative

M, A(1—1b)

T [sin(kA cos 0) cos 8 + sin(kA sin 0) sin 6] (4.25)
d%u d*u 1+ R?) [(0*u  O%u 0*u
Kn=al|S2 v 228 - —(1-R?
= [8:162 R 82’2] +{1-a) [ 2 (833/2 + 82’2) (1-R )8.95’82’]

=a[u* —2u+u" 4+ R*(uy — 2u+u_)]
n (1—a) {(1+R2)

2 2

:a[eikxA + e—ikmA —24 RQ(eik’:A + e—ikxA . 2)]

(ul +uZ —du+ul +ut) — (1— R*)(uy +u_ — (ut + u_))}

r 2
+ (1 ; a) [(1 4—23 )(e—i(kx—f—kz)A 1 gilhatha)A | ilka—keD) | pmilhe—k)A _ 4)]
(1-a)[ 1-R?
2 | 2
=a [2cosk,A — 2+ 2R*(cos k,A — 1)]
(1—a) [(1+ R?
LI
1 - R?

T
_ 2a) - (ZCossz—2coskxA)]

(e—isz + eisz _ (e—ik’IA + eikIA):|

(2cos(ky + k.)A +2cos(k, — k,)A — 4)]

which simplifies to

K1 =2a [cos koA — 14 R*(cosk,A — 1)}
+(1—a) [(1+ R?*)(cosk,Acosk,A — 1) — (1 — R*)(cos k. A — cosk,A)]
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or

K11 = 2a [cos(kA cos ) — 1 + R*(cos(kAsin6) — 1)]
+ (1 — a)[(1 + R?)(cos(kA cos ) cos(kAsin @) — 1)
— (1 — R*)(cos(kAsin ) — cos(kA cosf))] (4.26)

with corresponding derivative

dK,
dk

—A(1—a)(1+R?*)(sin(kA cos 0) cos(kA sin 0) cos 0 +cos(kA cos 0) sin(kA sin 6) sin 0)
+ A(1 —a)(1 — R*)(sin(kAsin §) sin § — sin(kA cos ) cos ) (4.27)

= —A2a [sin(kA cos §) A cos 6 + R?sin(kA sin 6) sin 6]

Ky = —i(1 — R?) {aj—; - (1\;;) (% N %)1

1 1—a
= 5(1 — R?) {a(zﬁ —v—)+ 5 (vf —vZ —vi + N)]
= S (1-R)
a(e—z‘k:xA _ ke (1 ; a)(e—z‘(kx—i—k:z)A _ pilkatkz)A 4 emika—ka)A _ ei(kx—kz)A):|

= —;%ya [—2isink, A +i(1 — a)(sin(k; + k.)A +sin(k, — k,)A]
which simplifies to
Ko = —(1 — R?) [asink,A + (1 — a) sin kA cos k. A]

or

Ko = —(1 — R?) [asin(kA cosf) + (1 — a) sin(kA cos ) cos(kAsin )] (4.28)
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with corresponding derivative

dgjl = —A(1 — R*)[acos(kA cos ) cos 0
+ (1 — a)(cos(kA cos 0) cos(kA sin ) cos § — sin(kA cos 0) sin(kA sin 0) sin 6)]
(4.29)
0w 1-R? (PPw D*w
_ _ P2 — —
Ky =all - R )axaz t-a) 2 <3x’ 32’2)
— (1 — RQ) + + - - 1 + - - +
= C T awt —wt — w5+ wn) (1 - )t 4w — g - w)
_ P2
_ (1- R?) (efi(kz+kz)A 1 pilkatha)A (efi(szkZ)A X ei(krkz)A))
4
_ P2
= w[z cos(ky + ko)A — 2cos(k, — k) A
which simplifies to
K31 = —(1 — R?)sin(kA cos 0) sin(kA sin 6) (4.30)

with corresponding derivative

dk

= —A(1—R?)[cos(kA cos 0) sin(kA sin 0) cos f+sin(kA cos 0) cos(kA sin 6) sin 6]
(4.31)

v 0% v O™
. » Y - - —
K =R [a ((%2 i 822> +{1-a) <(‘3m’2 * 82’2)}
(1—a)
2

:RQCL(e*ikIA + eikIA + efisz + eikZA . 4)

=R’ {a(v++v+v++v—4v)—|— (v + v + vl + vl — o)

2
+ %(1 . a)<€7i(kz+kz)A + ei(kz+kZ)A + efi(szkz)A + efi(szkz)A . 4)

=R?[2a(cos kA + cosk, A —2) + (1 — a)(cos(k, + k.)A + cos(k, — k.)A — 2)]
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which simplifies to
Koy = 2R? [a(cos kA + cos k,A — 2) + (1 — a)(cos kA cos k,A — 1))
or

Koy = 2R?[a(cos(kA cos ) +cos(kA sin §)—2)+(1—a)(cos(kA cos 0) cos(kA sin §)—1)]

(4.32)
with derivative
dK22 2 . . . .
T = —A2R*[a(sin(kA cos ) cos 0 4 sin(kA sin 0) sin 0)
+ (1 — a)(sin(kA cos 0) cos(kA sin 0) cos 6 + cos(kA cos 0) sin(kA sin 6) sin )]
(4.33)
, ow  (1—a) (0w Ow
- _ _ p2 i _ 4
KgQ = Z(]. R ) (CL 02 + \/5 (al’/ + az’>)
(1 — R? 11—
= _¥ (a(w+ —w_)+ 5 a(wi —w_ +w, —w+>
il -RY
2
(a(eim eiheAy (1 ; a)(e—i(kx—&—kz)A _ ilhat kA mithe—k)A _ ei(kx—kzm))
(1—a)

= —i(1 — R*)[—i2asin k. A + i (—2sin(k, + kz)A + 2sin(k, — k,)A)]

which simplifies to
K3y = —(1 — R*)(asink.A — (1 — a) sin k. A cos k,A)
or

K3y = —(1 — R?*)(asin(kAsin @) — (1 — a)sin(kAsin 0) cos(kA cos6))  (4.34)
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with derivative

dg;” = —A(1 - RH[acos(kAsinf)sinf — (1 — a)[cos(kA sin ) cos(kA cos §) sin 6

— sin(kAsin 6) sin(kA cos6) cos 0)] (4.35)

0*w 0*w 1+ R?) (O*w O*w D*w
Ky =a | =— + R*~—— 1— 1—R?
3 =4 (822 A 8:62) t{d-a) ( 2 (8&:’2 * 82’2) tA-R )ax’az’)

=a [wy — 2w+ w_ + R*(w™ — 2w+ w7)]

1—
+ : 5 ) [(1+ R*)(wl 4+ w” +wy +wh —4w) + (1 — R*)(wy —wt —w™ +w_)]
—q [enitD kD g | (kD | ik o]

(1 ; a) (1 +2R2) [(e_i(kw—&-kz)A 4 pilhetk)A | milka—k)A | gilke—k)A _ 4)]
1 — . . . .
( . (I) (1 . RQ) (e—szA + 6zsz . (e—zkxA + ezkxA))
=a [2cosk,A — 2 + 2R*(cos kA — 1)]
1-— 1 2
+ ( 5 @) +2R ) [2 cos(ky + k) A + 2cos(ky — k.)A —4)]

1 —
+ ( 5 2 (1 — R*)(2cos k. A — 2cosk,A)

+

which simplifies to

Ks3 = 2a [cos kA — 1+ R*(cos k, A — 1)]
+ (1 —a) [(1+ R?*)(cos kyAcos kA — 1) + (1 — R*)(cos k. A — cos k,A)]

or
K33 = 2a[cos(kAsinf) — 1+ R*(cos(kAcosf) — 1)]

+(1 = a)[(1 + R?)(cos(kA cos0)(kAsinf) — 1)
+(1 — R*)(cos(kAsin 0) — cos(kA cos6))]

(4.36)
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and derivative

dk

—A(1—a)(1+R*)[sin(kA cos 0) cos(kA sin §) cos 0+ cos(kA cos #) sin(kA sin 6) sin 6]

= —A2a[sin(kA sin ) sin 6 + R*sin(kA cos ) cos ]

— A(1 —a)(1 — R?)[sin(kAsin §) sin @ — sin(kA cos @) cos 6] (4.37)

Now identifying the eigenvalue problem in w gives us the form

4
w
WOTTH M — x [T MT (K1 + Ksg) + T M7 Koy + p Ty My (K3, + K3)|
2
w
+ Al [TIMI(KHKQQ + K5 K33)
+ Ty M (K1 K33 — K3) +pZ(K§2K11 + K3, K33 — 2K 31 K2 K3)]

1
+ A6 [K§1K22 - K11K22K33] =0

or rearranging

(K11 + Ks3) " Ky
TlMl TQMl

) - (o) | 7

—|—(wA)2 (K11 K99 + Koo K33) n (K11 K33 — K§1> n (K322K11 + K221K33 — 2K31 K91 K32)
T\Ty M} TEM? T, M}
K§1K22 — K1 Ky K33
=0 (4.38
TIT,M} (4.38)

hence we are left with a problem of form the
(WA’ + a (WA + b (WA +¢=0 (4.39)

where | have defined

Ku+ Ky K» (K3 + K3)
TIM, LM, P T

(4.40a)
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da . _(Kil + Ké3) _ K11 + K33 dMl KéZ K22 dM1

dk T\ M, M2 dk ToMy, ToM? dk
o [ (K5 + K3) dMy (K Ky + KKy
v LM dk T\ Ty M?

or simplified as

da (K} + Ki)

da g I f + Ky Ky) (K5 +K3,)  a | dM,
dk T M, TN VE VMM M| dk
(4.40D)
then in b
b= K1 Ko + KooKs3 K1 K33 — K§1 9 K§2K11 + K221K33 — 2K31 K91 K39
T TLM? TZM? v T2T, M3
(4.41a)
@ _ KoK, + K11 Ky + K3 Kby + Koa Ky _ 9 (K11 K99 + Koo K33) dM,
dk T T M? TV T M} dk
N KggKil + K11K§3 — 2K31K§1 _ 2(K11K33 — K321) dM;
TZM? T2 dk
. 2K K K3y + KKy + 2K Kss Ky + K5 Kig
v T2T, M7
_ 9,2 (Ko1 K5o Kby + K1 K32 K + K31 K01 KY)
Py T2TyM?
_3 2 (K322K11 + K221K33 — 2K31K21K32) dM1
Py T2Ty M} dk
or

db _ KoKy + KKy + Ky Iy + KKy | KKy + KKy — 2K K,

dk T\T>M? TP My
o [2K32K11K§2 + K5, K1) + 2K K3 K3, + K5 Ky
y T2ToM?
_ 2(K21K32K§,1 + K31 K30 K + K31K21K§2)}
T2T, M7
12 g2 (K3 K11 + K3 K33 — 2K31 K91 K35) | dM, (4.41D)
M, Y leTQJW{1 dk '
and in ¢
. K3 Koy — K11 K9 K33 (4.42a)

T2T, M3



de 2Kz KpKsj + K3 Ky —

(Koo K33 K1y + K11 K33 Ky + K11 K99 Ky)
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dk T2Ty M3
. 3(K§1K22 - K11K22K33) dMl
T2Ty M} dk
or
@ _ 2K31K22K§1 + K321K§2 - (K22K33K{1 + K11K33K§2 + K11K22K§,3) _ﬁdM1
dk T2Ty M3 M, dk
(4.42D)

4.1.4 Special Case

As a special case of (4.23) we consider now where ¢ = 1 = 0 are zero. We

reduce T} = 15 =

2A2
XM+ Ky

—1 and lose our p, terms, allowing us to write (4.23) as

0 K3, Ug
0 %Ml + K22 0 Vo

(4.43)

Kgl 0 %Ml —|—K33 Wo

Expanding the determinant we find that

2A2
Ml + Kll) (

() [

Where we realize that M; and Ky are equivalent to the forms given by Jo et al

(1996) and K71y, K, and Kj3; are the corrected terms for Stekl and Pratt (1998),

2A2

M, + Kgg) - Kgl} =0 (4.44)

thus we have decoupled our system into a purely acoustic case with shear wave speed
and a 2D elastic case.
If one then solves (4.44) where z = %, and matches up with the values

calculated by the cubic equation, we identify the roots as

K11+K33 +\/K11+K33 K11 K33— K2,
My

xr = (4.45a)

_K11+K33 _ (K11+K33)2 _'_ K11K33—K32,1
M? M,

2

(4.45b)

To =
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where z; and x5 are the P and SV coupled 2D elastic case from the quadratic, and

x3 is the SH acoustic case.
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4.1.5 The Cubic Equation

The following is from the discussion Press et al. (1992), or for convenience
P92. For the cubic 23 +az?+bxr+c = 0 with real coefficients (where we have defined
r =wA). Let

a® — 3b 2a% — 9ab + 27c
_ . R = 4.46
0="" . (4.46)
with derivatives given by
da db
dQ _ 20 34 (4.47)
dk 9 '
and 2d d db d
dR  6a?% —9 (b9 4+ a D) + 274 (4.48)

dk 54
We first note that ) and R in our case will always be real. We can then define a
discriminant D = R?2 — Q3. If D < 0 or as expressed in P92 R? < 3 then the cubic

equation has three real roots found by computing

4.1.6 D < 0: Real Case

R
0 = cos™! .
(\/@) (4.49)

1 dR 3R dQ

9 Ja Uk /g b

dk Jom

with derivative

Q3/2
which simplifies to
3R d

b~ tiga (4.50)

dk V@3 — R? '
Next the three real roots are given by

0 a
= -2 -] —-= 4.51
Ty Q) cos (3) 3 (4.51)

0
x2:2\/_cos( ;W)—g (4.52)

r3 =2 Qcos(egﬂ)—

(4.53)



93

with derivatives

dey 1 dQ 2/Q 0\ df 1da

pTal \/@cos( ) T + 3 sin 5 ) 3k 3dk (4.54)
dry _ 1 0+ @_2\/_ 0+7\dd lda (4.55)
e~ vo °\"3 Jak 3 3 ) dk 3dk '
dry _ 1 —m\dQ _2vQ , (0-m\df lda (4.56)
ak Vo S\T3 )ak 3 3 dk ~ 3dk '

Notice in this case that the roots do not appear to be ordered, however, as will be
shown later they are directly related to the complex roots. It may also be worth
pointing out these formulas differ from the formulas prescribed by Numerical Recipes
by a minus sign and a factor of 7 in the argument of the cosine functions. This was

the source of many headaches.

4.1.7 D > 0: Complex Case
Since we have real coefficients (5.6.13) and (5.6.14) of P92 are reduced to

A = —sign(R) [\R| +/R - Qs} v (4.57)

where we realize that the R? — Q% is now a real contribution by our assumption on

D. Related to this is

(4.58)

Sy
I
S O

with derivatives

dA  sign(R) R4 3% 49

_ 2 dk

— ign(R)—- a5 +
T N A DT

2/3

) (4.59)
dB  1dQ QdA
&k Adk Adk (4.60)

I have not investigated whether or not B is smooth enough such that its derivative
exists for A = 0, however, if A =0, then does not exist then the algorithm will

fail, so it does not make any difference.
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Finally we obtain our one real and two complex roots with

a

ry=(A+B)— 3 (4.61a)

2y = —%(A+B)—§+¢§(A—B) (4.61b)
1 a V3

:L‘3:—§(A+B)—§—’LT(A—B) (4.61c)

Our intuition dictates that x; will be the real P wave component, while x5 and x3
are the S wave components. However, we must note we are interested in magnitudes
when classifying roots, and as we will find later, our intuition fails.

Lastly, the derivatives are given by

dxy dA dB 1da

%—(%—F%)—g% (4.62&)
das 1 /dA dB lda V3 [(dA dB
%“5(%*%)‘5@*7(@‘%) (4620)
dzs 1 /dA dB lda V3 (dA dB
%—‘5(@+@)‘m+7<%‘%) (4.62¢)

4.1.8 Group and Phase Velocities
Now we note for both cases that z; = (cuZA)2 hence our phase velocities,

Uph = 7, I8 given by
Wi VZi
ko kA

Uph =

and then applying w;A = /z; we find the derivative

dk 2y AT dk 2z dk

Ugr

for i = 1,2, 3. It is quite fortuitous that the A comes all the way out of the derivative
of x; to cancel with the other A from the wA contribution. Then dividing by the P

wave speed, «, we finish with our error forms given by

«Q :ozkA

P
v,
Eh = 2h _ VIP (4.63a)
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,USV USV T
gSY = b _ ph _ VTSV 4.63b
ph 5 Ra RakA ( )
USH ’USH T
ESH — ph _ ph _ VSH 4.63
P =73 T Ra  RakA (4.63¢)
vk 1 dx
EP = o _ il 4.63d
I« 2c/Tp dk ( )
gV _ Ve Ve 1 dasy (4.63¢)
gr I} Ra 2Ray/zgy dk ’
SH
1 d
gsn = o sH (4.63f)

o T "8 T 2Raasg dk

4.1.9 Derivation of Real Roots

Consider the roots of the cubic given by

1 :_g_%{’/3+ VR = QP (4.64a)

mg——g+1+3i\/§€/R+\/R2—Q3+l_i\/g{’/R—\/RQ—Q?’ (4.64b)

3
1—iV3 141
:cQ:—%Jr ;\/gf/RJr R? — Q3 + +3Z\/§€/R—\/RQ—Q3 (4.64c)

We will use the assumption that R* — Q* < 0. By definition the argument under

the third root is complex, thus

- 1+;\/§{’/R+ VR Pyl _Ng{’/R— VR — Q3

_ 4 p1/3 (em/seie/:a + e—ie/se—m/?,)

0
:—§+2p1/3COS( gﬂ)

a
3
a
3
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and similarly in z3 we get

0 —
x3:—§+201/3cos( 37T)

where x = R and y = 1/@Q? — R? hence

p=(r+iy)(r—iy) = VR*+ Q> — R?=+/Q?
and 0 = tan™! ( v Q;_RQ

). Then remembering our triangle trig we have a hy-

potenuse of /@3, therefore § = cos™ }; = |. Now there is a relationship between
the real and complex roots. Numerical tests indicate that 1 = SH, x5 = SV, and
r3 = P with 0 ~ w. Given this we can imagine z3 lying around 0°, x5 around 120°,

and x; around 60°.

4.1.10 Numerical Integration

To approximate the integral in (4.4) we will use a 2D Simpson’s rule given by

Mathews and Fink (2004). That is

//Rf(m,y) dA:/b/df(:v,y) dy dz ~ S2D(f, h, k) (4.65)

282D = f(a,c) + f(a,d) + f(b,c) + f(b,d)

+4Z fa,y251) +2 Z fla,y5) + 42 f(b,y2j-1) +2 Z f(b,y2;)

—|—4Zf X2i—1,C —|—22f T2, C +4Zf Toj— 17 +22fx217

m

—1—162 (Zf T2i—1, Y251 ) +8 (Zf T2i—1, Y2; >

i j=1 \i=1

n—1
NS (z f<x2i,y2j1>) i
j=1 \i=1

m—1
f(ﬂf% 3/2;‘)
j i=1

Jj=1

(4.66)
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over the rectangle, R = {(z,y) : a <z < b, ¢ <y < d} where z is divided into 2m
subintervals by h = ”Z_—m“, 1=20,1,---,2m and y is divided into 2n subintervals by
k= %, j=0,1,---,2n. Notice this definition of £ is slightly different than the one
from Mathews, mainly because he made a mistake and prescribed k& over b;—ﬂ“ His
examples still work because he only uses the region [0, 1] for limits on both integrals.
The reasons Simpson’s rule was utilized for numerical integration is first for it’s ease
of implementation and that the error here can be shown to be of O(h*) + O(k?),
thereby dominating a simple trapezoidal or box integration. Other schemes such as
Gauss family integraiton rules, which in general will converge much faster assuming
a ‘smooth’ integral can be implemented, however they are a little more difficult. An
excellent introduction to generating Gauss family integrals can be found in Golub

and Welsch (1962).



CHAPTER 5

Discussion and Conclusions

As a demonstration of the proposed method we provide a numerical example of the
forward problem. Here we considered a homogeneous background of compressional
wavespeed of 6,000 meters per second with a faster compressional wave speed of
7,000. The corresponding shear wave speeds are approximately 3,500 meters per
second and 4,000 meters per second, figure 5.1. The model considers angle of
incidence of 20° and back azimuth of 10°. The effective mantle velocity is 6,000
meters per second, resulting in a p, = 0.0098 kilometers per second. There were
420 grid points in  and 104 grid points in z spaced at 400 meters which equates
to a length of 168 kilometers length and 41 kilometers depth. The band consists of
80 frequencies ranging from .01 Hz to .8 Hz. The source time function was a Ricker
wavelet. The time window is 1 minute. The run was serial on a 4 processor Linux
dual core AMD Opteron Processor and completed in approximately one hour, for
3 x 420 x 104 = 131, 040 degrees of freedom.

A snapshot of the system response also is given at 11.2 seconds in figure 5.1. All
components are scaled equally, and for plotting reasons, are given a value between
0 and 255. On the right side of the model we see the energy is predominately in
the vertical, w, component. As we get closer to the box, the effect of the velocity
contrast resulting in a stronger u and v response. Finally, on the left, the u and
v components show a strong S conversion resulting from the free surface. There is
also some u and v energy ahead of this phase which corresponds to the P reflection,
which is most noticeable in the w response.

To summarize, we have considered the 3D elastic problem, imposed a geo-
logically valid assumption of homogeneity in one direction thus simplifying to 2.5
dimensions. To aid in numerical accuracy we then expressed the corresponding equa-
tions of motion in a rotated frame, which is related by a mass lumping and weighting
scheme, then proceeded to discretize, via finite differences. Next, for accuracy mod-

eling of plane waves, we introduced the scattered field total field approach. Then,

98
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Figure 5.1: (a), (b), and (c) are the u, v and w response, respectively,
to a velocity model given by (d) at 11.2 seconds. The background layer
is the compressional velocity with the red at 6,000 meters per second,
and the blue at 7,000 meters per second. The model physically spans 168
kilometers in length and 41 kilometers in depth.
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we developed an analytical technique to produce a solution not just at the free sur-
face, but over the entire model, based on the Haskell propagator approach. After,
we developed a method for reducing numerical anisotropy and dispersion. Finally,

we presented a small example to demonstrate the numerical efficacy of the method.



1]

2]

LITERATURE CITED

Aki K. and P.G. Richards Quantitative Seismology Second Edition (2002),
University Science Books, Sausalito, California.

Bouchon, M., C.A. Schultz, and M.N. Toksoz, A fast implementation of
boundary integral equation methods to calculate the propagation of seismic
waves in laterally varying layered media, Bulletin of the Seismological Society
of America, 85 (1995), 1679 — 1687.

Clayton, R. and B. Engquist, Absorbing boundary conditions for acoustic and

elastic wave equations, Bulletin of the Seismological Society of America, 67
(1977), 1529 — 1540.

Fujiwara, H, The fast multipole method for solving integral equations of three
dimensinoal topography and basin problems Geophysical Journal International,
140, (2000), 198 — 210

Golub G.H. and J.H. Welsch Calculation of Gauss Quadrature Rules,
Mathematics of Computation, 23, 221 — 230

Jo C.H., C.S. Shin, and J.H. Suh An optimal 9-point, finite difference
frequency-space, 2-D scalar wave extrapolator, Geophysics, 61, 529 — 536

Haskell, N. A., The dispersion of surface waves on multilayered media, Bulletin
of the Seismological Society of America, 43 (1953), 17 — 34.

Haskell, N. A., Crustal reflection of plane SH waves, Journal of Geophysical
Research, 65 (1960), 4147 — 4150.

Haskell, N. A., Crustal refiection of plane P and SV waves, Journal of
Geophysical Research, 67 (1962), 4751 — 4767.

[10] Hughes, T.J.R. The Finite Element Method, Linear Static and Dynamic

Finite Element Analysis (1987), Prentice-Hall International, Eaglewood Cliffs,
New Jersey.

[11] Komatitsch D., and J.P. Vilotte, The Spectral Element Method: An efficient to

simulate the seismic response of 2D and 3D Geological Structures, Bulletin of
the Seismological Society of America, 88 (1998), 368 — 392.

[12] Komatitsch D. and J. Tromp, A Perfectly Matched Layer (PML) absorbing

condition for the second-order elastic wave equation Geophysical Journal
International, 154 (2003), 146 — 153

101



102

[13] Marfurt, K.J. Accuracy of finite-difference and finite-element modeling of the
scalar and elastic wave-equations Geophysics, 49 (1984), 533 — 549.

[14] Mathews, J.H., and K.D. Fink, Numerical Methods Using MATLAB (4th Ed)
(2004), Prentice-Hall International, Eaglewood Cliffs, New Jersey.

[15] Pratt, R.G. C., Shin, and G. Hicks, Gauss-newton and full newton methods in
frequency-space seismic waveform inversion, Geophysical Journal International,
133 (1998), 341 — 362

[16] Pratt, R.G., Waveform Tomography: theory and practice,
http://www.geophys.geos.vt.edu/hole/ccss/prattCCSS.pdf, (2003).

[17] Press, W.H., S.A. Teukolsky, W.T. Vetterling, and B.P. Flannery, Numerical
Recipes in FORTRAN (2nd Ed): The Art of Scientific Computing, (1992),
Cambridge University Press, New York, New York.

[18] Roecker S., B. Baker, and J. McLaughlin, Full Waveform Teleseismic
Tomography, Preprint

[19] Stelk, I. and R.G. Pratt Accurate visco-elastic modeling by frequency-domain
finite differences using rotated operators Geophysics, 63 (1998), 1779 — 1794.

[20] Takenaka, H., and B.L.N. Kennett A 2.5-D time-domain elastodynamic
equation for plane-wave incidence Geophysical Journal International, 125,

(1996) F5 — F9

[21] Zheng Y., and X. Huang, Anisotropic perfectly matched layers for elastic
waves in Cartesian and curvilinear coordinates, Earth Resources Laboratory
2002 Industry Consortium Meeting, Dept. of Earth, Atmospheric, and
Planetary sciences, Massachusetts Institute of Technology, Cambridge, MAj
USA, 2002.



APPENDIX A

Derivation of the Finite Difference Forms

A.1 Finite Difference Forms in u

In this appendix we find the discretized form for (1.13a), given by

(up—p)wu = Raz(A+2u)%+R§x% {(A + 2#)%} +Ry, Ry ((% [Ag—f] + % [ui—ﬂ)
+ Rzzu% + Ri% {u%] — Ryziwp, (8% [Av] + u%)
lu.
(p— pz,u)uﬂu =pwu = bwpluk + wp u ; ) (i1 + Wim1 fp + i1 + Ui g—1)
2u.
Ri«% {()\ + 2#)2—2} =F1 IZ—% [N+ 20)i1/2 0 (Wi e — wik) — (N4 200)i1/2 5 (Wik — Uiz p)]
3u.
Rllez% {/\88_15] =F2 % [/\i—i-l,k (wi+1,k+1 - wi+1,k—1) - /\i—l,k (wi—l,k+1 - wi—l,k—l)]
4u.
Ri% [M%} =F3 JZ—% [Mz‘,k+1/2 (ui,k—H - uzk) — Mik—1/2 (uzk - Uz‘,k—l)]

ou.
Rl:chz% [Mg—ij] = F4 % i s 1 (Wi 1 j1 — Wim1 1) — Mik—1 (Wig1h-1 — Wis1k-1)]
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6u.
0 WPy
Rlxlwpya A] =ps  —Riz—— A [)\¢+1/2,k (Vig1,k + Vi) — Nic12 1 (Vi + 'Ui—l,k)]
Tu.
1wpy

, ov
—RquyM% =rs —Ris [,Ui+1/2,k (Vi1 — Vi) + fi1/2. 1k (Vi — Ui—l,k)}

2A

New terms: 8u.

ou Ry,
RZZM& =F7 22 12 2 (Wi — Wige) + s 12 (Wi — Uig—1)]
Ju.
ou sz
sz()\+2ﬂ)a— =F6 9A [()\ + 20)iv1/2 ke (Witre — Uike) + (A4 20)i-1)2 1 (Wi — ui—Lk)}

The rotated terms are from (1.15a)

=S (3 ) (8 2w (22
DR E Db )
(e ae) ) ”ga— ){agfw—ﬂ

i - (- 2)

1u-R.
RQx ou ou
7 [(/\ +2p) (% - @)] = RF1-RF2
Ra,
= 42 [()\ + 20)i51/2 k12 (Wit k1 — Wik) + (A4 20)i-1/2 j—1/2 (Ui p — uifl,kfl)}

4A SO+ 20) 5172 k12 (Wimt kst — Uig) + (A4 20) i1 /2 5172 (Ui — Ui ,5-1)]



2u-R.

R (0 0 ou  Ou
T (owov) 0 (- 52)

R 0 oul R 0
e [0 mgs] g [0

_ R 0O ou

(2) 5 oy [()\"‘ 2#)%} = RF3

i

VA

. R: 0O Ju

@) =T o g e
R,

4N2

R? 0O ou

(i17) - 5 [()\ + 2#)%] = RF5
B,

4A?

R2.0 ou

()= 52 [(AJFQM)%} = RF6

2
1z
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[()\ + 2M)z'+1/2,k+1/2 (Ui+1,k+1 - uzk) - ()\ + 2#)171/2,1#1/2 (uzk - uifl,kflﬂ

[N+ 20)i1/2 k12 (Wi — wigrp) — (X + 202172 j—1/2 (Uim1p — Ui p—1)]

[()\ + 2:“)@'—1/2,k+1/2 (ui,k+1 - Uzel,k) - ()\ + 2M>i+1/2,k—1/2 (ui+1,k - ui,kq)]

IAZ [N+ 20)i1/2 k12 (Wit er — ig) — (A + 2172 j—1/2 (Ui — Uig1 p—1)]
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2o am) G 39)] = (v ) [ (52 - 501}
(] 2 b P2 )
-5 (5 ] o ] o e -9 152

(A+ 82} aaz {“_“)%D

2 ,
e (] fron]- 2]

0z
ow

dz'
9
o'

. Rllez 0 8w
(4) 5 o7 {(A - M)@] = RF4
Ri.Ro,
ZA; [()‘ - N)Hl/? Jk+1/2 (wi,kﬂ - wz’+1,k) - ()\ - M)i71/2,k71/2 (wiq,k - wi,k—l)]
y Ri,R. 0O ow
(ZZ) 12 1 ax |:(/\—}-,u>a /} = RF3
Ri.R:.
= le; [()‘ + M)z’+1/2,k+1/2 (wi+1,k+1 - wi,k) - ()\ + M)i—1/2,k—1/2 (wi,k - wifl,kfl)]
_ RigRys 0 ow
(144) 12 ! 5 [()\ + ,u)a /} = RF6
Ri.R:.
- leQl [N+ )ity k172 (Wic e — wik) — (A4 W ix1/2 pe1/2 (Wi — Wit1—1)]
. Ri,Ry, O ow
(iv) T T 9 9 [()\ —M)%] = RF5
_Rllez

[(A - ,u)i—l/Q,k—i—l/Q (wi,k+1 - wi—l,k) - ()\ - M)z‘+1/2 Jk—1/2 (wi+1,k - wi,k—l)}

4A?



4u-R.
RQ:C ou ou
i iz %‘i‘ B = RF24RF1
RQm
Ry,
e
5u-R.

R 0 [ 8u} R?,
= RF6

R% 0 ou R?,
7@ M% = RF5 E [,uz'—1/2 J+1/2 (ui,kJrl - Uiq,k) — Mit1/2 k—1/2 (Uz‘+1,k - ui,kq)}
(iii)
R?. 0 ou R?
1z 1z
T% M% = RF4 E |:,ui—|—1/2 K412 (Ui,k+1 - UiJrl,k) — Mi—1/2 k—1/2 (uz‘q,k - Uz’,kq)}

RQ

E [Mi71/2,k+1/2 (ui—l,k-i-l - uzk’) + Mit1/2 k—1/2 (Uzk - Uz’+1,k—1)]
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N [Nz‘+1/2 JK+1/2 (ui+1,k+1 - uzk) + Hi-1/2 k—1/2 (uzk - U¢—1,k—1)]

E [M171/2,k+1/2 (uifl,kJrl - uzk) — Hit1/2,k—1/2 (uzk - ui+1,k71)]

ou n
9 % {M%] = RF3 @ [/M+1/2 J+1/2 (ui+1,k+1 - uzk) — Mi-1/2 k—1/2 (uzk - Uiq,kq)}
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6u-R.
iwp 0 0 ov  Ov
— Ry, ﬂy {%P\U] - %P\U] +p (@ = 5 ) [ T RFT-RPStRFI1-RF2

WPy

— R“E [Niv1/2 5172 (Vist a1 + Vi) — Nic1/2 j—1/2 (Vigs + Vic1 1)
wWwp

+ Rip—2 N1y k12 (Ve st + Vi) — Ai1y2 k-172 (Vig — Vig15-1)]
VAN
Wwp

- Ru—y [,ui+1/2 k4172 (Uz‘+1,k+1 - Ui,k) + Hi-1/2 k—1/2 (Uz‘,k - Ui—l,k:—l)]
4\

1wy

+ Rle [,uifl/2 gr1/2 (Vici kg1 — Vig) + Hi1/2 k172 (Vi — Ui—i—l,k—l)]

In deriving the inverse problem, we are also interested in the forms outside of the

PML. Direct simplification of the non-rotated u terms gives

ASUU 1
u = bu_)2p/ — P |:()\ + 2/’[/)i+1/2,k + ()\ + 2#)7:_1/2 & + /’Li,k+1/2 + Mi,k—1/2i|
ik
(A.1a)
ASUU 1-b) ,, 1
WUit1,k 4 wip A2< + 2p) +1/2 )k
AUU  (1-b) ,, 1
vy 47 Pt RaA e 2m)imay2 (A.1D)
A6UU (1-0) , 1
U k41 - s ¢ Pt A2 Hik+1/2 (A.1c)
AUT  (1=b) 5, 1
Wi k-1 - v Pt A2 Hik=1/2 (A.1d)
AQUW 1
Aisi e+ i A.le
Wit1,k+1 4A2( 1k o+ L) (A.le)
ATUW 1
- Ai ik A1f
Wit k-1 4A2( 1k + Hig-1) ( )
A3UW 1
B Ai i Al
Wi—1 k41 - 4A2( L+ i) (A.lg)
AIUW 1
Ait i A1h
Wi—1 k41 = 4A2( Lk Hig-1) ( )
AUV @'wpy

Vin = IA [()\ - ,u/)i—l/2 Kk — ()\ — /L)i+1/2 ,k] (All)
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A2U0V iwp, .
At )i Al
Vi—1,k = 2A A+ )i 1/2 .k (A.1j)
AUV iwpy
- At )i A1k
Vit1,k ~ 2A [( +’u)z+1/2’k} ( )

Likewise, the rotated out of PML terms in u are given by

ASUU
=
Ui,k
1
C4A? (A +30)ivry2 s1j2 + A+ 3)im1z2 ko2 + (A + 3)im1/2 kr/2 + (A + 3p)iy2 -12]
(A.2a)

AUU 1
Ui1,k+1 ~ IA? (At 310)iv1/2 k412 (A.2b)
A1UU 1
Uil o1 = A2 (A+ 3M>z‘—1/2,k—1/2 (A.2¢)
A3UU 1
Ui 1 = 42 (A4 3p)i-1/2 k4172 (A.2d)
ATUU 1
Uit 1,k—1 ~ IA? (A 310)ir1/2 k172 (A.2e)

A6UU 1

Ui ot 1 4A2 [()‘ + Wit1/2 k12 + A+ pizay k+1/2} (A.2f)

A8UU 1

Uit1k = 4A2 [()\ + wiv1j2 k12 (A M)z‘+1/2,k—1/2] (A.2g)
A2UU 1
Ui 1k = AN2 [()\ + ,U)i—l/2 172 T ()\ + l/l/)i_l/2’k_1/2i| (A.Qh)
A4UU 1 |
Ui k—1 7 Az [N+ micijz o1z + A+ Wivi/2 k172 (A.21)

ASUW
=

Wi,k

1

1A [N+ 1)is1y2 h-1/2 + A+ ic1y2 harye — N+ )iv1y2 jr12 — A+ 1)ic1/2 jo1/2)

(A.2j)
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A6UW 1
Wi k1 = IA? (X = Wizrj2 ke172 = (A = @icryz es12] (A.2k)
ABUW 1
Wit1k = 4A2 (X = Wivrs2 h-172 = (A = Wivryz e12] (A.21)
A2UW 1
Witk = AN2 [(A - ;u)i—l/Q k+1/2 — ()\ — U)i—1/2,k—1/2] (AQID)
A4UW 1
Wi k—1 ~ IA? (A= Wic1j2 k12 = (A = Wiz k12 (A.2n)
AIUW N 1 Ot ) o
Wipipr | AAZ T P2k (A.20)
AIUW 1
Wit ot = 1A? (At p)iz1/2 k-1/2 (A.2p)
ASUW 1
= — A - |
Wi_1 hy1 4A2( + 1)ic1/2 k+1/2 (A.2q)
ATUW 1
= N (A4 1)is1/2 k-1/2 (A.2r)

Wit1,k—1

AUV
=

Uik
wp
T = micajp 1o+ A= wicijo ki — A = @ivayz ka2 — (A = wisry2 ko1/2]
(A.2s)

4A
AUV iwpy
== A+ )i A2t

Vit ki1 N (A + 1)iv1/2 pr1/2 ( )
AUV wp
Vi—1,k—1 = 4Ay (>\ + /'L)ifl/2 k—1/2 (A2u)
A3UV iwpy
Vi—1,k+1 - 4A A+ )iz1/2 k172 (A.2v)
ATUV WP

== 4Ay (A + Wit1/2 k-172 (A.2w)

Vit1,k—1



A.2 Finite Difference Forms in v
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Recalling our general equation of motion in the non-rotated from (1.13b)

— (P2(A+2p) — p)wv + Ry (u

Non rotated part:

1v.

(p—py(A+2p))w?v = p'w?v =

2v.

3v.
, 0[]
Lz 5 M(‘?x F1
4v.
0
R, [Ma—ﬂ =F7
Hv.
0 ov
2 JE— —
Rlzaz {Maz} =F3
ov.

, 0
— Ry iwp, <a—x[uu]> =5

R2$

R2

lx

R2z

RZ

1z

_Rlx

@
ox

1—
bw2p’lvi7k+w2,0"(

WPy

0 | ov
2 — —
) Mt Ox [#ax

, 0 ou 0
— WPy (Rlx {@ [,MU] + )\%} + Rlz {

4

}+R2zua—Z+R2 0 { 61}}

lza

P "oz

5, L] +)\Z_Z}> =f

(Vit1k + Vic1 g + Vigr1 + Vig—1)

ﬂ [Mi+1/2 k (Ui+1,k - Ui,k) + i-1/2 k (Ui,k - %71,1@)]

F [,uz'+1/2,k: (Ui+1,k - Ui,k) — Hi—1/2 k (Ui,k - Uiﬂ,kﬂ

ﬁ [,uz',k+1/2 (Uz',kJrl - Ui,k) + i k—1/2 (Ui,k - Uq;,kq)}

F [Mz’,k+1/2 (Ui,kJrl - Ui,k) — Hik—1/2 (Ui,k - Uz’,kq)}

oA [Ni+1/2 & (Wi + Wik) — 1o g (Wig + Uifl,k)]
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Tv.

. ou wp
—Rulwpy <>\%) =F6 —Rle—Ay [)\i+1/2,k (Uz‘+1,k - uzk) + )\zel/z,k (uzk - ui—l,k)}
8v.

. 0 iwp
— Ry iwp, <&[Mw]) =F8 —3122—Ay [,ui,k+1/2(wi,k+1 + Wi k) = pig—1/2(Wik + wi,k—l)}
9v.

, ow wp
—R1zlwpy <>\§) =F7 —Rlz2—Ay [)\i,k+1/2 (wi,k+1 - wi,k:) + )\i,kfl/Z (wi,k - wi,k—l)}

And for our rotated form in v given by (1.15b)

0 ov
(pz()\ + 2M> - p)w2v = \,l//% (a;}, (RQ:E + RQZ) a /(RQZ RQ:E))

1 9 9 0 ov 8 av 5 o 0 ov
0

“as )|
~ion, e L D —%[uu} wa (5555}

_Mpy?}{&a'[ wl+ aaf[“w]ﬂ(gw 21:)}

then we find finite difference forms

1v.

ov v
% |:( (RQm + R22> a /(RQz Rgm)):| :RFl—l-RFQ
Roy + Ry,
= ( 2 = 2 ) [Mz’+1/2,k:+1/2 (Ui+1,k+1 - Uz‘,k) + Hi—1/2 k—1/2 (Ui,k — Ui—l,k—l)]

(RQZ - RZJ})

+ N [Mz‘—1/2 J+1/2 (Uz'—1,k+1 - Ui,k) + Hit1/2 k—1/2 (Ui,k - Ui—i-l,k—l)]

2v.

8 81} 0 ov 0 ov 0 ov
2 2 e i i 2 p2 . - . i

N —



(1)

R +R?) O ov
( 1lx 1z) |: :|:>RF3

(i)

2 or |Fow
(R}, + R}
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A2 [Hi+1/2 Jk4+1/2 (Uz’—i-l,k-i-l - Ui,k) — Mi—1/2,k—1/2 (Ui,k - Ui—l,k—l)]

R? —R2) 0O ov
( lz 1z) |: :|:>RF4

(i)

2 or’ M%

A2 [,Ui+1/2 Je+1/2 (Ui,k—i-l - Ui+1,k) — Mi—1/2,k—1/2 (Ui—Lk - 'Ui,k—l)]

R?. —R?) 0O ov
( 1z 1:1:) |: :|:>RF5

(iv)

2 0z ,u%

A2 [Mz‘f1/2 J+1/2 (Ui,kJrl - Uzel,k) — Mit1/2,k—1/2 (Ui+l,k - Ui,kfl)]

(R, + R3,) 0 { 81}}
— RF6

3v.

—1

'Wpy% i[MU] - i[ﬁbu] + A 55— = RF7—RF8+RF1—RF?2
V2 [\ ox 0z oxr' 0%

2 0z a 0z

(R, + R3,)

N2 [,Uz‘—1/2 J+1/2 (Uifl,kJrl - U’i,k) — Mit1/2,k—1/2 (Ui,k - Uz‘+1,k71)}

ou  Ou

- inyTK [,Uz‘+1/2 k+1/2 (Wit1 k1 + Uig) — Hi—1/2 k—1/2 (wig + Uz‘f1,k71)]
. Ry
+ pryﬁ [Nifl/Q,k+1/2 (UWim1 k1 + i) — Hit1/2 o—1/2 (Wi + ui—l—l,k—l)}

- inyTX [)\i+1/2,k+1/2 (ui+1,k+1 - uzk) + X172 k—1/2 (uzk - Uiﬂ,kﬂ)}

. Ry,
+ pryﬁ P\iq/z Jr1y2 (Wim1 k1 — Wik) + Nig1y2 k—1/2 (Wi — Ui+1,k:—1)]



4v.

Ry 0 0 0 0
— WPy \/1— { <F[/ﬁw] + F[Mw]) + A (a:U + aw) } = RF84RF7+RF2+RF1

- ZWPy 4A [ i1/2 1172 (Wim1 o1 + Wik) — fit1/2 k—1/2 (Wi + wi—&-l,k—l)}

Mpy 4A [Nz+1/2 k+1/2 wz—l—l k+1 T W; k) Mi—1/2 k—1/2 (wi,k + wi—l,k—l)}

R
— wpy 43 [)\i+1/2,k+1/2 (wi+1,k+1 - wi,k) + )\i71/2 k—1/2 (wi,kz - wi—l,kz—l)]
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- iwpy4_£ P‘i—l/Q,k-i—l/Z (wz’—l,k—i-l - wz’,k) + )\i+1/2,k—1/2 (wz‘,k - wz‘—i—l,k—l)]

Then outside of the PML we have the non rotated

Ai:;v = bw?p" — %[Nz Fb1/2 k12 T ik ja g iy 8] (A-32)
= T s (a3

Ai)‘z/kl/v B i;ﬁy (A= )i eryz — (A = )i -1 2] (A-30)

T = =R O (458)

Ai:/’;U = Z;dzy (A = wivrjz e — (A= 1)ic1/2.k] (A.3)

ASVU _ _dpyy (A.3))

Uit 1,k 2A
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A2VU  iwp,
= A - A.3k
U1 5A A+ 1)ic1/2.k (A.3k)

Then the rotated forms outside of the PML are:

ASVV 1
= 53 [Hit1/2 k1/2 + Hic1/2 k172 + Hic1/2 ke1/2 + Miv12 o—1/2]  (Ada)
Ui,k QA
AQVV 1
= i A.4b
Vit thot g A2 Hit1/2 k4172 ( )
A1LVV 1
Ve 1r = HazHic1/2.k-1/2 (A.4c)
A3VV 1
Ve 1kt = HazHic1/2 k412 (A.4d)
ATVV 1
= i - A4
Vit ipd o A2 Hit1/2.k-1/2 (A.4e)
A
Y g (A.4f)
Ui k+1
A8VV
=0 (Adg)
Vit1,k
A2VV 0 (Adh)
Vi—1,k
A4
Vg (A.4i)
Vi k—1
ASVU N
U
1w
B 429 [()\ — Wi-12h-12 + (A= picrj2 ke — A= Wigaz ka2 — (A= pivy ,kq/z}
(A.4)
AQVU wp
Ui bt = = 4Ay (A + Wit1/2 k412 (A.4k)
A1VU wwp
Yt = 4Ay (A 1)ic1/2 e—1/2 (A.41)
A3VU 1w
= = A+ W12 kr1/2 (A.4m)

Uj—1 ot 1 4A
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ATVU | iwp,

A ’ - A4
Uit1,k—1 4A A+ )it 5172 (A.4n)

ASVW N
Wik
w
421" [N = Witrj2 pare + A= iz b1z — A= wicijp k12 — (A= igaj2 p-1/2]
(A.4o0)
AV iwp,
- ' AAd
Wit k+1 = 4A (A 1)iv1/2 kr1/2 (A.4p)
ALV iwp,
Wi—1,k-1 ~ A A+ 1im1s2 ko172 (A.4q)
AVW iwpy
T e A4
Wiy g1 = 1A (A + p)iz1/2 kt1/2 (A.4r)
ATV iw
Ty A+ misry2 172 (A.4s)

Wit 1,k—1 4A
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A.3 Finite Difference Forms in w

Recalling our continuous non rotated equation of motion in w given by (1.13c¢)

ow 0 ow 0 ou 0 ou
(,upy p)w w—+Ro, (A+21) Z+Rlz " {()\JrQ,u) Z}+R1lez ( . {)\ a:] + . {u 2})

ow , 0 | Ow , 0 ov
+ Ro, <u%) + Rlz% {u%] — Ry.iwp, <% [Av] 4+ u£>

then we find finite difference forms for the non rotated part:

1w.
1-0
(p—pf/,u)wa = pww = bwzplwi,k—i‘wQP/( 1 ) (Wi 1k + Wi1p + Wigy1 + Wik—1)
2w.
0 ow R3,

Ri@ {(A + 2#)5} =F7 ﬁ [+ 20)i k4172 (Wi — wig) — (A + 21)5 6172 (Wi + Wi p—1)]
3w.

0 ou R, Ry,
RlxRua—x [Na] =F2 ﬁ [Mi+1,k <Ui+1,k+1 - ui+1,k71) — Hi—1,k (uifl,k+1 - uifl,kflﬂ
4w.

9 [ ow R2,

%xa—x {M%} =F1 A—g [Mz’+1/2,k (Wig1 e — wik) — Hi—1/2 k (wip — wifl,k)}

5w.

0 ou Rllez
Rlleza lA%] F4 W [)\i,kJrl (ui+1,k+1 - Ui71,k+1) - )\i,kfl (Ui+1,k71 - Uifl,kfl)]
ow.

. 0 '
— Ry iwp, (@P\U]) =g —Rlz%

P\i,k+1/2(vi,k+1 + Vig) — Nip—1/2(Vig + Ui,kq)]
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Tw.
. ov iwpy
— Ry iwp, M@ =pr  —Ri,— A [Mi,k+1/2 (Vi1 — Vi) + Migo—1/2 (Vi — Uz‘,k—l)]

New terms

8w.

ow Ry,
Ra, {H%} = F6 QQA [Mzﬂ/z gk (Wi1k — Wik) + fic1j2 x (Wie — Wi k)]
9w.

ow R,
R2z()\+2/i)§ =F7 22 [O\ + 240)i v 1/2 (Wi k1 — Wi k)

+ (A +20)i g—1/2 (Wi — wi,kfl)}

Then recalling our rotated continuous equation of motion in w given by (1.15¢)

Ry, ow Ow\ R [0 0 dw  Ow
(upy—p)w*w = \/25 (A+24) <? + a_)+71 <% + %) {()\ +24) (— - —)]

0z o0x'
+R1$R12 i_i_i A %_% + i_i au_i_%
2 0z oz ox! 072 ox! 07 0z’

ox’
SR f (0 o)) R (0 0 a_w_é_w
V2 or' 97 > \or  02) |Mor

0z
oy f (00 00N 00
— Ryi—= 7 {u ( 57 T ax,> + o [Av] + o [Av]
we find finite difference forms 1w.
R, ow Ow
\/25 [()\ + 2u) (@ + %ﬂ = RF14+RF2

[(A +20)iv1/2 kt1/2 (Wit 141 — Wik)

+ A+ 20)im1/2 pm1y2 (Wi — Wit 1)

_|_

1 [()\ + 240)i—1/2 g+1/2 (Wim1 k41 — Wik)

+ (A +20)it1/2 gp-1/2 (Wi, — wi+1,k71)]
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2w.
2
7 (o o) [0 (5250
0z
R 0 8w 2.0 ow] R: 0 ow
_ T 9 2,) 2% 7 2 AENC 2
2 o [” a} o [” )8z]+28 [(“ )ax}
. 0 ow
A [(A o) az,]
(i)
R% 0O Ow
2 Ox' {()\ 2 >%} TRES
2
4A2 [+ 20)it1 2 k172 (Wit k41 — Wig) — (A + 20)im1/2 k-1/2 (Wik — Wim1-1)]
(i)
R 0O Ow
o |G|
2
4A2 2 TN+ 20) 4172 12 (Wi g1 — Wi ) — A+ 20)i21/2 k172 (Wim1k — Wy 1)
(iid)
R: 0 ow
S [(A 25 } R
2
4A2 =IOV 20)i-12 12 (Wi — wim1 ) — (A4 20)ig1/2 j—1/2 (Wit p — Wig—1)]
(iv)
Ri, 8 aw

2
(A +20)i41/2 —1/2 (Wi, — wi+1,k—1)]

4A2 2O+ 20)im12 12 (Wimt g1 — Wik) —




3w.

Rllez i + i
2 0z oOx!

>
N\
Q
T
I
2l
N\

R Ry, 0 ou 0 ou
3 (—% Pa—] T o [A%
_|_R1lez _i % _|_i %
2 0z’ Maaz’ ox' M@x/
Rl:lez a 3u a
=5 (—@ {()\—M)gl t o [()\Jru
(i)
0 ou
T o [()\ - M)%} = RF4
Rllez

(i)

0 ou
E [(/\ + ,u)%} = RF3
Rllez
4A?
(iii)
0 ou
9 {(A + M)@} = RF6
- Rllez
2A2
(iv)
0 ou
B [()\ - M)%] = RF5
Rllez

|

|

N————
—

=

)]

VR

~

o5
8

.5
Q

g N

>
|Q3
+
|
N
>~
Q
g

~
~
~

N
Q
N

‘Qv |
Q
Q

IS

Q
=
Q

N\

| o

~—
| — Y I [ S

ILI &
|

—~

>
+
=

Q
o5

N\
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)}

A2 [(/\ - ,U)z'+1/2 J+1/2 (Ui,k+1 - ui—‘,—l,k) - (>\ - M)z‘—1/2,k—1/2 (Ui—l,k - Uz‘,k—l)]

[()\ + ,u)z‘+1/2 J+1/2 (Ui+1,k+1 - uzk) - ()\ + ,U)z'—l/2,k—1/2 (uzk - uifl,kfl)]

[()\ + 1)ic1/2 k12 (Wict o1 — i) — (A =+ 1)iv1/2 k172 (Wi — Uz’—i—l,k—l)]

AA2 [(/\ - M)i—1/2 Je+1/2 (Ui,k+1 - Ui—l,k) - (>\ - N)z‘+1/2,k—1/2 (Ui+1,k - ui,k—l)]
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4w.
RQ:C ow ow
NG K o 9 =’ RF1+RF2
RQz
E [,Uz‘+1/2 Je+1/2 (wi—i-l,k:—i-l - wi,kz) + Mi-1/2 k—1/2 (wi,k - wi—l,k—l)}
R2.7}

E [Mz‘—uz 412 (wi—l,k—i-l - wi,k) + Mit1/2 k—1/2 (wi,k - wz‘—i—l,k—l)]

Ri (0 0\[ (90 ou
2 oxr' 072 H oxr 072

B (0 [ow] o [ow] 0 [ow], 00w
2 0z u@z’ 0z u@x’ ox’ Maz’ ox’ M(?:L"

(i)
R, 0 [ ow N R, [ ( ) ( )]
2 92 M@z’ RF6 7779 Hi—1/2 k+1/2 (Wi—1,k+1 — Wik Hit1/2 k—1/2 Wik — Wit1,k—1

(i)

2 2
Ry, 0 ow T
9 94 M—(%, =RF5 TAA2 [Mz‘—1/2 K172 (Wi g1 — Wis1 k) — Hit1/2 k—1/2 (Wig1h — wi,kq)]
(iii)
R? 0 ow 2
9 o M—az, = RF4 TAAZ [Mi+1/2 k+1/2 (wi,kJrl - wi+1,k) — Hi-1/2 k—1/2 (wiq,k - wz‘,kq)]

(iv)

R: O [ Ow R?,
9 % M% = RF3 E [,ui—l—l/Z Jk+1/2 (wz‘+1,k+1 - wi,lc) = Hi-1/2,k—1/2 (wi,k - wiﬂ,kﬂ)}




ow.

R zzw ov ov 0 o
_ 1\/§py (M <% + %) + (g[m] + @[/\v])> = RF94 RF1LRFS+REFT

Ry iwp

o 14A s [>‘”1/27k+1/2 (Ui+1,k+1 + Ui,k:) - )\171/271471/2 (Ui,k: + Ui—l,k:—l)]
Ry iw

_ 14Apy [)\i_1/2,k+1/2 (v¢_1,k+1 + vi,k) — )\i+1/2’k_1/2 (Ui,k + Uz‘+1,k—1)]
Rlziwpy

A iy k12 (Vi pen = Vi) F icao k12 (Vi = Ve

Rlziwpy
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AA [Mi—1/2 K+1/2 (Vic1 41 — Vig) + Hit1/2 k—1/2 (vig — Uz‘+1,k—1)]

Then non-rotated equations of motion outside of the PML reduce to

ASWW

Wy

bw

AWW 1-0 1
= ( >u}2pl+§(/\+2/1,)i7k+1/2

Wi k41 4

AAWW 1-b 1
= )wzp/ + F(/\ + 24)i k—1/2

Wi k—1 4

ASWW _(1=b) 5 1
- 4 14 AQMZ-{-I/Q,]C

Wi41,k

DWW (1-b) ,, 1
= wop + Aati-1/2.k

Wi—1,k 4

fivii - 422 Nigesr + i)

fjfol N _422 (it + pia i)

igzi B _422 (Aiker + pim1.5)

j}ii = 422(%,19_1 + 11 k)
Ai?:v - Z;uﬁy [N = )i g1z — (A = 1) gy /2]

AWV _iwpy
Vi k+1 - 2A

(A =+ )i g+1/2

1
P~ A2 [(/\ +20)i pr1j2 + (N4 20)i, p—1/2 + fiv1/2.6 + ,ui—1/27k}

(A.5a)
(A.5Db)

(A.5c)

(A.5d)

(A.5e)

(A.5f)

(A.5g)

(A.5h)

(A.51)
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AAWV  iwp,
= A e A5l
o oA AT Aig-y2 (A.5])

And for the rotated forms outside of the PML:

ASWW 1
wi,k N 4A2
[N+ 3p)ic1y2h-12 + N4 3p)it1y2 k12 + A4 3p)ic1y2 k12 + (A4 3p)i1/2 k—1/2]
(A.6a)

AIWW 1
Wit1,k+1 T 4A? (A + BM)HIQ k+1/2 (A.6D)

AIWW 1
T = IAZ (A +3p)i—1/2 k—1/2 (A.6c)

ASWW 1
Wi—1,k+1 T 4A2 A+ 3p)i-1/2 k12 (A.6d)

ATWW 1
o = Az (A +3p)iv1/2 k—1/2 (A.Ge)

AGWW 1
o = 1Az [()\ + 1)iv12 k12 + (A4 )iz1)2 ,k+1/2] (A.6f)
ASWW 1
- = A [()\ + #)i+1/2,k+1/2 + (A + #)Hl/?,kfl/?} (A.6g)
A2WW 1
I = A2 [()\ + H)i—l/Z,kz—l/Q + ()\ + N)i—l/lkﬂ/?} (A‘Gh)
AAWW 1 :
— = 1Az [()\ + 1)iv1/2 k172 + (A + 1)ic1)2 ,k—l/Q] (A.61)
ASWU
Uik

1
= IA2 [(A + 1)ic12 k12 + AN Wig172 k-172 — A+ 1)ig1/2 k12 — (A + M)i71/2,k71/2}
(A.6j)

WU 1
Ui 4AZ

[(A - H)i+1/2,k+1/2 - (>\ - ,U)i+1/2,k71/2} (A-6k)
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AW U 1
Ui 41 - AN2 [()\ - N)i—l/Z,k+l/2 - (A - M)i+1/2,k+1/2} (A.61)
A2WU 1
B A= Wimtjz k172 = (A= pie A.
Ui—1 k 4A2 [( N)z 1/2,k—1/2 ( M)z 1/27k+1/2] ( 6m)
AAWU 1
apt = AA2 [()\ - /jl)i+1/2,k—1/2 - ()\ - ,u)z'—l/Q 7k_l/Q} (AGH)
AIWU 1
- At )i A.60
Uig1 ket 1 4A2( [4)it1/2 k41/2 ( )
AIWU 1
= Az A E Hicaz ke A6
Uit p1 4A2( + Wi-1/2 k172 (A.6p)
ASWU 1
= Tz A T A.
Ui—1 kot 1 4A2< +1)im1y2 k4172 (A.6q)
ATWU 1
=~ gas At iz A.
Uis h1 4A2< +M) +1/2 k—1/2 ( 6r)
AWV
Uik
wp
= _4A_y [()\ —iv12 k172 + A= mici2 k172 — (A= Witz k12 — (A — M)z‘—l/Q,kH/g]
(A.6s)
AWV iwpy
= ~ga M A6t
Vit et AN ( 0] +1/2 k+1/2 ( )
AIWYV  dwp
Vi1k—1 - 4Ay A+ 1)im1y2 k172 (A.6u)
AWV iwpy
= A M A6
Vie1k+1 VAN A 1)im1/2 k4172 (A.6v)
ATWV  w
= (A4 1)it1/2 k-1/2 (A.6w)

Vit1,k—1 4A



