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ABSTRACT

Digital microfluidic systems (DMFS) are an emerging class of lab-on-a-chip systems

that manipulate individual droplets of chemicals on a planar array of electrodes.

The biochemical analyses are performed by repeatedly moving, mixing, and splitting

droplets on the electrodes. This thesis presents algorithms for optimized operations

and design of DMFS biochips.

This thesis focuses on two issues: minimizing the completion time of biochem-

ical analyses by exploiting the parallelism among the operations, and identifying the

minimum resource requirements of biochemical analyses, towards the design of cost

and space-efficient biochips. Minimizing the completion time : We find the

lower bound of the mixing completion time according to the tree structure of input

analyses, and calculate the minimum number of mixers Mmin required to achieve

the lower bound. We present a scheduling algorithm for the case with a specified

number of mixers no greater than Mmin, and prove it is optimal to minimize the mix-

ing completion time. These are the first results that use the analysis tree structure

for optimal scheduling design of biochemical analyses on DMFS. Minimizing the

resource requirements: We focus on determining the minimum resources based

on the tree structure of the chemical analysis and use it to design (or select) the

smallest chip for a given analysis. We present an algorithm to compute, for a given

number of mixers, the minimum number of storage units for an input analysis using

its tree structure, and design a corresponding scheduling algorithm to perform the

analysis. We define the M -depth of the analysis tree to be the minimum number of

storage units with M mixers. We characterize the variation of the M -depth of a tree

with M , and use it to calculate the minimum total size (the number of electrodes)

of mixers and storage units. We prove that we can always construct the smallest

chip for an arbitrary analysis using one mixer and f(1) storage units where f(1) is

the 1-depth of the biochemical analysis tree. These are the first results on the least

resource requirements of DMFS for biochemical analyses, and can be used for the

design and selection of chips for arbitrary biochemical analyses.
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1. Introduction

1.1 Introduction

Low-cost, portable lab-on-a-chip systems capable of rapid automated biochem-

ical analysis can impact a wide variety of applications including biological research,

genetic analysis, point-of-care diagnostics, and biochemical sensing [1–4]. Digital

microfluidic systems (DMFS) are an emerging class of lab-on-a-chip systems that

manipulate discrete droplets [5, 6]. In contrast to conventional microfluidics, these

systems offer a number of advantages, including reduced reagent requirements, size

reduction, power reduction, increased throughput, and increased reliability. A dig-

ital microfluidic system manipulates individual droplets of chemicals on a planar

array of electrodes by using electrowetting (or dielectrophoresis). The chemical

analysis is performed by repeatedly moving, mixing, and splitting droplets on the

electrodes.

An important advantage of DMFS devices is their reconfigurability and flexi-

bility in performing various biochemical analyses. We focus on microfluidic systems

that manipulate droplets by electrowetting [7]. Droplets are nanoliters in volume,

and have been moved at 12-25 cm/s on planar arrays of 0.15 cm wide electrodes [5,8].

The ability to control discrete droplets on a planar array enables complex analysis

operations to be performed in DMFS devices (Fig. 1.1). For simple biochemical

analysis operations, no special purpose devices are required aside from the array it-

self. Mixers and storage units are two important resources consisting of electrodes.

Mixers are used to perform mixing and splitting operations, while storage units are

used to store droplets which have been produced for future mixings (Fig. 1.2). The

array may additionally contain cells that can perform specialized operations, such

as heating or optical sensing.

This thesis focuses on two issues: 1. Minimizing the completion time of bio-

chemical analyses by exploiting the parallelism among the operations, and 2. Deter-

mining the minimum resources based on the tree structure of the chemical analysis

and using it to design (or select) the smallest chip for a given analysis.

1
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Droplet Droplet

Control Electrodes

Top ViewSide View

Hydrophobic Insulation

Top Plate

Bottom Plate

Ground Electrode

Filler Fluid

Figure 1.1: Droplets on an electrowetting array (side and top views). The
droplets are in a medium (usually oil or air) between two glass plates.
The gray and white droplets represent the same droplet in initial and
destination positions. A droplet moves to a neighboring electrode when
that electrode is activated; the electrode is turned off when the droplet
has completed its motion. Based on [6].

1.2 Minimizing the Completion Time

The completion time of biochemical analyses in batch mode is the time required

to produce one droplet of final product. Our goal is to minimize the completion time

in batch mode under resource constraints on DMFS. The completion time of a reac-

tion depends on the reaction, the provided resources, and the algorithm to perform

it. Here we exploit the tree structure of biochemical analysis to do scheduling and

(a) a mixer with 3 electrodes 

for droplets to move

(b) a storage unit with 1 

electrode for droplets to stay

(c) transportation path for 

droplets

Figure 1.2: A schematic of a mixer, a storage unit and transportation
paths.
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minimize the completion time. A full binary tree structure is introduced to model

the biochemical reactions we consider, and is clear and convenient for algorithm

design and analysis. First, using pipelining we overlap the mixing operations with

input and transportation operations and give the quantitative (other than just con-

ceptional) scheduling order of different operations. Then we focus on scheduling of

mixing operations to minimize the mixing completion time. We calculate the lower

bound of a given reaction based on the tree structure. Also we calculate the mini-

mum number of mixers required to achieve minimum completion time, and present

a greedy scheduling algorithm to minimize the completion time under mixer con-

straints. With the above algorithm, parallelism is fully exploited not only among

different mixing steps but also among different kinds of operations. Also, we con-

sider two extreme cases: with just one mixer and with zero storage units. In the first

case, we prove all active scheduling (e.g. keep the mixer busy at all times) result

in the same completion time, calculate the minimum number of storage units for

the given analysis, and design a corresponding scheduling algorithm. In the second

case we compute the minimum number of mixers required. Considering these two

extreme cases we start exploring the relationship between the number of mixers and

the number of storage units and this result can be used to guide how to select the

chip selection or design layout with proper number of mixers and storage units. Also

we provide theoretical guarantee for the results of designed algorithms.

For each section of mixer scheduling, we first analyze and design an algorithm

assuming identical mixing duration and then generalize to the case with different

mixing durations. When discussing the optimal scheduling with given number of

mixers, we first design and analyze two algorithms which can sometimes achieve the

optimal solution but are not guaranteed. Then we reduce the problem with different

mixing durations to an equivalent problem with identical mixing duration based on

preemption.

1.3 Minimizing the Resource Requirements

There are several classes of resources (i.e., functional components consisting

of electrodes) in a DMFS: mixers, storage units, input and output units, and trans-
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portation paths. Figure 1.3 illustrates their functions. We focus on performing a

biochemical analysis in batch mode, where the goal is to produce one droplet of the

final product.

Input units Output units Mixers

Storage

units

Transportation

paths

Figure 1.3: Five classes of functional resources for DMFS biochips.
Transportation paths (shown as arrows starting from diamonds) are used
to move droplets from one resource to another. Input units are used to
input droplets. Mixers are used to mix two different droplets and split
their mixture to produce two new droplets. In batch mode, one of the
new droplets will be used and the other will be discarded as a waste
droplet at an output unit. The new droplet may be kept idle in a storage
unit for some time, or it can stay at the mixer, or be transported to a
new mixer for a subsequent mixing. The droplet of final product will be
transported to an output unit and collected there.

Here we explore the structure of different biochemical analyses and classify

them according to their least resource requirements. We assume that the resources

(e.g., mixers and storage units) are fixed at the start of the analysis and do not

change over the course of the analysis. This work is motivated by the desire to answer

the following practical questions: For any biochemical analysis, how do we identify

a biochip with sufficient number of resources to perform it? For a given biochip,

what kind of biochemical analyses can be performed on it? First, we compute the

least resource requirements based on the tree structure of biochemical analyses and

design corresponding algorithms to perform them. Then we define the M -depth of a

tree to describe such resource requirements and characterize the variation of the M -

depth with the number of mixers M . These results can be used to answer the above

questions and also to design the smallest chip for any given biochemical analysis.

The smaller the number of electrodes in a DMFS chip, the easier the fabrication and

the lower the cost. This is the first work on DMFS to compute the least resource
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requirements for biochemical analyses and it can be used to guide the selection of

chips for arbitrary biochemical analysis.

1.4 Literature Review

Almost all current lab-on-a-chip systems use continuous flow microfluidics (for

example, [1]). In addition to needing moving parts such as microvalves and microp-

umps, such devices can perform only one (or a very small number of) prespecified

chemical analyses since fluid flow occurs in fixed channels and are therefore not

reconfigurable. Consequently, these devices lack the ability to change analyses in

response to intermediate analysis results.

Digital Microfluidic Systems: There are two primary methods of actuation

in a DMFS: electrowetting [9], where the surface tension of droplets is modulated

by a voltage, and dielectrophoresis [10], where a nonuniform electric field causes

droplet motion. mixing strategies on the rate of droplet mixing. Gong, Fan, and

Kim [11] developed a portable digital microfluidics lab-on-chip platform using elec-

trowetting on dielectrics. They use a time-multiplexed control scheme to control

droplets with limited row-column addressing [12]. Gong and Kim [13] recently de-

veloped a directly addressable 2D digital microfluidic system by using multi-layer

printed circuit board technology. Jones et al. [14] demonstrated dielectrophoresis

based liquid actuation and nanodroplet formation. Gascoyne et al. [15] developed

a dielectrophoresis-based chip to move droplets and cells, and Manaresi et al. [16]

have developed a developed a dielectrophoretic chip capable of manipulating over

10,000 living cells. Recent DMFS research has also focused on applications. Srini-

vasan et al. [17] demonstrate the use of a DMFS as a biosensor for glucose, lactate,

glutamate and pyruvate assays, and for clinical diagnostics on human whole blood,

plasma, serum, urine, saliva, sweat, and tears [18]. Pollack et al. [19] demonstrated

the use of electrowetting-based microfluidics for real-time polymerase chain reac-

tion (PCR) applications. Wheeler et al. [20] demonstrate an electrowetting-based

DMFS for high throughput analysis of proteins by matrix-assisted laser desorp-

tion/ionization mass spectrometry. Detailed physical modeling of droplet motion is

an active area of research [21,22]; however this is not a focus of this thesis since we
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are interested in higher-level droplet coordination and scheduling issues.

Despite these rapid advances in digital microfluidic hardware technologies,

there is a lack of algorithms for automated coordination and control of droplets on

DMFS chips. Some issues were explored as follows.

Resource Requirements: Su and Chakrabarty presented architecture-level

synthesis and geometry synthesis of biochips [23, 24]. They used acyclic sequence

graphs to represent the reactions and developed techniques in operation scheduling,

resource binding, and module placement. In their papers resource constraints are

given in advance by the size of chips or the number of mixers and storage units.

However there is no general guideline for selecting chips with proper number of mix-

ers and storage units for biochemical analyses. Griffith and Akella [25] explored the

relationship between the number of mixing units and the highest stable input rates

in the system. By simulations, it was found that increasing the number of mixing

units permits the system to be stable at a higher input rate and the effectiveness

of maintaining system stability by increasing the number of mixers decreases. They

experimented with a variety of modifications to the resources to gauge the effects on

the stability of the system [26]. The work in [25,26] is based on simulations while in

this paper we are formally analyzing the resource requirements for analyses based

on the underlying tree structure.

Layout Design: Layout design maps the functional units such as mixers,

storage units, and routing paths to the underlying hardware. Griffith and Akella

presented a semi-automated method to generate the array layout in terms of com-

ponents [25]. Su and Chakrabarty developed an online reconfigurable technique to

bypass the fault unit cells in the microfluidic biochips [27].

Scheduling Algorithms: Scheduling algorithms optimize the system perfor-

mance by properly allocating tasks to resource. Kwok and Ahmad studied the static

scheduling of a program on a multiprocessor system to minimize the program com-

pletion time in parallel processing [28]. Since the general problem is NP-complete,

they compared 27 heuristic scheduling algorithms. In contrast to the general prob-

lem in parallel computing, the multiple-task reactions in DMFS have certain kinds

of precedence, which can be represented by a full binary tree. Ding et al. [29] and Su
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and Chakrabarty [23] represent the DMFS reactions using data-flow directed graph

and consider the scheduling using Integer Linear Programming (ILP). They solve

the problem by general ILP solvers and heuristic algorithms without exploiting the

structure of DMFS reactions.

Routing: Böhringer modeled the routing problem in DMFS as a multi-robot

cooperation problem and used a prioritized A∗ search algorithm to generate the op-

timal plan for droplets [30]. Griffith and Akella presented a general-purpose DMFS

and designed routing algorithm based on Dijkstra’s algorithm [25, 26]. Su, Hwang

and Chakrabarty proposed a two-stage routing method to minimize the number of

electrodes used for droplet routing while considering the resource constraint [31].

Gupta and Akella presented an algorithm for coordinating droplet movement in

batch mode operations on ring layouts with bus-phase addressing. The algorithm

is scalable to different number of reactions within a limit which depends on the size

of the layout, placement of sources and number of phases used. [32].

1.5 Thesis Overview

The rest of the chapters are organized as follows. In chapter 2, we present

algorithms to minimize the completion time of biochemical analyses by exploiting

the parallelism among the operations. We also consider the resource constraint issue

for two extreme cases of having just one mixer and having zero storage units. Then

in chapter 3, we extend the resource constraint issues and focus on characterizing

the resource requirements of arbitrary biochemical analyses on DMFS biochips from

their tree structure. We determine the minimum resources based on the tree struc-

ture of the chemical analysis and use it to design (or select) the smallest chip for a

given analysis. Chapter 4 concludes this thesis with a summary and outlines some

future directions.



2. Minimizing the Completion Time

The completion time of biochemical analyses in batch mode is the time required

to produce one droplet of final product. Our goal is to minimize the completion

time in batch mode under resource constraints on DMFS. The completion time of

a reaction depends on the reaction, the provided resources, and the algorithm to

perform it. Here we exploit the tree structure of biochemical analyses to perform

scheduling and minimize the completion time. A preliminary version of this work

was presented in [33].

2.1 Binary Tree Model of Biochemical Analysis

The biochemical “analysis graph” provides a representation of the operations

of DMFS. It is a directed graph, with an input node for each droplet type enter-

ing the system, an output node for each product droplet type leaving the system,

and a mix node for each mixing operation performed in the system. The nodes are

connected based on the droplet types they require and produce, and the edges rep-

resent transport operations. For example, consider the PCR analysis graph shown

in Fig. 2.1. The mixing operations during the PCR analysis are described as follows.

A + B → C; C + D → E; E + F → G;

H + I → J ; J + K → L; L + M → N ; N + G → O.

Here A + B → C means reagents A and B are mixed to produce C. To model

the dependencies among different mixing operations, we introduce a full binary tree

structure. A full binary tree is a binary tree in which every node is either a leaf

node or it has two child nodes [34]. Given an analysis R, we construct a full binary

tree T as follows. Every reagent in R is represented by a node in T : source reagents,

which can be directly fetched from the reservoirs, are represented by leaf nodes in

T , and intermediate reagents, which are produced by mixing, are represented by

parent nodes of those nodes from which they can be produced. So the analysis R is

represented by T , where the final product of R is represented by the root node of

T . The representation of the PCR analysis of Fig. 2.1 by a full binary tree is shown

8
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Figure 2.1: PCR analysis graph. Input nodes are labeled with the
reagents they introduce and alphabet labels for convenience. Mix nodes
represent the mixing operations. The output node represents the final
product.

in Fig. 2.2.

2.2 Scheduling Algorithm Design

For a general biochemical analysis, there are five kinds of basic operations:

input, transport, mix (including split), store, and output. The execution order of

these operations should satisfy the following rules:

1. Operation precedence rule: The precedence order of related operations for a

mixing A + B → C is: Input A and B > Transport A and B to a mixer >

Mix A and B for C > Output/Store/Transport C.

2. Mixing precedence rule: In the binary tree model, the mixing operation for a

parent node should occur later than the mixing operation for its child nodes.

3. Resource constraint rule: At any time the utilized resources (e.g. mixers and

storage units) should not exceed the resources of the biochip.

Our scheduling design is composed of two parts: pipelining and mixer schedul-

ing. Pipelining overlaps mixing operations with other operations while satisfying
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O
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A Gelatin

B:   Bovine Serum Albumin 

D:   Primer 

F: DNA

H:   KCl and MgCl2 

I:     Tris-HCL 

K:    Deoxynucleotide Triphosphate 

M:    AmpliTaq DNA Polymerase 

Figure 2.2: Representation of PCR analysis by a full binary tree with
depth 4.

the operation precedence rule. Scheduling of mixing operations reduces the total

mixing time while satisfying the mixing precedence rule. Both pipelining and mix

scheduling should satisfy the resource constraint rule.

2.2.1 Pipelining

Pipelining is a scheduling method that divides a task into several subtasks and

performs different subtasks of multiple tasks in different function units simultane-

ously to reduce the overall completion time of all tasks [35]. Using pipelining, the

average completion time of a single task will depend on the subtask that takes the

longest time.

For biochemical analyses on a DMFS, the procedure of obtaining a prod-

uct droplet can be divided into several subtasks: input source droplets, transport

droplets, mix (and split) droplets, and output waste droplets. Among these sub-

tasks, droplet mixing takes the longest time. The mixing duration depends on the

mixer size, droplet motion pattern, and the chemicals to be mixed [7]. To simplify

our analysis, we initially assume all mixing operations have an identical duration.

Fig. 2.3 shows an example of applying pipelining to a part of PCR analysis.

Suppose tcompletion is the completion time, Tinput, Toutput and Tmix are the du-

rations for one input, output, and mixing operation respectively, ttotal
mix is the total



11

E
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Task 1: A + B C

t1 t2 t3

Task 2: C + D E

t4 t5 t6 

Input A & B 

Input D 

Mix A & B 

Output C1 

Mix C2 & D 

Transport A & B 

Transport D 

Figure 2.3: Application of pipelining to an analysis on DMFS. After mix-
ing operations (including splitting), there will be two destination droplets
produced, labeled with 1 and 2 respectively. The output operations are
used to dispense one waste droplet (labeled with 1) outside the system.
The second mixing task is also performed in the same mixer, so droplet
C2 does not need to be transported for the second mixing task.

time for mixing, and ttransport is the time for transportation operations.

tcompletion = Tinput + ttotal
mix + ttransport + Toutput (2.1)

where ttotal
mix equals

∑
Tmix.

Also, since the transportation time is negligible compared to the mixing time

[5,8], we ignore the transportation time in subsequent scheduling. The approximate

completion time:

tcompletion ≈ Tinput + ttotal
mix + Toutput (2.2)

Since Tinput, Toutput, and Tmix are constants, we only consider optimization of mixing

completion time ttotal
mix below.

2.2.2 Scheduling Mixing Operations

The goal of mixer scheduling is to minimize ttotal
mix using a given number of

mixers. ttotal
mix depends on three factors:
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• The tree structure of the biochemical analysis,

• The number of mixers provided,

• The scheduling algorithm.

In the following sections, we will answer the questions below:

1. What is the lower bound of the mixing completion time for a biochemical

analysis?

2. What is the minimum number of mixers to achieve the lower bound on the

mixing completion time?

3. What is the optimal scheduling algorithm with a limited number of mixers for

an arbitrary analysis?

4. What if we have only one mixer or zero storage units?

2.2.3 Lower Bound of Mixing Completion Time

2.2.3.1 Identical Mixing Durations

Suppose T is a full binary tree that represents the biochemical analysis R, the

depth of T is K, and the number of nodes at level i is Ni, i = 0, . . . K. (The root

node of T is at level 0 and the deepest leaf nodes are at level K.) Here the mixing

duration Tmix is defined as the duration from the time when the second reagent

arrives at the mixer entrance to the time when the mixed product exits the mixer.

Lemma 1 The lower bound Tlowerbound of ttotal
mix is the sum of mixing durations along

the deepest branch of T .

Tlowerbound = K · Tmix (2.3)

Proof. First, we show that all mixing operations can be completed in K · Tmix

time with maxK
i=1

Ni

2
mixers. We perform the mixing operations from the deepest

nodes to the highest nodes until the root node at level 0. Since the number of mixers

maxK
i=1

Ni

2
≥ Ni

2
, we can schedule all the mixing operations on level i in a mixing

duration Tmix. After the mixing operation on level 1, we get the root node. In this
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case ttotal
mix = K · Tmix. So Tlowerbound ≤ K · Tmix.

Second, we show that Tlowerbound ≥ K · Tmix. Suppose we can perform all

mixing operations in less time, that is, Tlowerbound < K ·Tmix. Then according to the

pigeonhole principle, there must be at least two mixing operations along the deepest

branch of the tree performed in the same time slot, which contradicts the mixing

precedence rule.¥

2.2.3.2 Extension to Different Mixing Durations

Let Bdpst denote the branch with the biggest sum of mixing time durations

starting from the root node, bi denotes the ith node along Bdpst, T bi
mix denote the

duration of the mixing operation to obtain bi.

Lemma 2 The lower bound Tlowerbound of ttotal
mix is the sum of mixing durations along

the branch Bdpst with the biggest sum of mixing time durations.

Tlowerbound =
∑

bi∈Bdpst

T bi
mix (2.4)

Proof. The proof of this lemma is similar to the proof of Lemma 1. First,

given sufficient number of mixers and storage units, mixing operations along Bdpst

can be performed consecutively without delay from completing other branches. In

that case, ttotal
mix =

∑
bi∈Bdpst

T bi
mix. Second, considering the mixing precedence rule,

the mixing operations along Bdpst cannot be performed in parallel. So Tlowerbound =
∑

bi∈Bdpst
T bi

mix.¥
We design Algorithm 1 to compute Tlowerbound, and Bdpst can be visited by

tracking the “T.root.next” pointers stored by the algorithm. Algorithm 1 is designed

based on two steps. First, base step Tlowerbound = 0 for a leaf node. Second, induction

step T T
lb = max(T T.left

lb , T T.right
lb ) + T T.root

mix . (Since the left and the right branches can

be performed in paralel, the lower bound of completing both branches is the bigger

one of their lower bounds. But due to the mixing precedence rule, the mixing

operation to obtain T.root should be performed after completing both left and right

branches. So we can get the induction step.)
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Algorithm 1 Lower-Bound

Input: T // The binary tree
Output: LB // Lower bound
if T.root is a leaf node then

T.root.lb = 0
T.root.next = null

else
Left=Lower-Bound(T.left)
Right=Lower-Bound(T.right)
T.root.lb = max (Left, Right) + T T.root

mix

if Left > Right then
T.root.next = T.left.root

else
T.root.next = T.right.root

end if
end if
return T.root.lb

2.2.4 Minimum Number of Mixers Mmin to Achieve the Lower Bound

of Mixing Completion Time

To compute the minimum number of mixers, we introduce a lemma first. If

we remove the reagent nodes of performed mixing operations after each time slot,

the scheduling of mixing operations can be represented by a sequence of full binary

trees. Let Treei denote the full binary tree after the ith mixing duration, Tn denote

the number of mixing durations for the final product. So Tree0 is the initial tree,

and TreeTn is the root node.

Lemma 3 The number of mixing operations that can be performed for Treei, i =

0, . . . , Tn, will change in non-increasing order.

Proof. A mixing operation in Treei can be performed only when both reagents for

that mixing are leaf nodes. Let P denote the set of such mixing operations. Each

mixing operation belongs to one of three cases, based on its parent mixing operation

as shown in Fig. 2.4.

The second case will not change the size of P , while the first and third case

will decrease the size of P by 1.¥
Next we calculate the minimum number of mixers required to achieve the lower

bound of mixing completion time. The sufficient and necessary condition is that the
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Figure 2.4: Classification of mixing operations. Case 1: It is not followed
by subsequent mixing operations. Case 2: Its parent’s other reagent is
a leaf node. Case 3: Its parent’s other reagent results from a mixing
operation.

mixing operations along the deepest branch can be performed one by one in each

mixing duration Tmix.

Let Mmin denote the minimum number of mixers to achieve the lower bound

of mixing completion time, (i, j) denote the jth node in the ith level, M(i,j) denote

cumulative number of mixing operations from leaf nodes to (i, j), and Ni denote the

number of nodes on the ith level.

Theorem 1 To achieve the lower bound of mixing completion time, the sufficient

and necessary condition is

Ni∑
j=1

M(i,j) ≤ Mmin · (K − i) for all i ∈ {0, 1, · · · , K − 1} (2.5)

where

M(i,j) = 



0 if (i, j) is a leaf node;

if (i + 1, jl) and (i + 1, jr)

M(i+1,jl) + M(i+1,jr) + 1 are left and right child nodes

of (i, j)

That is,

Mmin =
K−1
max
i=0

(d
∑Ni

j=1 M(i,j)

K − i
e) (2.6)
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Proof. When the deepest branch is processed up to the ith level, the required

number of mixing operations is
∑Ni

j=1 M(i,j) and the number of mixing operations

that can be performed by Mmin mixers during the elapsed K− i time slots is Mmin ·
(K − i). So the necessary condition is that Equation 2.5 holds true.

Next, we show that Equation 2.5 is also the sufficient condition for ttotal
mix =

Tlowerbound by proving that the number of mixers Sz = maxK−1
i=z (d

∑Ni
j=1 M(i,j)

K−i
e) can

guarantee that nodes in level i can be produced before the end of time slot K − i

for all i = K − 1, . . . , z.

Base Step: z = K − 1. SK−1 =
∑NK−1

j=1 M(K−1,j) is the number of mixing

operations to produce all nodes at level K − 1. The conclusion holds true.

Induction Step: For some level v, suppose that all mixing operations for nodes

in levels l > v can be performed using Sv+1 = maxK−1
i=v+1 (d

∑Ni
j=1 M(i,j)

K−i
e) mixers. Sv =

maxK−1
i=v (d

∑Ni
j=1 M(i,j)

K−i
e). Sv ≥ Sv+1. So all mixing operations for nodes in levels l > v

can be performed using Sv mixers. If in some time slot K− l, there are less number

of mixing operations than Sv that can be performed, according to Lemma 3, the

situation will continue to time slot K − v. So all mixing operations for nodes in

all levels will be performed. Otherwise, if in all time slots from 1 to K − v, there

are enough mixing operations to be performed, all mixing operations can also be

performed in this case since Sv = maxK−1
i=v (d

∑Ni
j=1 M(i,j)

K−i
e) ≥ (d

∑Nv
j=1 M(v,j)

K−v
e).

So the number of mixers Sz = maxK−1
i=z (d

∑Ni
j=1 M(i,j)

K−i
e) can guarantee that the

mixing operations for nodes in level i can be performed before the end of time slot

K− i for all i = K−1, . . . , z. So the root node, which is in level 0, can be produced

at the end of time slot K. So the lower bound of mixing completion time is achieved

using Mmin mixers. ¥
Using Equation 2.6, we can directly compute the minimum number of mixers

to achieve the lower bound of mixing completion time. However this result can only

applied to the case with identical mixing duration. For the case with different mixing

duration, we can use binary search for the number of mixers until the optimal mixer

scheduling (see next section) achieves the lower bound of mixing completion time.

But in that case we do not have an equation to directly compute the number.
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2.3 Optimal Mixer Scheduling with Given Number of Mix-

ers

2.3.1 Unique Mixing Durations

The mixer scheduling in Algorithm 2 is basically a greedy algorithm performing

mixing operations from bottom to top (this scheduling is in fact the critical path

(CP ) rule for parallel scheduling [36]).

• First perform the mixing operations at the deepest level and then proceed

upwards.

• At each stage, perform as many mixing operations as possible using the given

number of mixers.

Algorithm 2 Optimal-Scheduling-with-M-Mixers

Input: T, M // The binary tree and the number of mixers
Output: F // Schedule
i = 1 // time slot index
F = ∅
while T 6= a tree with just a root node do

C = ∅ // set of mixings that can be performed currently
Find pairs of leaf nodes with the same parent nodes in T // identify mixing
operations ready to be performed
Store them in C, ordered from deepest level upwards
if |C| < M then

F = F
⋃ {Schedule all mixing operations in C in the time slot i}

else
F = F

⋃ {Schedule the first M mixing operations of C in the time slot i}
end if
Update T by removing leaf nodes involving the mixing operations just added
to F
i = i + 1

end while
return F

Theorem 2 Algorithm 2 is the optimal scheduling algorithm with M mixers to

minimize mixing completion time.
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Proof. Suppose algorithm O is optimal with M mixers to minimize mixing comple-

tion time and TO, TQ are the number of mixing durations of O and our algorithm,

respectively.

First consider our algorithm described above. Let i be the time slot when our al-

gorithm finally encounters |C| > M and all operations in C are mixings of nodes

belonging to the same level. Let d denote the depth of T at the beginning of time

slot i. According to Lemma 3 and the bottom-to-top execution order of Algorithm 2,

|C| > M was always satisfied before the ith time slot and no node at level higher

than d was mixed. Also for every subsequent time slot, the algorithm will finish

mixing operations of all nodes at subsequent level. That is, TQ = i + d.

Suppose T1 is the number of time slots spent mixing all nodes at level d or deeper

by O, U is the number of mixing operations which need to be performed for nodes

at level d or deeper, and T2 is the number of time slots spent mixing all nodes at

levels smaller than d by O. So T2 = TO − T1.

At the end of time slot i, our algorithm performed fewer mixing operations than

U using M mixers, so U > M · i, T1 ≥ U/M ≥ i + 1. According to Lemma 1,

T2 ≥ d− 1. Thus, TO = T1 + T2 ≥ i + d.

So TO ≥ TQ. That is, our algorithm is optimal with M mixers to minimize the

mixing completion time. ¥

2.3.2 Extension to Different Mixing Durations

We first consider extending the previous algorithm on the biochemical analysis

tree, and design Algorithm 3. The basic idea is, when selecting the mixing oper-

ations from the remaining tree, we just implement the previous algorithm as if all

mixing durations were the same; when performing mixing operations, we use the

real mixing durations. Algorithm 3 is the direct extension of Algorithm 2 taking into

account the different mixing durations. However, it is not the optimal algorithm.

Consider the example in Figure 2.5. Algorithm 3 will select the mixing operation

with the deepest level first as shown in Figure 2.6. But the optimal solution is shown

in Figure 2.7, where the lower bound is achieved. Since the time durations are

different, we do not use the concept of level for scheduling. Instead, we use the sum
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Algorithm 3 Sched-Diff-Mixing-Durations-with-M-Mixers

Input: T, M // The binary tree and the number of mixers
Output: F // Schedule
t = 0 // present time
F = ∅
while T 6= a tree with just a root node do

C = ∅ // set of mixings that can be performed currently
Find pairs of leaf nodes with the same parent nodes in T // identify mixing
operations ready to be performed
Store them in C, ordered from deepest level upwards
if t == 0 then

if |C| < M then
F = F

⋃ {Schedule all mixing operations in C at time t}
else

F = F
⋃ {Schedule the first M mixing operations of C at time t}

end if
end if
Find the first produced node i
t = t + T i

mix

Update T by removing leaf nodes involving the performed mixing operations
if C 6= ∅ then

F = F
⋃ {Schedule the first mixing operation in C at time t}

end if
end while
return F

of mixing durations (defined as length) along the branch from nodes to the root

node.

The basic idea of Algorithm 4 is as follows:

1. First perform the mixing operations with the greatest length.

2. At each stage, perform as many mixing operations as possible using the given

number of mixers.

The optimal solution shown in Figure 2.7 can be achieved using Algorithm 4.

However, it is not the optimal algorithm either. Consider another example in Fig-

ure 2.8. Algorithm 4 will select the mixing operation with the greatest length first as

shown in Figure 2.9. However the optimal solution which achieves the lower bound

is shown in Figure 2.10.

So Algorithm 3 and Algorithm 4 can not guarantee the optimality of their
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1 1

1 3

1

Figure 2.5: A counterexample to the optimality of Algorithm 3 with two
mixers. The number inside non-leaf node i is the remaining mixing times
to produce i(e.g. T i

mix− ti, where ti is the time when a mixer was used to
produce i). Note that there are no numbers inside leaf nodes since they
have been produced.

solutions. Here we apply the concept of preemption [36] and thus get the optimal

completion time schedule based on preemption. In the context of DMFS, preemp-

tions imply that a mixing operation can be interrupted at any time and when a

preempted mixing operation resumes, it can be completed in its remaining process-

ing time. By using preemptions, problems with different mixing durations can be

reduced to equivalent problems with the same mixing duration; the structure of trees

will change accordingly. We can then use Algorithm 2 to get the optimal schedule

for problems with different mixing durations.

First, suppose the mixing durations are integers and the scheduler can preempt

any mixer at integer times. (This will be relaxed later.) Due to the application of

preemption, we can reduce this problem to an equivalent problem with identical

mixing durations: For each mixing operation with duration Tmix greater than one,

we can replace it with Tmix unit-duration mixing operations as shown in Figure 2.11.

After this replacement step, the tree structure is changed and the problem with

different mixing durations is reduced to an equivalent problem with identical mixing

durations. So we can solve the equivalent problem with identical mixing operations

using Algorithm 2 and get schedule F . Construct the optimal schedule for the
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Figure 2.6: The schedule by Algorithm 3 for the chemical analysis tree
of Fig 2.5. t denotes the lapsed time from the start of the mixing. A
series of T updated in Algorithm 3 are shown with time labels t. The
completion time is 5 using Algorithm 3.

problem with different mixing operations exactly the same as F . Note that if a

storage unit is required for the new nodes introduced to a mixing operation by the

replacement (e.g., nodes D and E in Figure 2.11), then the mixing operation is

interrupted when performed and its mixer is preempted at that time. Also if we

increase the resolution of mixing durations and reduce one unit of mixing duration

to an arbitrarily small value ε, the problem intrinsically remains the same since

the relative lengths of mixing durations do not change. Keeping decreasing ε will

demonstrate that the above method works for continuous time as well.

Also, after replacement of mixing operations, the minimum number of mixers

to achieve the lower bound can be calculated using Theorem 1.
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2.4 Resource Constraint Analysis for Two Extreme Cases

The resource constraints come from two aspects: the number of mixers and

the number of storage units. The former limits how many mixing operations we can

perform in a time slot. The latter limits the number of droplets that can be stored

for mixing after having been produced.

2.4.1 Case 1: Scheduling with Only One Mixer

2.4.1.1 Identical Mixing Durations

At least one mixer is required to be able to perform any mixing operations. Let

Q denote the number of mixing operations to perform for the biochemical analysis.

Lemma 4 With one mixer, all scheduling methods that keep the mixer busy will

1 1

1 3

1

t = 0 t = 1

1 2

1

t = 2

1 1

1

t = 3

1

t = 4

1

Figure 2.7: The optimal schedule for the biochemical analysis tree in
Fig 2.5. A series of T updated in the optimal schedule are shown with
time labels t. The completion time is 4 for the optimal schedule.
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Algorithm 4 Scheduling-Diff-Mixing-Durations-Length

Input: T, M // The binary tree and the number of mixers
Output: F, ttotal

mix // Schedule and mixing completion time
t = 0 // present time
F = ∅
Trace the tree to compute the lengths of nodes
while T 6= a tree with just a root node do

C = ∅ // set of mixings that can be performed currently
Find pairs of leaf nodes with the same parent nodes in T // identify mixing
operations ready to be performed
Store them in C, in the decreasing order of the length
if t == 0 then

if |C| < M then
F = F

⋃ {Schedule all mixing operations in C at time t}
else

F = F
⋃ {Schedule the first M mixing operations of C at time t}

end if
end if
Find the first produced node i
t = t + T i

mix

Update T by removing leaf nodes involving the performed mixing operations
if C 6= ∅ then

F = F
⋃ {Schedule the first mixing operation in C at time t}

end if
end while
ttotal
mix = st + T T.root

mix

return F, ttotal
mix

have the same ttotal
mix :

ttotal
mix = Q · Tmix (2.7)

Proof. No matter which scheduling method we use, only one mixing operation

can be performed in each time slot due to the mixer resource constraint. As long

as the mixer keeps busy, the mixing completion time is the sum of durations of all

mixing operations. ttotal
mix = Q · Tmix. ¥

Given a reaction tree T , we design Algorithm 8 to compute the minimum number

of storage units, and Algorithm 6 to generate the corresponding schedule. Suppose

T.root is T ’s root node, T.left and T.right are the left and right subtrees of T .
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3 1
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Figure 2.8: A counterexample to the optimality of Algorithm 4 with two
mixers. The numbers inside non-leaf nodes are the remaining mixing
times to produce the nodes. Note that there are no numbers inside leaf
nodes since they have been produced.

Since the tree is a full binary tree, either T.root is a leaf node, or both T.left and

T.right are non-null.

Theorem 3 The minimum number of storage units for a reaction using one mixer

is computed by Algorithm 8; the corresponding schedule in the order of execution is

output by Algorithm 6.

Proof. Suppose S(T ) is the minimum number of storage units for the reaction

represented by tree T using one mixer. First we prove the first half of the theorem.

If T.root is a leaf node or T.value = 1, S(T ) = 0. (Base step)

If T.root is not a leaf node, S(T ) ≥ max(S(T.left), S(T.right)).

If S(T.left) 6= S(T.right), without loss of generality assume S(T.left) >

S(T.right). Schedule as follows: first, perform all mixing operations in the left

subtree, when we need S(T.left) storage units; then perform those in the right

subtree, when we need S(T.right) storage units for the nodes in the right subtree

and one for the T.left node. So S(T ) = max(S(T.left), S(T.right)).

If S(T.left) = S(T.right), we show that S(T ) = S(T.left) + 1. Perform all

mixing operations in the left subtree, and then the right subtree. Here we need

S(T.left)+1 storage units. So S(T ) ≤ S(T.left)+1. If S(T ) < S(T.left)+1, then

two conditions should be satisfied: first, in the time slot when S(T.left) storage
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Figure 2.9: Schedule by Algorithm 4 for the biochemical analysis tree
of Fig 2.8. t denotes the lapsed time from the start of the mixing. The
numbers inside non-leaf nodes are the remaining mixing times to produce
the nodes. Note that there are no numbers inside leaf nodes since they
have been produced. A series of T updated in Algorithm 4 are shown
with time labels t. The completion time is 6 using Algorithm 4.

units are used for the left subtree, no mixing operations in the right subtree have

been performed; second, in the time slot when S(T.right) storage units are used

for the right subtree, no mixing operations in the left subtree have been performed.

Obviously, they cannot be satisfied at the same time. By contradiction, we conclude

S(T ) = S(T.left) + 1. The induction step is also correct. So N returned by the

algorithm equals S(T ), the optimal value.

We now show that the second half of the theorem is correct. Since Algorithm 6

outputs the mixing operations in child-node-first order, the mixing precedence rule

is satisfied. Also, the algorithm traces back through T.value for all subtrees using

the recurrence in Algorithm 8, so it outputs the corresponding scheduling results.

¥
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Figure 2.10: The optimal schedule for the biochemical analysis tree in
Fig 2.8. A series of T updated in the optimal schedule are shown with
time labels. The completion time is 5 for the optimal schedule.

2.4.1.2 Extension to Different Mixing Durations

The two conclusions above still hold true: 1. with one mixer, the total com-

pletion time is still the sum of all mixing durations as long as we keep the mixer

busy all the time. (The proof of this conclusion is exactly the same as the case with

an identical time duration). 2. Algorithm 8 still computes the minimum number

of storage units and Algorithm 6 still returns the corresponding schedule. With

one mixer, the structure of the tree decides the number of required storage units.

Since the structure is independent of the mixing durations, the minimum number

of storage units and corresponding schedule will not change.

2.4.2 Case 2: Scheduling with Zero Storage Units

2.4.2.1 Unique Mixing Durations

Theorem 4 The sufficient and necessary condition of performing all the mixing

operations without storage units is to use maxK
i=0

Ni

2
mixers, and the completion

time in this case is the lower bound K · Tmix.
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Figure 2.11: Reduce the problem with different mixing durations to the
problem with identical mixing durations when allowing preemptions in
discrete time. TA

mix = 2. Using preemptions, a tree with different mixing
durations for its mixing operations can be replaced by another tree with
unit mixing duration for all mixing operations (TA

mix = TD1
mix = 1). Nodes

D1 and D2 are intermediate nodes of mixing and splitting nodes B and
C, whose mixing operation to produce A is preempted. The connections
of nodes A,B,C to other outer nodes should be maintained as before.

Proof. Actually, we have considered the sufficient condition when discussing

the lower bound of mixing completion time in the proof of Lemma 1. There, us-

ing maxK
i=0

Ni

2
mixers, we provide a scheduling algorithm, which achieves the lower

bound of the completion time and needs zero storage units. So we only need to

prove that it is also the necessary condition for performing all mixing operations

with zero storage units.

First we show that all mixing operations for non-leaf nodes at the same level must

be performed in the same time slot if there are zero storage units.

Base Step: There is only one mixing operation for the root node at level 0, so the

conclusion is correct obviously.

Induction Step: For some level i, suppose the conclusion holds true for all levels

j < i. If the conclusion does not hold true for level i, there must be at least two

non-leaf nodes A and B in level i, and say A is produced before B. According to the

induction hypothesis, A and B are consumed for other non-leaf nodes at level i−1 in
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Algorithm 5 Min-Storage-Units

Input: T // the binary tree
Output: N // the number of required storage units
if T.root is a leaf node then

T.value = 0
else

Left=Min-Storage-Units(T.left)
Right=Min-Storage-Units(T.right)
if Left = Right then

T.value = Left + 1
else

T.value = max (Left, Right)
end if

end if
if T is the initial input tree & T.value 6= 0 then

N = T.value− 1
else

N = T.value
end if
return N

the same time slot. Obviously, one storage unit is required for A. By contradiction,

we get the conclusion.

Since all mixing operations for non-leaf nodes at the same level must be performed

in the same time slot, the number of mixers is maxK
i=0

Ni

2
as desired. ¥

2.4.2.2 Extension to Different Mixing Durations

In Lemma 2, we have computed the lower bound in the case of different mixing

durations. However, since different mixing operations in the same level may have

different durations, the number of mixers required for a zero-storage-unit schedule

can not be derived from the number of mixing operations in the same level. Instead

we design Algorithm 7 to compute the number of mixers and schedule for the case

of zero storage units below. The basic idea of scheduling in Algorithm 7 is

• First perform the mixing operations with the biggest length and then proceed

upwards.

• Whenever the lower bound minus the lapsed time equals to the length of a
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Algorithm 6 One-Mixer-Scheduling

Input: T , i // the binary tree
// time slot index
Output: F // Schedule
i = 1
F = ∅
if T.value = 0 then

return
else

if T.left.value > T.right.value then
One-Mixer-Scheduling(T.left, i)
One-Mixer-Scheduling(T.right, i)

else
One-Mixer-Scheduling(T.right, i)
One-Mixer-Scheduling(T.left, i)

end if
end if
F = F

⋃ {Schedule mixing to get T.root in time slot i}
i = i + 1
return F

mixing operation, perform that mixing operation.

Based on the schedule, each time a droplet is produced, a mixer will be released

and the number of mixers will decrease by 1; each time a mixing operation starts, a

mixer will be taken up and the number of mixers will increase by 1. We can record

the largest number of mixers during the schedule and it is the number of mixers

required for the case with zero storage units.

2.5 Example

In this section, we apply our scheduling analysis and algorithms to the PCR

analysis. Let ttransport be the transportation time from one electrode to its neighbor-

ing electrode. The parameter values we use are: Tmix = 5 sec, Tinput = Toutput = 1

sec, ttransport = 0.01 sec/electrode. (In the experiments of [5] and [8], ttransport =

0.006− 0.013 sec/electrode.) The depth of binary tree for PCR analysis is K = 4.

The results are shown in Table 2.1. Mixing time takes up most of the com-

pletion time since pipelining is used to overlap other operations with mixing. Exact
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Algorithm 7 Mixer-Number-For-Zero-Storage-Units

Input: T // the binary tree
Output: M ,F // Number of mixers and schedule
F = ∅, M = 0
// Compute i.time, the length from the root node to i
for each node i in T do

if i = T.root then
i.time = 0

else
i.time = j.time + T j

mix

// Suppose j is i’s parent node
end if

end for
for each non-leaf node i do

si = tlb − j.time, ei = tlb − i.time // start, end time
// Suppose j is i’s left child node
// tlb can be computed using Algorithm 1

end for
Sort all si,ei in decreasing order and if sm = en, en should be before sm

n = 0
while visit all si, ei in order after sorting do

if the value is si then
n = n + 1
F = F

⋃ {Schedule the mixing operation at time si to achieve node i}
if n > M then

M = n
end if

else
n = n− 1

end if
end while
return M,F

Table 2.1: Results of PCR analysis using one and two mixers. All times
are in seconds. Approximate completion time does not consider trans-
portation time.

Num of Num of Total Completion Time
Mixers Storage Units Mixing Time Approx. Exact
1 1 35 37 37.8
2 0 20 22 22.54
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completion time (calculated by Equation 2.1) is almost the same as approximate

completion time (calculated by Equation 2.2) since the transportation speed is very

fast. (During one mixing duration, droplets can be transported over 5
0.01

= 500 elec-

trodes.) The mixing time using two mixers reduces to 57% of that using one mixer

due to parallel mixing operations. (The percentage is larger than 50% since one

mixer is idle when the last mixing is performed.) By Theorem 1, Tlowerbound = 20

sec, which is the mixing time shown in Table 2.1 using two mixers.

Time                        One Mixer                                                                                             Two Mixers  

Input                Mix        Output    Store    Input                     Mix 1             Mix 2              Output           Store              
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Figure 2.12: Scheduling results of performing PCR analysis on DMFS.
The left side shows results with one mixer, while the right side shows
result with two mixers. Transportation time is ignored here. Accurate
completion time considering transportation time is shown in Table 2.1.
All times are in seconds.

We illustrate the scheduling results when one and two mixers are used in
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Fig. 2.12. We can see that the pipelining technique is used to overlap different

kinds of operations such as input, transport, mix, store and output. Comparing the

results with one and two mixers, we see that more mixers can exploit the parallelism

inside the mixing operations of PCR analysis. By Theorem 1, the lower bound of

completion time has been achieved, so more than two mixers cannot decrease the

completion time any more.

2.6 Conclusion

In this chapter we presented scheduling algorithms to optimize the completion

time of biochemical analyses on a DMFS by exploiting the tree structure of these

reactions. We considered a binary tree representation of chemical analyses to sched-

ule operations. Using pipelining, we overlapped mixing operations with input and

transportation operations. We found the lower bound of the mixing completion time

according to the tree structure of input analyses, and calculated the minimum num-

ber of mixers Mmin required to achieve the lower bound. We presented a scheduling

algorithm for the case with a specified number of mixers no greater than Mmin, and

proved it is optimal to minimize the mixing completion time. We also analyzed

resource constraint issues for two extreme cases. For the case with just one mixer,

we proved that all schedules result in the same mixing completion time as long as

the mixer was kept busy at all times and then designed a scheduling algorithm to

minimize the number of storage units. For the case with zero storage units, we

found the minimum number of mixers required. Both the case with identical mixing

duration and that of different mixing durations were analyzed and solved in this

chapter. Finally, we demonstrated the benefits of our scheduling methods on an

example of DNA polymerase chain reaction (PCR) analysis. Other cases of much

more complicated biochemical analysis can also be handled in a similar fashion.

The analysis and algorithms can easily be extended to perform several independent

biochemical analyses in parallel.



3. Minimizing the Resource Requirements

In Chapter 2 we focused on algorithms to minimize time based on the tree structure

of the chemical analysis. Here we focus on minimizing spatial resources based on the

tree structure of the chemical analysis and using it to design (or select) the smallest

chip for a given analysis. There are several classes of resources (i.e., functional

components consisting of electrodes) in a DMFS: mixers, storage units, input and

output units, and transportation paths. We focus on performing a biochemical

analysis in batch mode, where the goal is to produce one droplet of the final product.

We assume that the resources (e.g., mixers and storage units) are fixed at the start

of the analysis and do not change over the course of the analysis.

3.1 Problem Formulation

The problems we want to solve in this chapter are: Given a biochemical anal-

ysis, what are the minimum requirements of resources (e.g., the number and size of

mixers, storage units, input/output units and transportation paths) to perform it?

How can we design the scheduling algorithm so that the analysis can be performed

with the minimum resources? The number of input and output units is determined

by the given biochemical analysis. Transportation paths are constructed so that

other function units (the input units, output units, mixers and storage units) are

connected. We will first focus on the resource requirements of mixers and storage

units, and then consider the requirements of other resources as well in Section 3.3.

When discussing the minimum resource requirements, we can just focus on the

mixer scheduling.

3.1.1 Mixers and Storage Units

The number of mixers limits how many mixing operations we can perform in

a time slot. The number of storage units gives a constraint for droplets that have

been produced but cannot immediately be mixed. Figure 3.1 shows how mixers and

storage units are used during the progress of a biochemical analysis.

33
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Figure 3.1: Progress of a biochemical analysis on a chip with a single
mixer. The intermediate reagent produced in the first step is stored in a
storage unit since it is not involved in the mixing in the second step.

3.1.2 Scheduling Representation

Each scheduling step can be regarded as the transition from one full binary

tree to another where some sibling nodes are removed (see Figure 3.1). So the whole

schedule Sch of a biochemical analysis can be represented by a series of full binary

trees, starting from the initial full binary tree and ending at the root node, and the

transitions between consecutive trees correspond to removing selected sibling nodes.

For a schedule Sch, let the number of mixers be M and the number of storage

units be S. We can formulate the scheduling problem as the following two questions:

Given an initial full binary tree T , (1) What is the schedule Sch in which S is min-

imized given M? (2) What is the schedule Sch in which the resource requirements

(i.e., the number of electrodes for M mixers, S storage units, input/output units

and transportation paths) are minimized?

3.2 Minimizing the Number of Storage Units with Given

Number of Mixers

In Section 2.4 of previous chapter, we analyzed two extreme cases of resource

requirements: with just one mixer and with zero storage units. In the first case, we

proved all active schedules (i.e., that keep the mixer busy at all times) result in the

same completion time, calculated the minimum number of storage units for a given

analysis, and designed a corresponding scheduling algorithm. In the second case,
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we computed the minimum number of mixers required, and proved the following

conclusion in Theorem 4. The sufficient and necessary condition for performing all

the mixing operations without storage units is to use maxK
i=0

Ni

2
mixers, where K is

the depth of the tree, Ni is the number of nodes at the ith level.

In this chapter, we extend the scheduling algorithm to handle the general case

with M mixers and S storage units, and characterize the relationship between the

number of mixers and the number of storage units required for a biochemical analysis

based on its tree structure.

Given an initial full binary tree of a biochemical analysis, M mixers, and S

storage units, we need to check whether or not the given biochemical analysis can

be performed under such constraints. Since two constraints exist here, there are

two methods to solve this problem. First, with at most M mixers, compute the

minimum number of storage units f(M). If f(M) ≤ S, it is feasible to perform the

biochemical analysis under such constraints, and infeasible otherwise. Second, with

at most S storage units, compute the minimum number of mixers g(S). Similarly,

compare g(S) and M to check the feasibility. Since we may reduce the required

number of one resource by increasing the number of the other resource, it is obvious

that f(M) and g(S) are both non-increasing functions. So if we have a solution for

the first method, the second one can be solved using binary search in the result of

the first method, and vice versa.

In this section, first, we will compute the minimum number of storage units

f(M) and design the scheduling algorithm to perform the biochemical analysis using

M mixers and f(M) storage units; second, we will define f(M) as the M -depth of

the tree structure and give an equation to compute the M -depth for complete trees;

third, we characterize the variation with M of the M -depth of the tree. So for any

biochemical analysis, we can find out whether it can be performed using M mixers

and S storage units by computing the M -depth of its tree representation. If two

biochemical analyses have tree structures with the same M -depth, we say they have

the same resource requirements.

3.2.1 Algorithm Design
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Algorithm 8 Min-Storage-Units-M-Mixers

Input: T , M // the binary tree and the number of mixers
Output: fM // the number of required storage units
while Scan nodes level by level from bottom up: do

for any scanned node i do
i.fM = 0 // storage units to produce i
if i.left.fM == 0 and i.right.fM == 0 then

// zero storage units to produce both child nodes
Scan the subtree rooted at i, set i.maxnode as the maximum number of
nodes at any level in the subtree
if i.maxnode > 2M then

i.fM = 1
end if

else
// at least one child node needs storage units
if i.left.fM == i.right.fM then

i.fM = i.left.fM + 1
else

i.fM = max{i.left.fM , i.right.fM}
end if

end if
end for

end while
return T.root.fM

Theorem 5 Algorithm 8 returns the minimum number of storage units for a reac-

tion using at most M mixers; Algorithm 9 outputs the corresponding schedule in the

order of execution.

Proof. Suppose fM(T ) is the minimum number of storage units for the reaction

represented by tree T using at most M mixers. First we prove the first part of the

theorem. According to Theorem 4, if the maximum number of nodes at the same

level is greater than 2M , at least one storage unit is required. Since the algorithm

scans nodes from bottom up, the nodes first satisfying this condition need one

storage unit. (Base step.)

If T.root is not a leaf node, obviously, fM(T ) ≥ max(fM(T.left), fM(T.right)).

If fM(T.left) 6= fM(T.right), without loss of generality assume fM(T.left) >

fM(T.right). Schedule as follows: First, perform all mixing operations in the left

subtree, when we need fM(T.left) storage units. Then perform those in the right
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Algorithm 9 M-Mixer-Scheduling

Input: T , i // the binary tree and the time slot index (1 for the initial tree)
Output: F // Schedule, global variable initialized as ∅
if T has only a root node then

return
else

if T.root.fM = 0 then
// finish mixing operations at one level each time slot
for all levels of T from bottom up do

F = F
⋃ {Schedule all mixing operations at the same level in time slot i}

i = i + 1
end for

else
// first produce the child node requiring more storage units
if T.root.left.fM > T.root.right.fM then

M-Mixer-Scheduling(T.left, i)
M-Mixer-Scheduling(T.right, i)

else
M-Mixer-Scheduling(T.right, i)
M-Mixer-Scheduling(T.left, i)

end if
F = F

⋃ {Schedule the mixing operation to get T.root in time slot i}
i = i + 1

end if
end if
return F

subtree, when we need fM(T.right) storage units for the nodes in the right subtree

and one for the T.left node. So fM(T ) = max(fM(T.left), fM(T.right)).

If fM(T.left) = fM(T.right), we show that fM(T ) = fM(T.left) + 1. Sched-

ule all mixing operations in the left subtree, and then the right subtree. We need

fM(T.right)+1 storage units as discussed above, which is equal to fM(T.left)+1. So

fM(T ) ≤ fM(T.left)+1. If fM(T ) < fM(T.left)+1, then two conditions should be

satisfied: First, in the time slot when fM(T.left) storage units are used for the left

subtree, no mixing operations in the right subtree have been performed. Second, in

the time slot when fM(T.right) storage units are used for the right subtree, no mix-

ing operations in the left subtree have been performed. Obviously, they cannot be

satisfied at the same time. By contradiction, we conclude fM(T ) = fM(T.left) + 1.

The induction step is also correct. So fM returned by the algorithm is fM(T ), the
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optimal value.

We now show that the second part of the theorem is correct. Since Algorithm 9

outputs the mixing operations in child-node-first order, the mixing precedence rule

is satisfied. Also, the algorithm traces back through T.root.fM for all subtrees using

the recurrence in Algorithm 8, so it outputs the corresponding scheduling results.

¥
For a complete binary tree of depth 2, its 1-depth is 1 and 2-depth is 0 by Algo-

rithm 8.

3.2.2 M-Depth of Tree Structure

From the algorithm in the last section, we see that with M mixers, the min-

imum number of storage units f(M) for a biochemical analysis only depends on

its tree structure. Thus we can define f(M) as the M -depth of the tree structure

corresponding to M mixers. Below we design Algorithm 10 to calculate i.subtree,

the number of nodes at each levels in the subtree and compute i.maxnode, the

maximum number of nodes at the same level in the subtree rooted at each node i.

In Algorithm 10, i.subtree has the format of (a0, a1, a2, . . .) where aj is the

number of nodes at level j of the subtree. “Append a zero to (a0, a1, . . . , ai)” will

result in (a0, a1, . . . , ai, 0), e.g., “Append a zero to (1)” will result in (1, 0); the

“⊕” operator for i.subtree works as follow: (a0, a1, . . . , ak)⊕ (a′0, a
′
1, . . . , a

′
k) = (a0 +

a′0, a1 + a′1, . . . , ak + a′k), e.g., (1, 0, 0) ⊕ (1, 2) ⊕ (1, 2) = (1, 2, 4). Please note, by

appending zeros to subtrees, Algorithm 10 guarantees that the subtrees on two sides

of “⊕” have the same length. Figure 3.2 shows i.subtree computed by Algorithm 10

for each node in a tree.

Using Algorithm 8 with Algorithm 10, we can compute f(M) for the tree struc-

ture of any biochemical analysis. Since in Algorithm 8 we do not need the i.subtree

information for parent nodes of nodes with i.maxnode > 2M , the algorithm can be

improved by skipping i.subtree calculation for such nodes.

From Theorem 4, we can easily see that:



39

Algorithm 10 Max-Nodes-Same-Level

Input: T // the binary tree
Output: i.maxnode // for each node i in T
Height = 0 // height equals depth minus level
while Scan nodes level by level from bottom up: do

for any scanned node i do
i.subtree = (1) // record subtree rooted at i
// Record subtree for leaf nodes at the level
TempHeight = Height
while TempHeight > 0 do

Append a zero to the end of i.subtree
TempHeight = TempHeight− 1

end while
// Record subtree for non-leaf nodes at the level
if i is not a leaf node then

i.subtree = i.subtree⊕ i.left.subtree⊕ i.right.subtree
end if
set i.maxnode as the maximum number in i.subtree

end for
Height = Height + 1

end while
return T with i.maxnode

Lemma 5 Given a tree for a biochemical analysis, f(M) = 0 if and only if M ≥
T.root.maxnode

2
.

For complete trees, we derive an equation to compute M -depth as follows.

Theorem 6 For a complete tree with depth D, its M-depth can be computed:

f(M) = D − (blog2Mc+ 1) (3.1)

Proof. Suppose in a tree with depth D, we define the height of a node as D

minus its level. According to Lemma 5, in a complete tree, any node i with i.fM = 0

must satisfy that i.maxnode ≤ 2M and thus has a height at most blog22Mc. And

for nodes with height more than blog22Mc, increasing height by 1 will increase i.fM

by 1. So

f(M) = T.root.fM = T.root.height− blog22Mc

= D − blog22Mc = D − (blog2Mc+ 1).¥
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Figure 3.2: i.subtree computed by Algorithm 10 for a tree.

Corollary 1 For a binary tree with depth D for a biochemical analysis, its M-depth

must satisfy:

f(M) ≤ D − (blog2Mc+ 1) (3.2)

3.2.3 Variation of M-depth with M for a Tree

We first examine the non-increasing property of the M -depth, f(M). For a

given biochemical analysis tree, according to Lemma 5, if f(M) = 0, f(M + 1) = 0.

There exist nodes where i.fM > 0, but i.fM+1 = 0. Considering the same recurrence

as in Algorithm 8, for each node i, i.fM ≥ i.fM+1. So f(M) = T.root.fM ≥
T.root.fM+1 = f(M + 1). That is, with more mixers, we may reduce the minimum

number of storage units required.

f(M + 1) ≤ f(M) (3.3)

Second, there will not be much difference between f(M) and f(M + 1).

Theorem 7

f(M + 1) ≥ f(M)− 1 (3.4)

Proof. Use mathematical induction. Base step is trivial: for a leaf node,

f(M + 1) = f(M) = 0.
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For a node i with left and right child nodes, suppose f(M) is M -depth of

the tree rooted at i, fL(M) and fR(M) are M -depths of its left subtree and right

subtree, respectively. According to the induction hypothesis,

fL(M + 1) ≥ fL(M)− 1, fR(M + 1) ≥ fR(M)− 1

There are three possible cases below:

1. fL(M) 6= fR(M): Without loss of generality, assume fL(M) > fR(M). Then

f(M) = fL(M). Also f(M + 1) ≥ fL(M + 1) ≥ f(M) − 1, so f(M + 1) ≥
f(M)− 1.

2. fL(M) = fR(M) = 0: f(M) ≤ 1. f(M + 1) ≥ 0 ≥ f(M)− 1.

3. fL(M) = fR(M) 6= 0: f(M) = fL(M) + 1.

• fL(M) = fR(M) ≥ 2: fL(M +1) ≥ fL(M)−1 ≥ 1, fR(M +1) ≥ fR(M)−
1 ≥ 1. If fL(M +1) = fR(M +1), f(M +1) = fL(M +1)+1 ≥ fL(M). So

f(M + 1) ≥ f(M)− 1. If fL(M + 1) 6= fR(M + 1), (assume fL(M + 1) >

fR(M + 1)) then fL(M + 1) > fR(M) − 1, so fL(M + 1) ≥ fL(M). So

f(M + 1) ≥ fL(M + 1) ≥ fL(M) = f(M)− 1.

• fL(M) = fR(M) = 1: f(M) = 2. From Lemma 5, i.left.maxnode > 2M

and i.right.maxnode > 2M . So i.maxnode > 2(M + 1) (At least two

nodes of right (or left) subtree will be at the same level with more than

2M nodes in left (or right) subtree). By Lemma 5 again, f(M + 1) > 0.

So f(M + 1) ≥ 1 = f(M)− 1.

So the induction step is also correct. Thus f(M + 1) ≥ f(M)− 1.¥
Considering Inequalities 3.3 and 3.4, we see that for a full binary tree, f(M) ≥

f(M + 1) ≥ f(M) − 1. This means that using one additional mixer to perform a

biochemical analysis either keeps the minimum number of storage units the same or

reduces it by one. So we get the conclusion below.

Corollary 2 The total number of mixers and storage units F (M) = M + f(M) is

a non-decreasing function of M .
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Table 3.1: The total size of mixers and storage units for different M and
f(M).

Num of Mixers Minimum Num of Storage Units Total Size
1 2 33
2 1 39
3 1 54
4 0 60

3.2.4 Example

We apply the above algorithms and conclusions to characterize biochemical

analyses based on resource requirements. The two trees in Figure 3.3 have different

structures, but share the same resource requirements, as illustrated by their identical

characteristic resource curve f(M) in Figure 3.4. Suppose the size of one storage

unit is 9 and the size of one mixer is 15, and we use the mixer and storage unit

as shown in Figure 1.2 to construct the biochip. Table 3.1 shows the total size of

mixers and storage units for different M and f(M).

(a) D = 3 (b) D = 6

Figure 3.3: Two analysis trees that have the same least resource require-
ments.
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Figure 3.4: Characteristic resource curve of f(M) shared by the two trees
in Figure 3.3.

3.3 Towards Smallest Chip Design

We discussed mixers and storage units in Section 3.2, without considering their

geometry and other resources such as input and output units and transportation

paths. In this section, we will consider all resource requirements towards the design

of the smallest DMFS chip for biochemical analyses. The smaller the number of

electrodes in a DMFS chip, the easier the fabrication and the lower the cost.

3.3.1 Mixers and Storage Units

Mixers and storage units are the two primary functional components on a

DMFS biochip, where mixers are used to mix and split droplets while storage units

are used to store droplets on chip for future usage. They should be large enough to

prevent droplets inside them inadvertently mixing with other droplets outside them.

As shown in Figure 3.5, a storage unit needs only one electrode to hold one droplet,

while a mixer needs more electrodes to move the mixed droplet inside it and thus

needs more surrounding electrodes to keep the droplet inside separate from other

droplets outside. It follows that the size of one mixer Smix (the number of electrodes

in one mixer) is bigger than the size of a storage unit Sstore.

From the above observation and Corollary 2, we obtain the following result

for a full binary tree whose M -depth is f(M).

Theorem 8 The total size of M mixers and f(M) storage units will monotonically

increase with the number of mixers.
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(a) (b)

Figure 3.5: The sizes of a mixer and a storage unit. (a) A mixer with
3 electrodes for droplets to move. Smix = 15. (b) A storage unit with 1
electrode for droplets to stay. Sstore = 9.

Proof. We need prove that M1 ·Smix +f(M1) ·Sstore < M2 ·Smix +f(M2) ·Sstore

when M1 < M2.

M1 · Smix + f(M1) · Sstore = (M1 + f(M1)) · Sstore + M1 · (Smix − Sstore)

≤ (M2+f(M2))·Sstore+M1 ·(Smix−Sstore) < (M2+f(M2))·Sstore+M2 ·(Smix−Sstore)

= M2 · Smix + f(M2) · Sstore ¥

3.3.2 Input and Output Units

Input and output units should be connected to the perimeter electrodes of the

chip, which we call connection electrodes, as shown in Figure 3.6. For the tree in

Figure 3.6: Input and output units are connected to the chip through
connection electrodes (shown bold) on the edge of the chip.

Figure 3.7(a), we need just one mixer and zero storage units for the reaction. If

we directly connect the input units to the chip as in Figure 3.7(b), the number of

corresponding connection electrodes will be the number of leaf nodes of the tree in

Figure 3.7(a). Since the connection electrodes should be on the perimeter of the
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chip, the total number of electrodes on the chip will be proportional to the square

of the number of connection electrodes, which is much bigger than the size of one

mixer. (This assumes the chip is a rectangular array of electrodes.)

Figure 3.7: The size of chip for an analysis tree when directly connecting
the input units to the chip. (a) A full binary tree of depth 6, where the
right child of each node is a leaf node or a null node. (b) The chip contain-
ing sufficient connection electrodes, shown bold on the chip perimeter.
(A subset of input units are shown.)

An alternative approach is to connect the input and output units to a ring

of electrodes (as in [4]) and then connect the ring to a separate working zone of

mixers and storage units as shown in Figure 3.8. The size of the working zone can

be selected to have the required functionality, and the working zone can even be in

the interior of the ring if it is sufficiently small.

3.3.3 Transportation Paths

Theorem 9 Even considering the transportation paths, the smallest chip is con-

structed using one mixer and f(1) storage units.

Proof. Proof by contradiction. First, the smallest chip can be constructed using M

mixers and f(M) storage units since we can always convert extra storage units (if

more than f(M)) to transport electrodes without increasing the chip size. Second,

assume M > 1 in the smallest chip. The corresponding transportation paths should

connect all mixers and storage units so that they are reachable from each other.
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Figure 3.8: Connect the input and output units to the working zone of
mixers and storage units through a ring so that all droplets to the working
zone are input from and output to one electrode (filled in black). Here
the working zone is a 3× 3 mixer.

The size of mixers and storage units is M · Smix + f(M) · Sstore; we assume the

number of electrodes for input/output units are determined by the analysis tree

and therefore constant. Since the size of a mixer is bigger than that of a storage

unit, we can retain one mixer and change all other mixers to be storage units. The

transportation paths can still connect all mixers and storage units, and the size of

mixers and storage units is now reduced to 1 · Smix + (M − 1 + f(M)) · Sstore. The

size of one mixer and f(1) storage units is 1 · Smix + f(1) · Sstore. From Corollary 2,

M + f(M) ≥ 1 + f(1), which implies the chip with M mixers is larger than the

chip with one mixer, leading to a contradiction. We conclude that even considering

the transportation paths, the smallest chip is constructed using one mixer and f(1)

storage units. ¥

3.3.4 Example

Consider a complete tree of depth 4. By Theorem 6, f(1) for the complete

tree is 3. Suppose that mixing and splitting droplets is performed in a mixer with

3 electrodes for droplets to move as shown in Figure 3.5 (a). Since we can place the

mixer and storage units along the perimeter of the chip and overlap a subset of the

surrounding electrodes, the size of a mixer and a storage unit can be smaller than
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that shown in Figure 3.5. Figure 3.9 shows the layout of the smallest chip, without

showing all input and output units.

Input/output units

Working zone (mixers and 

storage units)

:    storage units

:   mixer

:  connection electrode

Figure 3.9: The partial layout of the smallest chip for a complete tree of
depth 4.

3.4 Conclusion

In this chapter, we considered the problem of identifying the minimal resource

requirements of biochemical analyses, towards the design of space-efficient biochips.

We presented an algorithm to compute, for a given number of mixers, the minimum

number of storage units for an input analysis using its tree structure, and designed

a corresponding scheduling algorithm to perform the analysis. We defined the M -

depth of the analysis tree to be the minimum number of storage units with M

mixers. We characterized the variation of the M -depth of a tree with M , and used

it to calculate the minimum total size (the number of electrodes) of mixers and

storage units. We proved that we could always construct the smallest chip for an

arbitrary analysis using one mixer and f(1) storage units where f(1) is the 1-depth of

the biochemical analysis tree. Finally, we demonstrated our results on two example

biochemical analyses and designed the smallest chip for a biochemical analysis with

a complete tree structure of depth 4. These are the first results on the least resource

requirements of DMFS for biochemical analyses, and can be used for the design and

selection of chips for arbitrary biochemical analyses.



4. Conclusion

This thesis presents algorithms for an optimizing time and spatial resources on

a digital microfluidic system. It achieves this by exploiting the tree structure of

biochemical analyses. In this thesis, we focus on performing biochemical analyses

in batch mode, where the goal is to produce one droplet of the final product.

4.1 Summary

In the first part of the thesis, we presented scheduling algorithms to optimize

the completion time of biochemical analyses on a DMFS by exploiting the tree

structure of these reactions. Using pipelining techniques, most input and output

operations can be overlapped with mixing operations. So our goal is to complete

the mixing operations as soon as possible with the given number of mixers while

overlapping other operations with mixing. We introduced a full binary tree structure

to model the biochemical analyses. We calculated the lower bound on the mixing

completion time of a biochemical analysis and computed the minimum number of

mixers to achieve this lower bound. We also designed an algorithm to schedule

mixing operations for a given number of mixers, and proved it to be optimal in

the measure of completion time. Finally, the resource constraint issue was also

considered for two extreme cases of having just one mixer and having zero storage

units. Both the case with identical mixing duration and that of different mixing

durations were analyzed and corresponding algorithms were designed. These are the

first results that use the analysis tree structure for optimal scheduling of biochemical

analyses on DMFS.

In the second part of the thesis, we extended the resource constraint issues

and focused on characterizing the resource requirements of arbitrary biochemical

analyses on DMFS biochips from their tree structure. We designed a corresponding

scheduling algorithm to perform the biochemical analyses using the least resource

requirements. We also defined the M -depth of an analysis tree to describe such

resource requirements and infer the variation in the number and size of resources

48
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as a function of the tree structure and the number of mixers M . We can use these

results to design the smallest biochip for any biochemical analysis and also determine

whether a particular biochip can be used for a biochemical analysis. These are the

first results on the least resource requirements of DMFS for biochemical analyses,

and can be used for the design and selection of chips for arbitrary biochemical

analyses.

The results in this thesis represent our initial steps in optimizing the automated

operation and design of digital microfluidic biochips.

4.2 Future Work

Combining the scheduling algorithm with layout design and routing algorithms

to form an integrated system is the next logical step. In our scheduling algorithms,

we assume that the transportation time can be ignored due to the relatively high

speed of droplet transportation. But when the algorithm is applied to a large-scale

biochips, the long routing paths may significantly increase the transportation time.

In that case, we need to consider optimization of the routing path to minimize the

transportation time. In our future work, we will also use these results to explore

the tradeoff between resource requirements and the completion time of biochemical

analyses. Other extensions are to produce multiple droplets of final product and

perform multiple simultaneous reactions in one chip. In the latter case, we need to

consider several binary tree simultaneously, which means that greater parallelism

may be exploited by carefully designing the scheduling algorithm. In this thesis,

we only considered the batch mode operation of DMFS. In continuous mode, a

large volume of final droplets are produced continuously, where a new objective

(e.g., throughput) should be optimized instead of completion time. Also droplet

transportation deadlocks, which can occur more easily since there will be many more

droplets on the chip simultaneously, should be prevented by the routing algorithm.

The ultimate goal of our future work is to develop efficient algorithms and a robust

software platform for automated control of DMFS biochips.
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