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ABSTRACT

Current geoacoustic models for high-porosity marine mud fail to estimate accurately
certain properties, such as shear speed, because the physics of its colloidal and aggre-
gation properties has not been incorporated. Marine mud is comprised of seawater
and thin clay mineral platelets that possess a net negative charge which results from
isomorphous substitution and from broken chemical bonds. Positive ions in the sea-
water congregate near the platelet surface, suggesting an electrical model of a platelet
as a sheet of uniformly distributed longitudinal quadrupoles aligned perpendicular to
the surface. This electrical structure causes interactions that lead platelets to re-
pel face-to-face and attract end-to-face, and it promotes aggregation into card-house
structures wherein platelets have nearly perpendicular contact.

It has been observed that the card-house structure has different shear effects
compared with other sediments. Shear speed can be estimated using an effective
shear modulus, which is the shear response of an entire card-house structure to a
small amplitude acoustic disturbance. The effective shear modulus is argued to be
approximately the same as the response of two platelets in near-perpendicular contact.
The small disturbance causes electric and elastic forces to exert moments on the two
platelets to maintain equilibrium. The natural model of rigid platelets in contact is
shown to lead to unphysical results. This model is enhanced by introducing a very
thin channel between the platelets along their line of contact to allow the passage of
ions. It is shown that representative shear speed values for two of the primary clay
minerals kaolinite and smectite are 13 m/s and 0.24 m/s. The additional enhancement
of incorporating the mechanism of elastic platelet bending permits satisfaction of all
required boundary conditions and has a negligible effect on the estimates. Kaolinite
values are consistent with observed estimates, while those of smectite are smaller.
However, mud is often comprised of multiple types of clay layers, so the shear speed
of kaolinite/smectite mixes is generally consistent with observations. The shear speed
estimates are shown to be sensitive to the physical platelet properties of thickness,

horizontal length scale, and cation exchange capacity.
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One distinguishing feature of many marine muds, particularly in shallow re-
gions, is their high values of porosity 3, in the range from 0.7 to 0.95. Estimates
of porosity are sought to demonstrate the effectiveness of the card-house approach.
Two-dimensional idealized computational models are used that are based on two
different aggregation processes. The first is a particle-cluster model, with platelets
attached normally and centrally. The resulting porosity depends on aspect ratio, with
representative values for kaolinite and smectite of 0.8 and 0.98. Extending this model
to allow platelets attached at non-central locations shows negligible changes in f.
Drawbacks of the particle-cluster approach are that the porosities are independent of
aggregate size and that the aggregation process does not have an apparent natural
condition for termination. The second cluster-cluster model has platelets diffusing on
a grid, combining with normal attachment at the centers, and including a diffusion
bias toward the center to encourage aggregation. The resulting porosities 8 range
from 0.91 to 0.94 for kaolinite and 0.99 to 0.994 for smectite. It is demonstrated
that the fraction of solid content 1 — 3 depends on the aggregate length scale R in a
fractal manner. The fractal dimension is calculated as 1.79, which is within the range
of experimental values measured for other aggregation processes.

Bubbles in mud are observed to have thin shapes, which may arise from the
electrical properties of clay platelets. The size and shape of bubbles have impor-
tant acoustic implications because of their potential influence on scattering. As a
step toward understanding these features, the experimental observation of decreased
coalescence of bubbles in salt water is considered. Reduced bubble coalescence has
acoustic implications because it relates to bubble size, and its cause is currently un-
known. This thesis hypothesizes that reduced coalescence is related to differences
in orientations of water molecules at the air-water interface, which corresponds to
molecular dipole moment orientations. In fresh water a model with dipole moments
aligned normally to the bubble surface results in no force between bubbles, indepen-
dent of their shape. Assuming that ions in salt water perturb dipole moments from
normal, the force between bubbles is shown to be zero on average. Additional work
is needed to determine whether other electrical interactions can produce a repulsive

force and whether the results hold for bubbles in mud.
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Chapter 1
INTRODUCTION

1.1 Marine Sediment Acoustics

An important focus of acoustics research is shallow water environments, which
extend from the shore to the continental shelf, have depths of less than 300 meters,
and comprise about 5% of the world’s oceans. In deep ocean regions, the sound
speed variation with depth causes sound to refract downward at shallow depths and
upward in deeper waters, creating a channel in which sound can propagate for long
distances. In contrast, shallow water environments typically have sound speeds that
are downward refracting or constant with depth, resulting in signficant interactions
with the ocean bottom.! Sound can reflect off the sediment, or travel into and out of it
multiple times. In the sediment acoustic energy is attenuated by scattering, thermal
energy loss, and other mechanisms. Therefore, an understanding of the physical
and acoustic properties of marine sediments is essential for explaining and predicting
shallow-water acoustic propagation.

One type of sediment which is not sufficiently understood is high-porosity ma-
rine mud. Muddy sediments are found worldwide, and high-porosity mud is prevalent
in shallow areas such as harbors, estuaries, and deltas. Among the national security
applications of acoustic propagation through mud is the detection of buried ord-
nance.? Acoustics is also useful to study physical properties of sediments by acoustic
measurements and inversion techniques.? Acoustic methods are particularly valuable
for mud, because samples no longer in situ may not retain their original properties.?
Other applications relevant for marine mud are the same as applications for other
sediments, such as locating oil and other natural resources, detecting seismic activity,
and analyzing ocean climate patterns.’

A geoacoustic model describes the geophysical properties of a sediment, such as
sound wave speed, attenuation, and sediment density, that are relevant to acoustic
propagation. Because sediment types have different physical structures, no single
geoacoustic model well represents all sediments, and furthermore, some sediments do

not currently have effective geoacoustic models. Marine mud is an example of the



latter, and the construction of a partial geoacoustic model for it is the focus of this
thesis. In order to provide a foundation for this model, this section describes different

marine sediment types and the geoacoustic representations that are available.

1.1.1 Marine Sediment Types

Marine sediments can be characterized by the sizes of their individual con-
stituents, such as grains, because these sizes are related to geoacoustic sediment
properties. Grain sizes range from less than a micron to several centimeters. The
most commonly used grain size scale is the Udden-Wentworth scale where sediment is
generally classified as sand if the preponderance of grains have diameters greater than
0.063 mm, silt with grains between 0.0039 and 0.063 mm, and clay with grains less
than 0.0039 mm.°® Relative grain sizes are illustrated in Fig. 1.1. Natural sediments
have a combination of grains which fall into the different size categories. Conse-
quently, sediments are often categorized using one of a variety of ternary diagrams
that classify sediments, for example” as in Fig 1.2, by the relative weight ratio of the
different grain sizes. Examples of terms used to describe sediments include clayey silt

and sandy clay, where the latter word indicates the most abundant grain size.

SAND

100 p

Figure 1.1: Scale of clay particles relative to sand and silt particles.
Image from Ref. 8.

A large class of sediments can be described as sand or silt, which result from

weathering of larger rocks and soils. Although sediment compositions may vary, the
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Figure 1.2: A ternary diagram based on sand-silt-clay weight ratios,
adapted from Fig. 1 in Ref. 7.

most common dominant mineral is silicate in the form of quartz, followed by feldspar
and mica.” Individual grains range in shape from nearly spherical to very irregular.
Irregularly shaped grains that are packed together tend to stick because of friction
forces,'? effectively forming an elastic psuedoframe. Seawater occupies the pores of
the psuedoframe, with porosities between 25% and 50%.° Mud and clay sediments

are more complicated than sands and silts and exhibit very different properties.

1.1.2 What is Marine Mud, and Where is it Found?

According to the American Geological Institute,"" mud is “unconsolidated (un-
cemented) sediment of clay and/or silt, together with material of other dimensions
(such as sand), mixed with water, without connotation as to composition.” In geology
the term “clay” has two meanings, one referring to the grain size class as described
above, and the other referring to a classification by constituent minerals.'> The mud
considered in this thesis is comprised of clay minerals of the smallest scale in Sec.
1.1. The five most common types of mineral clay that occur in ocean sediments are
kaolinite, smectite, illite, chlorite, and mixed-layer clays, the last being a mixture
of two or more types. Clay minerals have important properties that influence the
structure of mud, as will be discussed in Sec. 1.2.

The clay mineral particles in high-porosity mud are well described as thin
platelets, with thicknesses typically between 1 and 100 nm. In their largest dimension
they are typically of the order of a micron. The transverse profile of the platelets is

described as an equidimensional shape;? for example kaolinite platelets are hexagonal



Figure 1.3: Example of hexagonal kaolinite platelet. Image from Ref. 8.

Kaolinite Structure

: T i T
T T H,O+ exchangeable cations
H,O+ exchangeable cations  ®) ® ®
) @
T T Smectite/lllite

Smectite Structure lllite Structure Mixed Layer

Figure 1.4: Octahedral (O) and tetrahedral (T) layer structure of
different types of clay platelets. The layer types,
arrangements, and bonding mechanisms specify the category

of clay. Potassium ions are represented by K. Figure adapted
from Fig. 3.15 of Ref. 9.

w
)¢

as in Fig. 1.3. A platelet is comprised of layers of tetrahedral silicon and octahedral
aluminum or magnesium. How these layers are stacked, and the mechanisms that
hold them together, differentiate the mineral groups of clay (see Fig. 1.4). Kaolin-
ite is a relatively simple two-layer mineral comprised of alternating stacks of silicon
tetrahedral (T) and aluminum octahedral (O) layers with strong oxygen-hydroxyl
bonding. Smectite has three layers, with two T’s surrounding one aluminum O, and

in seawater its structure is weakly bonded by water molecules and cations. Illite



has a layer structure much like smectite, with each T-O-T sandwich strongly bonded
by potassium (K). Chlorite is a four-layer mineral consisting of T layers alternating
with two types of O. Because of the similarity in crystal structure of different clay
minerals, a single platelet can be stratified with multiple clay types; such a platelet
is referred to as a mixed-layer clay, in which the layers can appear in a pattern or
are random. Smectite/illite mixed layer clay is actually a very common type, second
only to pure illite.” The numerical examples in this thesis focus on pure kaolinite and
pure smectite clays, because of the availabile data on physical parameters of these
platelets.

The mineral composites of clay on land erode and leach into rivers and are trans-
ported to the sea. Clay minerals can be found across the entire ocean floor mixed
with other types of sediments.!® Freshly deposited muds in shallow regions are most
likely to have high porosities due to aggregation of clay platelets in salt water, and
less compaction from the weight of the water above the sediment. Mud is commonly
found in estuaries, deltas, and the continental shelf.!* The latter acts as a storage
area for sediments when sea level is high and influences processes that trap sediment
material in other shallow regions.”” Mud blankets are a common occurence near or
on the shelf (see Fig. 1.5) though their geometry and location depend on such factors
as river currents, ocean currents, shelf width, and seafloor bathymetry.'® Once de-
posited, various physical, chemical and biological processes act to form different types
of clay. Although each type of clay is widely distributed in varying amounts, physical
processes from the climate, topography, and geology influence the concentrations of
different types. For example, kaolinite transformed from chlorite tends to occur in
tropical climates, where mud is subject to intense chemical weathering. Other types
of mud are more common in temperate climates with less weathering. Smectite tends
to occur commonly in regions of high volcanic activity. Illite comprises 50 percent of
clays in the northern hemisphere.'”

Marine mud is an example of a colloid, with the platelets dispersed and sus-
pended throughout the seawater. Colloids are unlike a “suspension” because their
particles do not settle, as a result of electrical interactions between them. In ma-
rine mud the electrical interactions become attractive as a result of the presence of

salt, and the mud particles tend to aggregate to form a structure resembling a card-
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Figure 1.5: Distribution of sand on the continental margin off the
northeast of the United States. Arrows indicate different
types of mud blanket regions as defined in Ref. 14, evident
by a sudden decrease in percentage of sand. Figure 5.1 in

Ref. 14.

house.’® The mechanisms for this are described in Secs.
between platelets means that mud is an example of a cohesive sediment.® These
particle interactions add much more complexity to mud sediment structure compared

with sandy sediments. The complexity is absent in current treatments of marine mud,

which leads to poor predictions for geoacoustic properties.

1.2-

1.3. The attraction



1.1.3 Geoacoustic Models

A geoacoustic model is “a model of the real sea floor with emphasis on mea-
sured, extrapolated, and predicted values of those properties important in underwater
acoustics and those aspects of geophysics involved in sound transmission.” Knowl-
edge of the relationships between acoustical and physical properties of sediments is
essential for using acoustical tools to determine estimates of the physical properties
of sediments.!? Several different geoacoustic models have been adopted for ocean
sediments, each with its advantages and flaws. The most basic is the fluid model,
with the material properties of compressional wave speed, compressional wave at-
tenuation, and sediment density, each of which may be range and depth dependent.
Attenuation is the loss of wave intensity as a result of processes such as scattering,
conversion to heat, and chemical interactions involving boron in the seawater. Atten-
uation is treated as a complex component of the sound speed. This fluid model is not
considered in this thesis because it ignores the primary mechanism for shear effects.

A natural extension of the classical fluid model is the elastic model, which treats
the sediment as having an elastic pseudoframe that supports static shear stresses. For
example, in sands the grains are effectively in welded contact as a result of Hertzian
friction forces. The primary mechanism for shear stresses in sands is mostly from grain
interlocking and sliding and from rolling friction between the grains, both of which are
directly related to the number of inter-grain contacts.”’ In addition to longitudinal
compressional waves, elastic sediments have shear waves with particle displacements
transverse to the propagation direction. Therefore, in addition to the geoacoustic
properties in the fluid model, shear wave speed and attenuation are also included.
The model equations are derived by treating the sediment as a continuous medium,
even though it is comprised of discrete particles. This is an acceptable approximation
if the acoustic wavelength is much larger than the particles sizes. Gravity can be
neglected if the quantity 9 is much less than the characteristic frequency of acoustic
disturbances, where g is tclzl)e gravitational constant and ¢, is the compressional wave
speed. Other approximations that are often assumed are isotropy (medium properties
independent of direction), homogeneity (medium properties independent of position),

and linearization (small-amplitude displacements).? Under these conditions the sim-



plified version of Cauchy’s equation of motion is

0o;j
(1.1)
8252 Z oz’

where u; are the components of the displacement vector w at coordinate positions
xj, 0;; are the components of the stress tensor, and p is density. The correspond-
ing constitutive relation is Hooke’s law, which relates the stress tensor and strain
components ¢;; by
i = 2165 + N0 Y e 1 <4,5 <3, (1.2)
k=1

where the strain components are

6i=3 (g0 +5at) (13)

A and g are two material Lamé constants, and 9;; is the Kronecker delta. Equations

(1.2)-(1.3) lead to the familiar linear wave equation for the displacement vector

02u 2 2
W:cpv(v.u)_cst(qu), (1.4)

where the compressional sound speed is

= , 1.5
» P (1.5)
and the shear sound speed is given by
m
Cs =4/, (1.6)
p

where g is the shear modulus. The elastic model successfully describes the geoacoustic
properties of many sandy sediments, but it is not reliable for more porous sediments
such as silt and mud.

In many shallow water regions, sediments are best described as poroelastic me-
dia. These sediments are comprised of a pseudoframe of solid material with seawater

in its pores. Porosity measures the amount of pore space in a sediment and is the



ratio of pore volume to total volume. Consequently, sediment density is related to the
densities of pore fluid and solid material by a weighted average using the porosity. A
variety of poroelastic models exist, with a mathematically interesting one described
in Ref. 22 and with the most commonly used one formulated by Biot. The latter
employs a minimum of 13 physical parameters that characterize the properties of the
pore water, the constituent sediment, and the sediment pseudoframe.?® The Biot
equations are often expressed in terms of the displacement of the frame and the rela-
tive displacement between the pore fluid and frame. This geoacoustic model predicts
three types of waves: “fast” and “slow” compressional waves, and a shear wave. A
distinctive feature is the “slow” wave, due to relative displacements of the pore fluid,
which has a speed at least an order of magnitude lower than the “fast” wave and a high
attenuation. The existence of this wave is controversial, because of both experimental
difficulties in its measurement and theoretical arguments that it is a diffusive rather
than a propagating mode.?! Another difficulty with the Biot model is the specifica-
tion of its large number of parameters in any application. When measurements are
unavailable, parameter values must be inferred by some means. A third issue is the
predicted frequency dependence of sound speed and attenuation compared with the
results from reflection and scattering measurements. The Biot model is reasonably
accurate compared with data for the frequency behavior of the compressional sound
speed. However, at high frequencies the Biot model does not well predict attenuation
data versus frequency.?* Thus, even for the well-investigated poroelastic sediments,
which are the next level of complexity above elastic ones, a fully satisfactory geoa-
coustic model is not available. This situation hints at the difficulties in finding useful

geoacoustic models for mud.

1.1.4 Geoacoustic Properties of Marine Mud

None of the geoacoustic models discussed in the last section adequately predict
sound speeds or attenuations for marine mud. For example, it is noted®® that atten-
uation measurements are an order of magnitude higher than predicted by the Biot
model. Possibly some model assumptions are violated, such as the applicability of
the Darcy law formula for the fluid flow rate through clays. Furthermore, current

geoacoustic models do not incorporate the colloidal nature of mud, which inevitably
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produces physical properties different from sandy or silty sediments.

Mud is an example of a soft bottom, characterized by a compressional sound
speed ¢, less than that of water. Multiple measurements of compressional sound
speed for non-gassy muds are summarized in Ref. 2 with a range of 95-99% that of
pure seawater. A description of the compressional sound speed of muddy sediments

is also given by the Mallock-Wood equation,

N [ I [ L) R

where ¢, pw, and B, are the compressional speed, density and bulk modulus of

seawater, ps and B are the density and bulk modulus of solid material, and ( is
the porosity of the sediment. Equation (1.7) makes use of a fluid approximation and
cannot account for shear speed.

Unlike sand particles, clay platelets have cohesive properties that cause them
to aggregate. The psuedoframe that results from platelet aggregation is maintained
primarily by electrostatic forces between platelets rather than contact friction forces.
When the psuedoframe is disturbed, the platelet cohesion?® results in shear displace-
ments, leading to a small shear modulus and to a correspondingly small shear speed.
Thus, even though some marine muds contain 90% or more water, they can still sup-
port shear stresses.?” Measured values of shear wave speeds in mud are as low as 5
m/s in Eckernférde Bay, Germany,® and are generally less than 100 m/s.!

One distinguishing feature of many marine muds in shallow regions are their
high porosities. The attraction between the thin clay platelets leads to a card-house
structure comprised of relatively little solid material and large void spaces.® The
connection between platelet aggregation and porosity is discussed in Sec. 1.3. The
high porosities of 0.95 occur when mud is initially deposited in marine environments,
but over time the mud tends to compact to porosities from 0.70 to 0.90.> It is possible
for mud to have still lower porosity, but such is not the focus of this thesis.

An additional complication of muddy sediments is their high gas content aris-
ing from the decomposition of organic material. The gas bubbles result in signifi-
cant acoustic backscatter that can degrade the effectiveness of sonar, among other

consequences. Bubble volume, sizes, and shapes are known to be important for un-
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derstanding sound propagation and scattering in mud.'? For instance, these bubbles
have been observed to be non-spherical,?® with shapes described as a “coin” or “corn-
flake.” The reasons for such shapes are unknown but may be related to the electrical
properties of clay platelets and their aggregates.

In order to have a complete geoacoustic model for high-porosity marine mud, it
is essential to incorporate the aggregation of platelets into the modeling. In contrast,
although attempts have been made to extend poroelastic models for applications

12« physical models that predict

to mud, according to Jackson and Richardson,
values of compressional or shear wave speed or attenuation from clay microfabric
and physiochemical interactions between pore particles and pore fluid have not been
highly successful.” This thesis focuses on obtaining expressions for the shear wave

speed and porosity of mud from the physical nature of clay platelet interactions.

1.2 Quadrupole Platelet Model

A geoacoustic model for high-porosity marine mud must incorporate the co-
hesive bonding between platelets. Electrical interactions between platelets play an
essential role in the structure of mud aggregates. Dry platelets have intrinsic elec-
trical properties, and when immersed in seawater their electrical structure changes.
A detailed description of clay platelets in seawater leads to a model of a sheet of

longitudinal quadrupoles aligned perpendicular to the sheet.

1.2.1 Electrical Properties of Clay Platelets

Clay platelets normally carry a negative charge per unit volume, assumed uni-
form in this thesis as an idealization of nature. One major source of this charge,
particularly for smectite, is a mechanism called isomorphous substitution, in which
an ion of the same approximate size and usually different valence is substituted into
the crystal structure of the platelet. The term substitution is imprecise, because such
ions are actually incorporated into the structure as the mineral forms. Isomorphous
substitution may occur to varying degrees in any layer of the different mud types,
happening most often in smectite and least often in kaolinte. In tetrahedral layers
Al can be substituted for Sit*, and in octahedral layers a variety of divalent ions can

be substituted for AI™.% Another source of negative charge, particularly for kaolin-
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ite, is broken bonds near platelet edges, which typically leave unsatisfied molecular
valences.?

A consequence of the net negative charge on a platelet is that in order to preserve
electrical neutrality, an equal positive charge from the surrounding environment is at-
tracted to the platelet surface. For marine mud, Na™ ions are supplied from seawater,
and the amount of positive charge that a platelet can accommodate is measured by
the cation exchange capacity x. Soil scientists express x in the somewhat clumsy
unit of milliequivalents per 100 g of clay.® An “equivalent” is the number of moles of
ions required to electrically balance one mole of an oppositely-charged single-valence
ion. For example, balancing a mole of C1~ ions requires 1 equivalent of Na™ ions or
0.5 equivalents of Ca™ ions, so that the equivalent of one mole of an ion is one di-
vided by its valence. For marine mud the cations absorbed by the platelet are nearly
always Na™ ions with valence one, so that one mole of them is one equivalent. There-
fore, the traditional unit may be expressed as millimoles per 100 g, or 0.01 moles
per kg. In this thesis x will be expressed in units of moles per kg. In practice, to
measure the cation exchange capacity, a sample of platelets with no absorbed cations
are bathed in a solution containing cations until it is fully saturated. The amount of
cations is then measured using X-ray fluorescence.®® Additionally, increasing temper-
ature corresponds to a decrease in x,*' but this effect is very small over the range of
temperatures in ocean environments.

The surface charge o per unit area is determined from the cation exchange
capacity, because the cations on the surface of the platelet balance the negative charge
in the platelet. The number n,.. of negative charges per unit volume in the platelet
corresponds to the amount of positive charges on the platelet surface. Assuming again
a uniform charge distribution and multiplying x by the platelet density p,; gives the
number of moles of excess electrons in the platelet per unit volume. Multiplying by

Avogadro’s number Ny = 6.022 x 10% yields ngce,

Nace = Na ppr X = Na puw Spi X (1.8)

where the platelet density is expressed as the specific gravity Sy, of the platelet times

a representative value for seawater density p,,. The charge g,. per unit volume in the
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platelet is 14 times the electron charge —e = —1.6 x 107'Y C,
Opc = —€MNacc = —Nae py Spi X- (1.9)
Finally, the surface charge o is the product of g,. and the platelet thickness h,
0= 0pch=—Nasep,Spuxh, (1.10)

or alternatively because of the uniformity assumption, ¢ can be interpreted as the
integral of g, over h. Equation (1.10) shows that Sy, x, and h are the platelet

parameters specifying the negative surface charge density o.

1.2.2 Electrical Properties of Clay Platelets in Seawater

The seawater surrounding the platelet produces a space charge “cloud” from its
Na™ and C1~ ions as illustrated in Fig. 1.6. The platelet is idealized as a right prism of
uniform thickness h, and the cloud is assumed to extend only a small distance from the
two bases. An additional assumption is that charge effects from the lateral surfaces
of the platelet do not significantly affect the charge distribution over most of the
bases. This motivates an idealized one-dimensional model for the charge distribution,
in terms of an independent variable x defined as follows. The plane x = 0 is the
plane parallel to both bases and through the midpoint of the lateral sides. Then z is
the perpendicular distance from this plane, with the platelet bases at |z| = h/2. The
densities of Na™ and C1™ ions in the cloud are denoted n, (z) and n_(x). The Na™
ion density will be higher near the surface because of the negative surface charge,
while the C1™ ions will be repelled. Far from the platelet the seawater is assumed
electrically neutral, so that the densities of both ions are equal and denoted by ny. The
variations in the ion densities are assumed small compared to ny and are represented

by perturbations as follows:

ny(x) = no+ Any(x), (1.11)
n_(zr) = ng—An_(x).
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An expression for the space charge density . is found by multiplying each ion density

by its appropriate charge and adding,

0sc() =eny —en_=e(ny —n_), (1.12)

where e is the electron charge.

Figure 1.6: Distribution of space charge surrounding a clay platelet.

The space charge density p,. is the key quantity of interest to be determined
outside the platelet, that is, |x| > h/2. A series of steps accomplishes this: (1) find a
relation between g, and the electric field E from Gauss’s Law, and specify conditions
on the platelet bases at |z| = h/2; (2) find another physically-based relation between
0sc and E; and (3) specify a second-order boundary value problem for g,. including
conditions as |z| — oo, and solve it. The first step uses a differential form of Gauss’s

law,? which for this one-dimensional model is

dE _ 0sc(2)
de €

(1.13)

where € = 717 x 107'? C?/Nm? is the permittivity of seawater. Boundary conditions

on the platelet base surfaces are found from the integral form of Gauss’s law, which
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gives the electric flux of the platelet:

(fE-aa =2 (1.14)

€
Sbaa:

where ey is the charge enclosed by Sp,.. In Eq. (1.14) Sy, is the surface area of
a small “pillbox,” which is taken as a right cylinder with its bases on the platelet
bases. The pillbox is assumed far from the platelet sides, consistent with the one-
dimensional model. By symmetry F is parallel to the sides of the pillbox, so that the
contribution from the lateral surface of Sy, is zero in Eq. (1.14). If Ay, is the base

area of Spoy, then genc = 0pehAbor = 0 Apor, and from Eq. (1.14),

E(h/2) Asox — B(—h/2) Ay = 72022 (1.15)

Because E(z) is antisymmetric, it follows that

E (g) -5 E (—g) = (1.16)

The next step is determining an additional equation for p,. and E. Assume
that each ion obeys the ideal gas law, so that the partial pressures p4(x) exerted on

the platelet by the Nat and Cl~ ions are given by:

p-(x) = n_(z)kgTy, (1.17)

pi(@) = ny(a)ksTh,

where kp = 1.381x107%* J/K is Boltzmann’s constant and 7y is seawater temperature
at the representative value 290 K. Because the platelet is in equilibrium, assume also
that the forces per unit volume from the gradients of partial pressures balance the

electrical forces per unit volume,

dp_
C% — —eBn_, (1.18)
d

dx
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Substituting Eqgs. (1.17) into Egs. (1.18) results in

%kBT = —eE(z)n_(z), (1.19)
dn
d_:;kBT = ebE(x)ny(x),

in which the right sides of Eq. (1.19) are nonlinear in £ and ny. Equations (1.19)
are expressed in terms of the space charge o,. by subtracting the first equation from

the second and multiplying by e to obtain

dose

ks = e’E (ny +n_) (1.20)

= E(2ng+ Any — An_)
where Egs. (1.11) are substituted for n, and n_. Because the perturbations An, and

An_ are assumed small compared to ng, Eq. (1.20) can be linearized to obtain

dose
dx

kgTy = 2e°Eng. (1.21)
The final step starts by finding a second-order differential equation for p,..

Differentiating Eq. (1.21) and using Eq. (1.13) leads to the result

d?0sc
dx?

= K2 0se, (1.22)

where the parameter x with dimensions of inverse length is:

A
R:(kBToe) . (1.23)

Boundary conditions at |x| = h/2 are obtained by evaluating Eq. (1.21) at the platelet

surfaces and employing Eqgs. (1.16):

do,. (_ﬁ) _ Ko (1.24)

dx 2 2’
o

dose (B _ Ko
dr \2/) 2~

=
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Additional boundary conditions follow from considering the charge behavior far from
the platelet, where the concentration of positive and negative ions are the same, so

the net charge vanishes:

0sc(x) — 0, as |z| — oo. (1.25)

It is apparent that the solution for o,. is symmetric in x, so that the solution to Eqs.

(1.22), (1.24), and (1.25) is

o) = ~Fexw|-n (el - )], 1ol > (1.26)

The electric field F is found by inserting Eq. (1.26) into Eq. (1.13) and integrating

to obtain:

E(r) = sau(r) L exp {—H (m—gﬂ, |x|>g. (1.27)

Equations (1.26) and (1.27) show that the space charge and electric field decay expo-
nentially with distance from the platelet over a length scale of order .

To estimate the size of k', note that all the parameters in Eq. (1.23) except ng
are either physical constants or well approximated (7). One estimate for ng is found®
in terms of a representative seawater salinity Sy = 35 g of salt per kg seawater, and
the weight fraction fy, = 0.3053 (dimensionless) of Na™ ions of which the salt in the

seawater is comprised. Multiplying Sy and fy, gives the grams of Na® ions per kg

seawater. It follows that the number density ng of Na™ ions per cubic meter is

. SOfNapw
noy=—"

1.28
-~ (1.28)

where my, = 23x1.661 x1072* g is the mass of an individual sodium ion and P (units
of kg/m?) is a representative value of seawater density. Using the above values for all
of the parameters in Eq. (1.28) gives ng ~ 2.8 x 10% ions/m®, and other parameter

V'~ 45 x 107 m. Consequentially,

values on the right of Eq. (1.23) produce k™
electrical effects are important only for a small distance, about half a nanometer,

from the surface of the platelet. For example at # = 55~ + h/2, which corresponds
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to a distance from the platelet surface about the thickness of a smectite platelet,” the

space charge becomes less than 1% of its value at the surface.

1.2.3 Quadrupole Moment of Platelet

The electrical properties of a platelet have features described in Secs. 1.2.1-2
that suggest a quadrupole model. The inside of the platelet |z| < h/2 has a (negative)
uniform charge g,. per unit volume, which is expressed in terms of surface charge o
per unit area and platelet thickness h as g, = o/h, from Eq. (1.10). Outside the
platelet |x| > h/2, a positive charge g, per unit volume given by Eq. (1.26) forms
the cloud that extends only a short distance from the platelet. The total charge per
unit area on either side of the platelet is found by integrating Eq. (1.26),

[j —%ﬁ exp |:—I*€ (|m| - g)} dr = —%_ (1.29)

Note that the total charge per unit area p., associated with a platelet is zero, which
is the sum of the contributions from inside (negative) and from the clouds outside
(p(gositive, twice Eq. (1.29)). The dipole moment 7 per unit area is also zero since 7 =
/ xoendxr and o., is symmetric. Schematically this associated charge distribution
is sketched in Fig. 1.7. The rapid decay rate of the charge clouds means that the
electrical structure is effectively modeled as a distribution of longitudinal quadrupole

aligned perpendicular to the platelet.

+ + +

+ + +

Figure 1.7: Quadrupole charge structure of an individual platelet (side
view). Adapted from figure in Ref. 8.

The platelet quadrupole moment ¢ per unit area, defined as the second moment
of charge, is needed subsequently. Taking advantage of the charge symmetry and

using integration by parts:
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00 —h/2 h /2 o0
q = / I'QQchdx = / $2Q55d$ +/ mQQpcdx +/ :L‘2Qscdx7
—00 —o0 —h/2 h/2
— h/2 00 h/g 00
= 2 / a:2gpcda: —I—/ 220.dr| = 2 / ngdx —/ xQU—He*”(a’*%)dx ,
L 0 h /o 0 h h/2 2
5 (o23]2  orerat?) 2 2z n 2\~
= _—— _—_—— €T _ _
h 3 0 2 —K h ’

h? o (h* h 2 oh? 6 12
= 92 O =4 == = —— |14+ —+ —=]. 1.30
724 2 <4 +I€+KL2>:| 6 ( +f€h+(/<;h)2) (1.30)

Substituting Eq. (1.10) for ¢ into Eq. (1.30) yields

_NAG 6 12 :| (1'31)

= puSuxh |1+ — +
q 6 % pl X |: wh (Hh)Q
In summary, the electrical structure of a platelet is modeled as a sheet of longitu-

dinal quadrupoles with axes normal to the platelet surface. This quadrupole charge

structure is a critical element in the card-house theory of mud, discussed next.

1.3 Card-house Aggregation of Mud Platelets

One of the distinguishing features of colloids is the aggregation of particles,
where aggregation is defined® as “an irreversible physical process in which macro-
scopic structures, called aggregates, are built up from elementary structures (particles
or micro-aggregates) interacting via mutual attraction.” The dominant forces that
influence particle aggregation in colloids are electrical double layer (EDL) and Van
der Waals (VAW) forces. Electrical double layer forces occur between particles in
water with electrolytes and result from ionic configurations near charged particle sur-
faces. A first thin layer of the EDL consists of ions of charge opposite the particle
surface charge, accumulating near the particle surface. The second layer has ions of
the opposite charge attracted to the first layer. This layer is thicker, but attenuates
rapidly with distance from the surface, and is termed the diffuse layer. For two sim-

34

ilarly charged particles the EDL forces are repulsive.”® Van der Waals forces exist

between individual neutral molecules and have the nature of dipole interactions to
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leading order.®® The effective dipoles can be either a permanent component of the
charge structure of molecules or induced by fluctuations in nearby charged molecules.
VAW forces are additive, with each molecule on one particle surface attracted to each
molecule on the other particle surface. Although it is possible for the VAW forces
to be either repulsive or attractive, the net effect for colloidal particles is attractive,
particularly at small distances. In order for two particles to combine, the attractive
VAW forces must overcome the repulsive EDL forces.

One of the main factors that determines the EDL and VAW force balance is
the concentration of salt ions. Results from Sec. 1.2.2 suggest the difference in elec-
trical repulsion between two platelets in fresh versus salt water. The parameter s
dictates how rapidly the electric field from Eq. (1.27) decays, and from Eqgs. (1.23)
and (1.28), x is proportional to V'S. Tt follows that as salinity increases, the electric
field decreases more rapidly with distance from the platelet, so that the electrical re-
pulsion between two platelets decreases. This is consistent with the observation that
an increase in salinity decreases the EDL forces. A reduction in EDL forces means
that it takes less energy for particles to come closer together. As the separation be-
tween particles decreases, the attractive VAW forces increase, which will result in the
particles combining for a given concentration of salt.

Because the surface charge of mud platelets is not actually distributed unifor-
mally, the nature of the EDL and VAW forces is more complicated. It has been noted
that the electrical structure near platelet edges is different than that near faces.’
For example, broken bonds are prevalent at platelet edges, where it is possible that
regions of positive charge exist.?? This means that it is possible for an EDL force
of one sign to appear on the faces of a platelet, and one of opposite sign to appear
on the edges. In this situation platelets will electrostatically repel face-to-face and
attach in end-to-face orientations with nearly perpendicular contact, resulting in a
“card-house” structure as shown in Fig. 1.8. Other configurations such as end-to-end
are possible if the VAW force between the ends is stronger than the EDL repulsive
force. This thesis does not consider the calculation of VAW forces and thus such
orientations are ignored. Other factors may favor end-to-face orientations such as un-
known short range forces. Additionally, the aggregation process may be dependent on

temperature and the thermal motion of ions and platelets, but this is not considered
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in this thesis other than the temperature dependence of k, which affects the strength

of electrical repulsion between platelet faces.

+ + + + + +

Figure 1.8: Quadrupole electrical structure on clay platelets leads to
platelets repelling face-to-face and attracting end-to-end,
resulting in a card-house structure for high-porosity marine
mud. Adapted from figures in Ref. 8.

Because clay platelets are thin, the card-house structure tends to lead to large
void fractions, which is consistent with the high porosity measured. Lower porosity
muds have a different physical structure, in which platelets may assemble face-to-
face®® in the manner of a stack of books, creating a “book-house” aggregate instead
of a card-house. This thesis is concerned with high porosity marine mud, so only
card-house configurations are considered. This thesis hypothesizes that the structure
of the platelet card-house provides insight into physical properties of mud, including
values of its porosity and shear speed, so that mechanisms of aggregate formation

motivate the physical and computational models to follow.

1.3.1 Aggregation Processes

There are two types of aggregation processes that colloids such as mud undergo:
particle-cluster and cluster-cluster.*® Particle-cluster aggregation begins with a sin-
gle “seed” particle. Individual particles attach to the seed to form increasingly larger
aggregates (see Fig. 1.9). Cluster-cluster aggregation has smaller clusters of particles
combining to form a larger aggregate (see Fig. 1.10), which is how most colloids aggre-
gate.’” Each of these processes can be described with three different growth models:
reaction-limited, diffusion-limited, or ballistic. In reaction-limited aggregation, when

particles and/or clusters collide, they must overcome a repulsive force and may have
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to collide several times in order to attach. Reaction-limited diffusion is more common
in colloids with insufficient salt to reduce the repulsive electrical double layer forces
between particles. In diffusion-limited aggregation, particles and/or clusters undergo
Brownian motion before colliding. Such aggregates are typically less compact and
more open than reaction-limited aggregates.®® This is illustrated in Fig. 1.11, which
compares images from a transmission electron microscope of gold colloid aggregates
produced in diffusion-limited and reaction-limited conditions by cluster-cluster aggre-
gation processes. In ballistic aggregation, particles or clusters move in random linear
trajectories and combine when they collide. This is typical of molecules moving in a
low density vapor.*® Ballistic aggregation can approximate diffusion-limited aggrega-
tion if the mean free path between collisions is large. It is possible that an aggregate
may form as a result of multiple growth processes, with different ones occurring at dif-
ferent scales.® The aggregation mechanisms described above typically produce very
irregularly shaped aggregates. This irregularity is quantified by the fractal dimension

dy of the aggregate, which is described in the next section.

Figure 1.9: Computer simulation of particle-cluster diffusion-limited
aggregation with 3000 particles. Figure 1(a) in Ref. 40.

1.3.2 Fractal Overview

The definition of fractals requires a discussion of dimension and a metric for

t.43

the size of an objec The topological dimension dr of an object can be considered

a covering dimension of an object. If the object can be best described as: a curve,
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Figure 1.10: Computer simulation of cluster-cluster aggregation with
2000 particles at three stages with 1873, 125, and 10
clusters. Figures 9(a)-9(c) in Ref. 41.

Figure 1.11: Images of gold colloid aggregates formed by a cluster-cluster
aggregation process. The image on the left is a
diffusion-limited process with 4739 particles, and the image
on the right is a reaction-limited process with approximately
the same number. Images from Fig. 1 from Ref. 42.

dr = 1; as a surface, dr = 2; or as a volume, dr = 3. The Euclidean dimension dg
is the space in which an object is embedded, and it is always the case that dy < dg.
For example a function y = f(z) has dr = 1 and dg = 2. In order to measure the
mass of an object of characteristic size R, a unit of measurement ¢ is defined. The

number N of pieces of size ¢ is given by:

N = (%)dT. (1.32)
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Examples of this relationship are given for a line, a square, and a cube in Fig. 1.12.
Equation (1.32) is also true for more complicated objects, where the object can be
decomposed into piecewise smooth curves or surfaces. However, for other objects Eq.

(1.32) is not valid, in which cases N scales differently:

N = <%>df, (1.33)

where the exponent d; is called the fractal dimension and can be a non-integer. Several
definitions of fractal dimension exist, not all of them being equivalent. An example
often used in practical applications is the box-counting dimension,*® where a fractal
object is covered with N(¢) boxes of smaller and smaller scales ¢. The definition

follows directly from Eq. (1.33), solving for dy, and taking the limit as ¢ — 0,
(1.34)

With any definition of df, an object is fractal if and only if dy > dy.

R
P
—_— R R
|
t — —
4 £
d;=1 N=4, (=Ri4A  d,=2 N=16, (=R/A d,=3 N=64. (= R/

Figure 1.12: Value of N for objects of dr = 1, 2 and 3 for ¢/ = R/4.

Many fractals can be created with an iterative procedure. Each finite iteration in
the construction of a fractal is termed a “pre-fractal,” because an object produced by
iterations is strictly fractal if and only if an infinite number of iterations are applied.
The construction of a fractal object begins with an initiator, an initial state of the
object, and a generator which produces each step of the iteration. The generator can
be decomposed into parts that are smaller versions of the initiator. At each step the
initiator pieces in the generator are replaced by an appropriately sized generator. An

example of the iterative procedure is the Koch curve shown in Fig. 1.13, where the
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initiator is a line segment. The generator is a line segment that has its middle third
replaced with an equilateral triangle. The Koch curve has dy = 1 and d; ~ 1.26.
Another example is the Sierpinski carpet, shown in Fig. 1.14 where the initiator is a
square, and the generator is the square broken into nine subsquares with the middle
subsquare removed. Each pre-fractal of the Sierpinski carpet has dr = 2, and after an
infinite number of iterations it is topologically a curve with dr = 1 and has dy ~ 1.89.

One typical characteristic of fractals is that they are self-similar; a fractal object
shows the same structure as it is examined at successively smaller scales. A fractal
is exactly self-similar if it can be decomposed into parts that are the same as the
whole structure reduced by the same factor in all directions. For example, when the
Sierpinski carpet (Fig. 1.14) is examined at a finer scale, the structure looks exactly
the same as that at the original scale. A fractal is self-affine if the reduction factor
is different in multiple directions, resulting in a distortion of the original structure at
finer scales. Additionally a fractal may be self-similar in a statistical sense, so that
at finer scales random differences appear which are governed by certain probabilities.
Statistically self-similar fractals are also called random fractals and are typically the
type found in nature. In practice fractals in nature are not true fractals, but rather are
pre-fractals with a fractal regime between two length scales.** The fractal dimension
can be approximated by evaluating the ratio in Eq. (1.34) at ¢ equal to the smallest
length scale over which that fractal regime is valid. In the case of a mud aggregate,

an appropriate £ would be the size of a platelet diameter L.

1.3.3 Application of Fractal Dimension to Platelet Aggregation

The fractal dimension is a useful quantity because it is related to physical prop-
erties of aggregates, such as mass and porosity. Each type of aggregation process has
an associated fractal dimension. In 3-D (dg = 3) typical values for cluster-cluster
aggregation of spherical particles are 1.75 if diffusion-limited and 2.11 if reaction-
limited.®® This is consistent visually with the images in Fig. 1.11, where the diffusion-
limited aggregate on the left has fractal dimension 1.78 and the reaction-limited ag-
gregate on the right has fractal dimension 2.05. Mud particles are not spherical, so
these d; values may or may not be representative for mud aggregates. Determination

of the fractal dimension of the latter employs Eq. (1.33) with ¢ = L. The number
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Figure 1.13: Four iterations for construction of the Koch curve from a
line segment (the initiator) using its generator (second
image). Fractal dimension d; ~ 1.26. Adapted from figure in
Ref. 43.
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Figure 1.14: Four iterations for construction of the Sierpinski carpet
from a black square (the initiator, not shown) using its
generator (first image). Fractal dimension d; ~ 1.89.
Adapted from Fig. 1.4.9 in Ref. 43

of mud platelets N(L) in an aggregate is proportional to the mass M, of its solid

content, so that

R\%
Ms = ppl‘/plN = ppth2 (Z) . (135)

In Eq. (1.35) where p,; is the platelet density, V,; = hL? is the platelet volume, Pt Vol
is the mass of a single aggregate, and Eq. (1.33) with ¢ = L has been substituted for
N. Thus the mass of an aggregate of characteristic radius R is related to the platelet
density, platelet dimensions, and the fractal dimension.

Calculation of aggregate porosity [ is of critical acoustical interest, and 8 can
be expressed in terms of aggregate radius and fractal dimension by manipulating Eq.

(1.35). The solid mass My = p, Vs where Vj is the volume of the solid material, and
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substituting into Eq. (1.35) and dividing by p,; gives

R\
V, = hL? <Z> : (1.36)

Next recall that porosity is the ratio of pore volume V}, to total volume V7. It follows
that 1 — [ is the ratio of solid volume to total volume. The total volume of the
aggregate is given by Vi = kR®, where k is a dimensionless factor related to aggregate

properties such as shape, and the power three arises from its Euclidean dimension.

Dividing Eq. (1.36) by Vr yields
d—3
(%) | (1.37)

1_5:h_ﬁ(§)df:é

L k

where the aspect ratio of a platelet is 6 = h/L. Thus porosity is related to the
physical platelet parameters and the fractal dimension. In practice to determine the
fractal dimension of an aggregate, a relationship such as Eq. (1.35) or Eq. (1.37) is
used in conjunction with curve fitting for samples of aggregates of different sizes, and
measurements of the appropriate physical quantity.

Experimental evidence®® described next supports the scaling relationship be-
tween 1 — /5 and R in Eq. (1.37). The fractal dimension of mud was obtained from an
experiment by measuring the sizes of mud aggregates in an ensemble and calculating
porosity from other physical measurements. The experiment involved a sample of
aggregates falling down a tube and allowing them to reach their terminal velocity, or
settling speed w. Two images are taken of each aggregate with a known time interval
between them and with both images on the same photograph. The distance between
the aggregate positions was measured and divided by the time interval to obtain the
settling speed. The aggregate radius was measured by averaging the long and short
axis of the aggregate from the image. Using Darcy’s Law and the equation for Stokes’

flow, the settling speed w was be related to porosity by

2

w
1—-08~(C— 1.
B (1.38)

where the constant C' depends on the gravitational constant, water density, platelet

density, dynamic viscosity, and drag coefficient for a given mud sample. After several
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measurements log(1 — 3) versus log(R/L) is plotted, and dy — 3 is the slope of the
curve, because of Eq. (1.37):

log(1—pB) = log (% (%)df_3> ,
= (df —3)log (%) +log (%) : (1.39)

The fractal dimension was determined in Ref. 45 to be between 1.53 and 1.64.
Equations (1.37) and (1.39) also apply to mud aggregates created by a com-
putational procedure. However, the computations considered in this thesis will be

restricted to 2-D, and therefore Vy = kR*L. Dividing Eq. (1.36) by the revised 2D

Vr yields

The fractal dimension can be estimated by calculating the porosity and radius of
many computed aggregates and plotting log(1 — 5) versus log(R/L), which has slope
dy — 2. Alternatively, if the fractal dimension can be determined independently, the

porosity could be estimated for an aggregate of characteristic size R.

1.3.4 Implications of Card-house Structures for Shear Speed
Sections 1.1.3-1.1.4 explain that current geoacoustic models do not accurately
predict the shear speed and other properties of marine mud, because they do not
account for the electrical interactions of clay platelets and their aggregation into
card-house structures. That is, the cohesive nature of the platelets creates a shear
mechanism that is not required in other geoacoustic models. However, the shear speed
can still be calculated using Eq. (1.6), if the traditional shear modulus p is replaced
by an effective shear modulus x4 resulting from the electrical interactions:
Cs = E (1.41)
p
The effective shear modulus of a card-house structure is specified by considering its
response to a small-amplitude shear displacement. In an equilibrium configuration

prior to the disturbance, the platelets are in nearly perpendicular contact, which is
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taken as a potential energy minimum. When the card-house is displaced, moments
exerted by electrical and elastic forces act to restore the structure to equilibrium.
The key building-block substructure of the card-house consists of two platelets
that are effectively in near-perpendicular contact. An assumption of this thesis is
that each two-platelet substructure responds to shear displacements in the same way,
so that the substructure response is representative of the entire card-house. That
is, the displacement of one platelet relative to another determines the basic shear
response of the card-house. This is an idealization, as real card-houses are not made
up of platelets of the same size. ~ As a consequence of the above considerations,
the objective becomes finding this substructure shear modulus. By considering the
electrical interaction energy between two platelets and comparing the expressions for
the interaction energy and rotational energy, an effective rotational spring constant
for a substructure can be determined. The rotational spring constant can be directly
related to the effective shear stress of the two-platelet substructure. The relative
displacement of the platelets can be related to an effective shear strain, and elastic
effects on the strain are incorporated by allowing the platelets to bend as well as
rotate. The ratio of effective shear stress to effective shear strain is the effective shear
modulus ¥, which provides shear speed estimates from Eq. (1.41). The perpendicular
arrangement of platelets will likely result in lower bounds of shear speed estimates as
non-perpendicular arrangements (such as triangular cells) may be stronger structures

and thus have higher shear moduli.

1.4 Bubbles in High-Porosity Mud

As mentioned in Sec. 1.1.4, bubbles have important implications for geoacous-
tic properties of mud.'? In shallow water sediments, bubble fractions are typically
less than 1% and may range as high as 12%. Even small amounts of bubbles may
drastically affect sediment properties. They create many opportunities for scatter-
ing and for increasing attenuation. In addition, bubbles reduce the compressional
sound speed dramatically, as noted in Ref. 19 where a 1% gas content lowered sound
speed to 24% of mud without gas. The reason is that the bulk modulus of air is
significantly smaller than that in mud without bubbles, which significantly reduces

the overall bulk modulus of mud with bubbles, as determined quantitatively from the
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Mallock-Wood equation.*® Thus, treating bubble influence on the physical properties
of high-porosity marine mud is important for a complete geoacoustic model.

As noted previously, experimental observations indicate that bubbles in mud
can be coin-shaped or cornflake-shaped (see Fig. 1.15). The distribution of bubble
size and shape is relevant acoustically because of modified scattering effects. For low-
porosity mud, a mechanism has been proposed for such shapes® arising from bubble
propagation though fractures in the sediment. This does not apply to high-porosity
mud because of the lack of sufficient solid material to support fractures. As one of
the unique sediment characteristics of mud is the electrical interactions between clay
platelets, it is plausible that electrical interactions between clay platelets and bubbles
may be a relevent consideration. This problem is not analyzed here, but it is hoped
that insight about its resolution may be gained by studying some effects on bubbles

in seawater, as described below.

Figure 1.15: Images of bubble injected into mud obtained from
high-resolution X-ray computed tomography. Blue false
color is added to represent gas, and yellow is the injection
capillary. Fig. 2 from Ref. 28.

1.4.1 Forces on Bubbles

Forces on bubbles are of two types: those involving a single bubble, and those
between bubbles. The principal single-bubble force is surface tension, which is a force
per unit length that acts to minimize potential energy at an interface. Its effect is
illustrated by visualizing forces on water molecules far from and close to an interface.

A water molecule far away is pulled in all directions by neighboring water molecules,
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resulting in a net force of zero. One neighboring-molecule force is from hydrogen
bonds, wherein positive hydrogen atoms of one water molecule are highly attracted
to negative oxygen atoms of others. In contrast, water molecules at a bubble interface
are not completely surrounded by other molecules, so they have a net force that directs
them toward the water side of the interface. The unsatisfied bonds at the interface
create a higher potential energy. Consequently surface tension acts to minimize this
energy by attempting to reduce the bubble surface area, which in water leads to
classical bubble shapes.

Forces that exist between bubbles are characterized®” as electrical double layer
(EDL), Van der Waals (VAW), film drainage, and hydrophobic interactions. The first
two forces, EDL and VAW, are the same forces applied to clay platelets in seawater
in Sec. 1.3. Again, EDL forces are repulsive and VAW forces are attractive. The
third force between bubbles are called film drainage forces, which arise from the
need to expel water molecules from the film between them. Specifically, in order for
two bubbles to coalesce, the intermediate film must be drained to a small critical
thickness so that air molecules can penetrate it.*® This effect causes a net repulsion
between two bubbles, thereby inhibiting coalescence. The fourth type is hydrophobic
interactions,’® which is “the entropic driving force that tends to bring together two
non-polar interfaces or groups in aqueous solutions.” Water molecules are polar and
tend to be attracted to other polar molecules by hydrogen bonding, while air is non-
polar with no way of hydrogen bonding with water molecules. Therefore, two air
interfaces attract in order to minimize the water contact. The hydrophobic effect
is not well understood, and all current models are described as having difficulties.
However, it is believed to involve a modified ordering of water molecules on the non-

polar surface, as discussed further in the next section.

1.4.2 Reduced Salt Water Bubble Coalescence

One noteworthy effect that may be attributable to electrical interactions is the
inhibition of bubble coalescence™ in salt water (see Fig. 1.16). Bubble coalescence has
acoustic implications because it is directly related to bubble size, and scattering cross-
sections. It is observed®® that after a critical concentration of salt is reached in water,

bubble coalescence is greatly reduced. The mechanisms for this phenomenon are
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currently not understood; most of the forces discussed in Sec. 1.4.1 are not regarded
as the mechanism. The addition of salt to water creates a higher surface tension,
because salt ions increase the potential energy at the surface, and increased surface
tension enhances bubble coalescence.*” However, a correlation was found® between
bubble coalescence and the surface tension gradient with respect to salt concentration,
so surface tension may play a role. Changes in EDL and film drainage forces are
ruled out, because they are reduced by the addition of salt, which leads to increased
coalescence. Further, changes in Van der Waals forces are too weak to account for
the observed decrease in coalescence. Therefore, one force that remains a plausible

mechanism is the hydrophobic effect.

Figure 1.16: Bubbles in distilled water coalesce (top), while bubbles is
salt water do not (below). Only figure from Ref. 50.

In fresh water, the hydrophobic effect may be related to enhanced ordering of
water molecules at an interface. Not all hydrogen bonds of water molecules at the
surface are satisfied, so these molecules are at a higher energy state. To compensate for
this and increase the stability, they will rearrange themselves into a lattice structure
in attempts to form stronger bonds with the molecules to which they already have
bonds.? This concept of enhanced ordering is supported by molecular dynamics

52—55

computations , in which the motion of individual atoms is governed by Newtonian

dynamics and interatomic forces given by the gradient of a multiatomic potential



34

function. Additional constraints are applied to maintain the hydrogen and oxygen
atoms at appropriate distances and angles.

The computational studies show water molecules having a preferred orientation
at the surface. A key feature of water molecules is their permanent dipole moment,
which arrises from their asymmetry and the difference in electronegativity between
hydrogen and oxygen atoms. The dipole moment vector p bisects the molecule as
illustrated in Fig. 1.17. The preferred orientation of water molecules at an air-water
interface corresponds perforce to a preferred orientation of pu vectors. Computational
investigations show that certain diple orientations at the air-water interface are statis-
tically more likely. Different assumptions about electrical interactions between atoms
lead to differing interaction potential functions and, in turn, varying orientation re-
sults. Examples of prefered p orientations at flat interfaces include: lying in the
plane interface®; 74 degrees from normal®®; 53 degrees from normal®®; and normal
to the plane of the interface.”® In all these cases one OH bond protrudes into the air
side at its own preferred orientation, dependent on the preferred moment orientation.
The possibility that both OH bonds protrude into the air side is controversial in the
literature.’” These results suggest that no molecular model for the air-water interface

is currently available.

1

H+ H+

o

Figure 1.17: Dipole moment vector of a water molecule.

It is likely that the orientations of dipole moments on bubble surfaces are differ-
ent for fresh and salt water. The particular orientations of dipole moments on pairs
of bubbles lead to specific electrostatic forces between them. Because these moments
have the same magnitude, the net electrostatic force depends on their orientations.
It is a reasonable assumption that in salt water, the randomly distributed positive

and negative ions disrupt the preferred orientations, leading to different electrostatic
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interactions between bubbles. This idea provides a basis for a possible explanation
of reduced bubble coalescence in salt water. The simplest hypothesis is that in fresh
water, the pu vectors of a bubble are aligned perpendicular to its surface, while in
salt water the pu vectors are perturbed from normal. If there is an increase in the
electrostatic force between two bubbles in salt water, the mechanism may provide
an explanation for reduced salt water bubble coalescence. Additional considerations

would be necessary to determine if the result holds for bubbles in mud.

1.5 Thesis Summary

The thesis of this dissertation is that the electrical properties of card-house mud
aggregation provide a starting point for a complete geoacoustic model of high-porosity
marine mud. Estimates of the shear speed can be calculated from physical modeling
of electrical interactions and the stress/strain properties of the clay platelets com-
prising the card-house. Porosity is estimated by computational modeling of platelet
aggregation by imposing physically-based construction rules. Evidence from the com-
putations suggests platelet aggregation is a fractal process. A mechanism for reduced
bubble coalescence in seawater, resulting from the arrangement of water molecules on
bubble surfaces, receives preliminary investigation.

Chapter 2 investigates four two-platelet interaction models, with the objective of
estimating the effective shear modulus and shear speed of card-house structures com-
prised of clay platelets. In two initial models, platelets are assumed rigid and free to
rotate about their line of physical contact. If the electrical structure of both platelets
is treated as a single quadrupole, shear speed values are underestimated. If the elec-
trical structure is treated as distributed sheets of quadrupoles, and the platelets are
in physical contact, computational and asymptotic analyses produce unphysical sin-
gular results, suggesting that the platelets cannot remain in contact. The absence of
platelet contact results from ions lodging between platelets that provide a bonding
mechanism, or short-range effects such as forces acting near the edges. The former
idea motivates a third model, which keeps the platelets separated by a small channel,
and results in shear speeds having order of magnitudes consistent with observations.
A fourth model adds the additional shear mechanism of elastic platelet bending. The

exact solution for platelet displacements is shown to well approximate the result for
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a rigid platelet, and moreover that elastic effects are negligible except near the chan-
nel. Consequently, the simplest physical construct that produces good shear speed
estimates is rigidly rotating platelets with distributed electrical quadrupoles and a
small channel between them along their line of near-contact. The sensitivity of shear
speed estimates is examined, and the key platelet parameters in decreasing order of
significance are thickness, length, and cation exchange capacity. The shear speed
results are consistent with the order of magnitude 10 m/s of measured data.

Chapter 3 considers computational models of the platelet aggregation processes
for constructing card-houses and obtaining porosity estimates. Two-dimensional
particle-cluster models are employed first, in which platelets are added individually
to a cluster. The simplest has platelets attached normally at the centers of other
platelets, and the porosity value is expressed in terms of the platelet aspect ratio.
Values of porosity agree with expectation for high-porosity mud, although their ide-
alized structures are unlikely to appear in nature. An enhancement is added to allow
platelet attachments at non-central locations, and calculations show essentially the
same porosity as before. Difficulties of particle-cluster aggregation are that the poros-
ity is independent of aggregate size and that no obvious condition for aggregation
termination is apparent. A two-dimensional cluster-cluster model, as it is typically
more applicable to colloids, is developed for which individual platelets and clusters
diffuse and combine in perpendicular contact. Because the resulting aggregates are
irregularly shaped and tend to drift apart, further aggregation is encouraged by intro-
ducing a diffusive bias that directs aggregates together. The porosities obtained are
again consistent with expectations for high-porosity mud. Furthermore, the aggre-
gation process is shown to be fractal by determining a relationship between porosity
and aggregate size. The estimated fractal dimension of mud is found to be consistent
with measurements of related types of three-dimensional aggregation.

Chapter 4 discusses electrical effects on bubbles in the context of the reduced
coalescence of bubbles in salt water. If this phenomenon were understood, insight may
be gained about the role of electrical effects on bubbles in mud. It is hypothesized
that the orientation of water molecule dipole moments at the air-water interface
is important for the electrical interactions between bubbles. In fresh water it is

assumed that the moments are oriented normally to the bubble surface. The electric
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potential of this arrangement is zero, so that the aligned dipoles do not contribute to
an interaction force between two bubbles. This result is shown independent of bubble
shape. It is further assumed that the addition of salt randomly perturbs the moments
from normal orientation. Analysis shows that the average force remains zero, so that
two bubbles in salt water do not strictly attract nor repel. At the least, additional
moment orientation patterns need to be examined.

Chapter 5 reviews and discusses the conclusions of this dissertation and suggests
recommendations for future work. Refinements to the platelet interaction models are
discussed, as well as possible strategies for estimating the shear attenuation. FEx-
amples of other extensions are to develop three-dimensional card-house computations
and to allow platelet interactions at non-normal angles. Other arrangements of dipole
moments on bubble surfaces are suggested, along with hypothesis of how bubbles in

mud may behave.



Chapter 2
PLATELET INTERACTION MODELS AND SHEAR

SPEED ESTIMATES

The aim of this chapter is to determine the effective shear speed c” of high-porosity
mud by calculating its effective shear modulus p”. From Eq. (1.41) of Ch. 1,

E
f =L (2.1)

)
Prmud

where pp,.q is the density of mud. The effective shear modulus is determined by
considering the response of a card-house structure to a small-amplitude disturbance.
The equilibrium state of the structure is that platelets interact in near perpendicular
contact. A key assumption from Ch. 1 is that the response of a two-platelet substruc-
ture of a cell of mud is equivalent to the response of the entire card-house. When the
substructure is displaced from equilibrium, elastic and electric forces exert moments
on the platelets to maintain equilibrium.

Because electric forces are essential for card-house structures, the first platelet
interaction models to be considered focus on electrical forces exclusively (Secs 2.1-2.3).
Elastic forces are incorporated subsequently (Sec 2.4) in order to include the physical
mechanism of platelet bending. Section 2.5 describes the sensitivity of the shear
speed to physical parameters. Finally, Sec. 2.6 contains concluding comments about
obtaining shear speed estimates from a platelet interaction model with a channel

between platelets and without elastic effects.

2.1 Point Quadrupole Rigid Rotation Model

An initial platelet interaction model® assumes that one platelet may rotate
rigidly about the center point of another to which it is attached. When the minimum-
energy perpendicular alignment is perturbed, a restoring moment 7 arises from the
electrical forces that attempts to restore the initial configuration. The force can be

estimated by calculating the electrical interaction energy V of two rigid sheets of

38
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quadrupoles in nearly perpendicular contact. The effective rotational spring constant
K, obtained from the expression for 7, is directly related to the effective shear modulus

and leads to an estimate of shear speed in the form of Eq. (2.1).

2.1.1 A Point Quadrupole Model and Its Interaction Energy

Figure 2.1: Geometry of interacting point quadrupoles.

Platelets are assumed thin squares with length L and thickness h, and they in-
teract to form a two-dimensional configuration. The initial rigid rotation model, cited
above, represents the electrical field of a platelet by one longitudinal point quadrupole
aligned transversely to the platelet surface and located at its center. Although this is
not meant to be realistic, it is an acceptable starting point because it is tractable for
analysis and provides a basis for more physically appropriate extensions. A conve-
nient geometry has one platelet horizontal and an angle ¢ defined between the tilted
platelet and the vertical (see Fig. 2.1). The quadrupole direction vectors are given
by

e =e,, €y = cosp e, — singe,. (2.2)

The direction vector and the distance between the two quadrupoles are given by

e, =singe, +cosge,, r=—, (2.3)

L
2
and note that es and e, are perpendicular. The magnitudes of the quadrupole mo-
ments for each platelet, ()1 and ()2, are found by multiplying the quadrupole moment

per unit area ¢ in Eq. (1.31) by the area L? of the platelet,
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Q=02 = C]L2~ (2-4)

The interaction energy between the two point quadrupoles in Fig. 2.1 is given

by Eq. (2.5), for which a derivation appears in Appendix A,

V 3G G 1+2(eq - e2)2 —5(ey - er)2 —5(eqy - er)2 +35(eq - er)Q(eQ . er)2
16merd
—20(e1-e)(ex-ep)(er-ea)] . (2.5)
Q7

In Ref. 8, Eq. (2.5) was given and estimated in order-of-magnitude by V ~ 1o
em

Using this approximation they obtained a shear speed formula, but the resulting value

of the shear modulus is significantly underestimated. This chapter uses the full Eq.

(2.5), which requires dot products from Egs. (2.2)-(2.3):
e ey = —sing, e;-e. =cosp, and ey e, = 0. (2.6)

Using Egs. (2.3), (2.4), and (2.6) in Eq. (2.5) yields

3q¢° L4

T 16me (L)

[1+2sin®¢ —5 cos® @], (2.7)

and using the identity sin® ¢ = 1 — cos® ¢ and simplifying produces

_ 3¢
 16mel

[96 — 224 cos® ¢] . (2.8)

2.1.2 Rotational Spring Constant and Shear Speed

To determine the rotational spring constant K, assume that ¢ is small so that

a good approximation of Eq. (2.8) is a Taylor expansion,

V(gb) %V(O) + (%L}_O) Qb—l—l (dv2 (¢) L_O> ¢2' (29)

2\ " dp?

The second term on the right side of Eq. (2.9) is zero from Eq. (2.8). Because
1
rotational energy has the form §K ®?, it follows that
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_dVE(9)|  _ 336¢°

K= ——7-+ = .
dp? |4og 4meL

(2.10)

Note that this expression gives a value of K that is 336 times larger than the result
in Ref. 8.

Equation (2.10) can be used to determine the effective shear modulus of mud
by considering the forces on the two-platelet substructure. The electrical force, with
magnitude F', from the quadrupole of one platelet exerts a moment about the contact
point on the other, and two expressions exist for this moment. The definition gives the
moment magnitude 7 = 'L sin (g — gb), which for small ¢ is approximately 7 ~ F'L.
In addition the angular form of Hooke’s Law gives 7 = K¢, so that the two moment

formulas give the electrical force magnitude as

_ K¢

F
L

(2.11)

The effective shear stress o, is defined by the electrical force in Eq. (2.11) divided

shear

by A = L?, the cross-sectional area of the two-platelet substructure:

F Ko
ngea’r = ﬁ = F (212)
The effective shear strain €%, is defined as tan ¢, and for small ¢ is
E —
€Echear = tAN G = . (2.13)

E

The effective shear modulus ;% for the card-house mud model is the ratio of o5

to €5 ., or from Egs. (2.12) and (2.13):
E of .. K 3364>
e R

shear

(2.14)

Before determining shear speed, the mud density p,,.q is needed in terms of the
porosity :
Prud = (1 = B) ppr + Bpw = (1 = B) Sp + B) pu (2.15)

where Sy, is the specific gravity of the platelet. Inserting Eqs. (2.14) and (2.15) into
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Eq. (2.1) and using Eq. (1.31) for g results in the following expression for the effective

shear speed:

»

B 336q
- Pmud 47T6L Pmud
3 h3 336
1+ — — | S 2.16
(+ %) | P 4

where N4 is Avogodro’s Number, e is the charge on an electron, x is the cation

= 6 prplX

exchange capacity in mol/kg, the inverse of the e-folding distance of the electic field
is k = 2.2 x 10°m ™", and f is taken as 0.9 in Eq. (2.15). The shear speed formula
from Eq. (2.16) is v/336 ~ 18 times larger than that in Ref. 8.

Appropriate values of all parameters to use in Eq. (2.16) must be specified. For
samples of mud from different locations, or even different samples at one location,
there may be considerable variation in the values. Consequently it is not trivial to
specify appropriate parameters for all types of seabed mud. At this point to have
appropriate and consistent estimates for comparisons in this chapter, parameter values
will be taken from Table 2.1. The justification for picking these values, along with
numerous references, will be discussed in Sec. 2.5. The resulting shear speeds are 3.5
m/s for kaolinite and 0.067 m/s for smectite. The expected value for shear speed is
roughly 10 m/s, obtained from a porosity versus shear speed plot, Fig. 5.16 in Ref.
3. In mud with an average porosity of 0.875, shear speeds between 5 and 7 m/s were
measured.”® The shear speed estimate here for kaolinite is approximately the right
magnitude, though somewhat lower than, observed by Ref. 58. The shear speed value
for smectite is particularly low, likely because smectite behaves more fluid-like than
kaolinite; Ref. 58 notes smectite absorbs more water than other clay minerals. A
noticable difference between kaolinite and smectite is the platelet thickness h, which
for smectite is about 1/10th smaller than that of kaolinite. The sensitivity of the shear
speed to the platelet thickness and other parameters is another topic discussed in Sec.
2.5. Even though the point quadrupole model produces fairly reasonable estimates for
the shear speed, its representation of the electric field of the platelet is not expected
to be realistic. An improved model is needed to account for the distributed nature of

the quadrupole type field of the platelet.
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Table 2.1: Average parameters values for h, L, x, and 5, and
corresponding shear speeds for smectite and kaolinite.

Mineral h (pm) L (pm) X (m0l/kg) Spi cs (m/s)
Kaolinite 0.05 0.9 0.09 2.64 3.5
Smectite 0.0055 0.9 1.15 2.53 0.067

2.2 Distributed Quadrupole Rigid Rotation Model

A more physically reasonable model® for the electrical characteristics of the
platelets is that quadrupoles are distributed uniformly over the face of each platelet.
Of course, this model is still an idealization; there is no reason to expect uniformity
in real platelets, and this model does not include important effects around platelet
edges that cause a different charge structure than on the faces. The geometry is
generically represented by Fig 2.1 but now with quadrupole differential elements per
unit area. Figure 2.2(a) suggests that quadrupole elements exist at every point on
both platelets. In Fig. 2.2(b) the coordinate origin is at the center of the horizontal
platelet, where a point has coordinates (1, 1, 21 = 0). A point on the tilted platelet
has coordinates (z3 = (sin¢, ya, 22 = (cos¢), where ( is the slant distance along
the tilted platelet from the y-axis. The magnitudes of the differential quadrupole

moment elements on each platelet are
qdA; = qdridy;, qdAy = qdy, dC, (2.17)

where dA; and dA, are area elements for the flat and tilted platelets. The direction
vectors e; and ey in Fig 2.2(a), associated with the quadrupole elements, are the
same as in Eq. (2.2). The direction vector and the distance between two quadrupole

elements are given by:

_ (Csing — 1) ex + (y2 —y1)2ey+§cosgz§ez

L= 2.18
. - (218)



44

($17 Y1, 2‘1)

(b)

Figure 2.2: (a) Geometry of interacting quadrupole sheets. (b)
Coordinate system and quadrupole elements of two
interacting sheets of quadrupoles.

and
R? = (Csing —21)” + (y2 — 1)* + (P cos® ¢,
= @i+ (g2 — )’ + ¢ — 201Csin g, (2.19)

The differential interaction energy between two quadrupole elements is a differ-

ential version of Eq. (2.5),

3 qdA;qdA
av = HIEICE 2 ey ) — Ber - e)’ —5(er - )’
—20(ey-e)(ez-e;)(eg-ex) +35 (e e )(ex-ep)?] . (2.20)

As in Sec 2.1.1 the following dot products are required:

—X1 COS ¢
7

e; ey = —sin g, e e = and ey e = (2.21)

After substituting Eqgs. (2.19) and (2.21) into Eq. (2.20), the interaction energy as a

function of ¢ is expressed by an integral over the surfaces of both platelets:

/ / / Wd:z:l dyy dys d(, (2.22)
167T € L -L

t\:\h
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where

1 sin? ¢ 22+ (2
W=—+2 -5
R5+ R> R

zi¢?
RY

C

cos* ¢.  (2.23)

cos? ¢ — 20— cos® ¢ sin® ¢ + 35—

As in Eq. (2.9), to determine the effective rotational spring constant K, V (¢) is
Taylor expanded in ¢. For ease in evaluating Eq. (2.22), Leibniz’s rule is used to
switch differentiation and integration, eliminating the need to evaluate integrals for

general ¢. Evaluation of ¢ derivatives is simplified by the following formulas:

d P(@)| _ [axcosgi(p)  ¢'(4) _axy(0)  ¢'(0)
e W e oy H¢ R TR P
and
& Y(9) {a(amm@ cos? $ip(6)  amC sin¢ih(o)
d¢2 Ro Rot+4 Ro+2
azi(cospy’(¢) | v"(¢)
2 Ro+2 + R :H(i):O’
_aa+2)23¢Y(0) | axi'(0) | ¥"(0)
= R3+4 + 2 R8‘+2 + Re , (2.25)

where 1(¢) is any of the five terms on the right of Eq. (2.23) excluding the powers of

R, prime denotes derivative in ¢, a = 5, 7, or 9, and
RE=R(p=0)=22+ (o —n)" + ¢ (2.26)

The first derivative term in the Taylor expansion is easily shown to be zero, because
all non-vanishing terms in the integrand using Eq. (2.24) are odd functions of x4
integrated over a symmetric interval. As in Sec. 2.1.2 the second derivative of V' at
¢ = 0 is identified as K. An expression is obtained after applying Eq. (2.26) to each
of the terms in Eq. (2.23) and collecting like terms:

dv? ¢+ a2 22
K = — - 4— +10 — 385
d¢2 =0 167"6 / / /g / |: " RS Rg
4 + 21. 4
—315% + 34653%13 ] drydyy dys L . (2.27)
0
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2.2.1 Reduction of K to a Double Integral

The next objective is to evaluate the quadruple integral in Eq. (2.27) for K.
The calculations are lengthy, so this section shows the initial reduction to a double
integral. Ultimately, Eq. (2.27) is reduced to a single integral which needs numerical
evaluation.

To begin the simplification of K, note that the integrand of Eq. (2.27) depends
on y; and gy, only in the combination yo — y;. With the double integral over z; and

¢ in Eq. (2.27) defined as f(y2 — y1), the goal is to evaluate

L L
7 [z
K = /L /L fy2 — y1)dyr dys. (2.28)
—3/-3
Change variables from y; and ys to £ = yo — y; and 1 = ys + 1, so that y; = 772i’
dy, O 0yo 0 1
Y2 = L ;5 and the Jacobian is aigai; — ai;@inl =3 Then Eq. (2.28), expressed

as a double integral over £ and 7, is decomposed into two parts:

§4L e4L
K = / / dnd§+/ / €)dndg,
€L 2/ ¢

- / (€D O+ /O (—€+ L) f(©)de,
- /0 2 (L — &) F(€)de. (2.20)

In the second line of Eq. (2.29), both integrals are equal because f(&) is even. It

follows that
gg + xl CQﬁ
= 2(L— 10 — 385
1675///5 5[RS+ R R

4 2 4
—315% + 3465 xl} dz dedc, (2.30)
RO RO
with
Ry =af+&+ ¢ (2.31)

The integrand in Eq. (2.30) is even in x;. To evaluate the z; integral, use two

successive transformations x; = /&2 + (% tan and ¢t = sinf. The following types
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of integrals are the only ones that occur for the integer values m = 0, 2, and 4, and

n=2>5,7,9 11, or 13:

L)2 L/2
T T
X = / 1 dr, = 2/ 1 dry
J, @rese” J (2344 )

2 %
_ sm n—m-—2
= o) /sm 6(cos 0) do,

A
- 2 2) (n m—1)/ /tm 1_t2n_m_3 di, (2.32)
(€2 +¢?) )
for upper limits:
L
Oy =tan ! ———, (2.33)
4(82+¢?)
and
L
= = = = (2.34)
VI2+4(8+¢?)

Equation (2.32) is easily integrated because it is a polynomial for the values of m and

n that occur, leading to:

Xo5 = ﬁ [A - %AS} , (2.35)

Xor = (§2+—2cz)3 [A — §A3 + %Aﬂ , (2.36)

= e [ L, 247

Xop = (£2+—2<2)3 BA?’ - %Af’ + %N] : (2.38)
Xy = (€2+—2<2)4 EA?’ — gAf’ + %A7 - éAﬂ : (2.39)

1
X4711 - —)3 [5145 - ?A7 + §A9:| , (240)
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and

(2.41)

2 1 3 3 1
Xiis = [ 5 7 Al

S I L U
EEEORE ’

7 9 11
The triple integral Eq. (2.30) is reduced to a double integral using Eqs. (2.35)-(2.41)

and becomes after collecting like terms:

L L
K o= / / (L8 { —910A% + 176445 — 3240A7 + 2380A4° — 630A) ¢*
sme ) ) (&2 + ¢’
(204 — 27043 + 1864° + TOAT — 7049 (> 8A + 443 — 44°
+ 2 2 * 2 2)2 ded.
(€ +¢2) (6% +¢2)
(2.42)

2.2.2 Reduction of K to a Single Integral and Attempted Numerical Eval-
uation
It is reasonable to conjecture that the original quadruple integral Eq. (2.27)
for K is singular, in view of the Ry, powers in the denominator of the integrand.
Nonetheless, there was hope that potential singularities might be integrable. Spe-
cialized interaction-model examples in simpler geometries were examined that do in
fact have non-singular integrals. However, reduction to the double integral Eq. (2.42)
does not make it obvious that potential singularities will integrate out. Even with
the suspicion that Eq. (2.42) may be singular, the evaluation of K is continued so
that any singularity will help inform necessary changes to the interaction model. The
calculations in Sec. 2.2.1 were lengthy, but the reader should be prepared for worse
in this section.
The double integral simplifies by non-dimensionalizing Eqs. (2.34) and (2.42)
using the transformations ¢ = L& and ¢ = L¢. Dropping overbars on the integration

variables to make the integrals cleaner, Eqgs. (2.34) and (2.42) become:

/ / S [ 91043 + 17644° — 324047 + 23804° — 6304') ¢*

87reL (52 + C2)4
20A — 270A2 4+ 186 A% + 7T0A™ — 70A%) (2 A+ 443 — 4A5
! - i )& BATAL AR e
(&2 +¢% (&2 +¢?)

(2.43)
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where
1

VI+4(E@+¢)
Evaluation of the ¢ integral in Eq. (2.43) is reduced to calculating 13 integrals of the

A:

(2.44)

form

1 1

1 1 1 1
Iux = [ i [ ¢ &,
S (142 +4) @+ Y T S T e 4 @+ )Y
(2.45)
where M = 2, 3, and 4 and N =1, 3, 5, 7, 9, or 11. By changing to the variable
1
=14/ 1 + (% tanf and expressing in terms of siné and cos @, Eq. (2.45) transforms

into

B B
/ 22M—1 / cos?M+N=2 9d9 92M =2 / sin 6 cos*M+N=3 9dp
MN =
(1 4 4¢2)NV-b72 / (sin? 0 +4¢2)" (14 4¢2) N2 /o (sin 20 +4¢2)™
(2.46)
where the upper limit
2
B =tan™! (2.47)

V1+4¢2

The first term in Eq. (2.46) is manipulated using the identity cos®§ = 1 —sin’ 6,
so that Eq. (2.46) becomes

B
22M-1 cosf (1 — sin% 6
Iuyn = (

(1 + 4¢2) -1/ / sin? 0 + 4¢2)"

)(2M+N—3 /2 20

B
92M =2 / sin 0 cos?M+N=3 9 d0

_ 2.48
(1+4g2)<N—2>/20 (14 4¢2 — cos2 ) (2:48)

In the first integral of Eq. (2.48) the variable change = sin# is made, and in the

second x = cos#, to obtain

22M—1

IN,M = (1 +4CZ)(N71)/2

(1— xz)(2M+N—3)/2 d$+ 92M—2 /D p2MAN=3 ]
(22 +4¢)" (1)) (140 et
(2.49)

~—n
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where
= 1 , (2.50)
V/16¢% + 8¢2 + 17
and
L+ 4¢ (2.51)

C/16CT+ 82 + 1T
Note that (2M + N — 3) /2 is always an integer for the values of M and N considered.
Evaluation of Eq. (2.49) reduces to finding 33 integrals of the type

/ (”’"—pde, (2.52)

a? + x?)

where M = 2,3, and 4, p =0, 2, 4, 6, 8, 10, 12, 14, or 16, and a® = 4¢* or 1 + 4¢>.

These indefinite integrals are tabulated® with recurrence relations:

1 x 1 x
—  dr=——— 4 —tan"' = 2.53
/ (22 + a?)’ YT a2 (22 4 a?) Togt (2:53)

/ Lo x LM -3 / 1 "
(2 +a2) 2(M—1)a2 (2 +a)™  2M —=2)a? | (124 a2)M

2.54
i P2 9 P2 ( )
(e + a2) (& + o) (@ +a?)
1 T 1 a-+x
/ (a® — x2)2dx T 22 (a? — 2?) * 4a3 I a—x’ (2:56)

/ L v L M3 / L
(a2 — )M 2(M—1)a?(a2—22)M'  CM —=2)a® ) (a2—a22)M '

Y = — " deta® | ——_dr, (2.58)
(a2 a?)" (02— 22)"" (a2 = a?)"

where M > 2 in Egs. (2.54), (2.55), (2.57), and (2.58).

Using Eqgs. (2.53)-(2.58) to evaluate each of the 33 integrals like Eq. (2.52),
and substituting the appropriate ones into the 13 integrals of Eq. (2.49), and in turn
substituting each of those into Eq. (2.43), it follows that Eq. (2.43) reduces to a single

integral:
1

_ S?iL / 9(Q)dc, (2.59)

0
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where
€ = 64¢*(16¢" +8¢> + 17)"*  16(40¢ + 1)(16¢* + 8¢* + 17)*
9(Q) = 3(ACT+ 2+ 4)° 3(4CH+ 2+ 4)?
32(20¢* + 1)(16¢* +8¢* +17)' 2348810240¢*
* (AC 1 2+ 4) (4C% 1 1)5(16¢% + 8C2 1 17)°P
5242880¢%(32¢* +148¢2 — 1) 65536¢2(128¢% + 512¢* 4 1492¢? — 35)
(A +1)5(16¢* + 8 +17)  (4¢2 + 1)P(16¢* + 8(2 + 17)°2

2048(1024¢" — 256¢® — 2240¢5 — 8584¢* + 502¢* — 1)
3(4¢% + 1)5(16¢* + 8¢2 + 17)°>

~256(2048¢"* 4 2560¢"° + 1408¢® + 320¢° + 872¢* — 99¢* + 1)
(4¢2 + 1)5(16¢* + 8¢2 + 17)'/2

32¢*(4¢% +1)"72(16¢* + 8¢* +17)°
3(16¢5 + 8¢t 4 17¢2 + 4)3

16¢%(20¢% + 3)(4¢% + 1)°2(16¢* + 8¢% + 17)°
a 3(16¢6 + 8¢ + 17¢2 + 4)2

+4(20§2 + 1)(4¢% + 1)2(16¢* + 8¢% + 17)"2  4480¢*(4¢% + 1)

4C+ 2+ 4 (16¢* + 82+ 17)°>
160¢%(1 — 8C3)(4C2 + 1) 64C3(T — 4¢H)(4¢C + 1)
(16¢4 + 8C2 + 17)7/ (16¢* + 8¢2 + 17)°
16(16¢* +24¢* — 1)(4¢> + 1) 16(16¢* +8¢* + 1)(4¢* + 1)
3(16¢* + 8¢2 + 17)%2 (16¢* + 8¢2 +17)'/2
856 1304 640 B 80
T3 1) T 3@ 1R 3AC+1E 34 L 1)R
N 4

3C(C + 1) |

(2.60)

The last boxed term in Eq. (2.60) is a singular contribution, and it is the

only singular contribution. Mathematically, convergence of the orignal quadruple
integral Eq. (2.27) was problematic because its integrand has 1/R® and its 4-D domain
contains the zero point for all four integration variables. Physically, a singularity is not
sensible because it implies an infinite shear modulus and an infinite interaction energy.
The interaction energy is finite only if the platelets remain perpendicular, which is

confirmed from Eq. (2.22) for ¢ = 0 and is consistent with infinite shear modulus
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(but hardly useful). The singularity demonstrates that this interaction model needs
a fundamental revision. Understanding the nature of the singularity turns out to be

valuable for improving the model.

2.2.3 Asymptotics of Distributed Rigid Quadrupole Model
To understand the singular behavior of the effective rotational spring constant
K, an asymptotic analysis is useful. From Eq. (2.43) it is clear that the only source
of the singularity is at the lower limits of integration (£,() = (0,0). The parameter
A is defined as
=&+ (2.61)

and for A small the following powers of A in Eq. (2.44) are expanded:

A=1-2X+6)X* =20\ +T0\* + O (\?), (2.62)

A* =1 —6) 4 30A% — 140\% + 630" + O (V%) , (2.63)
A% =1 — 10X+ 70A% — 420\% + 2310A" + O (N°) (2.64)
AT =1 — 14\ + 126)% — 924\% + 6006A" + O (A7), (2.65)
A? =1 — 18X\ + 198\* — 1716A° + 12870\" + O (\%) (2.66)
A =1 22X+ 286A% — 2860\° + 24310X\" + O (X°) . (2.67)

Equations (2.62)-(2.67) are inserted into Eq. (2.43), and A substituted into the de-

nominator of each term, to obtain the asymptotic approximation

asm Smel

% 3¢? /1/1<1 s [(64 —201600A\* + O (X)) ¢*

N (—64 + 14720\ + O (A1) ¢? +8 — 112X + O (N?)

€ o ded¢. (2.68)

Omitting the remaining nonsingular integrand terms in Eq. (2.68) and using the

original variables, the expression for K, becomes:
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4 2
Koo = L / / -0 | e e oW e

(2.69)

In Eq. (2.69) all terms of O (1) and with powers of A result in polynomials in £ and ¢

to be integrated. Because these cannot be singular, the known singularity must arise

from the terms remaining in Eq. (2.69).

Each of the inner &-integrals in Eq. (2.69) has the form

- B 1
=, - 0/ (1-6) e (2.70)

where n = 2, 3, and 4. To evaluate Eq. (2.70), make the variable change £ = ( tan@

and express in terms of sin 6 and cos 6, leading to

b
1
Hp = / (cosz"’2 0 4 (sin cos*™ 3 9) de, (2.71)
0

CQn—l

where

b=tan! (%) : (2.72)

For n = 2 the required integral is

b

1
Sy = C_/ cos” @ + (sinf cos ) db, (2.73)
0
1 20
which can be simplified using the identity cos? 6 = +C+():

b

Y

b
1 1 (2 1|1 1
By = —/{  cos (26) —Csin@cosQ}dGz —{§9+—sin(29)—£sin29]
0

¢3 ¢3 4 2

0
= Ci E tan~* < ) }Lsin (Qtan_l (%)) — g sin? tan~! (%)] .

(2.74)
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To simplify Eq. (2.74), the following formulas are required:
1 1 1 ¢
sin ( tan™* (—)) = ————, CO0S (tan1 <—)) = —, 2.75
( S V1+¢? S V1+¢? 27)

sin (2 tan~! (%)) -1 _2}_227

where the last of Eq. (2.75) uses the identity sin (20) = 2sin 6 cos §. With Eq. (2.75),

the required expression for =, becomes,

s = (e (D)2 )

= 3\ 2 ¢) 41+ 21+¢)° (2.76)
_ Ll
- o (7)

Equation (2.71) can similarly be evaluated for n = 3,

b

1
3 = & / (cos*@ — (sinf cos® §) db. (2.77)

0

cos (26) 4 cos (40)

5 , Eq. (2.77) can be simplified with

3
Using the formula cost 6 = 3 +

Eq. (2.72) also as:

b
= = %/ E + c032(20) + C088(46) — (sinf cosSH] o,
0

sin (20)  sin (46) cos*d ]|’
4 * 32 6 4

Using cos (26) = cos® § —sin” § and sin (40) = 2sin 20 cos 26, these results follow with
Egs. (2.75):
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Cos (2 tan™" (%)) = iL—_Ci sin (4 tan~! (%)) = %. (2.79)

Substituting Eqs. (2.75) and (2.79) into the last expression of Eq. (2.78) leads to the

result required for =3,

- 1 (1) 1 2 14¢(¢2-1) 1 ¢ ¢

o3 = 5[§tan1<z>+1(1+<2)+§ (1+<2)2 +Z(1+<2>2_Z:|7
1) 4(<+<3)+<3—<+2<5—2<<5+2<3+<>]
¢ 8(1+¢)* ’

+

_ 3. (1 1
= se™ (Z>+8<4<1+c2>'

(2.80)

The formula for =4 is determined similarly,

| b
=y = o / (cos®# — ¢ sind cos® ) do, (2.81)
0
in which an expression for cos® # is needed:
ol — (1 + C(;S (29))3 _ 1 300s8(20) N 3COS; (20) N 00838(26’)

(2.82)

1

8

5 4 cos (20) N 3cos (40)  cos (20) sin® (20)
16 2 16 8

The calculation proceeds as with Z3; Eq. (2.82) is substituted into Eq. (2.81), the
trigonometric integrations are performed with evaluations of the limits, and Egs.

(2.75) and (2.79) are used to simplify the resulting formula. The details have been
omitted with the result:

—_

= = 5t (1 7 9
2= 16C7tan <g> + BOT 62)2 + BT CQ)Q. (2.83)
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To complete the analysis Egs. (2.76), (2.80), and (2.83) are substituted into Eq.
(2.69):

B (20 1 28 12
Raam = 8weL//1 K tan <<)+3<2<1+<2>2+<1+<2>2)

24 1 8 4 1
(B (3) ) g (¢) o] dec

(2.84)
1
An unexpected result is that all the tan™! <Z) terms cancel out,
2 | CQ

3q (1+3
Kosm = O@1)|dcC. 2.85
o ek row]« (2.85)

0

A partial fraction expansion is applied to the integrand of Eq. (2.85) to express the

result as

1
3¢ 4 (1 1 2
Kosm = mg/ {g (? 14 + T 42)2) + (9(1)] dC. (2.86)

The second and third terms of the integrand of Eq. (2.86) are absorbed into the other

O (1) terms because they are nonsingular. Therefore, the dominant behavior of the

rotational spring constant is given by

3¢ 4
Ko = g [ 3¢ +0), (2.87)
0

which implies that the singular behavior is asymptotically

2

. q
Kosm =1 1). 2.

The singularity in Eq. (2.87) is not weak, being characteristic of that from
a point charge. However, it is weaker than may have been anticipated from the
expression Eq. (2.27) for K. Obviously the difficulty arises from the contact line

between the horizontal and tilted platelets, although subsequent calculations not in-
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cluded here show that the singularity is from the contact of corners with another
platelet. In any event, the platelet interaction model of distributed transverse longi-
tudinal quadrupoles in this section does not adequately account for electrical effects

at platelet edges.

2.3 Distributed Quadrupole Model with a Channel

The physical nature of the interaction between two platelets along their line of
contact is apparently complex. One inherent assumption of the space charge calcula-
tion in Sec. 1.2.2 was that the ions surrounding the platelets could be treated as point
charges. This approximation works well if the ions are some distance away from the
surface, but may lead to concentrations of ions near the surface that are physically
impossible due to the finite ion volumes. A fix for this is to introduce a thin layer
of thickness d called the Stern Layer®® in which the ions adsorbed at the surface are
represented as a surface charge a distance d from the platelet. The thickness of the
layer is assumed to be on the order of a few molecular lengths, less than 1 nm. Thus
when two platelets are in “contact” there is actually a small separation between them
due to the presence of ions and water molecules. It is quite likely that these ions and
water molecules act as a bonding agent between two platelets as suggested by Ref.
61. Furthermore, there may be short-range forces that overcome electrical forces very
close to the line of platelet contact, although the precise nature of such short-range
forces is unclear. Guided by the conclusion of the previous section and the above
considerations, it is hypothesized that a small channel of width d exists between two
near-perpendicular platelets (see Fig 2.3(a)). It is assumed that the small channel
has a negligible contribution to the electrical interaction energy.

The formulation of a rotational spring constant proceeds as in the previous
section with a similar coordinate geometry (see Fig. 2.3(b)), the only difference in the
interaction energy integral being integration limits for ¢ from d to L + d rather than

0 to L. Thus the expression for the interaction energy V(¢) changes from Eq. (2.22)

302 L+d p& L L
V(¢) = 2 /d // Wy dy dys dC. (2.89)

to

 167e

Taylor expanding Eq. (2.89) in ¢ produces the the following integral for the rotational
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I d + (1,91, 21)
(a) (b)

Figure 2.3: (a) Geometry of interacting quadrupole sheets with a
separation channel. (b) Coordinate system and quadrupole
elements of two interacting quadrupole sheets with a
separation channel.

spring constant K:

L+d <2 + :L’2 C21’2
= 14— +10 L _ 38521
mm/ /7/ /g[ TR R

4 + 2 4
¢l + i ROC e 3465CR(1)3

(2.90)

—315

}m@@ﬂ

where W is obtained from Eq. (2.23). The procedure to evaluate the three inner
integrals in Eq. (2.90) is the same as in Sec. 2.2, resulting in a result analogous to

Eq. (2.59),

32
K=o [, (2.91)

where ¢(¢) is given by Eq. (2.60) and the non-dimensional channel width d = d/L.
2

It is convenient to scale K by K = LK , so the non-dimensional rotational

TE

14+d
K = /g(g)dg (2.92)

Equation (2.92) may be evaluated numerically for any nonzero choice of d, once

spring constant K is

physically reasonable values for d are selected. The platelet length L is on the order
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of a micron, so d must be considerably smaller. The actual value of d cannot be
specified without knowing what and how many ions and/or molecules are between
platelets in face-to-end orientations. Additionally the nature of the fields and short-
range forces in the area of near-contact must be understood. Given the uncertainty the
fallback is to pick channel distances of a plausible order of magnitude. For example,
if sodium ions exist in the channel, d should be larger than their diameter of 0.37 nm.
Consequently, for 0.35 < d < 1 nm or 3.5 x 1074 <d< 10’3, numerical calculations
of Eq. (2.92) are performed using an adaptive quadrature Simpson’s rule. Results
are shown by red dots on Fig. 2.4. It is relevant to compare the numerical solution
against the expected dominant behavior from Eq. (2.87). To find the scaled dominant
behavior, Eq. (2.87) is scaled appropriately and the integration limits are modified to

include the channel, so that

1+d 4 4
Kasm:/—dg—k@(l)z—
d

7 (2.93)

3¢?
The blue curve in Figure 2.4 is a plot of Eq. (2.93), and its agreement with the red
dots is excellent.

Because the asymptotic approximation Eq. (2.93) is so accurate, it is used for
the calculation of the shear speed estimate. One d value must be selected for this
calculation. A possible choice that appears in the discussed range is the e-folding
distance from the platelet for the space charge distribution in Eq. (1.26), k' =
0.45 nm (corresponding d = 4.5 x 10~*). This value for d should be considered as

representative in order of magnitude but uncertain in physical precision. Following

the analysis in Sec. 2.1.2, the effective shear stress is Eq. (2.12) with K replaced by
3q>
8mel

is invariant, so the formula for the effective shear modulus becomes

Kaom where Ky, is given by Eq. (2.93). The effective shear strain Eq. (2.13)

E 2
E O shear K q
— Zshear _ — _ 4 2.94
H el L3  2mel3d ( )

shear
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Figure 2.4: Comparison of scaled rotational spring constant calculated
numerically (Eq. (2.92), red) with asymptotic result (Eq.
(2.93), blue). Value for d corresponding to d = x ' shown in
green.

This changes the shear speed expression to:

= p* _ q
\/ Pmud \/ meL a4 Pmud (2.95)
Nae 3\ 3 / 1
14+ — S P e—
( " ’fh) - (Fch)2] 2reL3dpmud’

= _prplX
where Eq. (1.31) has been substituted for ¢, and other parameters are defined below

6

times larger than Eq.

Eq. (2.16). The shear speed formula from Eq. (2.95) is 16LSd
(2.16). Specifically for d = ", this means the estimate is a factor of 3.6 larger. Thus
using the same parameters values as in Sec. 2.1, the shear speed estimates for kaolinite
and smectite are 13 and 0.24 m/s. These values are closer to the expected shear speed
of around 10 m/s from Ref. 3. Because they are obtained from the contribution
of electrical forces only, in the next section the effects of platelet elasticity will be

incorporated.
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2.4 Beam Model for Platelet Interactions

The physical mechanism of platelet bending has thus far been neglected in the
platelet interaction models. It can be incorporated by introducing the platelet elastic
modulus E. While E is generally considered large so that bending effects do not
dominate with platelets, it seems likely they are present. They should be included
because they can be an important mechanism in other sediments. A simplification
follows by assuming that there is uniform loading in the y-direction, and thus no
y-variability (see Fig. 2.5). Consequently, a beam equation with one independent
variable specifies the horizontal displacement u of the platelet. Because the platelet
is thin and displacements are assumed small, assumptions of Euler-Bernoulli beam

theory are applied.

d

Figure 2.5: Geometry for an elastic platelet undergoing bending.

The considerations in Sec. 2.3 about the channel remain valid for the bending
platelet model. Consider a platelet a distance d above another platelet (see Fig.
2.6(a)). A small amplitude disturbance acts on the top of the upper platelet as a
force F, and the electrical forces of the horizontal platelet result in a distributed
moment per unit length mg. The external influences produce changes in the internal
shear force P and internal bending moment M at any point of the upper platelet. By
considering a platelet element (see Fig. 2.6(b)) in static equilibrium, an equation can

be derived for its displacement w.
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2.4.1 Formulation of Beam Equation

M+AM P+AP
S
Az mmE
—
P M

(b)

Figure 2.6: (a) Platelet geometry and horizontal displacement u. (b) A
yellow platelet element (yellow) shows the forces and
moments acting upon it.

The first condition of static equilibrium is that the sum of the forces in the x

direction must be zero,
Y. forces= P+ AP — P=AP =0. (2.96)

Note that because the force F' only acts at a point at the top, it does not appear
involved in the force balance on a beam element below the top. Equation (2.96)
implies that the shear force is constant; because the forces must balance for the
element at the top as well, the external force must be equal and opposite to the
shear force, so P = —F. The second equilibrium condition is that the sum of all
moments taken about the center of the element is zero, with the convention that
counterclockwise rotations are positive. This gives

A A
Y, moments about center = M+ AM — M +mpAz — P{ —(P+ AP) 72

= AM+mgpAz— PAz =0, (2.97)

using AP = 0. Substituting P = —F into Eq. (2.97), dividing by Az, and taking the

limit as Az — 0 gives the governing equation,
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dM
— F=0. 2.98
7 +mg + ( )

Equation (2.98) should be expressed in terms of displacement u(z). Because u(z) is
expected to be small, a standard result from Euler-Bernoulli beam theory®® approxi-
mates the bending moment M (z) by

d*u

(2.99)
. . I3 L .

where the area moment of inertia I = ELh . An additional approximation for small

displacements is that the slope of the tangent to the displacement can be approxi-

mated by

flu = tan¢ ~ ¢. (2.100)

In the rigid-rotation models of Secs. 2.1-2.3, the moment on the platelet is 7 = K¢,
where K has units of Nm/rad. For the elastic platelet model a distributed moment
per unit length exists, so an analogue to the moment in previous sections has the

form

mp = ko, (2.101)

where k has units of N/rad. The two spring constants K and k are related by

K= / Y (2.102)

noting that ¢ is dimensional. From Eq. (2.93) the dominant behavior of K is rewritten

e L+d q
Kopom = — —d(, 2.1
2me /d ¢? ¢ (2.103)
from which k is identified as
2 2
p=-1 _~ 4 (2.104)

2me(?  2mez?’

where the approximation z = ( cos ¢ ~ ( is used because ¢ is small. Substituting Eqs.

(2.100) and (2.104) into Eq. (2.101), and then substituting Eqgs. (2.99) and (2.101)
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into Eq. (2.98), produces the governing equation in terms of u:

d3u ¢ du
Fl— 4+ ——— 4+ F=0. 2.105
dz3 + 2mez? dz + ( )

Next, boundary conditions are selected for Eq. (2.105). Once choice is a can-
tilevered boundary condition at the channel width d, but the resulting shear speed
calculation is independent of the quadrupole moment per unit area.®® This result
seems unlikely given the importance of electrical effects on the card-house structure.
An alternative choice at d is to assume a hinged boundary condition® because the
end of the beam is fixed and allowed to rotate. The upper end is considered free,
where the bending moment is zero. Since d is small compared to L, the location of
the free end is approximated by L. For the third order ordinary differential equation
Eq. (2.105), a full set of three boundary conditions becomes:

d*u d*u

w(d) =0, S5 (d=0, =5 (L)=0. (2.106)

Equations (2.105) and (2.106) are non-dimensionalized by variable transformations

FIL3 _
u = ﬁﬂ, z =Lz, and d = Ld, leading to the problem
Bu o du
—+=—4+1=0 2.107
P ’ ( )
and , ,
d“u d“u
u(d) =0, —(d)=0, ——(1)=0 2.108
u () ’ d§2 () ’ sz ( ) ’ ( )
where
e
=g r7 (2.109)

is a non-dimensional parameter representing the ratio of the strength of the electrical

and elastic response.
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2.4.2 Exact Solution for Displacement u(z)

An exact solution is found by noting the homogeneous version of Eq. (2.107) is

transformed into an Euler differential equation by defining w = % and substituting:
z
fw
T u=o. 2.110)

The homogenous solution is found by searching for solutions to Eq. (2.107) of the
form w = z":

r(r—1)z"?4+az"? =0, (2.111)

and solving Eq. (2.111) for r yields

" :%(Hm), (2.112)
ry — % (1-vI—4a)=1-r. (2.113)

The solution for w is thus given by
w = Az" + BZ", (2.114)
and the solution for uy by integrating Eq. (2.114):
ug = Azt 4+ Bz 4+ C. (2.115)

A particular solution of Eq. (2.107) is found by substituting #p = Dz°, so that

6D +3Da+1 =0, (2.116)

— D=-— . (2.117)

Therefore, the general solution for u is

I
zZ°.
6 + 3«

u=Az"" 4+ Bzt 4 C - (2.118)
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The boundary conditions are applied to determine A, B and C'. The first part
of Eq. (2.108) yields the equation for C,

i(d) = Ad"*' + Bd™ + C — d*=0 2.119
@ (d) + * 6 + 3 ’ ( )
- - 1
— C = —Ad"*' — Bd”™ + ———d°. (2.120)
6+ 3o
- : _ d*u
Determination of the other constants requires the evaluation of ﬁ:
z
u (ri + 1) r AZ 7 4 (g + 1) rg Bz 2 (2.121)
— = (r riAz r roBZ — zZ. .
dz? ! ! 2 ? 2+«
Using Eq. (2.121) and applying the third of Eq. (2.108) produces
) (£ 1) A+ (a4 1) 1B — —2— =0 (2.122)
d32 =" T1 T2 T2 2%ra .
2 1
— A= _ (et Dy (2.123)

(2+Q>(T1+1)T1 (T1—|—1>T1
Using Egs. (2.121) and (2.123) and applying the second of Eq. (2.108) gives

2 (7’2 + 1) T2 Tr—1 Tro—1 2 -
1 — B)d" 1) ryBd™> ™' — d=0
e 0n (e~ ) 24a
2.124
2 1 (1—d=th) 212
— B = (2.125)

(24 @) (ry+1)7ry (L —drr)’
where r; = 1 — ry was used for Eq. (2.125). Using Eqs. (2.123) and (2.125) to solve
for A yields

Y 2 NGRS <( 2 1 (1—det) ) 126,

(2 + Oé) (Tl + 1) 1 (Tl + 1) r 2+ Oé) (7’2 + 1) T9 (1 — JT2*7"1)

2 1 1 —dgntt
A= — . 2.12
R CETS I (1—d7"1T2) (2.127)

Defining
1 —dnt!
Tl

5 (2.128)
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1—dt
b= T (2.129)
produces convenient expressions for A and B:
2 A
A= , 2.130
24+a)(ri+1)rm ( )
2
B= br (2.131)
24+ a)(r2+1)r
Equations (2.120), (2.130), and (2.131) produce an expression for C":
p _ P _ 1
C=- B g S S (2.132)

2+a)(rm+1)r 2+ a)(ra+1)r 6 + 3a

Equations (2.118) and (2.130)-(2.132) give an expression for u, which after some

rearrangement is

2 zri+1 _ CZ7“1+1 sro+1l __ JT2+1 53 _ JS
= f (2 ) (2 ) - 1 (2.133)
2+ ) (ri+1)r (ro 4+ 1)1y 3
As a check that Eq. (2.133) satisfies Eqs. (2.108), clearly %(d) = 0, and also
@ - 2 (ﬁ =ri—1 +6 sre—1 7) (2 134)
2~ 2ta) " #TE '

can be seen to vanish at Z = d and z = 1 using Eqs. (2.128) and (2.129).

2.4.3 Solution Approximations

The parameters in Eq. (2.133) are d and a. As discussed in Sec 2.3, one natural
choice for d = xk~'/L. The value of o depends on the choices of ¢, E, L, h, x, and
S,. For seawater, € = 717 x 10~'* Nm?/C. The elastic modulus E can be determined
directly from atomic force microscopy, though this is difficult due to the small nature
of clay platelets. Estimates can also be obtained from scattering experiments and
molecular dynamics simulations. One estimate® is obtained by extrapolating an
empirical relationship from £ and density data for similar silica and alumina based
materials. Estimates of E for smectite and other clays range from 20-400 GPa, but

E = 178 GPa is widely used.®® This value is used here for kaolinite as well, due to the
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lack of data for kaolinite elastic modulus. The platelet thicknesses h and diameters

6768 and X-ray diffraction.®

L are determined by transmission electron microscopy
The measurement of the cation exchange capacity was discussed in Sec. 1.2. The
values of h, L, x, and Sy, are taken from Table 2.1, with the results o = 3 x 1075 for
kaolinite and o = 1 x 107> for smectite. The selection of these parameters as well as
ranges for alpha will be discussed in Section 2.5.

The small values of o and d suggest expansion of the solution in one or both of

these quantities. Equation (2.133) is expanded first in a,

u = Uy + 0O (a), (2.135)
where
_ d ,_ Bod® (1+d) , 5- (d?+2d)Ind\ ,_
Uy = _E(Z_J)_ 5 +< 2)(22—672)+<§d+—< 1_?1_ )(z—d)
—d(Zlnz — dInd). (2.136)

This solution satisfies all of the boundary conditions in Eq. (2.108). Next expanding
Eq. (2.136) in d, it follows that

U

J 53 _ JS 52 6?2
- L) - 0()+0(d), (2.137)
o 6 2
where lower order terms have been retained to satisfy all of the boundary conditions.
A final simplification is possible for kaolinite and smectite, for which the values of
d
— are 15 and 45. Because these numbers are at least thirty times larger than other

a
coefficients in Eq. (2.137), a good leading-order approximation is

—g (z—4d). (2.138)

7v_Ll'in ~

This approximation satisfies all of the boundary conditions.

Plots of Egs. (2.133), (2.136), and (2.138) are shown for kaolinite (Fig. 2.7)
and smectite (Fig. 2.8). There is no visible difference between the exact and small-«
solutions. Small disagreements occur between the exact and linear solutions at z = 1,

to a maximum of 2.3% for kaolinite and 0.8% for smectite. Because these differences
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a, BEq. (2.133)
= = =i,, Eq. (2.136)
Ulin,, Eq (2138)

Dimensionless Displacement @

0 0.2 0.4 0.6 0.8 1
Scaled Distance z

Figure 2.7: Dimensionless horizontal displacement u: exact formula Eq.
(2.133) (blue), small-a approximation Eq. (2.136) (red), and
small-o and small-d linear approximation Eq. (2.138) (green)
for kaolinite.

5
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Figure 2.8: Dimensionless horizontal displacement u: exact formula Eq.
(2.133) (blue), small-a approximation Eq. (2.136) (red), and
small-oa and small-d linear approximation Eq. (2.138) (green)
for smectite.
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are small, Eq. (2.138) is used for %(Z). Another important observation from the figures
is that the displacement is closely approximated by a linear function, which of course
is the displacement for the rigid rotation models. This suggests that elastic effects do
not make a significant contribution to the displacements.

A derivation of Eq. (2.138) should be possible by an asymptotic expansion of
the solution to Eq. (2.107) in a. The d/a factor in Eq. (2.138) requires careful
treatment, because as o — 0, the solution becomes infinite. Consequentially, scale

the displacement by a factor of o™,
=o' (G + aiy + o’iy) . (2.139)

The problem for ug is given by:

d31ug
=0 2.140
dz? ’ ( )
_ d?tug d?tg
o (d) =0, s (d) =0, 7 (1) = 0. (2.141)

The general solution is a quadratic in z, and all three boundary conditions are satisfied
by
Uy = Ao (2 —d), (2.142)

for any constant Ay. The problem for @ is

duy 1 dug
——41= 2.14
dz? + Z2 dz + ’ (2.143)
- d?u, d?u,
u, (d) =0, = (d) =0, = (1) =0. (2.144)

Using Eq. (2.142), Eq. (2.143) is integrated once so that the second derivative is:

duy Ay

The last two conditions in Eq. (2.144) produce the pair of equations
A _
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with the result that Ay = —d, A; = 1 + d. This also gives

d?u,
dz?

Ny

=—z+1+d- -, (2.148)

which is exactly the second derivative of Eq. (2.136). Integrating Eq. (2.148) twice
gives the solution to Eq. (2.143) as
3 2

al:—E+(1+d)%—ci(21n2—2)+A22+A3. (2.149)

One equation relating A, and Az is found by considering the first boundary condition

in Eq. (2.144). Another condition can be found by considering the equations for s,

Puy 1 d
o 2.1
IR (2.150)
_ d*ts d*ts
U (d) =0, —=(d) =0, —=(1)=0. (2.151)

By integrating Eq. (2.150) and applying the last two boundary conditions, three

equations for As, As, and a third constant are found. The solutions for A, and As

are:
3_ (cp+2d)lncZ
A, = 2g 2 T 78 2.152
2 2 + 1—d ) ( )
d? 1+d 5. (d?>+2d)Ind)\ - _
A3:E_¥JZ_ (;H%)mc?md. (2.153)

Inserting Eqgs. (2.152) and (2.153) into Eq. (2.149) and rearranging causes u; to match
exactly the O(1) terms in Eq. (2.136). Similarly, substituting A, into Eq. (2.142)
yields the O (J/a) term of Eq. (2.136), or Eq. (2.138). This perturbation approach
is a simpler procedure to finding good approximations than by first finding the exact
solution and expanding it.

The expression for u is found from Eq. (2.138) and the scaling factors:

FIL? d FL2weEId 2meF Ld
_ —(r—d)= — = —d) = — —d 2.154
E] LOé (Z ) E.[ q2 (Z ) qQ (Z )7 ( 5 )

where Eq. (2.109) has been used for a. The maximum displacement of the platelet is

at z = L:
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27rd§Ld(L _d)~ 27reF2L2d
q q

where d is neglected compared with L. As discussed above elastic effects do not appear

: (2.155)

Umar = MaX,|u| =

in this approximation. Thus the platelet displacement at L from the applied shear
force is dependent only on the electrical response, because the large platelet stiffness
results in a negligible elasticity effect at that end. The role of platelet elasticity is
to ensure that the end conditions of zero bending moments are satisfied and is more

important at the point of interaction of two platelets than at a free platelet end.

2.4.4 Shear Modulus and Shear Speed

At this point the effective shear modulus of the two-platelet substructure of
mud can be determined. The effective shear stress is the shear force per unit area of

the platelet, given by

F
Oahear = 73- (2.156)

The effective shear strain is

Umae  2meFLd

€shear = I q2 (2157)
The effective shear modulus is the ratio of Egs. (2.156) and (2.157):
2
_ Oshear q (2158)

€shear ~ 2mel3d’

Using Eq. (2.1), the expression for the shear speed is

1 g
== 2.159
¢ Pmud 27TELgdpmud ( )

This formula for shear speed is exactly the same as Eq. (2.95) for the model in Sec.

2.3. Therefore, the elastic platelet model in this section is closely connected to, and
effectively approximated by, the distributed quadrupole rigid rotation channel model.
The models give the same result because electrical effects dominate the elastic effects

on the platelet.
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2.5 Shear Speed Data Sensitivity to Parameter Variations

Several parameters occur in the shear speed formula Eq. (2.95), and it is impor-
tant to determine the sensitivity of the shear speed to their variations. The permit-
tivity e, inverse e-folding distance of the space charge k, and the elastic modulus F
are assumed constant. The variation in the other parameters, specifically the platelet
thickness h, the platelet length L, the cation exchange capacity x, and the specific
gravity Sy, are summarized for kaolinite (Table 2.2) and smectite (Table 2.3).

Table 2.2: Range, average, and standard deviation of parameters h, L, x
and S, for kaolinite. Sources are references in square brackets.

[Reference| (Number of Parameter | Average | Std

Kaolinite data points) Ranges Dev

h (pm) [30] (13); [67] (1); [68] (1) 0.018-0.11 0.05 0.2

L (ym) [30] (13); [67] (1); [68] (1) | 0.3-1.5 0.9 0.4
x (mol/kg) [9] 0.03-0.15 0.09
S [9] 2.6-2.68 2.64

Table 2.3: Range, average, and standard deviation of parameters h, L, x
and S,; for smectite. Sources are references in square brackets.

. [Reference| (Number of Parameter | Average Std
Smectite data points) Ranges Dev
h (um) 9] 0.001-0.01 |  0.0055
L (um) [30] (13); [67] (1); [68] (1) 0.3-1.5 0.9 0.4
X (mol/kg) [9] 0.85-1.5 1.15
Sy [9] 2.35-2.7 2.53
D
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In Tables 2.2 and 2.3, references for the ranges of values of each parameter
are given in brackets. The number of data points from each reference indicates the
number of mud samples contained in that reference. Where the number of data points
is not included indicates that the reference gave a range of values from an unknown
number of samples. For kaolinite, there are many papers that give an average h or L
value for a sample, but they do not provide standard deviations. In order to obtain
a sense of the variation of the parameters, average values and standard deviations
are calculated from the data of sample averages. Data for h and L for smectite was
comprised mainly of ranges. Because the ranges of L for kaolinite and smectite are
similar, the L data for kaolinite was used for smectite. Where only the range of a
parameter was given, the average of the extreme values was used, and no standard
deviation was computed. Parameter values in the average column are used in this
chapter for calculating values of a and shear speed.

The ranges of individual parameter values are not directly useful in determining
a range of values for the shear speed. This is because the full extent of these parameter
values correspond to 4 orders of magnitude for kaolinite, and 6 orders of magnitude
for smectite. A refined range can be obtained for parameters with data points by
considering the average plus or minus the standard deviation. The sensitivity of «
and shear speed to a particular parameter is found by using a range for that parameter
and the average value for the others. Tables 2.4 and 2.5 summarize the sensitivity
of a and shear speed to h, L, and x for kaolinite and smectite. As there is little
variation in the specific gravity for smectite and kaolinite,” the sensitivity of o and
the shear speed to it is not calculated. The variation in the parameters produce «
values between 0.1 x107° and 9 x107°. Even for the highest value of «, the linear
approximation for beam displacement is still valid. For kaolinite, the more refined
range of the parameters creates an order of magnitude uncertainty in the shear speed.
For smectite, the uncertainty in h causes a four order of magnitude uncertainty in

the shear speed.
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Table 2.4: Sensitivity of kaolinite shear speed to variation of a single
parameter while using average values for the others.

. Parameter Range of Range of
Kaolinite Range a values cs values
-5
h (um) 0.03-0.07 0.8-9 x 10 2.8-34m/s
-5
L (um) 0.5-1.3 2-6 x 10 6.1-41 m/s
-5
x (mol /kg) 0.03-0.15 0.4-9 x 10 4.3-21.7m/s

Table 2.5: Sensitivity of smectite shear speed to variation of a single
parameter while using average values for the others.

. Parameter Range of Range of
Smectite Range a values cs values
h () 0.001-0.01 0.1-6 x 107° 0.0073-1.5 m/s
L (um) 0.5-1.3 1-3 x 107° 0.15-0.99 m/s
X (mol/kg) 0.8-1.5 0.7-3 x 107° 0.17-0.31 m/s

2.6 Conclusions

The beam model for platelet interactions leads to promising results for the shear
speed. Results that are near equivalent to the rigid rotation model with a channel
shows that the platelet bends very little. The addition of the bending mechanism does
not contribute significantly to the estimates for the shear speed, but it is relevant to a
complete formulation for platelet interactions. One aspect of the model that could be
improved is the nature of the channel between the platelets. The physical nature of
the channel and the forces that act between the platelets is not completely understood.
Nonetheless, the proposed range for the channel width would not affect the order of
magnitude estimate for the shear speed.

Though there is significant variability in the various parameters involved in the

shear speed formula, the range of shear speed values fall within observed measure-
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ments. The shear speed is particularly sensitive to the platelet dimensions. Uncer-
tainty in these parameters, particularly for smectite, creates a substantial uncertainty
in the shear speed. The difference in shear speeds of kaolinite and smectite is about
two orders of magnitude, but it is reasonable to expect a lower shear speed for smec-
tite because its absorptive capacity for water makes it more fluid-like. It is important
to note that it is common for different types of clays to occur together in mixed lay-
ers. In the case of a smectite/kaolinite mixture, the shear speed would be somewhere
between the shear speed of pure mixtures of either kaolinite or smectite. An equal

mixture would produce sound speeds within the range observed by Ref. 58.



Chapter 3
PLATELET AGGREGATION MECHANISMS AND

EFFECTIVE POROSITY ESTIMATES

The fundamental hypothesis of this chapter is that the high porosity £ of marine mud
is a direct consequence of aggregation of clay platelets into card-house structures. The
goal of this chapter is to estimate mud porosity by constructing card-houses using two-
dimensional computational models based on known aggregation processes. Porosity
is obtained by first calculating the fraction of solid content 1 — 3, which in two
dimensions is the ratio of solid area to total aggregate area. Chapter 1 documented
that aggregation of colloids is a fractal process and that 1 — 5 will be a function of
the overall length scale R of the aggregate, as shown in Eq. (1.37). This equation can

be reexpressed in terms of a non-dimensional aggregate scale ¢ = R/L, so that
)
1-8= Eedf_2, (3.1)

where § is the aspect ratio defined as h/L, k is a proportionality constant related
to aggregate shape and other aggregate properties, and dy is the fractal dimension.
Calculation of the fractal dimension is another major focus of this chapter. Taking
the log of both sides of Eq. (3.1),

log (1 — ) = log (%) + (dy —2)log (e), (3.2)

provides a useful way of determining fractal dimension. By constructing an ensemble
of card-houses of various sizes, and calculating 1 — § and € for each card-house, a plot
of log (1 — B) versus log (€¢) can be created. The slope of the linear fit of the data is
dy — 2, from which d; is easily determined.

Section 3.1 describes general modeling assumptions and considerations for ag-
gregation, such as how to model platelets and which aggregation procedures to use.
Section 3.2 discusses the implementation of particle-cluster aggregation and how to

calculate porosity. A cluster-cluster aggregation process and calculation of its porosi-

7
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ties are handled in Sec. 3.3, along with the calculation of aggregate fractal dimension.
Finally, Sec. 3.4 discusses conclusions about the porosity for the computation of ag-

gregates.

3.1 Computational Modeling of Platelet Aggregation Pro-

cesses

To construct computational card-houses, it is first necessary to describe the
modeling of clay platelets. In the literature they are described as thin equidimensional
flakes, and this will be idealized as a right prism with square bases of side L and
with thickness h << L. Each platelet is also assumed to be the same size and
shape, so two platelets come into perpendicular contact on an easily visualized contact
line. In constructing the card-houses, the thickness is taken to be negligibly small,
but of course is incorporated into the porosity calculations. Additionally the small
channel between platelets, discussed in Section 2.3, is assumed as negligible in height.
Although the platelets are three-dimensional, the computational aggregation process
is always restricted to a slice of width L, so that platelets are in effect two-dimensional.

Thus the card-house can be visualized as a “stick-house” as in Fig. 3.1.

~ /—>L .

Figure 3.1: Computational implementation of 3-D platelet aggregation as
a 2-D process, resulting in “stick-house” approximation.
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It is essential to construct rules for any computation of an aggregation process.
The first decision is whether the aggregation is particle-cluster or cluster-cluster,
and then if it is reaction-limited, diffusion-limited, or ballistic. It is assumed that
when platelets interact, only perpendicular end-to-face orientations are permitted.
Another important consideration is where and how many attachment points are al-
lowed. Platelets can be restricted to attach at the center of another platelet, or else
off-center as long as the attachment point is sufficiently far from the edges. For com-
putations in this chapter, a platelet is restricted to at most one attachment on each
of its faces. Once the specific rules are constructed for aggregate formation, then a
metric must be constructed for measuring aggregate size and porosity. The fraction
of solid content of an aggregate is a ratio of solid area A, to total aggregate area Agqq.
The solid area A, is equal to the number NV, of platelets in the aggregate times the
area of a platelet hL. These considerations lead to an equation for the fraction of

solid content,

A NyhL
1-8 = =~ = = (3.3)
Aa.‘].‘] Aa.‘]!]
The corresponding porosity is
Ny hL
= 1-2— 3.4
g =1 (3.4)

Thus the problem of a metric of porosity becomes defining an appropriate aggregate
area Aggg.

3.2 Particle-Cluster Aggregation

As discussed in Sec. 1.3.1, particle-cluster aggregation begins with a single seed
platelet. Other platelets attach individually to the seed to form an increasingly larger
aggregate. The particle-cluster processes in this section are ballistic, with the “new”

platelet taking a straight-line path to an attachment point.

3.2.1 Aggregation with Central Attachment
The first particle-cluster model investigated permits attachment of platelets at
only central locations. The order of platelet attachment is dictated by the following

rules illustrated in the numbered panes of Fig. 3.2. Platelets are added at the center
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of one of the faces of the most recently added platelet (see pane 2-3) until it is
possible to add a platelet in such a way as to cause two simultaneous attachments
(see panes 4 and 6). If both sides of the most recent platelet have an attachment point
available where it is not possible to cause two simultaneous attachments, one of the
faces is randomly selected for attachment. However, if both faces of the most recent
platelet are available for attachment, and attachment on either face will cause two
simultaneous attachments, a platelet is attached at both faces (see pane 12). After
one or two loops are completed, the next platelet is added to the oldest platelet in the
aggregate without an attachment on both faces (see panes 5 and 7), and the process
continues. This manner of construction by order of attachment was chosen to create
a card-house with the closest possible packing of platelets, not on the basis of any
experimental data. Natural stopping criteria for the process is not apparent, so it can

repeat indefinity, although a possible criterion is some limit on aggregate size.

1 2 3 4

Ut
o)
~1
o0

9 10 11 12

Figure 3.2: Illustration of particle-cluster aggregation with centrally
located attachment points. It starts with a seed platelet
(Pane 1), a new platelet is attached (Pane 2). In Pane 3 the
new platelet is added to the most recent platelet, and in
Pane 4 a loop is completed. Pane 5 shows a platelet
attaching on the other side of the oldest platelet. This
pattern continues in Panes 6-11 until Pane 12 where two
loops are completed simultaneously.
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The result is a perfectly uniform aggregate, a subsection of which is shown in
Fig. 3.3. The porosity is obtained from a calculation of the fraction of solid content
1—p. This calculation is defined by considering a large square portion of the aggregate
and enclosing part of it in an NL by NL box, as in Fig. 3.3, where N is an integer.
Thus the total aggregate area A,,, = (IV L)?. Considering several values of N, a
pattern emerges; each box of side N L contains 2/N horizontal rows of length N L, and
2N vertical rows of length NL. This observation leads to the exact formula for the

fraction of solid content:

2N(NL) 4+ 2N(NL)
(NL)>
AN?Lh

h,

where the aspect ratio § is substituted for h/L. Equation (3.5) corresponds to a
porosity of
p=1-—44. (3.6)

This is analogous to a 3-D calculation® of porosity for perpendicular platelets with
central attachments, which has a similar result 5 =1 — 34.

The area of an enclosed box in Fig. 3.3 is defined above to exclude a vertical
row on the right edge and a horizontal row on the bottom edge. Including these rows
changes Eq. (3.5):

|5 = 2N(NL)+2N(NL) —I—NL+NLh’
(NL)?
4N2Lh+2NLh 26

= Ni[2 = 4 + N (3.7)

which corresponds to a porosity of

26
B=1-45— . (3.8)

Equation (3.8) does depend on aggregate size, but because ¢ is small the third term

becomes negligible quickly for large aggregates.
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Figure 3.3: Example of a particle-cluster aggregate with central
attachments. Calculations for the fraction of solid content
are confined to larger and larger shaded areas (colors from
dark to light), leading to a porosity that is independent of
aggregate size.

3.2.2 Aggregation with Non-Central Attachment

The second particle-cluster model examined has platelets being allowed to at-
tach at random non-central locations. It is reasonable to assume that attachment
is prefered away from edges and close to the platelet centers, so a truncated normal
distribution of attachment points is appropriate. The mean of the distribution is the
platelet center, and the standard deviation o was chosen to be L/6 as measured from
the center. Thus the normal distribution of attachment points is truncated at +3c
from its centrally located mean.

The construction process follows a similar procedure as for centrally attached
platelets, except platelets attach at random non-central locations. The construction
procedure is illustrated in the numbered panes of Fig. 3.4. When it is possible to create
a loop, the attachment point at the most recent platelet is not selected randomly, but
instead such that a closed loop is created (see panes 4, 6, 8, 10, and 12). An example

aggregate constructed by this procedure is shown in Fig 3.5
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Figure 3.4: Illustration of particle-cluster aggregation with non-centrally
located attachment points. It starts with a seed platelet
(Pane 1), a new platelet is attached (Pane 2). In Pane 3 the
new platelet is added to the most recent platelet, and in
Pane 4 a loop is completed. Pane 5 shows a platelet
attaching on the other side of the oldest aggregate. This
pattern continues in Panes 6-11 until Pane 12 where two
loops are completed simultaneously.

3.2.3 Aggregate Porosity and Size
In order to calculate the porosity of an aggregate with non-central attachments,
an extension of the calculation in Sec. 3.2.1 is needed. For any aggregate j, the square

box is centered at the seed particle (defined to be the origin) with side 2R;, where
R; is defined by

R; = min([rai, [ry:]), (3.9)

where 7,; and 7,,; are the  and y coordinates of the center of platelet 7 on the aggregate
edges. Thus the total aggregate area is given by A,y = (2R;)* = 4R]2-. An example
of this enclosed box is shown in Fig. 3.6. The solid area A,; of aggregate j is the
number Np; in aggregate j times the platelet area hL. The fraction of solid content

for aggregate j is then given by Eq. (3.3)
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Figure 3.5: (a) Example of particle-cluster aggregate with non-central
attachment points. (b) Expanded view of highlighted area.
The initial seed platelet was oriented at a 45 degree angle,
unlike the horizontal seed platelet of Fig. 3.3.
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Ags NhL
1—-38 — 5 0 Py 3.10
ﬁj Aaggj 4R§ ( )

Equation (3.10) can be reexpressed in terms of a dimensionless side length ¢; = R;/L

by dividing the numerator and denominator by L? and recognizing h/L = 0,

Npij6

1-8; = . 3.11
b= (3.11)
The corresponding porosity is
Npi0
o= 12 3.12
5 o (3.12)

Random variability in the attachment points causes individual aggregates to have
varying fraction of solid content and porosity. Therefore, an average porosity has to

be calculated from an ensemble of aggregates, and the average porosity is

(B) = 1- (L5 (3.13)

4e3

The average and standard deviation of porosity for an ensemble of over 500 aggregates
is given in Table 3.1 for several aspect ratios. The data shows very little variation in
porosity for a given §. The average porosity for the § appropriate for kaolinite within
one standard deviation is § = 0.8 4+ 0.0008, and for smectite is S = 0.98 £ 0.0001.

Experimental evidence® of mud aggregates suggest that the fraction of solid
content should be a function of € as in Eq. (3.1), with a fractal dimension d;. Plots of
this relationship for kaolinite (Fig. 3.7) and smectite (Fig. 3.8) yield the same fractal
dimension of dy = 1.99. From Eq. (3.1), these results indicate that dy —2 ~ 0 and
that 1—f is essentially independent of R. Additionally, because the fractal dimension
is the same for kaolinite and smectite, and the only difference between them in these
computations is aspect ratio §, the fractal dimension is independent of §. This can
be seen by equating Eq. (3.11) and Eq. (3.1)

NS _ 6,

= el 2 (3.14)

46? k

It is clear from Eq. (3.14) that the §’s cancel and thus the fractal dimension can be

determined independent of ¢.
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Figure 3.6: Example of enclosed area for porosity calculation of
particle-cluster aggregate with non-central attachment

points.
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Table 3.1: Average and standard deviation of porosity § as function of
aspect ratio for particle-cluster models. The average porosity
values in Sec. 3.2.2 differ from those in Sec. 3.2.1 by less than
1%, which is insignificant.

Porosity || Porosity || Std. Dev.
Aspect Ratio || Sec. 3.2.1 || Sec. 3.2.2 || Sec. 3.2.2
0.001 0.996 0.996 0.00002
0.005 0.98 0.98 0.0001
0.01 0.96 0.96 0.0002
0.05 0.80 0.80 0.001
0.1 0.60 0.60 0.002
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Figure 3.7: (a) 1-3 vs. aggregate size for particle-cluster aggregation
process for kaolinite with § = 0.05. (b) log(1 — ) vs.
log(aggregate size). Fractal dimension d; = 1.99.
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Figure 3.8: (a) 1-3 vs. aggregate size for particle-cluster aggregation
process for smectite with § = 0.0055. (b) log(1 — /) vs.
log(aggregate size). Fractal dimension d; = 1.99.
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3.3 Cluster-Cluster Aggregation

Cluster-cluster aggregation is examined next, in which individual aggregates
form clusters that combine to form larger clusters. A diffusion-limited process is
chosen, because it corresponds to the natural behavior of mud platelets undergoing
Brownian motion. Many applications of cluster-cluster aggregation have particles that
are spherical and that always attach when they collide in a diffusion-limited process.
However, the shape of clay platelets and the restriction of perpendicular contact adds
extra complications. In another type of cluster-cluster aggregation known as reaction-
limited, particles do not necessarily combine when they collide because they must
overcome a repulsion. Platelets in mud will join when they collide only when they are
in particular orientations. This introduces a type of reaction-limited-like behavior,
so one can consider mud aggregation as a process that is a hybrid of reaction-limited
and diffusion-limited.

To begin the computational aggregation process, a grid is defined with spacing
between points equal to half a platelet length L/2. Next an initial distribution of
platelets is needed that has fewer than the total number of grid points, assuming that
platelet centers can occupy exterior points. Because there must be space for platelet
diffusion, the initial number of platelets must be considerably smaller, so 25% of the
points are selected randomly to have a platelet center occupy it. The horizontal or
vertical orientation of the initial platelets are also selected randomly. If two platelets
on the grid overlap or touch end-to-end, one of them is randomly selected to be
discarded, so that ultimately less than 25% of the grid points are initially occupied.

The aggregation construction process is iterative, and at each stage platelets
are allowed to diffuse to an adjacent grid point with equal probability in directions
up, down, left, or right. The additional allowed displacement of rotation about the
platelet center is given a 50% probability of occurence. Platelets may exit the initial
grid, and they will continue to diffuse in increments of half a platelet length. If any
platelet movement results in end-to-end or face-to-face contact with another platelet,
the platelet stays in its current state. Examples of allowed platelet motions are
illustrated in Fig. 3.9(a), with the allowed platelet attachment in Fig. 3.9(b), and
unallowed platelet attachments in Fig. 3.9(c). If platelets attach end-to-face, they are

permanently attached and are considered a cluster. When one platelet in the cluster
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moves, all attached platelets move with it. If some displacement of one platelet is
permitted, but this result causes other platelets in the cluster to align end-to-end
or face-to-face with another platelet, the entire cluster stays in its current state.
When clusters grow to contain more than 10 platelets, platelets in the cluster are
no longer permitted to rotate. This was done because when a platelet in a large
cluster is rotated, the other platelets in the cluster can move several grid points in

one iteration, often resulting in aggregates being driven apart very quickly.

(@)
Allowable Not Allowable

S rrBi s L B
) ..... @ - - - o %

Figure 3.9: (a) Examples of some allowable motions for a single platelet
diffusing on a grid. Platelet centers can move to adjacent
grid points above, below, left, right, or by rotation. (b) Only
allowable platelet attachment (c) Examples of unallowable
platelet attachments.

The computational process continues until all the platelets form a single cluster
or the number of clusters remains constant for 500 iterations. In fact, it typically
becomes apparent after several iterations that the number of aggregates is unlikely
to change. Some aggregates, for example, were allowed to continue for over 10,000
iterations, and show no change in the number of clusters for over 8,500 iterations. The
resulting aggregates are shaped like convoluted chains that do not attract to other
aggregates. This is because very few points, if any, exist where two chains can attach
to form a new cluster because attachment at any point violates end-to-end or face-

to-face attachment somewhere else. An example of the initial state and an aggregate
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after 1000 iterations is shown in Fig. 3.10. However, calculation of porosity for such
aggregates is problematic because of their chain-like shape and absence of well defined
interior regions. Additionally, because the aggregates can no longer combine, they

tend to drift very far apart.
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Figure 3.10: (a) Initial positions of 1489 platelets on a 40 by 40 grid in
units of L. (b) Aggregates form convoluted chains and drift
apart.

One attempt was made to fix the problem of small irregularly shaped aggregates
by allowing temporary end-to-end contact of platelets. Such contact was allowed if
one of the platelets could immediatly shift to the center of another platelet. This was
insufficient because this process did not produce different types of aggregates and
required dramatically increased computation time, and thus was abandoned. Instead
a diffusion bias was introduced, so that clusters are more likely to diffuse toward the
center ot the grid. The bias was designed so that half the time an aggregate would
attempt to go toward the center, and with each of the other directions having a
probability of one-sixth. Although the bias did not resolve the problem of irregularly
shaped aggregates, it does clump them sufficiently close together so that they form a
relatively tightly packed aggregate, (see Fig. 3.11). This clump of “sub-aggregates”

is used as an aggregate for which porosity is calculated.
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Figure 3.11: Example of cluster-cluster aggregate with diffusion biased
toward center after 1000 iterations. Individual color added
for each “sub-aggregate” comprising the aggregate.

3.3.1 Aggregate Size and Radius of Gyration
A standard measure® of aggregate radius is the radius of gyration Ry, which
is an effective mean radius for the aggregate. The radius of gyration for an aggregate

is defined as

1/2

— ) (Ri— Rcm)?| (3.15)

where Np,; is the number of platelets, R; is the center location of platelet ¢ in the
aggregate, and Rgps is the location of the aggregate center of mass. Alternatively
Ry, can be expressed as the root mean square of the sum of distances between platelet

centers in the aggregate:
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1/2
1 2
Ry = [W > (R;— R)) ] . (3.16)

Pl i<

In Fig. 3.12 a circle with dimensionless radius of gyration €y, = Rgy/L centered at

the aggregate center of mass, is shown on top of the aggregate in Fig 3.12.

30

20
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Figure 3.12: The aggregate of Fig. 3.10 with circle of dimensionless
radius ¢, and center at aggregate center of mass.

To define the area of an aggregate so that the porosity can be calculated, two
coverings of an aggregate using strips are illustrated in Fig. 3.13. First, vertical
strips with width L/2 centered along a vertical line of grid points are placed on
the aggregate. The length of the strip is the difference between the topmost and
bottommost grid points occupied by a platelet center along the vertical line. The
area of a strip is A,;, where 7 is the strip label and the total area of the vertical strips

is A, = Z Ay;. This process is repeated, with horizontal strips of the same thickness

7
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and length as the difference between the rightmost and leftmost grid points occupied
by a platelet center. Similarly, Aj; is the area of a horizontal strip, and the total area

of the horizontal strips A, = ZA’”" The aggregate area A,y, is approximated by

i
Agr, the average of A, and Aj,. Although this procedure was chosen to account for

convoluted area shapes, it is still appropriate for aggregates of the type ing Fig. 3.11.

(a) (b)

Figure 3.13: Example of calculating strip area for an aggregate. Vertical
(a) and horizontal (b) strip areas are calculated, and then
averaged.

3.3.2 Porosity and Fractal Dimension
Using the procedure in Sec. 3.3.1 for aggregate area, the fraction of solid content

of the cluster-cluster aggregate j is calculated from Eq. (3.3)

NohL NohL
1 o= Py = B 3.17
BJ 4 1aggj < 1st?"j ( )

Dividing the numerator and denominator of Eq. (3.17) by L?, defining a scaled ag-
gregate area Ag.; = A/ L?, and recognizing h/L = § yields

N0
1-8, = —Api]-’ (3.18)
stry
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which corresponds to a porosity of

Nyi0
B, = 1— 2l 3.19
J Astrj ( )

As with the particle-cluster process in Sec. 3.2.3 an ensemble of aggregates is con-

structed from which an average porosity is calculated

(Bj) = 1—<%>5- (3.20)

The ensemble for kaolinite and smectite was comprised of 270 aggregates with e,
from 5.7 to 37.8. For kaolinite the average porosity within one standard deviation is
£ =0.93 £ .01, and for smectite it was 5 = 0.992 4+ .001. The range of porosities for
kaolinite and smectite are 0.91-0.94 and 0.99-0.994. The standard deviations are an
order of magnitude higher than that of the particle-cluster process with non-central
attachment, indicating more of a variation in porosity. This is explored further by
plotting the relationship between fraction of solid content and scaled radius of gyration
€gyr- Plots for kaolinite (Fig. 3.14) and smectite (Fig. 3.15) show that fraction of solid
content is a function of aggregate size and the aggregation process is fractal. The
slope of the log-log plots for both is -0.21, corresponding to a fractal dimension of

dy = 1.79.

3.4 Conclusions

The values of porosity obtained from both the particle-cluster and the cluster-
cluster aggregation processes are consistent with observations of high-porosity marine
mud. The computational cluster-cluster aggregation process is demonstrated to be
fractal, with porosity as a function of aggregate size. As this fractal behavior is
observed in actual mud, the cluster-cluster aggregation process is likely the more
physically justifiable approach. Its fractal dimension d; = 1.79 is independent of the
aspect ratio of platelets, but this is not surprising given the result of Eq. (3.14). The
fractal dimension of 1.79 is slightly higher than the fractal dimensions 1.53-1.64 from
experimental results for 3-D mud aggregation. This may indicate that the cluster-

cluster process for mud is reaction-limited rather than diffusion-limited, as reaction-
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limited processes typically have higher fractal dimensions. Further support for mud
aggregation being a reaction-limited processes is that the clay platelets collide several

times without combining, only doing so when they are in perpendicular contact.
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Figure 3.14: Top: 1-5 vs. aggregate size for cluster-cluster aggregation
process for kaolinite with 6 = 0.05. Bottom: log(1 — 3) vs.
log(aggregate size). Fractal dimension dy = 1.79.
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Figure 3.15: Top: 1-7 vs. aggregate size for cluster-cluster aggregation
process for smectite with § = 0.0055. Bottom: log(1 — ) vs.
log(aggregate size). Fractal dimension dy = 1.79.

0.6 0.8

98



Chapter 4
ELECTROSTATIC INTERACTIONS BETWEEN

BUBBLES

The presence of bubbles in muddy sediments is an important consideration in ocean
acoustics because even a relatively small amount can cause significant acoustic scat-
tering effects. A complete understanding of sound propagation and scattering in mud
requires a knowledge of the volume, sizes and shapes of these bubbles.!? Evidence
exists that bubbles in mud are non-spherical (see Fig. 4.1), but the reason for this is
unknown in high-porosity marine mud. One proposed mechanism is a consequence
of bubble propagation through cracks formed in the sediment,® but this is inappro-
priate for high-porosity marine mud which has insufficient solid material to fracture.
This motivates an examination of other factors that affect bubble sizes and shapes
that may be relevent for mud bubbles. One such factor is the frequency of bubble
coalescence, because it is directly related to bubble size. A well documented phe-
nomenon® is that bubbles above a critical concentration of salt coalesce significantly
less than bubbles in fresh water, resulting in smaller bubbles. The mechanisms for
this phenomenon are currently not understood, but the presence of salt ions sug-
gests electrical effects may be important. As discussed in previous chapters of this
thesis, one unique feature of high-porosity marine mud is the electrical nature of its
platelets, and it seems plausible that these electrical interactions could influence mud
bubbles. Therefore, the goal of this chapter is to understand electrostatic interactions
between bubbles in seawater, in order to gain insight into the behavior of bubbles in
high-porosity marine mud.

Various mechanisms have been proposed to explain the reduced coalescence of
bubbles in seawater. These include changes in: surface tension, electrical double-layer
forces, Van der Waals forces, and drainage of the film between two bubbles. Each
of these have been partially or completely ruled out, with details discussed in Sec.
1.4.2, and no consensus exists for any other mechanism reported in the literature.
A remaining possibility is the hydrophobic force, which causes non-polar molecules

such as air to attract in water. Water molecules posses permanent dipole moments®®
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Figure 4.1: Mixed layers of sand and mud. Bubbles in sand (red arrow)
appear spherical, while bubbles in mud (green arrow) are
oblate spheroids. Fig. 1 from Ref. 28.

due to their asymmetrical charge structure, and attract to other polar molecules
through hydrogen bonding. The inability of non-polar molecules to hydrogen bond
causes them to minimize contact with water molecules and attract to other non-polar
molecules. The precise nature of the hydrophobic force is not completely understood,
but it is believed to be at least partially related to the ordered structure of water

49 Molecular dynamics studies®® > based on Newton’s

molecules at the interface.
second law and assumed electrical forces acting on molecules, leads to the conclusion
that water molecules have a preferential way of aligning themselves at the air-water
interface. This alignment corresponds to an alignment of the their dipole moments,
and suggests a model for the air-water interface of uniformally distributed dipoles.
The phenomenon of preferential dipole moment orientation of water molecules
motivates investigation of a mechanism for reduced salt water bubble coalescence.
Coalescence is directly related to forces between bubbles, such as electrostatic forces
resulting from the dipoles on the surface. The basis of this mechanism is the different
electrostatic repulsion arising from different dipole moment alignments in fresh versus
salt water. It is assumed that the dipole moments in fresh water are uniformly dis-
tributed and aligned perpendicular to the surface. In salt water thermal fluctuations

in the local ion charge density may cause random fluctuations in the orientations of

dipole moment vectors. Comparison of the electrostatic force between two bubbles in
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salt water and two bubbles in fresh water will indicate if dipole moment orientation
differences can partially explain reduced salt water coalescence.

The general procedure for the calculation of the electrostatic force between two
bubbles is explained in Sec. 4.1. This force is calculated for fresh water in Sec. 4.2,
and salt water in Sec. 4.3. Conclusions that can be drawn regarding fresh versus salt

water bubble coalescence are made in Sec. 4.4.

4.1 The Electrostatic Force Between Bubbles

The objective of this section is to calculate the electrostatic force between two
bubbles with uniform distributions of dipole moments per unit area 7, and 75 and
the same radius a. The first step is to define a coordinate geometry shown in Fig. 4.2,
where the centers of two bubbles are separated by distance R along the z-axis. The
center of Bubble 1 is at the origin and the spherical coordinates (r, 8, ¢) on its surface
are rqy = {a, 01, qﬁl}T, where the polar (co-latitudinal) angle # varies from 0 to 7
and the azimuthal (longitudinal) angle ¢ varies from 0 to 27w. The coordinates on
the surface of Bubble 2 are given by a vector r,. Second, the electrostatic potential
¥1(r) of Bubble 1 is calculated by considering the potential from the distribution
of dipole moments over a small patch of the surface and integrating over the entire

bubble surface. Next, the electric field E;(r) is calculated from
E;(r) ==V (r). (4.1)

Then the electrostatic energy per unit area ug; () of Bubble 2 in the electric field of

Bubble 1 is found™ from
U1 = — T2 El(’f'). (42)
Next, the force per unit area fa1(7) on Bubble 2 from Bubble 1 is given by

Jo1(r) = —Vuo. (4.3)
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Finally, the total force F2; on Bubble 2 from Bubble 1 is found by evaluating fa1(72),

and integrating over the surface Sy of Bubble 2

F5 = le(Tz)dA2 = V(Tz : E1)|
Sz SQ

dAs (4.4)

r=rg

where Eqs. (4.3) and (4.2) are used to express Fo; in terms of E; and 5. Equation
(4.4) is the primary quantity of interest, and it is used to compare the electrostatic

force between two bubbles for different distributions of dipoles in fresh and salt water.

, Bubble 1

ERY

- ——
- -

~

Qa ~

-

Bubble 2

Figure 4.2: Two bubbles of radius a with centers on the z-axis and
separated by distance R. The coordinates of the surface of
Bubble 1 are described by r; (red), while the coordinates of
the surface of Bubble 2 are described by 75 (blue).
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4.2 Bubble Interactions in Fresh Water

t.”t As discussed earlier,

A spherical air bubble in fresh water is considered firs
water molecules on the bubble surface are assumed oriented so that their dipole
moments are normal to the surface. For a single dipole with moment vector p; =

p1(r1), the electric potential ¥ (7;ry) is given by

1 pa-(r—m1)
4re |fr—fr1|3

U(r) = : (4.5)
where € is the permittivity of seawater. For normally-orientated dipole moment vec-

tors 71(r1) per unit area,

Ti(r) =i =7 {sin (01) cos (¢1), sin(0)sin(¢pq), cos (61)}T, (4.6)

where 7 is the magnitude of 7 and my; = nq(r;) is the normal vector at ;. The
electric potential of the bubble is found by replacing p; in Eq. (4.5) with 7 and

integrating over the surface,

1 Tl'(’f'—’l’l)

1?1("“):/5 RW(ML (4.7)

Equation (4.7) can be simplified by first noting that % is the gradient of
rTr—"T

ﬁ. Applying the divergence theorem yields
rT—"T1

Yi(r) = - nl-v( ! >dA1=—i VQ( ! )dVl. (4.8)
S1 i

dre |r — 7] dme |r — 7|

Because is the Green’s Function for Poisson’s Equation, it follows that the

' |r — rq]
potential can be expressed as

o) === [ sr—rai = § T 0 (19)

€ 0 :r>a

The result for r > a is of particular importance here:
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() = — / LS Gkl Y S S (4.10)
S1

 4re |'r—'r1|3

It follows that a spherical bubble with dipoles uniformly distributed and aligned
normally to the surface produces no electric potential outside the bubble. This is
consistent with an alternative calculation.” Therefore, there is no electric field, so
the bubble exerts no electrical force on any other bubble. An important generalization
is true. Although the bubble was assumed spherical, this restriction is not required
for the validity of Eq. (4.10). That is, as long as the dipole orientations are normal to
its surface, a bubble will exert no force on any other bubble, regardless of its shape.
The divergence theorem will hold for any physical piecewise smooth bubble.

Fresh water contains at least a small amount of salt and other ions, so the
assumption that the dipole moments are uniform and normally aligned may be too
simplistic. The implication of Eq. (4.10) is that the only possible contribution to the
potential is the tangential component. The possibility that salt can change the dipole

moment orientations on the bubble surface is considered next.

4.3 Bubble Interactions in Salt Water

In salt water it is hypothesized that salt ions cause thermal fluctuations that
can disturb the alignment of dipole moments from normal. The randomly-dispersed
ions will randomize the dipole moment orientations. It is also hypothesized that
there is no correlation between the moment orientations at any two points on the
bubble. The standard method to handle the infinitely many possible orientations is
to employ an ensemble of bubbles to compute or estimate the ensemble statistics. In
this application, the average force between two bubbles is calculated using a statistical

version of Eq. (4.4)

(Fa1) = ( g V(re - E1)

= [ V) (B, i (4.11)

dAy )

=72
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where the averaging of the ensembles has been brought inside the integral, and the

independence of the dipole moment orientations on each bubble allows (72 - E; ) =

(12) - ( E1) to be used.

4.3.1 Geometry of Dipole Perturbations
To calculate the average of the electric potential of a bubble, the details of
the ensemble of orientation perturbations must be specified. To do so here, the

perturbations are defined relative to the normal vector ny, given at any point on the

spherical bubble by:

ni(a,0y,¢1) = {sin(@l)cos(¢1), sin (6;) sin (¢1), cos(el)}T. (4.12)

Equivalently, the perturbations are defined relative to the normal dipole moment
per unit area 7, = 7Tn; from Sec. 4.2. In Fig. 4.3 a local Cartesian coordinate
system (2,4, 2") at each point on the bubble surface is constructed in which the
normal vector 7, is aligned with the z’-axis. The perturbed dipole moment per unit
area is represented by 7. The angles §' and ¢’ are random variables that have a
uniform distribution and are used to specify the perturbation of the dipole moment
orientations 7’ from normal. In the model #’ is allowed to fluctuate only within a

small angle © about 7;. The probability density functions for #" and ¢’ are assumed

to be:
f(@) = 1 -0<# <06 (4.13)
20’ ’ '
= 0, otherwise,
/ 1 /
f[(¢) = - 0<d<m (4.14)
= 0, otherwise.

Note that ¢’ varies over a range of m because negative 6’ angles are permitted.
It is necessary for calculations to express the (z', ', 2') coordinates in terms
of the (z, y, z) coordinates and vice versa. To proceed from unprimed to primed

coordinates, the first step is to rotate the unprimed coordinate system about the
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Figure 4.3: Local perturbation of dipole moment 7, per unit area from

normally oriented 7;. Perturbation defined in terms of angles
¢ and ¢'.

z-axis by angle ¢ with the transformation

cos¢y sing; 0
My = | —sing; cosg; 0] (4.15)
0 0 1

As a result of this rotation the z and y-axes have also rotated ¢;. The final step is to

rotate the new coordinate system about the new y-axis by ¢; with the transformation

cosf; 0 —sinb,
Mg = 0 1 0 . (4.16)

sinf;, 0 cosb,

As a result of these consecutive transformations, the normal dipole moment 7y’ is
aligned with the 2’-axis. Thus the coordinate transformation from original unprimed

coordinates to primed coordinates is

T T
{x/7 Y Z/} :MBMA{x, v, z} , (4.17)

where MgM 4 is given by
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cosficospy cosfysing; —sinb,
MpM, = —sin ¢ oS ¢y 0 . (4.18)
sinf cos¢; sinfi;sing; cosb,
Transforming from the primed coordinates uses
T

{37, Y, Z}T:(MBMA)_l {a:', v, z’} , (4.19)

where (MpM,) ™' = (MpM,)" because each matrix transformation is orthogonal.

As a check on the transformation, it follows easily that
T
{0. 0, 1} = MaMun,, (4.20)

meaning that the normal vector nq in the unprimed coordinates corresponds to the
2" axis in the primed coordinates as was desired. The 2’ and 3 directions can each be
expressed using the transformation to obtain their corresponding expressions in the

unprimed coordinates:

T . T
{COS@ICOS¢1, cos 0y sin ¢y, —sin@l} = MpM,~ {1, 0, O} , (4.21)

T T
{— sin ¢y, cos ¢y, 0} = MpM,™' {1, 0, 0} . (4.22)
It is easily checked that my, Eq. (4.21), and Eq. (4.22) are orthogonal.

4.3.2 The Average Electric Potential of Bubble 1
A displaced orientation of the dipole moment in primed coordinates can be

written as

T
™ = T{Sine’COSgb” sin @' sin ¢/, 0089’} ; (4.23)
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where 0’ and ¢ represent the angles defined previously. Because the angle ¢’ is small,

Eq. (4.23) can be expanded as follows:
T
n' = {0, 0, 1} +700+0(0?), (4.24)
where
T
vo= {cos ¢, sing/, 0} : (4.25)
Applying Eq. (4.19) to (4.24) yields
T = (MpMa)™'m' =7(ny +00), (4.26)

where v = (MBMA) v’, and can be written as v = vy cos ¢’ + vy sin ¢’ where vq

and vy are given by

T
vy = {Cosﬁlcosgbl, cos 01 sin ¢y, —sin&l} , (4.27)

vy = {—sinqﬁl, cos o1, O}T. (4.28)

Note that vy, and v, exactly correspond to the direction of the ' and 13/ axes expressed

in unprimed coordinates. The potential is now approximated using Eq. (4.26) by

_ 1L 7(ny +v0'(01,61)) - (r—m1)
W(r) = /51 e I dA;. (4.29)

Because the nq term is zero integrated over the sphere from Eq. (4.10), only the
v part contributes. Additionally, because ry = any, and v - n; = 0 the potential

reduces to

= /0 / T B endAs (4.30)
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The average of Eq. (4.30) is calculated over the ensemble of realizations of ¢’

and ¢, noting that 6’ and ¢’ are independent and that only v -  depends on ¢':

47re/0 / [P 5(0(01, ¢1))d A, = 0. (4.31)

This zero result is because the model probability density function for 6" has (6’ (6, ¢1)) =
0. Thus the average potential vanishes, which implies no average electric field and no
average force between bubbles. This suggests that for the realizations in the ensemble,

the two bubbles will repel with the same likelihood as they will attract.

4.4 Conclusions

For bubbles in fresh water with normally aligned dipole moments, there is no
force between two bubbles. A surprising result is that the result is independent
of bubble shape. In salt water, dipole moments perturbed from normal cause on
average neither an attraction nor a repulsion between bubbles. It is clear that further
work regarding the effect of dipole moment orientations to explain reduced salt water
bubble coalesce is required. A revision of the assumptions that will eliminate spherical
symmetry of dipole moment orientations in salt water would likely produce a net
force. A discussion of an arrangement of dipole moments that would likely yield such
a repulsive force is discussed in Ch 5. An additional issue not discussed is that the

effect of coalescences of bubbles in mud is unknown.



Chapter 5
CONCLUSIONS AND FUTURE WORK

5.1 Thesis Summary

Geoacoustic modeling of high-porosity muddy sediments has been an unresolved
problem in marine acoustics. This thesis provides results from analytical and com-
putational research to assess the usefulness of the card-house theory of mud. Mud
platelets immersed in seawater are hypothesized as having the same electrical struc-
ture as uniformly distributed sheets of longitudinal quadrupoles that are aligned per-
pendicular to platelet surfaces. This charge structure causes platelets to repel face-
to-face and attract face-to-end, resulting in a card-house configuration. Estimates for
the shear speed and porosity that are consistent with observations are obtained from
properties of the card-house. Additionally the problem of reduced bubble coalescence
in seawater receives preliminary investigation based on the orientation of molecular
dipole moments on the bubble surface.

In order to estimate the shear speed of marine mud with high porosity g ~ 0.9,
several two-platelet interaction models are analyzed. In previous work the electrical
properties of a rigid platelet were represented by a point quadrupole at the center,
leading to shear speeds of 3.5 m/s and 0.067 m/s for representative kaolinite and smec-
tite. The former is order-of-magnitude consistent with the lowest measurements of
shear speed, while the latter is two order of magnitude smaller. The unrealistic, cen-
trally located, point quadrupole is replaced by a uniform distribution of quadrupoles
per unit area over a platelet face. This model is also unsatisfactory, because analysis
demonstrates an infinite shear modulus arises from contact of platelet corners with
other platelets. It is expected that the quadrupole electrical structure breaks down
near platelet edges and corners, for reasons including the presence of ions between
two platelets that act as a bonding mechanism. This motivates another modification
made for rigid platelets, to introduce a very thin channel between the edge and face
of the interacting platelets. It is verified by testing with the maximum and minimum
values of expected channel widths, that the choice of the parameter value has little

bearing on the shear speed estimate. A channel width equal to the decay distance of
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the electric field from a platelet face results in representative shear speed estimates
of 13 m/s for kaolinite and 0.24 m/s for smectite. These values are consistent with
the observed order of magnitude estimate of 10 m/s.

The rigid platelet card-house model described above produces reasonable shear
speed estimates, but it omits the physical mechanism of platelet bending. This
property, while qualitatively small for clay minerals, is necessary to satisfy all of
the physically-reasonable boundary conditions where two platelets interact. Platelet
bending is introduced so that they have both electrical and elastic moments per unit
length acting on them. The platelet displacement is calculated by a bending beam
approach, using the physically-justified approximations of large platelet elastic mod-
ulus and thin channel width. It is shown that for parameter values appropriate for
mud platelets, the shear speed estimates are negligibly affected by elasticity. The role
of platelet elasticity is effectively confined close to the interaction region. A sensi-
tivity analysis is performed, and the shear speeds are shown to be very sensitive to
the platelet thickness h, length L, and cation exchange capacity y, considering the
observed parameter ranges from data yield a roughly order of magnitude shear-speed
spread for kaolinite and four orders of magnitude spread for smectite. It is noted that
multiple types of clay typically appear in the same mud sample, so a mix of smectite
and kaolinite layers would likely have shear speed values and variations as seen in
observations.

Another test of the card-house model is to determine if it produces reasonable
estimates for porosity . For this purpose, computational guidelines are formulated to
permit construction of idealized two-dimensional card-houses using physically based
aggregation processes. The idealizations are assumptions such as all platelets be-
ing the same thickness and length and the rules specify how the platelets aggregate.
First, particle-cluster aggregation is analyzed, with platelets attached perpendicu-
larly at the centers of other platelets, leading to a formula § = 1 — 46 in terms of
aspect ratio 0. For representative kaolinite and smectite § = 0.8 and 3 = 0.98, both
of which are consistent with the range of porosities expected. More general attach-
ments are permitted by allowing random attachments at non-central locations, and
ensemble averages show essentially the same porosities: for kaolinite and smectite,

£ = 0.8£0.0008, and for smectite, 5 = 0.98 £0.0001. One issue with particle-cluster
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aggregation is the absence of an apparent natural stopping criteria for the process.
Another is that porosity is independent of aggregate scale R, which is inconsistent
with experimental evidence.

To address the discrepancies above, two-dimensional cluster-cluster aggregation
is considered for which individual platelets or clusters iteratively diffuse on a grid
and combine under appropriate rules. Restricting to perpendicular contact in view
of previous work, the resulting aggregates tend to be irregularly shaped, resembling
convoluted chains. These shapes require a different procedure to estimate (3, be-
cause most aggregates have little to no “interior region,” unlike the particle-cluster
structures. Another technical issue is that the irregular shapes and the aggregation
rules make it difficult for clusters to aggregate after they become fairly large, so that
aggregates tend to drift apart from their earlier positions. One attempted remedy
was to allow temporary end-to-end platelet contact, so that they could subsequently
slide into an acceptable position, but computations showed little effect on aggregate
behavior while dramatically increasing calculation time. Alternatively, it was found
that both issues are resolved by introducing a diffusion bias, possibly arising from
electrostatic forces, that makes motion toward the center more likely. This results
in clusters of aggregates for which 5 can be readily estimated because of substan-
tial “interior” regions: ensemble averages for kaolinite and smectite are in the ranges
0.91 — 0.94 and 0.99 — 0.994. Another improvement is that the porosity depends on
aggregate scale R, and it is shown that 1— varies with R in a manner consistent with
fractal behavior. Determination of the slope of log(1 — /3) versus log(R/L) leads to
fractal dimension of 1.79. Because the aggregation process used was weakly reaction-
limited, this is consistent with experimental measurements of the fractal dimension
in 3-D mud aggregates of 1.53-1.64.

Observations show that mud bubbles are typically “coin” or “cornflake” shaped.
It is possible that this may be related to electrical effects from the clay platelets. In
order to gain insight into electrical effects on bubbles, the specific problem of reduced
bubble coalescence in salt water is examined. It is proposed that different orientations
of water molecules, corresponding to different orientations of their dipole moments,
may lead to different electrostatic forces between bubbles in fresh versus salt water.

The result for fresh water, with dipole moments aligned normal to the bubble surface,
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leads to zero force between two bubbles. This conclusion is in fact independent of
bubble shape, as long as it is piecewise smooth. Assuming that ions in salt water
randomly perturb dipole moments from normal all over the bubble, the force between
two bubbles is shown to be on average zero. In order to draw any conclusions about
dipole moment orientation leading to reduced bubble coalescence, revised assumptions

about dipole orientation must be considered.

5.2 Future Work

A variety of issues with the card-house theory of high-porosity marine mud
remain beyond those examined in this thesis. First of all, a complete geoacoustic
model for mud requires estimates of the compressional wave speed, compressional
wave attenuation, and shear wave attenuation as well as the shear wave speed and
porosity considered here. The Mallock-Wood equation? provides accurate estimates
of compressional wave speed in terms of porosity and the bulk moduli and densities
of seawater and clay. Therefore, a physically-based approach is needed for calculating
the attenuations in conjunction with the electrical interactions of clay platelets and
the card-house structure. This can be done by introducing a dissipation mechanism
similar to that of a damped pendulum. Furthermore, experimental measurements by
Wood and Weston™ suggest that compressional wave attenuation depends linearly on
frequency, which is an acoustically important property to explain. Additionally, most
sediments have depth dependent properties, while the shear speed estimates in this
thesis are depth independent. The latter is reasonable for relatively thin mud layers
in shallow-water environments. However, depth dependance could be incorporated
by making shear modulus and porosity a function of depth. For deep-water mud
sediments, one would expect compaction with a lower porosity, although for low
enough porosity card-house structures will not persist.

Calculations in this thesis assumed that all clay platelets are of the same size,
shape, and mineral type. Incorporating variations in platelet dimensions and mineral
composition would produce card-houses that would presumably be closer to those
in the clay muds found in nature. An additional consideration is to have different
angles at which platelets can attach. Small angles from normal could be permitted,

or perhaps a different structure in which platelets form triangular cells. Furthermore,
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platelets of different sizes in a card-house suggest that the shear response of a two-
platelet substructure, as used in Chapter 2, would not be representative of that for
the entire card-house. This could be evaluated by constructing simple test cases
with random variations in platelet sizes and orientations, and calculating the shear
speed of the entire structure. This could be done on a larger scale by extending
the construction process of card-houses in Chapter 3 and numerically calculating the
shear speed of an aggregate. An ensemble of such aggregates can be computed, from
which an average shear speed can be calculated.

The distributed quadrupole assumption is obviously problematic near platelet
edges and corners. It has been observed experimentally that the edges of platelets
have a lesser negative or even positive charge. Calculation of an idealized 2-D or even
3-D electrical field at platelet edges would be a natural starting point for modeling this
charge structure. It may be possible to add these considerations using such results as
an enhanced model of the electrical structure of the platelet and may be feasible in
calculating the shear speed and porosity. This may eliminate the need for including
a channel between platelets for calculating shear speed.

Several extensions of the construction of computational card-houses in Chapter
3 are appropriate. Those calculations all had platelets perpendicular, and allowing
interactions at small angles may possibly yield better estimates for particle-cluster
aggregation. For cluster-cluster aggregation, non-normal interactions may permit
more “fits” and bigger aggregates. Another cluster-cluster extension is using a refined
grid so that platelets comprise several grid points and have multiple attachment
points. Also, the restriction of one attachment per side of the platelet could be
relaxed. In addition, end-to-end contact of platelets has been observed and could be
incorporated into the construction rules. A major but highly relevant extension is
to generate 3-D aggregates computationally, as in nature. By improving the physical
basis of this model and increasing the scale, computation of the size of voids in the
aggregates could be analyzed. It is plausible that bubbles in mud become trapped in
such voids, which in turn significantly influence bubble size and shape. An additional
consideration for a geoacoustic model for mud is the abundance of organic material.
Organics bind to platelets, creating an additional aggregation mechanism, and are

also the source of much of the gas in mud.
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For the problem of reduced salt water bubble coalescence, other arrangements
of molecular dipole moment orientations should be treated. It is possible that in
salt water, one bubble in the presence of another induces a modified dipole moment
orientation. One such model has dipole moment orientations that are random as
expected in salt water, but when two bubbles approach each other, the dipoles on
their facing hemispheres rearrange to point towards one another. This is expected to
produce a force between the two bubbles, because it eliminates spherical symmetry.
For a bubble in mud, it may be possible to calculate the force on it due to the
interaction of the dipoles on the bubble surface and the quadrupoles on the platelets.
The shape of the voids would influence the direction of forces on the bubbles, and
could be a key to understanding the flattened bubble shapes.

Temperature effects were largely ignored in this work, though the quantities x
and x do depend on temperature. Thermal motions of clay platelets and ions could
be incorporated into the modeling. It is possible that temperature may have an effect
on the bonds between platelets, thus affecting aggregation. Additionally the thermal
motion of ions may have an effect on the dipole moment orientations at the air-water

interface which could have implications for bubble coalescence.
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Appendix A
QUADRUPOLE INTERACTION ENERGY

—+—+ &
As As

Figure A.1: Geometry for limiting quadrupole model.

The interaction energy of two lateral quadrupoles is found by calculating the
interaction energy of two linear charge arrangements (Figure A.1) and taking a par-
ticular limit as the distance between charges vanishes. In each arrangement charges
of strength ¢, —2¢, and ¢ are spaced As apart. From electrostatics the expression of

the interaction energy for a group of charges is given by

1 idj
V= § J Al
471'6 py |I'i — I'j| ’ ( )
i#]

where r; is the position of charge i. Applying Eq. (A.1) to the arrangement in Figure
(A1),
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yo— L 7 S G ¢
dme | |rer + Ases — Asep|  |re, — Aseq|  |re, — Ases — Aseq|
2q2 4q2 2q2 q2
B [re, + Ases| + |rey| B |re, — Ases * |rey + Aseq + Aseq|
2q2 q2

— ) A2
[re, + Aseq | + |re, — Ases + Aseq| (A-2)

For the case where the charge separation As is small compared to the separa-
tion 7 of the charge arrangements, Eq. (A.2) can be approximated with a multipole

expansion. Define 6 = As/r and rewrite Eq. (A.2) as

” 7 1 2 1
drer ||le; +d(ea —e1)| |e.—der| |e, — 0 (ex+eyq)]
1
i S +
ler + deq| le, —dea| |ex+6(ex+eq)]|
2 1
_ + A3
ler + de1|  |er — 0 (ex —eq)] (A-3)
Defining constants
Clr = €3 - €, (A4)
CQT = €2 - €, (A5)
and
012 = €3 - €2, (A6)
Eq. (A.3) can be written
2 1 2
v = L 4y -
dmer V14 (2Cy —2C,) 5+ (2—C1p) 82 V1 —2C,0 4 62
. 1 - 2
V1= (20 +2Cy,) 6 + (2+2C12) 02 V1 +2C5.0 + 62
2 1
—~ +
V1—=2050+62 /14 (2Cy +2C1,) 6 + (2 + 2C1) 2
2 1
(A.7)

— +
V1+2C,0+6% /1 —(2Cy —2C1,) 0 + (2 — 2C12) 2
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Next is to expand Eq. (A.7) in §, noting that relevant terms have the same functional

form:

1 a. 3a*—4b a (12b — 5a?)

- 1-= 2 3
VIt ao 1 b0 e e A v a—
354 — 120a%h + 480° i
+ - 50 (8). (A8)

It is helpful to take advantage of properties of Egs. (A.7) and (A.8). In Eq. (A.7) each
of the terms (other than the “4”) can be grouped into pairs, with the same b values
and opposite a values. From the form of Eq. (A.8), all odd powers of ¢ cancel in
the expansion of Eq. (A.7). Similarly, only even powers of a in Eq. (A.8) contribute,
and with the same magnitude from paired terms in Eq. (A.7). Consequentially the

expansion of Eq. (A.7) is

2 2
q 9 b
= 2(2+1 2C,—2 —4(2-2 —
1% o2 24 1+ [3(205—20)" - 4(2-2Cn)] 3
4
+[35 (2Cy, — 2C1,)" — 120 (205, — 204,)% (2—2C1) + 48 (2—2C15)°] %8
52
+1+ [3(2Cy, +2C1,)* — 4(2 + C1o)] =
4
+[35 (2Cy, + 2C4,)" — 120 (205, + 2C4,)° (2 + 2C12) + 48 (2 + 2C12)°] 1578
2 4
—2-2[3(20),)" — 4] % —2[35(20y,)" — 120 (2C1,)* + 48] 1‘578
2 52 4 2 (54
—2—-2[3(2Cy,)" — 4] 3 2 [35(2Cs,)" — 120 (2Cs, )" + 48] o5
+0 (6%)]. (A.9)
In Eq. (A.9) the O (1) terms cancel,
q2
1): 2241+1-2-2] = Al
O): p—2[2+1+ ] =0, (A.10)
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and the O (52) terms also cancel:

2
2
0 (62) : ﬁﬁg [3(2Cy, — 2C1,)% — 4(2—2C13) + 3 (2, + 2C1,)° — 4 (242C),)
—2(3(2C1,)* —4) —2(3(2Cy,)* —4)], (A.11)
2 2
_ [12C5,—12C5,C,, + 12C7,—8 + 8C12 + 12C3, + 12C5,.C4,
4dmer 4

+12CF, — 8—8C15 — 24C, + 8 + —24Co, + 8] ,
=0. (A.12)

The leading contributions in Eq. (A.9) are the O (¢*) terms:

2 4
oo 20 35 (2Cy, — 2C1,)" — 120 (20, — 2C4,)% (2—2C12) + 48 (2—2C15)?]
4mrer 128

+[35(2Cy, + 2C4,)* = 120 (2Cs, + 2C4,)° (2 + 2C12) + 48 (2 + 2C12)°]

+ [-70(2C,)* + 240 (2C4,)* — 96 — 70 (205,)* + 240 (2C5,) — 96] | + O (5°) .
(A.13)

Multiplying all the terms in Eq. (A.13) yields:

2 (54
V-4 61 | [960C2, — 22405, Cy + 3360C3, CY, — 2240C5,CY, + 560C,
TET

+960C3,.C15 — 960C3, — 19200, Co,.Cla 4 19200, Cs, + 960CE C1a
—960C7T, + 192C7, — 384Ch2 + 192] + [960C3,C12 — 960C3, — 1920C,Co,Cho
+1920C,Cy, + 96007 C1o — 960C7, + 192C%, — 384C 5 + 192 + 560C%,

+2240C3 Oy, + 336003, C3. + 2240C,,C; 4 560C}. — 960C3,Cyy — 960C5,
—19200,C5,.Cla — 1920C1,.Cy,. — 960C% Chy — 96002, + 19207, + 384C15
+192 ] + [~1120(Cy,)* + 960 (C1,)* — 96 — 1120 (Cy,)* + 960 (Cyr ) — 96]

+0 (5%, (A.14)

Collecting like terms together and simplifying, along with factoring out (3x64), and
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replacing 0 with As/r, produces:

V= 3¢2A\st

[1+2C%, — 5CF, —5C3, + 35C3,CF, — 2001,Co,Cha] + O (AS”) .
(A.15)

The quadrupole moments for the two linear arrangements of charges’™ are given by

Aerd

Q1 = Qs = 2qA\s>. (A.16)

Substituting Eq. (A.16) into Eq. (A.15) and taking the limit as As goes to zero with

Q); fixed yields the final interaction energy expression,

S )10}

~ 167er®

[1+2C%, — 5CF, — 5C3, + 35C3,CF, — 2001,C,Cha] (A.17)

which is Eq. (2.5) using Eqgs. (A.4)-(A.6).



