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SUMMARY

Thé technique of analog regression is applied to the measured motion
of a fluid-supported vehicle traveling‘in a tube for the purpose of find-
ing the vehicle stability derivatives,

The model chosen to illustrate the application of this technique is a
hypothetical full-scale désign representative of a typlcal Tubeflight vehi-
cle. Assuming linear equations with constant coefficients, accelerations
in the vehicle plane of symmetry after certain types of disturbance are
determined by Laplace Transform methods, plotted, and programmed into an
analog computer by means of a Curve Follower similar to the manner in which
flight test data could be processed, The analog computer program used to
demonstrate the analog regression technique is a first order correlation
program, with corrections derived to give improved "second order" coefficients.
More sophisticated programs are presented but not tested, as the number of
analog amplifiers required rises rapidly with the number of stability deriva-
tives to be determined.

The results indicate the feasibility of the technique,
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SYMBOLS

' Xco J
center of gravity location, i?-*'“§r

s coefficient of fourth order factors

first numerator multiplier, for ith power in numerator
intercept of straight line fit

unit coefficient of fourth order factors

coefficient of 33 term in fourth order polynomial
second numerator multiplier, for ith power in numerator
airfoil chord

coefficient of 52 term in fourth order polynomial

third numerator multiplier, for ith power in numerator

vehicle drag coefficient,'"ii"??"“

zero-1ift pad section drag coe£f1c1ent S}C
J

jet flap momentum coefficient, % c
1

vehicle 1ift coefficient, ES
£.Sm

pitching moment coefficiént, M

&.5m £

thrust coefficient, '3——8"—

coefficient of s~ term in fourth order polynomial‘

drag of vehicle (lbs)

input to non-linear control system

coefficient of s° term in fourth order polynomial

acceleration of gravity, 32.2 ft/sec

integral of square error

airfoll ground clearance

nondimensional pitch inertia, —niL——T
P8 1

vehicle pitch inertia

ﬂ“

numerators of partial fractions expansion
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vehicle lift

slope of straight line fit

vehicle mass

pitching moment (1b. £ft.)

Mach number

a nonlinear function

the describing function

real component of N

imaginary component of N

a polynomial in s

the poles of-jﬁil, the zeros of ﬁ(s)
G(s)

a polynomial in s of higher order than p(s)

passageway dynamic pressure

freestream dynamic pressure

complex frequency

maximum vehicle cross section area

tube cross sectional area

time (sec.)

thrust (1b.)

disturbance velocity along vehicle longitudinal axis

velocity along vehicle longitudinal axis

Laplace transform of disturbance velocity

position of vehicle center of gravity (from nose)

heave disturbance

heave position



z(s) Laplace transform of heave disturbance

zj the zeros of P(s)
Subscripts
( )0 initial steady state value

Greek Symbols

aq angle of attack

a’ gecond order system decay rate,.%..g;y'

B ,’ second order system damped frequency 27 - -;'—Z
Y ? vehicle flight path angle

3 jet thickness

3 error, ‘E,o - ?’2*; X;

€ airfoil lower’surface inclination to ground plane
2(t) pitch angle disturbance

6 (s) Laplace transform of pitch angle

[} pitch angle '

4 second order system damping ratio

m nondimensional mass, %@f—F

p air demsity (0.00238 slug/ft?)

w angular frequency

vi




FIGURE
FIGURE
FIGURE
FIGURE
FIGURE
" FIGURE
‘ FIGU;(E
FIGURE

FIGURE

FIGURE
FIGURE
FLGURE
FIGURE

FIGURE

10.

11.

12,
13,

14,

LIST OF FIGURES

Tube Flight Axes and Orientation

System Block Diagram

Partial Fractions Numerator Multipliers

Schematic of Computer Test Setup

Analog Circult Diagram

7 Equation Program

Computer Qutputs

Graphical Factorization of Fourth Order ?olynomial

Steady State System Block Diagram for Heave Dis-
turbance

Damped Motion Vector Diagram
Correction Curves

Simulator Program

Simulator OQutput

Tabulated Results

vii

Page
46
47
48
49
50
51'
52
59

60
61
62
63
64
65 |



I, INTRODUCTION

The development of the concept of a self-propelled, aerodynamically
supported vehicle capable of high speed travel in a tube will soon reach
the point at which instrumented flight tests of small scale test models will
be conducted., Some of the important results of such tests will be perform-
ance characteristics and stability data (vehicle motions vs time) which can
be used to design more advanced scale models and evehtualiy 1arge‘commercial
vehicles. The stability data desired will be in terms of vehicle stability
dérivatives or system transfer function coefficients. In either case a method
of data reduction must be chosen which will give accurate reproducible results.

The analog regression tachniqué of analysis in the time domain can be
used as a method of stability derivative extraction from a knowledge of the
trajectory.

Régression is the branch of statistics in which relations between two
or more populations representing different variables are found, The method
used to find such relations is termed regression analysis. The populationé
may be either finite (discrete data) or infinite (continuous data). A typical
result for discrete data is the familiar fit of a straight line to a set of N
points, (Xi, Yi)' If Y=mX+ b ig the assumed form of dependence,

Sv = mgx‘--» Nb

il

N W 2 N 2
XY= mEXf+ b)Y X
(=1 {= {sl

are the two simultaneous equations for m and b for a least-error-squared fit.

A fit to continuous.data can be made by letting N grow toward infinity while



N At = t is held éonstantu Then
T ‘o
[ ydt « m[ xdt + bt
(«] [+]

" o 5 +

[Xxydt = m[ x*dt +b[ x df

(¢] © ©

aré the simultaneous equations whose solutions are m and b for a straight
line having the least error squared (integrated over time) (Ref. 1). The
method of steepest descents outlined in éhe body of this thesis is a power-
ful r;gression technique which gives the same results as the classical solu-
tion for a straight line fit.

Other computer techniques (Ref. 2) can produce more accurate results,
Digital computers require discrete numerical data so that for good results
input data points must be élosely spaced in time and have at least as many
significant figures as 1s required of the output.

The analog computer's advantages are its ability to handle continuous
data in analog foxrm (sensor outputs may be voltages used directly as inputs)
and in "real time"., It is possible that vehicle modification during testing
could be based on just-obtained derivative information, resulting in a rapid
approach to a satisfactory wvehicle configuratioﬁ.v The use of the regression
technique in an attempt to determine the stability and control derivatives
of an aircraft in the lateral mode of motion is discussed., The point is
made in this reference that instrumentation must be highly accurate, without
time lags between measured quantities. It is even stated that instrumental
accuracy is more critical than the data reduction method. For the remainder

of this paper it will be éssumed that perfect data is available to the com-

puter, independent of the number of channels of information., Rubin (Ref, 1)



derives the regression technique very clearly and includes simple analog
camputef diagrams. « .

The analyses presented in the following pages are based upon linear-
ized equations of motion and assumes that the vehicle is a rigid body with
no inherent angular momentum. Revolving machinery on the vehicle could ne§~
essitate a preliminary data reduction to account for the gyrodynamic effects
produced, A flexible vehicle is difficult to analyze, but the assumption of
rigidity is made only in order that the equations of motion may be simplified-
to facilitate their solution.

The major problem is perhaps the fact that, while the stability deriva-
tives are assumed to be constant, they have been shown by theoretical analysis
and experiment to vary considerably for relatively small displacements. The
results of computer analysis of the motion following a finite disturbance will
necessarily be rather a best average of values over the conditions assumed
by the vehicle during the data run than a value of the derivative for a par-
ticular flight condition. For such problems the solution can only be a limit
as the disturbance becomes infinitesimal. Averaged values of stability deriva-
tives obtained from data runs including larger disturbances are of use, of
course,

In the study of non-linear systems it is useful to introduce a 'describ-
ing function" or amplitude~dependent transfer function'approximating a non~
linear function. The best linear fit to data at different amplitudes of vehi-
cle motion establishes each derivative as a descriﬁing function, analysis of
which can even determine the derivative as a nonlinear function of vehicle -
conditions (Appendix 1), )

An alternate way of handling non~linear dependence 1s to assume the

form of dependence. Powers other than unity, sine and co-sine functions, ex~



ponentials and many other nonglinear forms of dependence can be programmed
or approximated. The program will correlate to find the coefficient whiéh
best fits the assumed form of dependence to the input data. A certain amount
of judgement and experience would be required to make use of this technique.

The least squares fit assuming linear dependence is likely to give
good qualitative and acceptable quantitative results, and serves well as an
illustration of the technique. The analysis in this paper will deal with a
tubef;ight vehicle having three degrees of freedom in the longitudinal mode, -
with each degree of freedom represented by a linear equation in the state
variables, The problem is to determine the coefficients multiplying each
variable in the equations from the trajectory.

Flight test data is‘at present unavailable, but can be "generated" by
Laplace transform techniques, or by programming an analog computer with the
equations of motion (a simulator program). The coefficients of the terms in
the equations and initial conditions must be assumed in either case. The
data generated can be put into a derivative~finding program, which must déter~
nmine the assumed coefficients with reasonable accuracy., Because of the ac-
curacy of the transform technique, it is used here. As a check the simulator
program output may be compared with the results,

It would be no more difficult to work in the frequency domain and to
find transfer function coefficients, but as the analysis would no longer be
in the time domain, a new continuous variable would bave to be used in place
of time, This practically precludes "real time' solution. The variables
(frequency, amplitude, and phase angle) would most likely be recorded as dis~
+ crete data points, making the digital computer the natural tool to apply to

this problem.



When a number of the stability derivatives can be estimated a priori,
this information can be used in various ways to influence the computer ogt—
put, The least squares program can be simplified when such g priori informa-
tion is set into the computer as constants rather than as variables to be
determined. Other programs (Ref. 2) ﬁse a priori data as though it were in—
put data so that the fit error'includes departures from a priori valués of

the derivatives.

e



II. ANALYSIS

A, The Equations of Motion of the Vehicle

The motion of vehicle can be represented in any of a number of refer-
ence frames, but for ease of solution for an expression of vehicle stability
derivatives, the so~called "stability axes' will pe employed. The three
orthogonal axes are simply those of the principal moments of inertia. Figure
1 illustrates the approximate geometry of a tubeflight vehicle and the signifi-
éanceéof the variables of longitudinal motion,

The three independent variables (degrees of freedom) are chosen to be U,
velocity along the longitudinal axis, Z, position on the vertical axis, and
©, piltch angle, each measured from the tube ceﬁterline to the vehicle, Vehicle
instrumentation, such as ﬁad proximity sensors, can be set up easily to read

out the required variables,

A glance at Figure 1 will verify that the longitudinal dynamics of the
vehicle are expressed by

*

mU = T~D cosa + L sina - mg sin8
mEi = L cosa -mg cos8 + D sina

16§ = M(2,2,6,8)

Assuming small angles for the purpose of linearization of the equations

of motion,

cosy & | CoS a = | ~ cos @ m=|

siny 7 sina & a sing = 8

and y+ a=8 7y = ton"(i/V)



thus

6 = a ¥+ Z/V

In steady flight,

T=Dcosa - Lsina
TeéD-La

and
L=mgcosy - Tsina
L=mg - Ta

Considering small disturbances from equilibrium steady-state flight

Z-%,= 0y , Z-E=%= d¥/dt if Z,= O
8-g=4,  §-§ =72 dwat if =0
U-U-=u |

the linearized non-steady flight equations are

mU & T-D+La -mgh
€ T-D~-mgyYy
-p-Mmg4
= T-Dp-TH4%

mZeL-mg+ Da
#'L-mg+Dg - D

16 adMiz-z) +dl(z-2)

dM g9 + M 5_ 5
+,"9(8 8,) de(e 8,)



"~ The, equations

of motion are nondimensionalized as follows:

7 =
i ¥
dx R
_ 40
Y
i'_g_
. u v
m I
, = , i =
# 7 P8,/ b~ Les £°
Cha —2— Cp = Tty
Da";'_"PSm T ?PZSm
C = —rr c = AY%3
L '@“PVSm d % c
T

Finally, the

B

(33

| =

b

non-steady equations of motion can be written as

~ % ""ﬁ({?%')

n

Cr

Cxuu + Cx,,"? + Cx,-ﬁ + cle

CZ

7

0+ C"ﬁ n + Cz‘;ﬂ +Cz&vQ +)Czu n

C.9+C #+C. ¥ +¢C X'}
M.,, M.,’,, Md M‘-’



A Typical Vehicle

The evaluation of the constants requires that a particular

vehicle and tube be assumed., In a design project undertaken at Rens-

selaer, Cooke (Ref. 3) has investigated a hypothetical full scale vehi-

cle with the following characteristics:

Body

Pads

Body length = ~ — mmm s omm e e = 137.0 ft

Diameter — — — — = = = = == ———— 9.0 ft

Cross section 5%} -------------- 63.6 ft.2

Biockage ratio Sm me—m oo e o 0.36 for 15' diam. tube
T

End Geometry: semi-ellipsoids: 9' x 9' x 54' axes

Propulsion: Tractor propeller, turbine driven.

e L

(C.G. Location 4.4' ahead of geometric center)

a = -0032

Vehicle weight MQ---=== == —~c= 90,000# (m = 2,790 slugs)
Vehicle pitch inertia I-----~--4,370,000 slug/ft

Nominal fuselage position: centerline 0.333 ft. below
tube centerline

Al

THYBE = = m o o v e o e i e s o i e o —~180" arc

Aerodynamic center location of pads: 16.2 ft., 64.1 ft.,
112.0 f£t. back from nose

Trailing edge radius—— == — = mm wm 6.83 ft,
Chord == ~ === == mo e = e 6.67 ft.
Thickness = — == = = e o e e 10% chord
Section = = — — — = e Clark Y - 10

(Modified trailing edge for jet flap nozzle)



Chord line angle to pad lower surface 1.72°

‘ )
Lower surface inclination £ ~=w=wme~- 0.03 radians (1.7°)

Other Characteristics

Vertical fin at rear for later control and stability.
Cruise speed — = =~ === e — - 250 kts, = 420 fps
Jet flaps in operation: Cj = 0,083 each pad
Transfer passage dynamic pressure ratio

Transfer passage Mach number MB = 0,76
=271
| =22.6
b

Coocke evaluated the stability derivative to be

2
C, = 35.0- ;L(é%.‘é.f_ﬁ) + 22(25.0-1539 €)

iy
C..=-58.80
Zq-’
- & e % _
cz& -[35.0 +7£(¢_5.0 |539€)]o. +-:(l8.8l 4'5ICdp)

C,; =~58.80a +5.35

) % (o5 0 - _ a5k
Cy, =[35.0 + F(25.0-1539¢)]a - 4.51 4% ),
CM); =-5.35 - 58.80 q

- C, (a® + 0.08166 +18.81- &
Cu, Czn(a 166 +1 &;Q)
Cy; = ~58.80 a" - 4.8l

Forces due to velocity are approximately represented by

. e
G730, Mg 0 Gt Meam,

10



Wind tunnel tests of an elliptical section with nearly flat

lower surface O0(10%) thick, conducted at R,P,I, by Duffy (Ref. 6), at

¢; & 0.083 feoi0  axCtos
yield

Cy,, & = 0.36 Gy & ~0.004z(a=d- )

Assuming the Prandtl Gluart compressibility scaling law or

pressure coefficients,

C
. L-’ 2
¢ , | - M

C = Colu=0
" Tiew

drag 1s estimated at 7,550 lbs based on CD

u=0

<l pyla o slug ft ¥ 2.
&Sm FPV Sm '{(0.00238—?;;—-)(420 800 (63.6 1) = 13,300 Ibs.

. 1,750%
u=0 g:osm

90,000
10 “Tﬁ:: == 6.77

C
0 u=0

= 0.57 = c.,‘

"

CL

| w
G,° Colu=0(~3fmog"—ﬁ(-———wm)) = 0.57(-3- (m),)

(0.768
=-057(3 + )= ~-2.,9
(Wi-(0.76F )\
Strilarly, |
| " (o.767 |
C, = 6.77( = (4,2
Fu (Vi-(0.76" ik
Evaluated
C, =-
2y * = (80

Cg.;'z “58.8

11



C, = 58.2 =7.23%
2, Gy,

C. =0.85 C, = -3.47
My My

C. =-8.82 | C. =-4.87
Mo My

where £ is measured in radians, The nondimensionalized equations are

thus
I= - /- ...- £ n — &4 _______Z.
[271{=-2.9¢4~ 0367 (2?:~%-V )7 o.oo%eg(& 7

=-2,9u - 0.36717 - 6.557 - '0.004:’ deeg

2717 =807~ 5887 +58.24  +7.23d

i

’
d+|4.2 u

= - - , + 0, g . !
[80m ~-58.87 fl.OZnQdeg 0.126 &dag +14.2 u

22.6 &radz 0.857 ~3.477m - 8.82 xﬁm - 4.87 'ﬂra

d d

or

0.395 4 = 0.857 ~3.47% - 0154 ~-0.0857
deg 57 -3.477 4 deg 1Qck;eg

When werking with flight data it is perhaps more convenient
to gather all information in dimensional form and to nondimensionalize

later, For ¢ = 137 ft, #Sm = 13,300#,

V=420 fps , the equations in dimensional form are

12



2,790 4 =-92u-35% -207/} '53‘3“?@39

2,790 7 = ~I7,5007 - 1,860 f +13500 o, +550 %,

+ 4504

S - ) By -
76,400 deg l|,3007 15,000 7 280,000':9“0

- 50,500 22
deg

" Normalized with respect to the coefficients of the highest order deriva-

‘tives,

i=-0.033u -0.125% - 0.074/} - 0.019 &deg

f=-6277% - 0.667 + 484 +0497 4

+0.16l u

L X4

By = 0148 - 0197 4 ~3.674, - 0.66 P

deg eg

B. Prediction of Vehicle Motion After a Disturbance

Laplace transforms allow the simplest method of solution of
this system of equations. Block diagram or signal flow graph techniques
(as developed and discussed in Reference 4) may be applied to this linear,

time-invariant set of equatioms.

13
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The transformed equations are
(S + 0.033)U(s) = (-0.074 S - 0.125) Z(s) - 0.019 X(s)
(S%+ 0.667 S+ 6.27) 2(s) = {0.197 S + 4.84) Xs) + 0.161 U(s)

(S?+ 0,66 8 + 3.67) 2%s) = (~0.197 S + 0.148) Z(s)

‘or

_ -0.0745 -0.I25 -0.019
U s — 53 o038 I * T+o0033 0O
0.197S + 4.84 0.6!
= +
260 57, 06675 % 627 O  F+oe67s + 627 OF

S% + 0.668 + 3.67

These equations can be visualized in block diagram form, as in Figure 2,
The system characteristic equation, as determined by Mason's

loop rule (Ref, 4, pp. 48-49) is

S® + 1.368* + 10473+ 7.888% + 23.3S + 0.8/ =0

The system is stable, according to Routh's Criterion (Ref. 4, p. 113 ff.):

The Routh array appears as follows:
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s° 1 10.47 23.3 0
s .36 7.88 0.8l 0]
s® 4.67 22.1 0

- s? .44 0.8l 0

;:s' 19.5 0

gs‘l’ 0.8l

The first column is composed of positive numbers only, the criterion for

stability,

This fifth order equation has one negative real root and’two palrs
of complex conjugate roots, closely associated with those of the uncoupled
systems ( L = - 0.033u, % = - 6.27¢ - 0.674, H= - 3.67.8 - 0.6640).
The real root is very nearly the solution of 23.3 S+ 0.81 =0, or § = ﬂ.0.0348.
Using the standard technique tovfind the real root of this polynomial (Newton-
Raphson), the root is found to be S = - 0.0350, The fourth order equation

resulting when S + 0.0350 is divided into the £ifth order characteristic equa~

tion above is

S* + 1.3258% + 10.424 8% + 7.415S + 23.04 = O

One standard technique used to determine the roots of such a fourth
order polynomial is the graphical method innovated by Zimmerman in the 1930's

(Ref. 7). The fourth order polynomial is broken into two second oxrder 'poly-
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nomials:

S*+ BS*+ CS*+DS+E = (S°+ qS +b NS®+ q,S + b, )

Thus
B = a, + aq,
C = qg *b +b,
D = a‘ba-*-b!a
E = bb,
Thus
< E -
C-= bl‘+ -E{“ + Q‘(B Q‘)
or
0= = t /B -(c-b-E£)
(2 2 b,
also
3 E _ ’
D Q‘_f):“ + (B Ql)b"
or
' E
B D

I
Plots of the two functions al(bl) yield two curves, with two

intersections, where both equations are satisfied simultaneously. These
points are (ai’ bl) and(az, bz), the unknowns in the factored expression,
The plots can be made relatively accurate by considering only

the region in the (a, b) plane near (0,667, 6.27) and (0.66, 3.67), since
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the uncoupled heave and pitch characteristic equations are
S* + 0.667S + 6.27 = 0

and

St + 0.66S + 3.67 =0

respectively., The graphical method (Fig. 8) yielded the first approxima-

tion Cl' = 0.40 ’ b| = 6.47

5 (and q,=B-gq =0.925, b,=

Jrrn
i
o
)
o]
g

which was improved by division of
S + (040 + 858 + (6,47 + €)
into
S* + 13258 + 10.24S% + 7.4I5 S + 23.04
The result was
S% + (0.925 - 8)S + (3.58 - € - 0.525 8)
and a remainder
(-0.01 + 3.18 - 0.525€)S + (-o.:e+3.48 +2.9€)

which was set to zero, determining & and ¢ as 0.0L1 and 0.04 respectively.

The two second order factors of the fourth order polynomial are thus

S* + 0.41S + 6.5
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and

St + 0.914S + 3.54

(see Appendix 2)
This ability to factor the characteristic polynomial is impor-
tant because it forms the denominator of every Laplace transform of the
vehicle's motions. The partial fraction techniques (used to evaluate the
solutions in terms easily inverted to the time domain) dependé upon the

factors of the denominator being known.

+
¢

The Residue method of solving partial fractions (Ref. &, p. 27)

states that a ratio of polynomials

£ls) . (S-Z)(8-2)-.- (S-Z)
#(s) (s-2)s-£) (s-2)

may be split into its partial fractions

n>m

' K K K '
p(s) = + 2 +...+.._._B...._.

Fls) * S-£ S-p

S
n
For distance é? s

. (8- R
- 4s)
Here the five 7? are

- 0.035

-0.205 * j2.54
-0.457 * jl.82

where the latter are the complex pairs found by factoring the second order

factors (application of the quadratic formula).
Each fraction numerator of the partial fraction expansion depends

linearly on the numerator in the ratio of polynomials to be expended,
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This polynomial is a sum of powers of §, each multiplied by a co-efficient,
The coefficients will vary depending on the disturbance to which the system
has been subjected and the particular variable under observation. Rather
than perform the partial fractions expansion after determining each txansform
(ratio of polynomials in § ) aﬁ expansion for each different power of S to
be expected in the numerator will be found beforehand. Then only multiplica-
tion by the coefficients in the numerator and summation of the results is
required to give the partial fractions expansion. Let

s(
(§+0.035)(S +0.205 +j2.54)(S + 0.205 - j2.54)(S+0.457 + | 1,.82)(S + 0457 - | 1.82)

»

A + B, + B; + C; + C‘;
'§+0.035  S+0.205+j254 S+0205-j2,54 S5+0457+j1.82 S5+0457-]182

B, G
{ s,+o.2o‘5 +12‘54} 2 Re{ s+0.455r+j .82 }

{
* 570035 + 2 Re

where ( )* denotes complex conjugate: (a + jb)* = (a - ib, and Ra{} denotes

the real part of the complex number {} « The Ai, Bi“ and C, are found by

i
the residue method to be

{
s
A = 15+ 0.206+12.541(S + 0.405 - |2.54)(5 + 0.457 +] 18215 + 0,467~ 1 1.82) |g._0 035

or
A;= 0.044(-0.035)
s
% " §50.0351(5+0.206-] 2.64)(5 + 0.457 + | L.62)(S + 0.457 - | .82) $2-0.205 -|2.54
or
B, = (0.0220 - ] 0.0075)(-0.205 - 2.54)'

s’
C =
{ (S "'0.0?’S)(S + 0406+ j 2.54)(3 + 0,205 - 12.54)(8 +0.457 “j l.BI) 820 457"‘“-8‘
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or

C, = (-0.440 +] 0.00226)(~0.457 - j 1.81)'

These numerator coefficient multipliers are presented for i = 0,

1,2,3,4 in Figure 3. The partial fractions expansion of

aS* + bS®+ ¢S+ dS + e
S°+1.368* + 10.475%+ 7.88S% + 23.35 + 0.8l

~1s then

A,a +Ab+Ac+Ad+Ae ‘2R {B4a+83b+82c+8‘d +Boe}
S+0.035 ®175+0.405 + j 2.54
C,a+C.b+Cc+Cd+C.e

o+ 4 3 2 | Q
2 Re { S¥0.457+ ] 18| }

Inversion of. the Laplace transforms for any desxred vehicle motion
is then a matter of flnding the transform, breaklng it down into partdial’
fractions, and then inverting,

The formulae below shows how the last step is taken,

‘Z.*{S}t-a} ¥ g*“

! + a . - .
i{sio-]fdjb}‘(c""id)e“( PO 2 (c#+ jd) e (cosbt - jsinbt)

! -jd . _(a~Jb)t ) at
I{M}:(c-,d)e e-J =(c-jd)e”® (cosbt + j sin bt)

A c-]d ~'208+c)+2db
S+c+ Stoti) ‘I{S+c—]b} & S*+2aS+a® +b?

= e"* (2¢ cosbt + 2d sinbt)
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A well-conditioned experiment which could be performed in flight
would be one in which only one degree of freedome is disturbed, at leasf
initially., In order to find the stability derivatives of the vehicle
influencing its motion in the heave direction, the heave position could
be non-aerodynamically maintained at a value different from the equili-
brium position. Then the constraint could be removed and the vehicle
would return to its equilibrium states in velocity, pitch and heave.

Pitch and veloicty in the non-equilibrium steady state condition are
‘foupd by holding heave off equilibrium while eliminating the effects of
pitch and velocity feedback to heave, which would bring it to equilibrium.
The set of steady state velues thus obtained for u,.7y, and ! determine
all other derivatives when the heave constraint is removed (t=o0). Then
the well-known initial value theorem and the relations between transforms
of a function's derivatives and the transform of the function allow solu-
tion for the transform of the function of interest, here iy(t). Similar
procedures for initilal constraint of velocity and pitch produce returns to
equilibrium involving mainly the velocity and pitch variables, respectively,
and their first and second derivatives, Such experiments are well condi-
tioned for finding the non-~coupling derivatives, which are the only deriva-
tives which can be found when only one channel of information is available
to the computer,

| The problem of making the solved motion of the vehicle available to
the computer was solved with the help of a Hewlett-Packard X-Y plotter and
line following attachment, This was found to operate well at about one
inch per second sweep speed or slower, requiring time scaling on'the com~
puter. The analog computer is capable of integrating Iinput voltages well,

making the acceleration the natural input variable in each case,
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C. The Method of Least Squares

The problem of determining stability derivatives from flight test
data is that of finding the set of derivatives which reproduce the data
with the least error. The usual error criterion is the square of the dif-
. ference between the actual and the assumed system output. The problem of
minimizing this value is solved by the method of least squares. In case
more than one output is involvéd, a weighted sum of squared errors in min-
imized, the weights being determined by the relatives accuracy of the data.

‘ The data can be either discrete or continuous in nature, As most
vehicle attitude sensors, rate meﬁers, and other instrpmentation provide
continuous data, a certain amount of information iz lost when values at
selected instants are the only information available. This loss can be
made negligible whén data intervals are considerably smaller than the peri-
ods of vehicle motions, allowing the use of the digital computer in dynamic
system analysis,

The computer programs presented in this thesis are derived from the
method of steepest descent, a simple yet powerful technique for determin-
ing the coefficlents of terms in linear equations. The mathematical pro-
cedure is shown below, with notation applicable to dynamic systems,

Let

Ma

2= Y2 X

i |

-]

be the equation to be satisfied by the unknown in « Assume Z(t) and
all the Xi(t) (state variables responsible for acceleration) are known.
The in may be assigned initial values which may or may not be expected

to yield small error., In any case, error is defined by

£ = }j'z'xix - 2



We seek ?x.w Zx. , and & — O, or rather error squared (inte~-
i i

grated over time) == minimun,

_/:Ezdt

t o 0 _ v
[0 F, % -%) dt
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t
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For T = a computer time variable,

| de . ¢ do 4%y
; dr tal d-Z—x dt

However

dG t d€ t
= £ =
iz L' 2 0z dt 2]0 £X, dt
i i
Thus G can be forcéd to a minimum 1f we choose

d..,

Y s

dr F d

dZ,

gince then

dG _ 2 ,dG .2
37 z( %, )" <0
The Zx‘, are found by programming the result '
dZ, ton
Pl - o
- L(gzxix, Z)X, di

A certain amount of care must be used in programming these equa-
tions., The feedback loops required in all but the simplest programs may
cause Instability due to loop gains higher than ﬁnity. The general fule
for safe prograrﬁming is to integrate first and process later, whether the

system is simple (- € =/, - Z , Figure 5) or complex
| 7%y

EAd

( €= 2,’74-2,5,{9/-;-2‘,7,94-2&15}-*?“{1- Oy Figure 6).

23



24

The experimental verification of these formulae requires a certain
amount of pre-planning as well as a certain amount of ingenuity. When a
computer is capable of handling a program which includes every variable
significantly affecting the acceleration under investigation, the feedback
operates to bring every coefficient being determined to the value which
brings the error very nearly to zero. However, when the computer cannot
handle some of the affecting variables, the error in the assumed form of
equation cannot be easily reduced., For the second order system

Zyy + 2y |

ap

- G

the error

'3

_2-7"‘
(as in the first order program used here) cannot be reduced much below

- Zb_éf. At the same time the . computed value of Zg,is affected adversely
since any component of Zé,g’ in phase with @y will be treated as though it
were due to an increment in Z, . In Appendix 4 the error in the calcu-

V4
lated Z (as well as in Z,}, , assuming either

9/
€ = 2; z - 2, or

is determined and a correction plot is presented.

The problem of determining the stability derivatives of the fifth
order system developed in the previous section is even more a problem.
First, disturbances were chosen which affected mainly one degree of freedom,
to minimize coupling effects, This conditioning of the experiment'reduces
heave or pitch motion to very nearly second~order-system response (damped
sinusoidal oscillation), at least for small time, and it reduces velocity

disturbance to nearly a first order system respbnse (decaying exponential),
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The effect of coupling is to move the poles of the fifth order system from

those of the uncoupled systems, causing here a considerable error in the

damping derivatives in heave and pitch. The error in the pole here associ-

ated with velocity 1s less noticeable, and t;ne first order program ( & = ﬁuu
- U ) can be expected to give a very good result.

An innovation promising improved use of available data was attempted
but proved to be perhaps more trouble than value, at least for the method
of data input used. The unimproved program obtained nearly all the informa-
tion it could use in the first part of the data run, since the motions were

damped and contributed very little to
t t .o
[ 7t Cor [ G at)

and

t *s

fogg}/dt' ( or f:@%dt)‘ o

*

3

after the first period or so. A redefinition ofthe variables as 9’ = gr -3
(Y ] ] w't :
with g@g' chosen to approximately cancel the damping rate (2/ = /)' e,

?’," = 9, et ), gave the program for €& = -Z—?? - /y the form

f:eg"dt
] [rf dt

where the integrals need not stop increasing at a good rate as time in-

or in steady state Z,),

creases, The program based on this technique was very sensitive to input
1 »w '
errors as time increased, causing the recorded f} or ’é’ to depart in the

positive or negative sense from sinusoidal curves. Consequently the inte~
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grals behaved erratically with time, causing their ratio to depart con-
siderably from the correct value., The results in Figure 7 are for the
"unimproved" program (Fig., 5) with "undamped” results for ZQ‘ and Z,},
as well., The "unimproved" program can be expected to give good results

for the coefficients Z,y and 1% ; since the initial y and # distur-

bances are the major causes of acceleration for small time.
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ITY, DISCUSSION

The calculated velocity, heave and pitch accelerations for respec-
tive initial disturbances were plotted and put on the curve follower.
The computer operated on this input from the curve follower to gener-
‘ate the results shown in Figure 7. Numerical results are tabulated in
Figure 14,

tju , the effect of velocity on axial acceleration, is computed
by the steps shown in Figure 7a, This first order correlation is very
accurate here, where the oscillations associated with the complex poles
bave been ignored. This corresponds to axial acceleration including these
oscillations after they have damped out (see top of Figure 15) and there-
fore is not an overgimplified demonstration. The result is iju = ~-0,035,
corresponding to the coupled system's pole on the regl axis. This is
nearly Uu = -0,033, the value used in the equations of motion, Couplu’
ing causes the error of about 6%, which camnot be reduced until coupling
derivatives are found. Zg- and Z@,, the effects of heave position and
its rate of change upon heave acceleration, are computed as shown in Fig~
ures 7b and 7¢. The graphed outputs are ?g,= - 7.0 and :24, = =-0,43,
but voltage metexr readings of the outputs varied from -6.4 to ~6,8 for
‘fg, and from -0,4 to -0,5 for E;y , depending on the instant the com-~
puting was stopped and on the accuracy of curve follower calibration,
These values lie within 3% and 20% of those indicated for the coupled sys-
tem (~6,56 and ~0,411). The damping derivativa Zé, is ~0,667 in the equa-
tions of motion, The nearly 40% error is due to coupling. The derivative

Zé, is -6,27, the error of 10% again due in p'art to coupling. To reduce

error, Z’, was assumed known before i,j, was determined,
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‘An attempt to determine the same derivatives by augmenting each
variable with time so as to approximately cancel the damping rate is
shown in Figures 7d and 7e. As amplitude and phase relations are unaf-
fected, the resulting correlations should give good values for z;f and
29, , with the possible advantage that motion after the first few seconds
is not virtually ignored as in the original program. This "advantage' be-
came a source of error as small discrepancies in curve follower calibration
caused large errors in derived variables as time increased. The results
?7 £ 5 and 2;,, = 0,6 are not as near the expected output as are the
results above for the original program. Again, and pelow as well, the
"spring" coefficient was assumed known in order to find the damping deriva-
tive,

Finally, ®,_ and ®.3,. computer output appears in Figures 7f and
7g. Results seem to be @ﬁﬂ_ = ~2,65 and 35&, = = 0,88, but voltmeter read-
ings indicated Ei& = -3,38 and Ei; = - 0,94, The coupled system poles
~assoclated with pitch correspond to ®:9L = =3,57 and ®,/;1 = ~0,914, for
errvors of 6% and 3% respectively, but the values of these terms in the ‘
equations of motion are @, = -3.67 and 84 = -0,66 respectively. The
errors are 8% énd nearly 40%, where the damping derivative error’'is nearly
entirely due to coupling effects.

An attempt to effectively eliminate damping from the variables in-
volved was rendered hopeless by‘the high damping rate of the pitch oseilla-
tion and the dominance of the heave-associated oscillation, less highly
damped, as time increased beyond 12 sec,

The coupling effects on the poles of the f£ifth order system could
have been nearly any effects. Here the major effect was to change the

damping ratios of the heave~and~pitch~associlated oscillations.
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A more complex program such as that shown in Figure 6 would give
better results by accounting for all the variables that significantly af-
fect heave acceleration, The input motion should include disturbances in
every variable of interest, in order that the effect of each be well de-
fined,

The equations of motion were programmed for computer solution as
shown in Figure 12, The same initial conditions used in deriving the
Laplace transforms were applied to the appropriate integrators, and com~
putgtion gave the results in Figure 13. Comparison with the Inputs from
the curve follower (Figure 7) show that no major errors were committed in
deriving the accelerations plotted for curve follower use. The practical
difficulties of appropriating two analog computers and guaranteeing that
they begin computing simultaneously necessitated the Laplace transform-curve
follower approach,

Because the curve follower could not follow the curves more accur-
ately than about 0.03 inch (out of approximately 10 inches maximum sweep,
top to bottom), a noise input is present in Figure 7. This has the form of
comparatively high frequency, low amplitude oscillations about the correct
input, as the line sensor "hunted" for the line. This error is not notice-
able after integration, which has a smoothing effect. A moxre troublesome
source of error for this method of data input is blas, or difficulty in
calibrating the curve follower output. If the zero voltage position on the
glide wire does not coincide with that on the curve plot, there is an error
that grows with time when integrated. The resulting drift of derived vari-
" ables is apparent in several places in Figure 7. This type of error can

cause large deviations in the computed stabllity derivatives, Fortunately,



30

the same correlation technique which determines the derivatives can be
applied to correlate any signal against a constant, the correlation fac-
tor representing the bias in the signal. Tt is then a simple matter to
subtract the bias from the signal and base further correlation on the cor-
“rected signal. Any bias due to sensor calibration error may even be known
from previous testing of the sensor, Then the bias can be corrected for
without the need for the above computation,

Such bilas terms are accounted for in the work on stability deriva-
tive determination referenced in this thesis (Refs. 2 and 5). No bias
error was expected in this work. Its form was simple, but its correction
would require another multiplier and a few more analog amplifiers which

were not availilable on the TR-20,
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IV. CONCLUSIONS

The simple computer program tested was found to give results
near to those expected from the coupled system, but the program's neglect
of coupling effects results in outputs which have rather large errors.

A more complex program for which the minimum of the fit error can be re=-
duced considerably would give outputs much closer to their appropriate
values in the equations of motion.

Taylor, I1iff, and Powers (Ref., 8) compared the least squares
technique to several others which produce estimates of stability deériva-
tives. 1In complexity and in accuracy it ranked between simple formulas
or analog matching and digital computer methods., Their analysis included
noise added to each signal, where each noise affected only its own signal,
and not the outputs from sensors measuring integrals or rates of change
of that signal. The vehicle tested was represented by a set of equations
of motion with specified coefficients, much as was done in this xeport,
The least squares technique gave results ranging from 1% error or less
for "well defined" derivatives (those which affected the computer time
histories most strongly) to 50% error or more for poorly defined deriva-
tives., The best technique presented, the modified Newton-Raphson méthod,
gave results within 10% for the poorly defined derivatives, and results
for all derivatives closer to the actual values in the equations of motion
than those of the least squares method,

The choice of a data reduction technique this depends on the
required accuracy of results and on the availability of computing alds.
Barring digital computer methods, there is no technique presently avall~
able which gives stability derivatives nearer to the correct values than

the analog regression technique of least squares,




32

V., REFERENCES
CITED

1. Rubin, A.I., "Continuous Regression Techniques Using Analog
Computers,'" Institute of Radio Engineers Transactions on
Electronic Computers, E C -11, October 1962,

2. Taylor, L.W. Jr., Iliff, K.W., and Powers, B.G., "A Comparison
of Newton-Raphson and QOther Methods for Determining Flight
Test Derivatives from Stability Data," AIAA 3vrd Flight Test,
Simulation, and Support Conference, Houston, Texas,
March 10-12, 1969, ATIAA, 1290 Avenue of the Americas, New
York, N.Y. 10019. (AIAA Paper No., 69-315),

3. ! Cooke, G,C. IV, Design Study of a Full-Scale Tubeflight Vehicle,
Design Project Paper for the Division of Fluids, Chemical
and Thermal Processes, Rensselaer Polytechnic Institute,
Troy, New York, January, 1969.

4, Dorf, R.C., Modern Control Systems, Addison-Wesley Publishing
Company, Reading, Mass., 1967,

5. Marchetti, R.M., "Extraction of Aerodynamic Derivatives from
Flight Data, Using an Analog Regression Technique," Journal
of Alrcraft, Vol., 5, No. 1, January-February 1968,

6. Duffy, R.E., "Aerodynamic Characteristics of a Tubeflight Vehicle
Support System,' Tech. Rept. TR AE 6801, Rensselaer Poly-
technie Institute, Troy, N.Y., January 1968,

7. Zimmerman, C,H., "An Analysis of Longitudinal Stability in Power-
off Flight with Charts for Use in Design,' NASA Rept. 521,
1935,

SUPPLEMENTAL

8. Powell, D, and Duffy, R.E,, "An Inflight Recording System for
Tubeflight Vehicles,'" TR PT 6907, Rensselaer Polytechnic
Institute, Troy, New York, January 1969,

9. Booth, A,D,, "An Application of the Method of Steepest Descents
to the Solution of Systems of Nonlinear Simultaneous Equations,'
Quarterly Journal of Applied Mathematics, December 1949,

10, Briant, L.W,, "Notes on Stability and Control Research," ARC § & C
7044, September 1943,

11, Duncan, W,J., "Notes on Aerodynamic Derivatives," RAE Rept Aero 2031,
April 1945,

12, Etkin, B,, Dynamics of Flight: Stability and Control, John Wiley
and Sons, Inc,, New York, N,Y. 1959,




13.

14,

15,

16,

17.
18,
19.
20,
21.
22,

23,

24.

33

Foa, J.V., et al, "Research on the Dynamics of a Vehicle in a
Tube," Tinal Progress Report, Grant No. DA-CRD-31-124-61-G88
U.S. Army Research Office (Durham), Tech. Rept. TR AE 6406,
Rensselaer Polytechnic Institute, Troy, N.Y., June 1964,

Goodman, T.R., '"The Aerodynamic Characteristics of a Slender Body
Travelling in a Tube,"” Tech. Rept. No. 66-31, January 1967.
Oceanics Tnc., Tech. Industrial Park, Plainview, N.Y. 11803.
Prepared for the Office of High Speed Ground Transportation,
U.S. Dept., of Commerce, Washington, D, C. 20230.

Greenberg, H,, "A Survey of Methods for Determining Stability
Parameters of an Airplane from Dynamic Flight Measurements,'
NACA TN 2340, December 1950,

Hoel, P.G,, Introduction to Mathematijcs of Statistics, John Wiley
and Sons, Inc., New York, N.Y. 1954,

Howard, J., '"The Determination of lateral Stability and Comtrol
Derivatives from Flight Data," Canadian Aeronautics and Space
Journal, March 1967.

Ince, E,L., Ordinary Differential Equations, Dover, New York, N.Y,
1949,

Klawans, B.B., and White, J.A., "A Method Utilizing Data on the
Spiral, Roll-Subsidence, and Dutch Roll Modes for Determining
Lateral Stability Derivatives from Flight Measurements,"
NACA TN 4066, 1957.

Meissinger, H.F., "The Use of Parameter Influence Coefficients in
Computer Analysis of Dynamic Systems,'" Proceedings of the
Western Joint Computer Conference, San Francisco, Calif. 1960,

Milliken, W.F., Jr., '"Dynamic Stability and Control Research, " Pro-
ceedings of the 3rd International Conference of the RAES-IAS,
Brighton, England, September 1951,

Milliken, W,F.,, Jr., "Progress in Dyﬁamic Stability and Control
Research,! Journal of Aeronautical Science, Vol. 14, September
1947,

Potts, T,F., Ornstein, G.N,, and Clymer, A,B., '"The Automatic De-
termination of Human and Other System Parameters,' Proceedings
of the Western Joint Computer Conference, Los Angeles, Calif.
1961.

Rampy, J.M., and Berry, D.T., 'Determination of Stability Deriva-
tives from Flight Tests Data by Means of High Speed Repetitive
Operation Analog Matching," FTC-TDR-64-8, Air Force Flight
Test Center, May 1964.



25,

26.

27.

28.

29,

30,

31.

32.

34

Rensselaer Polytechnic Institute Faculty, "High Speed Mass
Transportation: A Wew Concept," Rensselaer Polytechnic
Institute, Troy, N.Y., July 1965,

Shinbrot, M., "A Least Squares Curve Fitting Method with Applica-
tion to the Calculation of Stability Coefficients from
Transient Response Data,'" NACA TN 2341, 1951,

Shinbrot, M., "A Description and a Comparison of Certain Non-Linear
Curve~Fitting Techniques, with Applications to the Analysis
of Transient-Response Data,' NACA TN 2622, 1952.

Shinbrot, M., "On the Analysis of Linear and Non-Linear Dynamical
Systems from Transient-Response Data," NACA TN 3288, 1954.

"Summary of Research at R.P,I., on Tubeflight, 9 September 1966 -
9 November 1967,' Tech., Rept. TR PT 6801, Rensselaer
Polytechnic Institute, Troy, N,Y. January 1968 (PB 177 518),

Temple, C., "The Representation of Aerodynamic Derivatives,"
RAL Rept, SME 3308, March 1945,

Whittaker, L. and Robinson, G., The Calculus of Observations,
- Blackie and Son, Glasgow, 1949,

Wolowicz, C.H., '"Considerations in the Determination of Stability,
and Control Derivatives and Dynamic Characteristics from
Flight Data,'" AGARD Rept, 549 Part 1, 1966,



APPENDICES

and

FIGURES

35.



A-1
36.

APPENDIX A

A METHOD OF HANDLING NONLINEARITIES

A non-linear function 7 ( @ ) may be approximated by an
"amplitude dependent transfer function, known as the describing function.

It is generally a complex number,

N (1el, w)= (N +IN) (18),w)

where

€ = lelcoswt
produces an input |&] { Nrcoscuf'-‘ Nisin wt ) -y with,
amplitude and phase dependent on |@| as well as w . Nrand Ni

are averages over one period of the motion:

g2

N =4 f;'q(e(’r))coswt d{wt)

-l 2mr '
N ek fon(em)s.n wt d(wt)

*

It'sﬁould be possible to invert the process and find 9 ( @ ) from
data yielding N(|@}, w) . Just such data is obtained for vehicle "
stability derivatives such as }29" which depends on the émplituderf
the heave disturbance., Thus amplitude response data could be analyzed

to yield the approximate nonlinear dependence of 1ift on pad clearance.
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APPENDIX B
GRAPHICAL FACTOR OF A FOURTH ORDER POLYNOMIAL, AND IMPROVEMENT
The equations presented in the text can be plotted as follows:
s B 4 ’\/ B¢ E

or, o = 0662 *,/044~(10424-p- 238} (8-
) |

. . D =—Bb
a, = E
b, | |
or,  a = Lyphy-iE8 | | (8-2)
b, P
]
b, | a, (B-1) g, (B-2)
6.30 (not real) 0.35¢4
6.35 ~ 0.0662 0,360
6.40 0.49 ' -~
6.45 ‘ - 0.395
6.50 0.366
6.75 0.191

The plot in Pigure 8 shows that the intersection of these
two curves lies approximately at (a,, b)) = (0.40,6.47). These

roots were improved by the division which follows
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DEN.= S%+{0.40+8)S+ (647 +¢)

S®+(0925-5)5 + (3.584-¢-052538)

N) S+ 1.3258%+ 10.4 24 S*+ 74158+ 23,04
s% - (0.40+8)s™ (647 +e)g?
(0.925-5)5°+ (3954 —¢€)5% . T.41558

(0925 =8)P+(0.37+0.5258 )32+ (599-64785+0.925 €5
a - (3584-€~05258 )52+ (1425+64785-0925 €)5 + 23.04

(3584-€-05258)5%+(1435+3378 ~ 0.4 ¢€)g+232- 2.8‘9,€~3,‘i d

R = (0)S+(0) = (~0l0+3(5-0525¢)S + (0/6-+2.89¢+345)
3.15-0525¢€= 010

289¢+3438 s 016

which when solved gives & 2 0,01l , €= 0,04

(this is not quite exact, but the results are acceptable). Check:

$s?4+0411S + 651
$°+0914S + 354
s*+04115%+6.518%

09145°+0385°+5.955
3545°+146S +23.04

s*%132585%410435%+7.41S + 23.04
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APPENDIX C

SOLUTION FOR VEHICLE MOTION

Steady state conditions reduce the system block diagram to the
state shown in Figure 9. Assume ?‘(O)=I.OO ’ 7‘,(0)=O . This

heave initial disturbance also generates disturbances in pitch and

velocity
~2(0)=00403 |, ~2(0)= 0
¢ (0)=-377 & (0)= 0

This collection of initial values and the equations of motion detex-

mine all other derivatives at t = 0:

4',;(0)=—6.69 , 7“(0)=4.4e . ‘?f‘(o)=39.29
&.(0)=0485 , ¢ (0)=0504
~Z(0)= 0 , <2(0)=132

The Laplace transform for the ensuing heave motion 7-(?) 1s then. found'

by applying

Z[an)

i

sZ[o(t)] - a(0)
a(0) :/4:7,,[ s'o(s)]

$—+m®
to the successive derivatives, The result is

( )~s4+l.3653+3.7852+3.24s ~1.38 ‘
B S E 565 +1047s® +78652+2335 +08|
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40,
or, expanded,
-0.064 _ , 09085 -0083 ., 0i60S +0625
%-(8) = 5400386 = TS5+0205)% +(254% = (5 +0457¥+(1.82)°

Then by usual inverse transform methods

2-(1) == 0064 & cosst

+07%29%% (6908 cos254+ ~ 0J06 sin2.54 1)

+ e %7t (5160 cos 182+ + 0302 sinl.B2+)

which twice differentiated becomes

4-(1) =~ 0000088 o035t

+ @7 %2%%% (= 570 cos 2541+ 1633 sin2.541)

+ @-%487F (w1 00 cosl.82t— 0674 sinl.82¢t)

As a check on the computations,

L}

2-(0) = 1.004 {}'_(O)s - 6.70

which shows good accuracy, zg;:(“r) was tabulated and plotted for curve
follower application, and appears In the computer output (Figure 7),
as do rj?(ﬂ and < (t) , which were simllarly obtained, When flight
test data is available, the inputs to the computer will come in by
separate channels, either directly from sensors on the vehlele, from
some multivariable equivalent to the curve follower, oy from digital-

analog conversion devices attached to a digital computer programmed



to solve for the variables of motion from flight test data,

For 2 (0)= 100 , £(0)=0

(1) =0.00003 e 00!
+ 7°2°5T (L0535 cos2.54t - 0,389 sin2.541)

+ g-04BTYT {~ 30! cost.82t * 0109 sin |.821)

< (1) = 00273 e~ 0357
+ 67%2%%T (6072¢052541 + 0072 sin 254 1)

+67%°7T (40906 cosI1.82t + 034 sin 1827)

and for ¢ (0Q) = 1, after transients associated with pitch and

heave have died .out,

2 (1) o g~ 0038t

@ (t) & -0035@e"00358%
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APPENDIX D

ALTERNATE REGRESSION TECHNIQUES

When no computing aids are available, a rapid estimate of certain
stability and control derivatives can be obtained by taking ratios of
measured in-flight state variables, if all contributions to the measured
output due to causes other than the measured input are negligible., For
control response, this could iﬁvolve measuring the rate of departure of a
variable from its steady-state motion after a control pulse or step., For
-free heave oscillation data this might be _:'f;‘:‘{_z_; =1 2? .

The values obtained for 7(0) and 7(0) were =-6,70 and 1.00 with a
ratio of -6,70, while Z? = ~6.27, for only 7% error. This technique is
very simple but requires highly conditioned experiments, which may be dif-
ficult to set up. Wind tunnel results may give values for derivatives dif-
ficult to obtain in f£flight, but their accuracy is questionable.

When an analog computer is available, the equations of motion can be
programmed and solved for as many variables as may be desirable, using best
estimates for the stability derivatives to determine potentiometer settings,
Manual adjustment of these settings and visual comparison of the computer
output (which may be time scaled to leave a continuous trace on an oscillo-
scope) to flight test data allows an improved fit to be made., Derivatives
which have little affect on the motfions of interest can be left at their
previously estimated values, while those needing adjustment are determined
from the potentiometer settings for best fit, The skill of the operator
greatly influences the results,

A more automatic method requiring a larger analog computer to handle

a similar number of derivatives is the least squares method used in its
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simplest form in this report. Its problems include sensitivity to both
measurement noise and non-ideally conditioned experiments,

A similar method exists in which a "method function" multiplies
each of the measured.quantities, giving their values a weight dependent
on time, The results of this technique are little different from those
obtained by the least squares method (Ref.2).

Methods better suited tolthe digital computer are the gradient method
and the Newton-Raphson method, which involve iteration. The first is a
" first order method, while Newton-Raphson uses an approximation to the seconé
gradient which greatly improves convergence. A fit is made to any number of
state variables, the weight of each determined by its estimated noise level,
The results are generally superior to those obtained by any other method

(Ref, 2).
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APPENDIX E
SYSTEMATIC ERROR CORRECTICN
As an example of the errors associated with the determina-
tion of stability derivatives by an oversimplified least squares program,
the ideal fit to a second order system response (damped sinusoidal
oscillation) by a first order computer program i1s shown and some con-
clugions relating to higher order systems are reached,

For

7,
e sinBt

u

7
7

Be“lcosBt + a e sinfBt

14

P i ]

B =- B2 sinBt + o B e’ cosBt
F] . ]

+aB et cosBt + a'%™ singBt

or

.o - s t , '

s ={a®-B%) %t sinBt + 2d°B et cos Bt
or

.n 2 g

> == (a"+ B + 24¢/
which has the form

13

v 27t 2;&(9‘
g/}ua -(a'%+ BY
2. = 2(1,

7

A first order program will compare /} and ?, only, and determine
the component of .? which has the same phase as ?, (in terms of ro~
tating vectors, that component of é_which lies in the direction of

]
/% » as shown in Tigure 10), This component is (&’2“32) e°! sin Bt



a
which when compared to g} = @ ! sin Bt results in a ratio
of al?- Bz rather than —-a'? - Bz = Z?’ >
i.e., Z - ( a?- pz)z 2 +IE 2. where Z_; is un-
* % > ra

known. Clearly, accurate results for Z} depend on Z;; being small,

A first order program will find 2Z; in a similar manner and

?;

the-computed result is —Z-(; -'2- Z?, . This result allows'the

correct values to be found as

- — —2
. = . = + -
27 2 Z?‘ , Z?, Z,:Y 2 Z,?

When 2, is known exactly the problem is reduced to a first

e Y
order correlation. 1In Figure 11, Z .= Z_ ¥ &=

T Y 2,
is the result of correlating 7 witllo'd;f—z?@, .

=1

e = Zoa
5 CA

Rhe corrections mentioned above may have analogs for higher
order systems, but the presence of "noise" in the input may result in
corrected stability derivatives which are no longer best im the mean
square sense, The use of a more complete analog computer program
(which eliminates very small deri.vatives, when the program is limlted

in size) is preferable,

E-2
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Figure 2, Longitudinal Dynamics Block Diagram
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- Figure 3. Partial Fractions Numerator Coefficient Multipliers
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Figure 14, Computed Values of Derivatives
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