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SUMMARY 

The technique of analog regression is applied to the measured motion 

of a fluid-supported vehicle traveling in a tube for the purpose of find­

ing the vehicle stability derivatives. 

The model chosen to illustrate the application of this technique is a 

hypothetical full-scale design representative of a typical Tubeflight vehi­

cle. Assuming linear equations with constant coefficients, accelerations 

in the'vehicle plane of symmetry after certain types of disturbance are 

determined by Laplace Transform methods, plotted, and programmed into an 

analog computer by means of a Curve Follower stmilar to the manner in which 

flight test data could be processed. The analog computer program used to 

demonstrate the analog regression technique is a first order correlation 

program, with corrections derived to give improved "second order" coefficients. 

More sophisticated programs are presented but not tested, as the number of 

analog amplifiers required rises rapidly with the number of stability deriva­

tives to be determined. 

The results indicate the feasibility of the technique. 
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SYMBOLS 

XCG I 
center of gravity location, § - 2 
s coefficient of fourth order factors 

first numerator multiplier, fo~ ith power in numerator 

intercept of straight line fit 

unit coefficient of fourth order factors 

coefficient of s3 term in fourth order polynomial 

second numerator multiplier, for ith power in numerator 

airfoil chord 

coefficient of s2 term in fourth order polynomial 

third numerator multiplier, for ith power in numerator 

D vehicle drag coefficient, --~~---
t. Sm 

zero-lift pad section drag coefficient, 
p,v,la 

jet flap momentum coefficient, J~Jc 

vehicle lift coefficient, ~Sm ' 
pitching moment coefficient, 

thrust coefficient, ;s-

d, 

StC 

1 - m 
coefficient of s term in fourth order polynomial 

drag of vehicle (lbs) 

input to non-linear control system 

o coefficient of s term in fourth order polynomial 

2 acceleration of gravity, 32.2 ft/sec 

integral of square error 

airfoil ground clearance 

nondimensional pitch inertia, 2 I 
pS JI. m 

I vehicle pitch inertia 

j F 
k

j 
numerators of partial fractions expansion 
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L vehicle lift 

mt slope of straight line fit 

m vehicle mass 

M pitching moment (lb. ft.) 

M' Mach number 

N( ) a nonlinear function 

N the describing function 

real component of N 

imaginary component of N 

a polynomial in s 

p(S) 
the poles of 't(S) , the zeros of 3' (3) 

a polynomial in s of higher order than p(s) 

passageway dynamic pressure 

freestream dynamic pressure 

s complex frequency 

S maximum vehicle cross section area 
m 

ST tube cross sectional,area 

t time (sec.) 

T thrust (lb.) 

u(t) disturbance velocity along vehicle longitudinal axis 

U(t) velocity along vehicle longitudinal axis 

U(s) Laplace transform of disturbance velocity 

XCG position of vehicle center of gravity (fram nose) 

z(t) heave disturbance 

Z heave position 
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z(s) Laplace transform of heave disturbance 

Zj the zeros of PCs) 

Subscripts 

( )0 initial steady state value 

Greek Symbols 

a' 

fJ 
y 

8 

( 

-r,O(tJ 

8(s) 

angle of attack 

second order system decay rate,..L Z . 
2 ')" 

second order system damped frequency ~ Zt - t z; · 
vehicle flight path angle 

jet thickness 

error, Z - L z .. X,' 
o I "I 

airfoil lower surface inclination to ground plane 

pitch angle disturbance 

Laplace transform of pitch angle 

8 pitch angle 

t second order system damping ratio 

nondimensional mass, 

air density (0.00238 

w angular frequency 

2 m 
pSm i 

2 slug/ft ) 
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I. INTRODUCTION 

The development of the concept of a self-propelled. aerodynmnically 

supported vehicle capable of high speed travel in a tube will soon reach 

the point at which instrumented flight tests of small scale test models will 

be conducted. Some of the important results of such tests will be perform-

ance characteristics and stability data (vehicle motions vs tUne) which can 

be used to design more advanced scale models and eventually large commercial 

vehicles. The stability data desired will be in terms of vehicle stability 

derivatives or system transfer function coefficients. In either case a method 

of data reduction must be chosen which will give accurate reproducible results. 

The analog regression technique of analysis in the time domain can be 

used as a method of stability derivative extraction from a knowledge of the 

traj ectory. 

Regression is the branch of statistics in which relations between two 

or more populations representing different variables are found. The method 

used to find such relations is termed regression analysis. The populations 

may be either finite (discrete data) or infinite (continuous data). A typical 

result for discrete data is the familiar fit of a straight line to a set of N 

points, (Xi' Yi ). If Y:::: mX + b is the assumed form of dependence) 

f Y: = m f Xi + N b 
I"" ' I", 

are the two simultaneous equations for m and b for a least-error-squared fit. 

A fit to continuous ,data can be made by letting N grow toward infinity while 
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N At = t is held constant. Then 

't T i Y dt - m[ X dt + bt 
0 0 

r 1'" i' 

[ XV dt = m 1 Xl d t + b 1 X d t 
0 o 0 

are the simultaneous equations whose solutions are m and b for a straight 

line having the least error squared (integrated over time) (Ref. 1). The 

method of steepest descents outlined in the body of this thesis is a power-

ful r~gression technique which gives the same results as the classical solu-

tion for a straight line fit. 

Other computer techniques (Ref. 2) can produce more accurate results. 

Digital computers require discrete numerical data so that for good results 

input data points must be closely spaced in time and have at least as many 

significant figures as is required of the output. 

The analog computer's advantages are its ability to handle continuous 

data in analog form (sensor outputs may be voltages used directly as inputs) 

and in "real time". It is possible that vehicle modification during testing 

could be based on just-obtained derivative information, resulting in a rapid 

approach to a satisfactory vehicle configuration. The use of the regression 

technique in an attempt to determine the stability and control derivatives 

of an aircraft in the lateral mode of motion is discussed. The point is 

made in this reference that instrumentation must be highly accurate, without 

time lags between measured quantities. It is even stated that instrumental 

accuracy is more critical than the data reduction method. For the remainder 

of this paper it will be assumed that perfect data is available to the com-

puter, independent of the number of channels of information. Rubin (Ref. 1) 



derives the regression technique very clearly and includes simple analog 

computer diagrams. 

The analyses presented in the following pages are based upon linear-

ized equations of motion and assumes that the vehicle is a rigid body with 

no inherent angular momentum. Revolving machinery on the vehicle could nec-

essitate a preliminary data reduction to account for the gyrodynam,ic effects 

produced. A flexible vehicle is difficult to analyze, but the assumption of 

rigidity is made only in order that the equations of motion may be simplified 

to facilitate their solution. 

The major problem is perhaps the fact that, While the stability deriva-

ti'Ves are assumed to be constant, they have been shown by theoretical analysis 

and experiment to vary considerably for relatively small displacements. The 

results of computer analysis of the motion following a finite disturbance will 

necessarily be rather a best average of values over the conditions assumed 

by the vehicle during the data run than a value of the derivative for a par-

ticular flight condition. For such problems the solution can only be a 1unit 

as the disturbance becomes infinitesimal. Averaged values of stability deriva-

tives obtained frmn data runs including larger disturbances are of use, of 
, 

course. 

In the study of, non-linear systems it is useful to introduce a "describ-

ing function" or amplitude-dependent transfer function approximati.ng a non-

linear function. The best linear fit to data at different amplitudes of vehi-

cle motion establishes each derivative as a describing function, analysis of 

which can even determine the derivative as a nonlinear function of vehicle 

conditions (Appendix 1). 

An alternate way of handling non-linear dependence is to assume the 

form of dependence. Fowers other than unity, sine and co-sine functions, ex~ 



ponentia1s and many other non-linear forms of dependence can be programmed 

or approximated. The program will correlate to find the coefficient which 

best fits the assumed form of dependence to the input data. A certain amount 

of judgement and experience would be required to make use of this technique. 

The least squares fit assuming linear dependence is likely to give 

good qualitative and acceptable quantitative results, and serves well as an 

illustration of the technique. The analysis in this paper will deal with a 

tubef1ight vehicle having three degrees of freedom in the longitudinal mode, , 

with each degree of freedom represented by a linear equation in the state 

variables. The problem is to determine the coefficients mUltiplying each 

variable in the equations from the trajectory. 

Flight test data is at present unavailable, but can be "genel:"ated" by 

Laplace transform techniques, or by programming an analog computer with the 

equations of motion (a simulator progrIDn). The coefficients of the terms in 

the equations and initial conditions must be assumed in either case. The 

data generated can be put into a derivative-finding program, which must deter­

mine the assumed coefficients with reasonable accuracy. Because of the ac­

curacy of the transform techniqt.te, it is used here. As a check the' simulator 

program output may be compared with the results. 

It would be no more difficult to work in the frequency domain and to 

find transfer function coefficients, but as the analysis would no longer be 

in the time domain, a new continuous variable would have to be used in place 

of time. This practically pl:"ecludes "real time" solution. The variables 

(frequency, amplitude, and phase angle) would most likely be recorded as dis­

crete data points, making the digital computer the natural tool to apply to 

this prob 1 ern. 

4 



When a number of the stability derivatives can be estimated ~ priori, 

this information can be used in various ways to influence the computer out­

put. The least squares program can be simplified when such ~ Eriori informa­

tion is set into the computer as constants rather than as variables to be 

determined. Other programs (Ref. 2) use ~ priori data as though it were in­

put data so that the fit error includes departures from a priori values of 

the derivatives. 

5 
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II. ANALYSIS 

A. The Eguations of Motion of the Vehicle 

The motion of vehicle can be represented in any of a number of refer-

ence frames, but for ease of solution for an expression of vehicle stability 

derivatives, the so-called IIstability axes" will be employed. The three 

orthogonal axes are simply those of the principal moments of inertia. Figure 

1 illustrates the appro:r.:tmate geometry of a tubeflight vehicle and the signifi-

cance of the variables of longitudinal motion. 

The three independent variables (degrees of freedom) are chosen to be U) 

velocity along the longitudinal axis, Z) position on the vertical axis, and 

f), pitch angle, each measured from the tube cen'terline to the vehicle. Vehicle 

instrumentation, such as pad proximity sensors, can be set up easily to read 

out the required variables. 

A glance at Figure 1 will verify that the longitudinal dynamics of the 

vehicle are expressed by 

• mU = T- 0 COSa + L sina - mg sinS 

mZ = Leosa -mgcos8 +0 sina 

Iii • • 
= M(Z,Z .. 8,8) 

Assuming small angles for the purpose of linearization of the equations 

of motion, 

COSY Ii!! , COS (I as I cos 9 ~ I 

sin y ~ y sin a S!' GI sin 8 Sf 8 

and y + a ID 9 



thus 

8 :: a + Z/V 

In steady flight, 

and 

T = 0 COS a - L sin a 

Te!D-La 

L = m 9 COS Y - T sin a 

L=mg - Ta 

Considering small disturbances from equilibrium steady-state flight 

z - ~ = ty 
8-~=J, 

U-Uo=u 

• • • 
8 - 8 = -rJ. = d"/dt o 

the linearized non-steady flight equations are 

• 
mU" T- 0 +La -mg8 

£::T-D-mgy 

~ T - D -~Z 
V 

•• 
mZ S L - mg + Da . 

eE L - m 9 + D 9 - ot 

If 2:.0 = 0 

if .j = 0 o 

7 



The; .equations of motion are nondimensionaiized as follows: 

"'1 - l' 
.,; 11 iL.!.. = i 
" I V V 

,J= .J. 

. J i 
.J= V 

u' = .J:l 
V 

m 
'I' = 

{- pSm i 

C = 0 
f) ...Lp S 

2 m 
CL= L. 

tpviSm 

I - I 
t b - IpS 15 

T m 
C - T t T - l. pV2 S 

2 m 

C. = 1 V;'8 
J 

~i C 

Finally; the non-steady equations of motion can be,written as 

• . (1 g ) p.u. = Cr - Co - P. TJ vr 
= Cx U + Cx "1 + Cx.q ~ + Cx.J. 

I.l '1 ,J 

.. 
C '7+C oai+C .J. +C .jL +'C I' '7 :; U. 

'1'1 J..; Z -cJ z~ Zu. 

.. . 
I/).· CM ." + CM' .q + CM 

,J. + eM' .Jl 
b '1 , ". ,. 

8 



A Typical Vehicle 

The evaluation of the constants requires that a particular 

vehicle and tube be assumed. In a design project undertaken at Rens-

selaer, Cooke (Ref. 3) has investigated a hypothetical full scale vehi-

cle with the following characteristics: 

Body length - - - .... - - - - - - - - -137.0 ft 

Diameter-- --- - - - -- - ------ --9.0 ft 

Cross section S ------------ --63.6 ft.
2 

m 

Biockage ratio Sm ------------ 0.36 for 15' diam. tube 
ST 

End Geometry: semi-ellipsoids: 9' x 9' X 54' axes 

Propulsion: Tractor propeller, turbine driven. 

I 
2 

= a = -0.032 

(C.G. Location 4.4' ahead of gernnetric center) 

Vehicle weight mg-------------90,000ifo (m = 2,790 slugs) 

Vehicle pitch inertia 1--------4,370,000 slug/ft 

Nominal fuselage position: centerline 0.333 ft. below 
tube centerline 

o 
Three ------ --------------180 arc 

Aerodynamic center location of pads: 16.2 ft., 6[ •• 1 ft., 
112.0 ft. back from nose 

Trailing edge radius----- --- -----6.83 ft. 

Chord -- - -- ---- --- - -- -- ---- - 6.67 ft. 

Thickness-- ------------ - --- 10% chord 

Section------------------Clark Y - 10 

(Modified trailing edge for jet flap nozzle) 

9 



Chord line angle to pad lower surface 1.72
0 

Lower surface inclination E ------- .. - 0.03 radians (1. 7°) 

Other Characteristics 

Cd --- --- -- ----- --- -- --0.006 
p 

Vertical fin at rear for later control and stability. 

Cruise speed---------------250 kts.;;: 420 fps 

Jet flaps in operation: C. = 0.083 each pad 
J 

Transfer passage dynamic pressure ratio 

Transfer passage Mach number M = 0.76 
o 

14=271 

Ib ::: 22.6 

Cooke evaluated the stability derivative to be 

Cz'1 • 35.0 - /L( 31;;5 fPSr + t( 25.0-1539!) 

C2-,j = - 58,80 

Cz '::: [35.0 + ~ (25.0-1539£)]0. +~(l8.81- 4.51 Cd ) 
'-I. v_ Uti<O P 

Cz• ::: - 58.80 Q. + 5.35 
tit 

eM = [35.0 + ~(25.0 -1539«:)] a. 
? 0"" 

CM - ::: - 5.35 - 58.80 Q. 

~ 

CM = Cz (0.2 + 0.08166 + 18.81~QJ 
~ ~ . ~ 

CMJ. = - 58.80 0.
2 

- 4.81 

.. 
Forces 'due to' velocity are approximately represented by 

o 

10 



Wind tunnel tests of an elliptical section with nearly flat 

lower surface 0(10%) thick, conducted at R.P.I. by Duffy (Ref. 6), at 

h 
C s 0.10 

yield 

C 01. - 0004 -( a :: -J - ±) 
Xo - • deg U 

Assuming the Prandtl Gluart compressibility scaling law or 

pressure coefficients, 

C :: o 

CL IN=O 
',j1-M2 

Colu: o 

. 
drag is estimated at 7,550 lbs based on C I 

o U=O 

a:. Sm =t p V
2

Sm =t(0.00238 S~~~)(420 !!012
(63.6 ft2):: f 3,300 Ibs. 

I 7,750:fl: :: I 
Co u= 0:: ~ ... Sm 0.5,7= Cr u =0 

I :: 90.000 = 
CLu=O ,i.Sm 6,77 

, 

CXu :: Col u:: 0 (- 3 - Mo ddM ( .Ii ~ Mi )) :0 0.57 (- 3 -

2 
:: - 0.57 ( 3 + (0.76) ) = - 2 9 

, .' (J'I_(O.76)z,)3 4 

Similarly l 

Evaluated 

Cz'1 :: -180 

C." = - 58.8 
." 

11 



C! = 58.2 
~ 

C
M 

= 0.85 
TJ 

C
M 

= -8.82 
~ 

C = 723, i!' • 
IP 

C
M

• = -3.47 
TJ 

C
M 

.:: -4.87 
V! 

where .,j is measured in radians., The nondimensiona1ized equations are 

thus 

: 271l(= -2.9 u.' - 0.36 TJ -"'271 t~ ) i] - O.OO~eg (.Jl-~) 

= -2.9 u.' - 0.36 TJ - 6.55 i] - 0.004 rJ)..d 
" eg 

271-ij =-180 T) - 58.8 .q + 58.2 t9 d + 7.23.,j: d + 14.2 u:' 
ra rai 

:: - 180 "J - 5 8. 8 Tj + 1.02 t>2d + 0.126 J.t_ + 14.2 u.' 
, eg ua.c;J 

22.6 Jrad = 0.85 TJ - 3.47 T] - 8.82 Vlrad - 4.87 Jtra.d 

or 

0.395 .dJ.
d
· = 0.851] - 3.47.q - 0.154 -rfl.d - 0.085 ~ eg eg deg 

When werking with flight data it is perhaps more convenient 

to gather all information in dimensional form and to nondimensiona1ize 

later. For J = 137 ft~ !Sm = 13~30olf, 

v = 420 fps t the equations in dimensional form are 

12 



2,790 U. = -92 u - 35 '¥ - 207 N - 53.3-rJl 
(! P deg 

2,790 t = -17,500'1' - 1,860 t + 13)500 Vt
deg 

+ 550 .J
deg 

+ 450u 

76,400 J
deg 

= 11,300,), -15,000 ~ - 280,0001.9
d89 . 

- 50,500 V2 
deg 

Normalized with respect to the coefficients of the highest order deriva-

tives, 

. u = - 0.033 u - 0.125 '1 - 0.074 t - 0.019 .a. deg 

ij = -6.27 ~ - 0.667 t + 4.S4-62
deg 

+0.197 .Jzdeg 

+ 0.161 u 

J = 0.148 n" - 0.197 t - 3.67 Jl
d 

- 0.66 J 
deg U eg deg 

B. Prediction of Vehicle Motion After a Disturbance 

Laplace transforms allow the simplest method of solution of 

this system of equations. Block diagram or signal flow gt'aph techniques 

(as developed and discussed in Reference 4) may be applied to this linear> 

time-invariant set of equations. 

13 
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The transformed equations are 

(S + 0.033) U(s) ::: (-0.0745 - 0.f25) l(s} - 0.019 V2(s} 

(S2+ 0.667 S + 6.27) Z(5) = (0.197 5 + 4.84) 79(8) + 0.16! U(s) 

(52 + 0,66 S + 3.67) -J((s} = (- 0.197 S + 0.148) Z(s} 

U(s} = - 0.074 S - 0.125 
S + 0.033 

- 0.0190 
l(s} + S + 0.033 v(s) 

Z(s) = 0.197 S + 4.84 J'(s} + 
52 + 0.667 S + 6.27 

0.161 
S2 + 0.667 S + 6.27 u(s) 

.J2(s) = -0.I97S + 0.148 i! (s) 
52 + 0.66 S + 3.67 

These equations can be visualized in block diagram form, as in Figure 2. 

The system characteristic equation, as determined by Mason's 

loop rule (Ref. 4, pp. 48-49) is 

S! + 1.3654 + 10.47 S3 + 7.8852 + 23.3 S + 0.81 ::: 0 

The system is' stable, according to Routh's Criterion (Ref. 4, p. 113 ff.). 

The Routh array appears as follows: 

14 
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56 10.47 23.3 0 

54 1.36 7.88 0.81 0 

53 4.67 22.1 0 

.52 1.44 0.81 0 

Sl 19.5 0 

SO 0..81 

The first colmnn is composed of positive numbers only, the criterion for 

stability. 

This fifth order equation has one negative real root and two pairs 

of complex conjugate rootS i closely associated with those of the uncoupled 

systems ( u. = - 0.033 u, fj = - 6.271/ - 0.67i~ -&= - 3.67-6t - 0.66.J1). 

The real root is very nearly the solution of 23.3 S + 0.81 = 0, or S = - 0.0348. 

Using the standard technique to find the real root of this polynomial (Newton­

Raphson) , the root is found to be S = - 0.0350. The fourth order equation 

resulting when S + 0.0350 is divided into the fifth order characteristic equa-

tion above is 

S4 + 1.32553 + 10.424 S2 + 7.4155 + 23.04 ::; 0 

One standard technique used to determine the roots of such a fourth 

order polynomial is the graphical method innovated by Zimmerman in the 1930's 

(Ref. 7). The fourth order polynomial is broken into two second order 'poly-



nomia1s: 

S4 + B S3 + C S2 + 0 S + E = (52 + Q S + b )( 52 + a S + b } 
I I ~ 2 

Thus 

Thus 

or 

also 

or 

B = a, + 

C ::: a, ~ + 

0 ::: a b +b 
I 2 I 

E = bl b2 

c= b + E + 
I~ 

B a = 
I 2 

U2, 

b, + 

a. 
2 

o = o,~ + (B - QI) bl 
I 

o - Bb, 

~- b b
l 

I 

b2 

Plots of the two functions a1(b1) yield two curves~ with two 

intersections, where both equations are satisfied sfmultaneous1y. These 

points are Cal' b l ) and(a2 , b2), the unknowns in the factored expression. 

The plots can be made relatively accurate by considering only 

the region in the (a, b) plane near (0.667,6.27) and (0.66, 3.67), sj.nce 

16 
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the uncoupled heave and pitch characteristic equations are 

S2 + 0.667 S + 6.27 :: 0 

and 

52 + 0.66 S + 3.67 :: 0 

respectively. The graphical method (Fig. 8) yielded the first approxima-

tion a.. :: 0.40 I b
l

:: 6.47 

(and ~ = B - a. = 0.925 , b=£=3.58 
2 b. 

) 

which was improved by division of 

52 + (0.40+ 8)S + (6.47+ £) 

into 

54 + 1.3255' + 10.24 S2 + 7.415 S + 23.04 

The result was 

S2 + (0.925 - 8}5 + (3.58 - £ - 0.525 8) 

and a remainder 

(- 0.01 + 3.18 - 0.525 E)S + (-0.16 + 3.48 + 2.9{) 

which was set to zero, deterrnining 8 and ( as 0.011 and 0.04 respectively. 

The two second order factors of the fourth order polynomial are-thuB 

52 + 0.411 S + 6.51 



and 

S2 + 0.914S + 3.54 

(s ee Appendix 2) 

This ability to factor the characteristic polynomial is impor-

tant because it forms the denominator of every Laplace transform of the 

vehicle's motions. The partial fraction techniques (used to evaluate the 

solutions in terms easily inverted to the time domain) depends upon the 

factors of the denominator being known. 

The Residue method of solving partial fractions (Ref. 4, p. 27) 

states that a ratio of polynomials 

may 

For 

zP{s) 
1(s) 

:: 

be split 

p(S) 
:: 

l!(s) 

distance 

(8-Z )(S-2) .. - (8-2 ) 
f 2 m 

into its partial fractions 

K, 
+ 

Kz + . o. + KO 
5 - P. S-~ 5 -P-

I n 

If 
(5 - P) I'(S) 

( 

S = Ii 
f 

Here the five It are 

'- 0.035 

- 0.205 ± j 2.54 

- 0..457 ± j 1.82 

n > m 

where the latter are the complex pairs found by factoring the second order 

factors (application of the quadratic formula). 

Each fraction numerator of the partial fraction expansion depends 

linearly on the numerator in the ratio of polynomials to be expended. 

18 
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This polynomial is a sum o'f powers of S, each multiplied by a co-efficient. 

The coefficients will vary depending on the disturbance to which the system 

has been subjected and the particular variable under observation. Rather 

than perform the partial fractions expansion after determining each transform 

(ratio of polynomials in S ) an expansion for each different power of S to 

be expected in the numerator will be found beforehand. Then only multiplica-

tion by the coefficients in the numerator and summation of the results is 

required to give the partial fractions expansion. Let 
Sl 

(S + 0.035)(5 + 0.205 + j 2.54)(S + 0.205 - j 2.54)(9 + 0.457 + j 1.82)(5 + 0.457 - j I.se) 

• • 
II A(, + Bt + Bi + C" + ___ C_':....· __ _ 
'S+0.035 S+O.205+j2.54 S+0.205-j2.54 S+0.457+j 1.8Z S+0.467-j 1.82 

II S+A~.035 + 2 Re{ S+0.2~~+j2.54} + 2 Re{S+0.4~~+JI.82} 
where ( )* denotes complex conjugate:, (a + jb)* = (a - jb, and Ra{} denotes 

the real part of the comp lex number {}. The A.) B., and C
i 

arc found by 
1. ~ , 

the residue method to be 

or 

or 

S' 
Ai = (S + 0.205 + J 2 .54)(S + 0.405 - j 2.54) (3 + 0.457 + j 1.82)(S + 0.457- J 1.82) S =-0.035 

i 
Ai = 0.044 (-0.035) 

S' 
8, = -,---------------------------

(S + 0.035)(S + 0.205 - j 2.54)(S + 0.457 + j 1.82)(S + 0.,457 - j 1.82) S:.: ~0.e05 -j 2.54 

8(' = (0.0220 - j 0.0075) (- 0.205 - j ~.54{ 

Sl 
C. =~~----------------------------------.----

{ (S +0.035)(5 + OA05+ j 2.54)(S + 0.205 - J 2.54)(S + 0.451- j 1.8n S =-0.457 - J 1.81 
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or 

Ci 1: (-0.440 + j 0.00226)(- 0.457 - j 1.80( 

These numerator coefficient multipliers are presented for i = 0, 

1,2,3,4 in Figure 3. The partial fractions expansion of 

a 54 + b Sl + C 52 + d 5 + e 
se+ 1.3654 + 10.4753 + 7.88S2 + 23.35 + 0.81 

, is then 

A4 a + Alb + A2c + A, d + Aoe ; { 8 4 a + Sa b + 82 C + S, d + Boe } 
S + 0.035 + 2 Re 5 + 0.405 + j 2.54 

+ 2 R { C4 a. + Ca b + 02 C + C, d + Co e } 
e S+0.457+jl.81 

Inversion of. the Laplace trans£onns for any desired vehicle motion 

is then a matter of 'finding the transform, breaking ~t down into partial' 

fractions, and then inverting~ 

The formulae below shows how the last step is taken. 

t~l{ C + jd. } =(C+ jd) e-(o.+Jb)t =(C+ jd)e-«t (cosbt - j sinbt) 
S + 0+ Jb 

L-r c + j d } + ,;:.-l{ c - J d } = ;£'{ 2 c (S + 0) + 2 db} 
1. S + a + jb S + a - J b S2 + 2 as + 0

2 + b2 

= e-a.f (2c cos bt + 2 d sin bt ) 



A well-conditioned experiment which could be performed in flight 

would be one in which only one degree of freedome is disturbed, at least 

initially. In order to find the stability derivatives of the vehicle 

influencing its motion in the heave direction, the heave position could 

be non-aerodynamically maintained at a value different from the equili­

brium position. Then the constraint could be removed and the vehicle 

would return to its equilibrium states in velocity, pitch and heave. 

Pitch and ve10icty in the non-equilibrium steady state condition are 

found by holding heave off equilibrium while eliminating the effects of 

pitch and velocity feedback to heave, which would bring it t,o equilibrium. 

The set of steady state ve1ues thus obtained for u, 1, and V! determine 

all other derivatives when the heave constraint is removed (t=o). Then 

21 

the well-known initial value theorem and the relations between transforms 

of a function I s derivatives and the transform of the fUnction allow solu­

tion for the transform of the function of interest) here 1(1::). Similar 

procedures for initial constraint of velocity and pitch produce returns to 

equilibrium involving mainly the velocity and pitch variables, respectively~ 

and their first and second derivatives. Such experiments are well condi­

tioned for finding the non-coupling derivatives) which are the only dcriv~l­

tivea which can bc fOU11d when 011ly one channel of information is avai1~\ble 

to the computer. 

The problem of making the solved motion of the vehicle available to 

the computer was solved with the help of a Hewlett-Packard X-Y plotter and 

line following attachment. This was found to operate well at about one 

inch per second sweep speed or slower) requiring time scaling on the com­

puter. The analog computer is capable of integrating :r.nput voltages well, 

making the acceleration the natural input variable in each case. 
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C. The Method of Least Squares 

The problem of determining stability derivatives from flight test 

data is that of finding the set of derivatives which reproduce the data 

with the least error. The usual error criterion is the square of the dif-

ference between the actual mid the assumed system output. The problem of 

minimizing this value is solved by the method of least squares. In case 

more than one output is involved, a weighted sum of squared errors in min-

imized, the weights being determined by the relatives accuracy of the data. 

The data can be either discrete or continuous in nature, As most 

vehicle attitude sensors, rate meters, and other instrumentation provide 

continuous data, a certain amount of information is lost when values at 

selected instants are the only information available. This loss can be 

made negligible when data intervals are considerably smaller than the peri~ 

ods of vehicle motions, allowing the use of the digital computer in dynamic 

system analysis. 

The computer programs presented in this thesis are derived from the 

method of steepest descent, a simple yet powerful technique for determin-

ing the coefficients of terms in linear equations. The mathematical pro~ 

cedure is shown below, with notation applicable to dynamic systems. 

Let 
Z = 

II 

l: :ex x. 
'''I I I 

be the equation to be satisfied by the unknown Assume ~(t) and 

all the X.(t) (state variables responsible for acceleration) are known. 
I 

the lx may be assigned init ia1 values which mayor may not be expected 
I 

to yield small error. In any case, error is defined by 



We seek lx. ---)0:" ~x.) and € - 0 , or rather error squared (inte-
I I 

grated over time) - minimum. 

Let 
't 

G = L (2 dt 

= it E 2( t Z l( x, - l ) d t 
o 1"/ I 

For T = a computer time variable, 

However 

Thus G can be 

since then 

dG 
dT 

dG 
dZx. 

I 

= 

= 

forced to 

t 
[ 2( 

0 

a minimum 

= - dG 
di\ 

I 

dE' 
dt :: 

dl)( 
I 

if we choose 

dG = - t ( dG )2 < 0 dT 1"'1 d i!)( 
I 

The t:x. are found by programming the result 
I 

2[1' EX. d1 
o I 

dZx It " 
d T' = - 2 ( L 2)( X, - 2 ) X I d t 

o /"1 i 

A certain amount of care must be used in programming these equaM 

tiona. The feedback loops requ ired in all but the s imp Ie s t programs may 

cause instability due to loop gains higher than unity. The general rule 

for safe programming is to integrate first and process later, whether the 

system is simple (- E = t -2')' rr ,Figure 5) or complex 

Figure 6). 
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The experimental verification of these formulae requires a certain 

amount of pre-planning as well as a certain amount of ingenuity. When a 

computer is capable of handling a program which includes every variable 

significantly affecting the acceleration under investigation, the feedback 

operates to bring every coefficient being determined to the value which 

brings the error very nearly to zero. However, when the computer cannot 

handle some of the affecting variables, the error in the assumed form of 

equation cannot be easily reduced. For the second order system 

the error 

(as in the first order program used here) cannot be reduced much below 

- 2 t i. At the same time the, computed value of ~". is affected adversely 

since any component of It} 'i in phase with rr will be treated as though it 

were due to an increment in Z~ In Appendix 4 the error in the calcu-

lated Zr (as well as in 2 i' ' assuming either 

~ = z· t 'Y i t or 

2~ 
. 

~ = c 

is determined and a correction plot is presented. 

The prob I ern of determining the stab:l.lity derivatives of the fifth 

order system developed in the previous section is even more a problem. 

First, disturbances were chosen which affected mainly one degree of freedom, 

to minimize coupling effects. This conditioning of the experiment reduces 

heave or pitch motion to very nearly second~order-system response (damped 

sinusoidal oscillation), at least for small time, and it reduces velocity 

disturbance to nearly a first order system response (decaying exponential). 
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The effect of coupling is to move the poles of the fifth order system from 

those of the uncoupled systems, causing here a considerable error in the 

damping derivatives in heave and pitch. The error in the pole here associ-

ated with velocity is less noticeable, and the first order program (E ;: UuU 

- U ) can be expected to give a very good result. 

An innovation promising improved use of available data was attempted 

but proved to be perhaps more trouble than value, at least for the method 

of data input used. The unimproved program obtained nearly all the informa-

tion it could use in the first part of the data run, since the motions were 

damped and contributed very little to 

t [ ydt 
o 

( or 

and 

oc'lI' 
1 fl,f: - I¥ e after the first period or so. A redef~nition of the variab as as ~ - d 

... • ",'ot 
with a I chosen to approxitnately cancel the damping rate (~ = t e , 

.. Ii" e<><'t t = d 
- ,.. .". 

), gave the program for [= Z,. fj - '1 the form 

t 

= -2 I E l' dt 
o 

t £ E r; dt 

itr;2 dt 
Q 

or in steady state 

where the integrals need not stop increasing at a good rate as time in-

creases. The progralTI based on this technique was very sensitive to input 
'<11 fII 

errors as time increased, causing the recorded fj or '§ to depart in the 

positive or negative sense from sinusoidal curves. Consequently the inte-



grals behaved erratically with time, causing their ratio to depart con­

siderably from the correct value. The results in Figure 7 are for the 

"unimproved" program (Fig. 5) with "undamped" results for Zr and 2~ 

as well. The "unimproved" program can be expected to give good results 

for the coefficients Zt and ~ ,since the initial ry and 79 distur­

bances are the major causes of acceleration for small time. 
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III. DISCUSSION 

The calculated velocity. heave and pitch accelerations for respec-

tive initial disturbances were plotted and put on the curve follower. 

The computer operated on this input from the curve follower to gener-

'ate the results shown in Figure 7. Numerical results are tabulated in 

Figure 14. 

tJu ,the effect of velocity on axial acceleration, is computed 

by the steps shown in Figure 7a. This first order correlation is very 

accurate here, where the oscillations associated with the complex poles 

have been ignored. This corresponds to axial acceleration including these 

oscillations after they have damped out (see top of Figure 15) and there­

fore is not an oversimplified demonstration. The result is Uu = -0.035, 

corresponding to the coupled system's pole on the real axis. This is 

nearly Uu = -0.033', the value used in the equations of motion. Coupl-

ing causes the error of about 6%, which cannot be reauced until coupling 

derivatives are found. r')' and 21' ' the effects of heave position and 

its rate of change upon heave acceleration, are computed as shown in Fig­

ures 7b and 7c. The graphed outputs are ~')' = - 7.0 and ~.y = -0.43, 

but voltage meter readings of the outputs varied from -6.4 to -6.8 for 

and from -O.l~ to ... 0.5 for l· ,depending on the instant the com­I)' 

puting was stopped alld on the accuracy of curve follower calibration. 

These values lie within 3'70 and 20% of those indicated for the coupled sys-
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tern ( ... 6.56 and "'0.411). The damping derivative Zi is -0.667 in the equa­

tions of motion. The nearly 40% error is due to coupling. The derivative 

It is -6.27, the error of 10% again due in part to coupling. 

error, l t was assumed known before ~t was determined. 

To reduce 



An attempt to determine the same derivatives by augmenting each 

variable with time so as to approximately cancel the damping rate is 

shown in Figures 7d and 7e. As ampl~tude and phase relations are unaf­

fected, the resulting correlations should give good values for ~)' and 

2~ with the possible advantage that motion after the first few seconds 

is not virtually ignored as in the original program. This ll advantage" be-
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came a source of error as small discrepancies in curve follower calibration 

caused large errot's in derived variables as time increased. The results 

2~ e; 5 and Z!lt := 0.6 are not as near the expected output as are the 

results above for the original program. Again, and below as well, the 

"spring" coefficient was assumed known in order to find the damping deriva-

tive. 

Finally) ®#- and e~ computer output appears in Figures 7f and 

7g. Results seem to be SUI- = -2.65 and ®~ = - 0.88, but voltmeter read­

ings indicated ®~ = -3.38 and 9 6 = - 0.94. The coupled system poles 

associated with pitch correspond to - 0 • 91l~ , fo r 

errors of 6% and 3% respectively, but the values of these tenns in the 

equations of motion are e~ = -3.67 and 9.JL = -0.66 respectively. The 

et'rors are 8% and nearly 40%, where the damping derivative error'is nearly 

entirely due to coupling effects. 

An attempt to effectively eliminate damp:I.ng from the variables in-

volved was rendered hopeless by the high damping rate of the pitch oscilla-

tion and the dominance of the heave-associated oscillation, less highly 

damped, as ttme inct'eased beyond 12 sec. 

The coupling effects on the poles of the fifth order system could 

have. been nearly any effects. Here the major effect was to change the. 

damping ratios of the heave~and-pitch~associated oscillations. 



A more complex program such as that shown in Figure 6 would give 

better results by accounting for all the variables that significantly af­

fect heave acceleration. The input motion should include disturbances in 

every variable of interest, in order that the effect of each be well de­

fined. 
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The equations of motion were programmed for computer solution as 

shown in Figure 12. The same initial conditions used in deriving the 

Laplace transforms were applied to the appropriate integrators, and com­

putation gave the results in Figure 13. Comparison with the inputs from 

the curve follower (Figure 7) show that no major errors were committed in 

deriving the accelerations plotted for curve follower use. The practical 

difficulties of appropriating two analog cmnputers and guaranteeing that 

they begin computing simultaneously necessttated the Laplace transform-curve 

follower approach. 

Because the curve follower could not follow the curves more accur­

ately than about 0.03 inch (out of approximately 10 inches maximum sweep, 

top to bottom), a noise input is present in Figure 7. This has the form of 

comparatively high frequency, low amplitude oscillations abeut the correct 

input, as the line sensor lfhunted Jl for the line. This errer is not notice­

able after i.ntegratioll, which has a smoothing effect. A 1110re troublesmne 

source of e1:'1:'or for this method of data input is M,as, or difficulty :I.n 

calibrating the curve follower eutput. If the zerO' voltage position on the 

slide wire does not coincide with that on the curve plot, there is an error 

that g:t:'ows with time when integrated. The resulting drift ef de1:'j.ved vari­

ables is apparent in several places in Figure 7. This type of error can 

cause large deviations in the cmnputed stability derivatives. Fortunately, 



the same correlation technique which determines the derivatives can be 

applied to correlate any signal against a constant, the correlation fac­

tor representing the bias in the signal. It is then a simple matter to 

subtract the bias from the signal and base further correlation on the cor-

. rected signal. Any bias due to sensor calibration error may even be known 

from previous testing of the sensor. Then the bias can be corrected for 

without the need for the above computation. 

Such bias terms are accounted for in the work on stability deriva­

tive determination referenced in this thesis (Refs. 2 and 5). No bias 

error was expected in this work. Its form was simple, but its correction 

would require another multiplier and a few more analog amplifiers which 

were not available on the TR-20. 
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IV. CONCLUS IONS 

The simple computer program tested was found to give results 

near to those expected from the coupled system, but the program's neglect 

of coupling effects results in outputs which have rather large errors. 

A more complex program for which the minimum of the fit error can be re­

duced considerably would give outputs much closer to their appropriate 

values in the equations of motion. 

Taylor, Iliff, and Powers (Ref. 8) compared the least squares 

technique to several others which produce estimates of stability deriva­

tives. In complexity and in accuracy it ranked between >simple formulas 

or a.nalog matching and digital computer methods. Their analysis included 

noise added to each signal, where each 110i8e affected only its own signal, 

and not the outputs from sensors measuring integrals or rates of change 

of that signal. The vehicle tested was represented by a set of equations 

of motion with specified coefficients, much as was done in this report. 

The least squares technique gave results ranging from 1% error or less 

for "well defined" derivatives (those which affected the computer time 

histories most strongly) to 50% error or more for poorly defined deriva­

tives. The best technique presented, the modified Newton-Raphson method, 

gave results Within 1070 for the poorly defined derivatives, and results 

for aU derivatives closer to the actual values j,n the equations of motion 

than those of the least squares method. 

The choice of a data reduction technique this depends on the 

required accuracy of results and on the availability of computing aids. 

Barring digital computer methods j there is no technique presently avail .. 

able which gives atabiUty derivatives nearer to the correct values than 

the analog regression technique of least squares. 



V. REFERENCES 

CITED 

1. Rubin, A.1., "Continuous Regression Techniques Using Analog 
Computers,1I Institute of Radio Engineers Transactions on 
Electronic Computers, E C -11, October 1962. 

2. Taylor, L.W. Jr., Iliff, K.W., and Powers, B.G., "A Comparison 
of Newton-Raphson and Other Methods for Determining Flight 
Test Derivatives from Stability Data, II AIAA 3rd Flight Test, 
Simulation, and Support Conference, Houston, Texas, 
March 10-12, 1969. AIM, 1290 Avenue of the Americas, New 
York, N.Y. 10019. (AIAA Paper No. 69-315) • 

. 3. Cooke, G.G. IV, Design Study of a Full-Scale Tubef1ight Vehicle, 
Design Project Paper for the Division of Fluids, Chemical 
and TIlermal Processes, Rensselaer Polytechnic Institute, 
Troy, New York, January, 1969. 

4. Dorf, R.C., M?dern Control Systems, Addison-Wesley Publishing 
Company, Reading, Mass., 1967. 

5. Marchetti, R.M., IIExtraction of Aerodynamic Derivatives from 
Flight Data, Using an Analog Regress:ton Technique, II Journal 
of Aircraft, Vol. 5, No.1, January-February 1968. 

6. Duffy, R. E., llAerodynamic Characteristics of a Tubeflight Vehicle 
Support System," Tech. Rapt. TR AE 6801, Rensselaer Poly .. 
technic Institute, Troy, N.Y., January 1968. 

7. Zimmerman, C. H., "An Analysis of Longitudinal Stability in Power-
off Flight with Charts for Use in Design," NASA Rept. 521, 
1935. 

SUPPLEMENTAL 
8. Powell, D. and Duffy> R.E., "An Inflight Recording System for 

Tubeflight. Vehicles,1f TR PT 6907, Rensselaer Polytechnic 
Institute, Troy, New York, January 1969. 

9. Booth, A.D., 1!An Application of the Method of Steepest Descents 

32 

to the Solut:l.on of Systems of Nonlinear Simultaneous Equations, II 
Quarterly Journal of Applied Mathematics, December 1949. 

10. Briant, L.W., "Notes on Stability and Control Research," ARC S & C 
7044, September 1943. 

11. Duncan, W.J., IINotes on Aerodynamic Derivatives," RAE Rept Aero 2031, 
April 1945. 

12. Etkin> B., DynamiCS of Flight: ,StabiUty and Control, John Wiley 
and Sons, Inc., New York, N.Y. 1959. 



13. Foa, J.V., et al, "Research on the Dynamics of a Vehicle in a 
Tube," Final Progress Report, Grant No. DA-CRD-3l-l24-61-G88 
U.S. Army Research Office (Durham), Tech. Rept. TR AE 6406, 
Rensselaer Polytechnic Institute, Troy, N.Y., June 1964. 

33 

14. Goodman, T.R., "The Aerodynamic Characteristics of a Slender Body 
Travelling in a Tube," Tech. Rept. No. 66-31, January 1967. 
Oceanics Inc., Tech. Industrial Park, Plainview, N.Y. 11803. 
Prepared for the Office of High Speed Ground Transportation, 
U.S. Dept. of Commerce, Washington, D. C. 20230. 

15. Greenberg, H., "A Survey of Methods for Determining Stability 
Parameters of an Airplane from Dynamic Flight Measurements," 
NACA TN 23 l ,.0, December 1950. 

16 •. Hoel, P.G., Introduction to Mathematics of Statistics, John Wiley 
and Sons, Inc., New York, N.Y. 1954. 

17. Howard, J., "The Determination of Lateral Stability and Control 
Derivatives from Flight Data," Canadian Aeronautics and Space 
Journal, March 1967. 

18. Ince, E.L., Ordinary Differential Equations, Dover, New York, N.Y. 
1949. 

19. Klawans, B.B., and White, J.A., "A Method Utilizing Data on the 
Spiral, Roll-Subsidence, and Dutch Roll Modes for Determining 
Lateral StabUity Derivatives from Flight Measurements," 
NACA TN 4066, 1957. 

20. Meissinger, H.F., "The Use of Parameter Influence Coefficients in 
Computer Analysis of Dynamic Systems," Proceedings of the 
Western Joint Computer Conference, San Francisco, Calif. 1960. 

21. Milliken, W.P., Jr., "Dynamic Stability and Control Research," Pro­
ceedings of the 3rd International Conference of the RAES-IAS, 
Brighton, England, September 1951. 

22. Milliken, W.P., Jr., "Progress i.n Dynamic Stabi.1ity and Control 
Research,11 Journal of AeronauUcal Science, Vol. ll~, September 
19l~7 • 

23. Potts, T.F., Ornstein, G.N., and Clymer, A.B., "The Automatic De­
termination of Human and Other System Parameters," Proceedings 
of the Western Joint Computer Conference, Los Angeles, Calif. 
1961. 

24. Rampy, J.M., and Berry, D.T., "Determination of Stability Deriva­
tives from Flight Tests Data by Means of High Speed Repetitive 
Oper.ation Analog Matching," FTC-TDR-6!t.-8, Air Force Flight 
Test Center, May 1961h 



25. Rensselaer Polytechnic Institute Faculty, !lRigh Speed Mass 
Transportation: A New Concept," Rensselaer Polytechnic 
Institute, Troy= N.Y., July 1965. 

26. Shinbrot, M., "A Least Squares Curve Fitting Method with Applica­
tion to the Calculation of Stability Coefficients from 
Transient Response Data, II NACA TN 2341, 1951. 

34 

27. Shinbrot, M., "A Description and a Comparison of Certain Non-Linear 
Curve-Fitting Techniques, with Applications to the Analysis 
of Transient-Response Data," NACA TN 2622, 1952. 

28. Shinbrot, M., 1'01.1 the Analysis of Linear and Non-Linear Dynamical 
Systems from Transient-Response Data,tI NACA TN 3288, 1954. 

29. l1Summary of Research at R. P. 1. on Tubeflight, 9 September 1966 -
9 November 1967, II Tech. Rept. TR PT 6801, Rensselaer 
Polytechnic Institute, Troy, N.Y. January 1968 (FB 177 518). 

30. Temple, C., "The Representation of Aerodynamic Derivatives,1I 
RAE Rapt. 5MB 3308, March 1945. 

31. Whittaker, E. and Robinson, G., The Calculus of Observations, 
. Blaclde and Son, Glasgow, 1949. 

32. Wolowicz, C.H., "Considerations in the DeterminatiOll of Stability, 
and Control Derivatives and Dynamic Characteristics from 
Flight Data," AGARD Rept. SLI·9 Part 1, 1966. 



35. 

APPENDICES 

and 

FIGURES 



APPENDIX A 

A METHOD OF HANDLING NONLINEARITIES 

A-I 
36. 

A non-linear function '1 ( e ) may be approximated by an 

. amplitude dependent transfer function, Imown as the describing function. 

It is generally a complex number, 

where 

'N (lei t w) lit (Nr+jN j ) (IS\,"') 

S = lei c os W t 

produces an input 19 1 ( N cos wt - N. sin lOt ) r , 

amplitude and. phase dependent on lei as well as w • 

are averages over one period of the motion: 

. 2:1r 

N = ~ i ,?(e(t}) coswt d(wt) 
o 

1
27f' 

N .-iT ''1(6)0)) sin wt d(wt} 
o 

, with 

Nr and N i 

'It . should be possi.b Ie to invert the process and find,? ( B ) from 

data yielding N (lSI t w) • Just such data is obtained for vehicle' 

stability derivatives such as ~,., which depends on the amplitude of 

the heave disturbance. Thus amplitude response data could be an~lyzed 

to yield the approximate nonlinear dependence of lift on pad clearance. 



APPENDIX B 

GRAPHICAL FACTOR OF A FOURTH ORDER POLYNOMIAL, AND IMPROVEMENT 

B-1 
37. 

The equations presented in the text can be plotted as follows: 

or, 

, 
0, 

or, 

01 = 0.6 G 2 

::: 

0, 

o - B QI 
E - -b b I 

I 

1:'1 7'11 5 -
3.04 

bl 

6.30 

6 •. 35 

6.40 

6.45 

6.50 

6 .• 75 

hi 

± J 0.44 - (10.424- bl- 23.04 ) b l 

I.~ ~ 5 

- b, 

Q, (B - I) 

(not real) 

N 0.662 

0.49 

0.366 

0.191 

0, (B - 2 ) 

0.35ll· 

0,.360 

0.395 

{8 - I) 

(B - 2) 

The plot in li'igure 8 shows that. the intersection of: these 

two curves lies approximately at (a.; b,) := <0.40,6.47). These 

roots were improved by the division which follows 



B-2 
38. 

DEN. ::I S2+{0.4 0 + 8)8 + (6.41 + E) 

S2+ (0.92 5-8l8 + (3.5 8 4-tr-O.5258) 

N) 84+ 1.3255 3+ 10.4 24 st+ 7.415 S tf- 2~.04 
S~ "(0.4 0 +8)S3+ {6.4 7 + E)S2 

(0.9 25-8}S3+ (3.9 54 -~)SZ 7.415S 

(0.92 5 ..... 8)~+(O.37+0.5258 ')S2.+(5.9 9-6.478+0.925 .~)S 

(3.584- (-0.525 8 >S2+ (1.425+6.478-0.925 tr)S + 23.04 

0.4 c:)S + 23.2 - 2.89£ - 3.48 

R ': ( 0) 8 + (0) III (- 0.10+ 3.18- 0.5 25 E ) S + (0.1 6 + 2.89 E + 3.4 8 ) 

3.18 - 0.5 2 5 E:: 0.1 0 

2.89 E + 3.4 a • 0.16 

which when solved gives 8:11 0,0 II II!: It 0.04 

(this is not quite exact) but the results are acceptable). Check: 

8
2 + 0.4 II S + 6.5 I 

S2+ 0.9148 + 3.54 

84 +0:41183 +6.5 18 2 

0.9148:5+ 0.388
2+ 5.958 

3.5 4 S 2. + 1.4 6 8 + 2 3.0 4 



APPENDIX C 

SOLUTION FOR VEHICLE MOTION 

Steady state conditions reduce the system block diagram to the 

state shown in Figure 9. Assume 1-(0)=1.00 , ~ (O}=O . This 

heave' initial disturbance also generates disturbances in pitch and 

velocity 

. 
,.R{O) = 0.0403 ~ (0) = 0 

~ (0) =-3.77 t.{- (O)= 0 

This collection of initial values and the equations of motion deter-

mi,ne all other derivatives at t = 0: 

+(0)=-6.69 

;;.(0)=0.485 

1-(0)=4.46 

t( (0) = 0.504 

, j(O) = '39.29 

.. .., 
-J?(O) = 0 ..J2 ( 0) = 1.3 2 

The Laplace transform for the ensuing heave motion -/.( t) is then found' 

by applying 

= 0(0 ) 

0(0) =~~[ $'O(S)] 
S-Q) 

to the successive derivatives. The result is 

S4+ 1.365 3 + 3.78 S2 + 3.2 4 s - 1.36 
1-' ( 5 ) :: 56 + 1.3 6 s'" + I 0.4 7 s 3 + 7. B 8 s 2 + 2 3.3 s + 0.8 I 

. l' 
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or, expanded, 

C-2 
40. 

-0.064 + 0.908S -0.083 + 0.160S +0.625 
7(S) = 5+0.035 (S+0.205)2 +(2,54)2 (S+0.457)2+1I.82)Z 

Then by usual inverse transform methods 

7 ( t 1 = - 0.0 6 4 e - 0035 t 

+ e- olo5 1' (0.908 cos2,54t - 0.106 sin2.54tl 

+ e-0457t (0.160 cos 1.82.t + 0.:302 sinl.82t) 

which twice differentiated becomes 

"i(t) = - o.ooooe e- O.03lit 

+ e- O.20st (- 5.70 cos2.54t+ 1.633 sin 2.541') 

+ e-O.451t (-1.00 cosl.82t- 0.674 sinl.82t) 

As a check on the computat:t(111iJ, 

~{O) I; 1.004 1 j.{O) :: - 6.'70 

which shows good accuracy. 11- (t) W.Hl tabulated antl plotted for curve 

follower application, a.nd appears in the computer output (Figure 7)) 
.. 

as do ,J? (tl and c.( ( t} ,whle h were s imlla.dy ob tained. When fHgh t 

teat data is available, the inpucs to the. computer will come in by 

separate channels) either directly from sensors on the vehicle, from 

some multivariable. equivalent: to t:ha curve follower, or from di.gital. ... 

analog conversi.oll devi,ces actached to a digitd computer [lrogrElmmed 
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to solve for the variables of motion from flight test data • 

For -J1 (0) = 100 
. 

.rf2 (0) lit. a 

.. 
-rfl. ( t) ::: 0.0 0 0 0 3 e - 0.0 116 t 

+ 6' - 0.
2 

0 5 t { .. 0.5 3 5 cos 2.5 4 t ... 0 ,3 8 9 sin 2..5 4 T } 

+ e - 0.467 t l- 3.0 leo s 1.8 2 t + 0.1 0 9 sin 1.8 2. t ) 

-rfl ( t) c 0.0 2 7 3 e - 0.035 + 

+ e- O.2.06t { 0.072 cos2.54t + 0.072 sin 2.54t} 

+ e-o,457t (+O.906 cos 1.82t + 0.134 sin 1.821') 

and for t( lO} = 1, after transients associated with pitch and 

heave have died.aut, 

u ( t) S e - 0.0 ~ 5 t 

t( ( t) e: - 0,03 5 e - 0.0 3 5 t 



APPENDIX D 

ALTERNATE REGRESSION TECHNIQUES 

~len no computing aids are available, a rapid estDuate of certain 

stability and control derivatives can be obtained by taking ratios of 

measured in-flight state variables, if all contributions to the measured 

output due to causes other than the measured input are negligible. For 

control response) this could involve measuring the rate of departure of a 

variable from its steady-state motion after a control pulse or step. For 

free heave oscillation data this might be 1-((0) Sf Z • l' 0 ,. 

The values obtained for ~ (0) and ~(O) were -6.70 and 1.00 with a 

ratio of -6.70, while Z, = -6.27, for only 7% error. This technique is 

very simple but requires highly condit ioned experin1Cnts, wh:k h may be di.£ .. 

ficult to set up. Wind tunnel results may give values for derivatives dif-

ficult .to obtain in flight, but their accuracy is questionable. 

When an analog computer is available, the equations of motion can be 

progral1nned and solved for as many variables as may be desirable, using best 

estimates for the stability derivatives to determine potentiometer settings. 

Manual adjustment of these settings and visual comparison of the computer 

output (which may be time scaled to leave a continuous trace on an 08cillo-

scope) to flight test data allows an improved fit to be ·made. Derivatives 

which have little effect on the motiLons of interest can be left at their 

previously estimated values, while those needing adjustment are dctennincd 

from the potentiometer settings for best fit. The skill of the operator 

greatly influences the results. 

A more automatic method requidng a larger analog computer to handle 

a similar number of derivatives is the least squares method used in its 

D-l 
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simplest form in this report. Its problems include sensitivity to both 

measurement noise and non-ideally conditioned experiments. 

A similar method exists in which a "method function" multiplies 

each of the measured quantities, giving their. values a weight dependent 

on time. The results of this technique are little different from those 

obtained by the least squares method (Ref.2). 

Methods better suited to the digital computer are the gradient method 

and the Newton-Raphson method, which involve iteration. The first is a 

.. first order method, while Newton-Raphson uses an approximation to the second 

gradient which greatly improves convergence. A fit is made to any number of 

state variables, the weight of each determined by its estimated noise level. 

The results are generally superior to those obtained by any other method 

(Ref. 2). 
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APPENDIX E 

SYSTEMATIC ERROR CORRECTION 

As an example of the errors associated with the determina-

tion of stability derivatives by an oversimplified least squares program, 

the ideal fit to a second order system response (damped sinusoidal 

oscillation) by a first order computer program is shown and some con-

elusions relating to higher order systems are reached. 

For 

or 

or 

~ ;: 0 o't sin' /3 t 

I 

1--;: l3e df 
cosl3t + a'e alt slnl3t 

.. 
1r 

.. 
~ 

:::- /32e a't sin I3t + al f3 e olt cos /3 t 

+ a l /3 eulf cos{3t + Q/2QQlt sin/3 t 

= - + 2 pi 

which has the fOrm 

•• ,. I 

1-- II ~1 "7 + i.,. 1-
r II _(0/ 2 + (32) 
~ 

.. 
A first order program will compare 1- and ~ Ol1ly, and determine 

the component of j wh:l.ch has the same phase as 1-- (in terms of ro­

tating vectors, that component of i which lies in the direction of 
J 

11- ' as shown in Figure 10). This component is (a/2:-13 2
) gQ t sin {3 t 



which when compared to 
nIt 

::: e sin,8t results in a ratio 

of rather than 

i. e. , ( 0 12 - f32 ) = 

2 
- 0 1 (32 = t:'}­

where ~. is un-
'fr 

known. Clearly, accurate results for 2.;?- depend 

A first order program will find t:.-} in 

on t:.. being small. r 
a similar manner and 

the' computed result is This result' allows' the 

correct values to be found as 

:z = ~. 

7" 
2 Z· 

~ 

When 2'}­

order correlation. 

is known exactly the problem is reduced 

In Figure 11, 2'.::: t:., + 4', y. 
1'" .,. 2r 

is the result of correlating i with-}-2~~ 

:1- ~. 
-~ 

to a first 

Rhe corrections mentioned above may have analogs for higher 

order systems, but the presence of "noise ll i.n the input may resul,t in 

corrected stability derivatives which are no longer best in the mean 

square sense. The use of a more complete analog computer program 

(which eliminates very small derivatives j when the program is limited 

in size) is preferable. 
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V ROTATED c( CLOCKWISE FROM X, Z RESPECTIVELY" 

TUBE AXIS ROTATED .[).. CLOCKWISE FROM .c, X RESPECTIVELY. 

Figure 1. Tube£light Vehicle Axes and Orientation 
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Z(S) 

+ 
.... 

J+ 

-0.074 S - 0.125 
S + 0.033 

-0.197 S +0.148 

~+O.66S+3.67 

O.l97.S +4.84 
Sf. + 0.667 S +6.27 

0.161 ,. 

S2+0.667 S+6.27 
..... 

U(S) 

+. .,.+ -0.019 
" r , 

S + 0.033 
---- ~ 

Figure 2.. Longitudinal Dynamics Block Diagram 
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i = 0 

S 
i = I 
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i = 2 

Sl 

i =3 

s· 
i= 4 

A. 
I 

8. 
I 

C. 
I 

+0.044 +0.0220 -0.0075 j -0.0440-0.00226 j 

-0.00154 -0.0235 -0.0544 j +0.0242 + 0.0791 j 

+0.000054 -0.133 + 0.071 j +0.133 - 0.0805 j 

-0.0000019 +O~207+ 0.324 j -0.207 - 0.205 j 

+0.000000066 +0.781 - 0.596 j -0.278 +0.471 j 

Figure 3. Partial Fractions Numerator Coefficient Multipliers 
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Figure 4. Schematic of Test Set-Up 
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Figure 5. Tested 1\nalog Program 
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- rt( f u dt -------, 

-r"Jt(1rdt -----, 

- "tj f t( 1-0' t -----.'-----1 

fj «dt 

- "te ft{ 8 dt 

. - "t6 f t( 8 dt 

-"tl.( f1 t(dt 

-r.,f 1/dt ---....... 
-2·f1jdt '---....., 

~ f1-->dt 
-28 I'J edt 

-r&f~edt 
- 2:£( Ij«dt 

- 2., f11- dt ---........ 

- r~fj_2dt -~-=~ 
Jj~'dt 

- 2e f1z' 8 dt 

- ~t?1fj iJ dt 
- rl( f e L( d t 

- 2,[ e~ dt -------I 
- 2 . f 81 dt '---....., 

, f~' e dt 

- ~g[ e2
dt 

-r:gfe8dt 
. - r:1( [ Ii «dt -------, 

- r-" [iJ~ dt ----...... 

:- 2-,,-[ e j' d t ----.'------1 

f j' e dt 

- r." J 8 e dt 

- r~ J e'ldt 

Figut"e 6. Complete Heave Del:ivatives Progl:am 

51. 

- i: . 
;} 



o 

- 0.10 

o 

+ 1.0 
0.0 5 

o 

1.0 

o 

o 

-0.0 5 

0. 

o 

.. 
.. - "~:::"'~:f _.-

.. j_~_L . ,_ . ___ _ 
;'. r,', T ~. ~ 1 

2 3 
J 

10 

4 5 
I 

20 

6 7 a 9 
I I 

30 40 

Figure 7a. U u. 

. , , ... 
• ... , " • ......,/ ..... _ .... .._ ___ -0. 

10 II 
I 

50 

I 

5~ 

INPUT FROM 

CURVE FOLLOWEI 

DERIVED 
QUANTITIES 

THE OUTPUT 

(DERIVATIVE 

ESTIMATE) 

12 
I 

60 

Com put e r TilT 

Problem Time 



o 

0 

-1.00 
UJ 
(!) 

<t 
~ 
0 
> 200 

'tr 
l1J 
I-

0 
J 
(l. +2 
~ 
0 
() 40 

0 

4 

0 

0 

-5 

. , 
----,-, -, -,-., -'-'.--' ,- I-'--;---·-~-:--:-:--: 

, .' . . i":' ~ ~ . --;' : .. 
.... -"'-"'~-". -'-... -.- ----!.-,' .l-::~· (-_. ---,-(-: . 1-···· ... 

, . 
"- .............. , ... . 

, i I, 
. ". -··(·-""i.··"";'·~-:-"i-· 

\.. 2 ( t) . > - --. _~-., '1J-. , -- '- - .. 
• '''1 •• _, .,~.,-". I ... 'I , .. _-,) ..... - ... , . 

:. !' !. I I I ! • 

;' '-'I"~ :'~-' i ... ,;".:. j -~. :;._-.... - --,'-'-'i' -, _'_' 

..... "'f 

- ........... - ,-"- ,-.... _-"' .. ,'. 
. ~~ .. ~ .. ~k.i ~~~~':':'-.:::. L., " 

,J.). 

I N PUT FROM CURVE FOLLOWE R 

DERIVED FUNCTIONS 

COMPUTED DERIVATIVE 



54 

-I 

o 

I· 

- 2 

0 

2 j (t) ~-.-.' .. ".,. 
.-.~ .. --.-..... ---- . 

I 
I ~ . 

LLI 0 
(!:) 
<C 2 t-
--I 
C> 
> 0 

DERIVED FUNCTIONS 
. , 

• '. • .. '·· ...... 1· ~-, _ ... -, -,- - ~I -

: •• , '() I " 

.; . .....,. /.I,.. t --,---',"-- j--- - ' 
tF t7 j ,; • I I··r 

, ," 1
j 

.......... '-... _I ... , ... _,_, -'-, 

l. !, j i': 

a:: -10 
LLI ..... 
=> 0 
0-
::E -4 
C> 
<..> 

0 

:, I , • t ' if., I: 
, .' ( "'dt ~--... .---.:---: 

. Jo"J- 1J I. - ' ...... _- --, .•. !_if~:~n: 
~4 

o 

- .4 

-.8 I, 

I·, 

0 2 :; 4 5 6 sec, Problem time 
I I I I 
0- 4 8 12 sec. Time on curve follower 

Figure 7c. ~i 
'. ", .. ',. . 

i 



a: 
lIJ 
I­
:J 
0.. 
:e 
o 
(.) 

10 

5 

o 
-5 

10 

5 

o 

10 

5 

o 

o 

2 
I 

4 

. "-111' 

~'.'" 

345 
I 
8 

Figure 7d. 

. I 

IIUNDAMPED" ACCELERATION 

"UNDAMPED" POSITION 

6 sec. 
I 

12 sec. 

RATIO OF FINAL VALUES 

GIVES ESTIMATE OF 

STABILITY DERIVATIVE 

RATIO ~ .u. e! 5 s ~~ 4t\ , 

P r obJ em time 

Computer time 

"Undamped!! ~ ,.. 



o 

5 

UJ 
(!) 

<t 
1- . 
...J 
0 0 
> 

tr 
W 
l- S :::> 
n.. 

.:! 
0 
u 

0 

5 

o 

0 2 3 
I I 
0 4 

4 5 
1 
8 

Figure 7e. 

.... 

UN DAMPED RESIDUAL 

ACCELERATION 

UNDAMPED VELOCITY 

RATIO OF MEAN SLOPES 
GIVES ESTIMATE OF 

STABILI TY DERIVATIV E 

RATIO ~ V e; 0.6 == ~;4 

6 sa 0. Problem time 
I 
12 sec, Computer tl m a 

Undamped ~. 
'} 

56. 



2 

4 

-0.8 

-0.4. 
LU 
(!) 0 
« .-. 
..J -0.4 o 
> 
0: 
LI.J 0 
t-
:::> 
0.. - J 0 
:E 
o 
(.) 

o 

-2 

-4 

o 

O. 
I 

0 .. 

2 
I 
4 

3 

eo) -~ 

INPUT FROM CURVE FOLLOWER 

DERIVED QUANTITIES 

THE OUTPUT 

(DERIVATIVE ESTIMATE) 

4 5 6 sec. Problem time 
I I 
812 sec. Computer time 

Figure 7£. 8· 19 

57. 



o 

0.8 

0.4 

0 

l.LI 
-0.4 

(!) 

« - 0.8 
!J 
0 
> - 0.8 
a:::: 
w -0.4 
t-
::'J 0 Q... 

:= 
0 0.4 
<..> O.S 

0.4 

0 

-0.4 

0 

-0.4 

-0.8 

'L _.,.. ..... ,_' .. _..,:. .. " ~:.t,. __ .: •.. J 

B (t) 
t j .1 

I 

"DERIVE D FUNCTIONS 

DERIVATIVE ESTIMATE 

2 3 4 5 
I I 

6 sec. 
I 

Problem time 

4 8 12 sec. Computer time 

Figure 7g. ge 

58 



0... 

0.90 

0.80 

0.70 

0.60 

0.50 

0.40 

0.30 

0.20 - ---1---- ., 
I 
I 

, I 
I I -- ----r-----., 
I I 
, I 
I I 

a.
1 
~ 0.40 

bl ~ 6.47 

O.IO'--_....J' ____ -+-___ --lf--___ -+ ____ -+-___ --t--

6.8 6.0 6.2 6.4 6.6 

Figure 8. Graphical Factoring of a 
Fourth Order Pol.ynomial 

59 



I ,},(0)=1.00 10.04031 .9(0)=0.0403 I 

u(O)=-3.77 
/ 

1.-..---31011-3.751 V I-O~5-7-loE=-r _--I 

Figure 9. Initial Conditions for Reave Disturbance 

a. 
o 



I). = ARCSIN ~ 

2-
t = 2 .;\ 

Z 
-" = COS 2-8 z,. 

--_ r. .-}" - --;"T-/-....r , ')..-/' 
",.... I 

.... ",/ I I 

= I - 2 SIN% -!).. = I - 2 ,2 
I 
I 
I 
I 
I 

-::7 • I z:;."., __ 

---!- - 2-It 

Z.y = COS2 19-
-- 2 

:ll)' = I _ SIN2 -8 = I - t 

~ 

All vectors rotating counterclockwise and shrinking with time 
Measured variables are real parts of vectors above 

Figure 10. Damped Harmonic Motion Vector Diagram 

LRE 

m 
f-' 



1.0 

___________ As..,(~.P.IQI~ ______________________ --_______ (t5. 
~ . 

ASYMPTOTE 
-LO 

Z,.. 

2)' 

1:;. -
2-)' 

-0.5 0.5 

- 0.5 

-1.0 

Figure 11. Correction Curves for Coefficients of Second Order System 

~ 
c',t 

-z 
~t = t 2 

21E,. 

1.0 

0-
N 



63 

u 

Figure 12. Simulator Program 
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