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ABSTRACT

This thesis presents a high-order accurate partitioned scheme for the solution of conju-

gate heat transfer (CHT) problems. The scheme is based on special second-order accurate

CHAMP (Conjugate Heat transfer Advanced Multi-domain Partitioned) interface condi-

tions, and extended here to high-order accuracy and to the advection-diffusion equations.

The solutions in each material domain are advanced independently with an implicit method,

and domains are coupled at the interface using the new CHAMP interface conditions. These

conditions are based on usual interface matching conditions involving continuity of tem-

perature and heat flux, together with additional compatibility conditions derived from the

governing equations. The new CHAMP conditions are implemented numerically using an

optimized Schwarz approach, with a Taylor expansion leading to an effective domain overlap,

which significantly improves the convergence rate. The partitioned time-stepping schemes

are found to be stable with none or just a few sub-time-step iterations for a wide class of

CHT problems.

The first part of this thesis focuses on the conjugate heat transfer problem for the dif-

fusion equations and extends the current second-order accurate CHAMP schemes to higher-

order accuracy. A detailed fourth-order accurate derivation is given to demonstrate the

approach, with a general discussion on deriving a pth-order accurate method. The scheme

is then analyzed to determine the optimal coupling coefficients in the CHAMP condition

based on solving an optimization problem. The CHAMP iteration is studied in isolation

while keeping the time-step fixed, and the iteration amplification factor of the CHAMP

scheme is compared to the optimized Schwarz scheme with different overlap widths. The

CHAMP time-stepping scheme is then studied for the case where no sub-iteration is taken.

The un-iterated CHAMP time-stepping scheme is analyzed to show the overall fourth-order

accuracy when a fourth-order accurate CHAMP interface condition is applied. The CHAMP

condition is also derived for general curvilinear grids. Numerical results using manufactured

solutions on curvilinear grids are given showing the accuracy and stability of the un-iterated

CHAMP schemes. To solve problems with large time steps, an adaptive variable sub-iteration

CHAMP algorithm is proposed. The new algorithm chooses the number of sub-iterations

adaptively based on a measure of the residual for the CHAMP conditions at each time step.

A large time step study using the new adaptive algorithm is given to show the robustness of

xiii



the method.

The second part of this thesis generalizes the approach to solving the conjugate heat

transfer problems with advection-diffusion equations, also to higher-order. Involving the ad-

vective terms in the governing equations and interface conditions complicates the analysis.

The pth-order accurate method is derived first, followed by a presentation of the complete

CHAMP time-stepping algorithm. A detailed second-order accurate analysis is presented to

describe the approach, with a general discussion on analyzing a pth-order accurate method.

The CHAMP iteration amplification factor for the advection-diffusion equations is com-

puted numerically using some numerical software packages. The coupling parameters in the

CHAMP condition are calculated by solving an optimization problem based on the con-

vergence factor of the sub-iterations. The iteration amplification factors for the CHAMP

schemes using the optimal coupling parameters with different orders of accuracy are pre-

sented and compared. The convergence factor of a pth-order accurate un-iterated CHAMP

time-stepping scheme is also derived and analyzed. Finally, the accuracy of the scheme is

verified using several numerical examples.
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CHAPTER 1

INTRODUCTION

Conjugate heat transfer (CHT) arises in many scientific and engineering applications. Such

CHT problems include modeling of aerothermodynamic processes [10], thermal management

of lithium-ion cells [82], thermal energy storage for power plants [80], simulation of heat

transfer in turbine engines [22, 53, 87, 91], modeling of phase change [63], and more. The

general CHT problem involving a solid body and a surrounding fluid was analyzed by Perel-

man [83] and Luikov [68], among others; see the review article in [57]. Since thermal coupling

generally involves an interaction between multiple domains, exact solutions are often unavail-

able or difficult to obtain. Thus a significant effort has been made to solve CHT problems

using efficient and accurate numerical schemes. A difficulty for CHT problems with coupled

domains involves the accurate treatment of the matching conditions at material interfaces.

Applying discrete interface conditions to approximate the matching conditions in numerical

solvers is a very important component in modeling heat transfer for multi-domain systems,

and the primary goal of the current work is to develop high-order accurate numerical methods

for the solution of such problems.

In the present work, a high-order accurate partitioned scheme is developed for the

solution of CHT problems. The scheme is based on the innovative CHAMP (Conjugate

Heat transfer Advanced Multi-domain Partitioned) approach developed in [75]. This original

approach was described for CHT problems governed by diffusion only and for second-order

accurate numerical approximations. The principal advances described in this thesis involve

an extension of the CHAMP approach to higher-order accuracy and to problems governed

by diffusion with and without advection. In particular, problems with non-zero advection

velocity at the interface are considered, with materials either gained or lost at the interface.

Such a situation will be denoted by CHT-AI (Conjugate Heat Transfer Active Interface) in

later discussions.

A sample CHT-AI problem is depicted in Figure 1.1, where the domain consists of

three sub-domains joined at two material interfaces. Such a problem includes, for exam-

ple, the classical Stephan problem describing the material undergoing a phase change, or

an ablation problem modeling the surface ablation of a given material [32]. The physical

domains for these types of problems would include multiple fluid and solid subdomains, and
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Ω1 Ω2 Ω3

Monolithic schemes

T =
[
T1, T2, T3

]

Ω1 Ω2 Ω3

Partitioned schemes

T1 T2 T3

Figure 1.1: Left: sample computational domains for monolithic schemes.
Right: sample computational domains for partitioned schemes.

the matching conditions at the interfaces require continuity of temperature and heat flux

across the interfaces. The behavior of the material in each subdomain obeys some governing

equations, along with the interface conditions and physical boundary conditions. To solve

this problem numerically, one approach would be to construct a large coupled system that in-

volves discrete approximations of the governing equations as well as the boundary conditions

and interface conditions [16], and then advance the solution together in time. This is often

referred to as a monolithic approach. The plot on the left of Figure 1.1 presents a sample

computational domain for a typical monolithic scheme. The composite solution T is formed

for the entire domain Ω = Ω1[Ω2[Ω3, and the updating matrix for a time-stepping scheme

contains all of the information of the system. At each time step, the matrix equation for T

is solved, and the sub-domain solutions are advanced together. If the problem is nonlinear,

then a matrix system would be obtained from a linearization of the problem in an iterative

scheme such as Newton’s method. Figure 1.2 provides a simplified monolithic algorithm.

An alternative approach, and the focus of the work in this thesis, is a partitioned

approach. In a partitioned scheme, during each time step, the interface conditions are applied

for each domain in a segregated fashion with some number of sub-time-step iterations taken.

The solution in each sub-domain is then advanced in time using some time-stepping method

along with the domain solver for that subdomain. The right plot in Figure 1.1 illustrates

a sample computational domain used for a partitioned scheme. For each subdomain Ωi,

i = 1, 2, 3, an updating matrix that includes the interface coupling is formed, and solutions

Ti, i = 1, 2, 3 for each sub-domain are solved sequentially through some iterative technique.
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Monolithic Scheme

form time-stepping matrix

for t from 0 to t�nal do:

solve for T

end

Partitioned Scheme

form iteration matrix
for each subdomain

for t from 0 to t�nal do:

for j from
1 to Nsi do:

solve for T1

in domain 1

solve for T2

in domain 2

...

end

end

Figure 1.2: Flow charts for monolithic scheme and partitioned scheme.

A crucial element of the partitioned scheme is how the information is transmitted between

adjacent subdomains, and the choice of this interface coupling has a major impact on the

overall performance of the scheme.

If the underlying physical systems can be discretized directly, monolithic schemes are,

in general, very effective as they typically have favorable stability properties when appropri-

ate time integration methods are chosen [49, 59]. However, a monolithic scheme typically

involves a large linear system that needs to be solved at each time step. Often this is done

using some preconditioned iterative solver, but if the subdomains involve different fluid and

solid systems, then deriving an effective preconditioner for such a matrix can be challenging.

Partitioned solvers, on the other hand, can take advantage of efficient single-domain solvers

that have been developed over the years for different types of fluid or solid equations specif-

ically [50, 52, 93]. There are other benefits of using partitioned schemes. For example, one

can have disparate time scales in different subdomains [48, 76], and from an implementation
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point of view, the approach can be easier to generalize to problems with more complicated

domains. A potential disadvantage is that the stability and accuracy of the entire algorithm

can be an issue, and this requires careful investigation. In the present study, the stability

and accuracy of the CHAMP algorithm are analyzed and verified, and we consider CHT

problems that are modeled by diffusion, with or without advection, but with no fluid flow.

For a partitioned scheme, the traditional interface treatment is the Dirichlet-Neumann

(DN) coupling conditions. For problems involving both fluid and solids, the temperature

information from the solid domain is applied as a Dirichlet condition to the fluid domain,

and the flux information from the fluid domain is applied as a Neumann boundary condition

to the solid domain. Giles [43], for example, investigated the stability of the DN coupling for

a simplified one-dimensional fluid-structure interaction problem. He found that the scheme

is stable, provided that the Neumann boundary conditions are applied for the solid domain

and the Dirichlet boundary conditions are applied for the fluid domain along the interface.

Roe [85] pointed out that the traditional Dirichlet-Neumann treatment suffers from a strict

stability constraint. To improve the stability limit, he developed a new coupling scheme that

imposes an additional equation at the interface. This equation is derived from taking the

time derivative of the temperature continuity equations, and the time dependence is replaced

using the governing equations. The new combined interface boundary condition (CIBC)

method was shown to have a larger stability region and improved accuracy. Henshaw and

Chand [51] proposed some weakly coupled algorithms to solve transient and steady-state

CHT problems with various discretizations of the interface equations. They showed that

when the time-step is advanced implicitly, the convergence of the sub-time-step iterations of

the scheme depends on the relative sizes of material properties in each sub-domain. They

also proved that for the case when an explicit time-stepping method is used, their scheme is

stable and second-order accurate regardless of the relative material parameters in different

domains.

In related work, Errera [25] considered Dirichlet-Robin interface conditions for a one-

dimensional CHT problem. A normal mode stability analysis [45] was presented to derive

an exact expression for the amplification factor, which was used to formulate the optimal

coupling coefficients that provide the fastest convergence rate for the Dirichlet-Robin scheme.

Based on this formulation, analysis of the coupling coefficients for the Dirichlet-Neumann,

Dirichlet-Robin, and Neumann-Robin interface conditions are extended to more general CHT



5

problems by Errera in [24, 26, 27, 29], and to three-dimensional applications by Khoury and

Errera in [23]. Analysis of the stability of the Dirichlet-Robin coupling was also investigated

by Joshi [58]. Verstraete and Scholl [94] studied the stability for different coupling approaches

based on how the boundary information is passed between solid and fluid domains for a

simplified one-dimensional steady CHT problem. Based on their work, Scholl [88] extended

the stability analysis to more general Robin-Robin conditions and presented new coupling

approaches. Moretti [79] presented a detailed analysis of the stability of a Dirichlet-Robin

condition and a Neumann-Robin condition for steady CHT problems. The exact form of

the temporal and spatial convergence factors are derived based on a normal mode analysis

for a simplified model problem involving the Navier-Stokes equations for the fluid domain

and a steady diffusion equation in the solid domain, and a numerical Biot number emerges

that characterizes the strength of the fluid-structure interaction, with a high value indicating

strong thermal interaction between the fluid and solid domains. Optimal coupling parameters

are derived based on the Biot number and the convergence factors, and the results show that

the optimal Dirichlet-Robin conditions are effective for problems with low and moderate

values of the Biot number, whereas the Neumann-Robin conditions work better for strong

fluid-structure interactions.

For more general CHT simulations, Gelatin [41] investigated the Dirichlet-Neumann

interface coupling applied to problems involving high-speed flow around a supersonic ve-

hicle. Zhang [97] considered structural heat transfer and hypersonic flow behavior us-

ing a finite element method solver with the interface loosely coupled with the D-N inter-

face conditions. More simulations using the D-N coupling are performed and analyzed in

[13, 28, 46, 47, 66, 77]. Extension to Neumann-Neumann, Dirichlet-Robin, Neumann-Robin,

or Robin-Robin interface conditions for general CHT problems are investigated in [30, 44, 78].

In particular, Kazemi-Kamyab [62] investigated a second-order accurate loosely coupled par-

titioned scheme of the time-dependent CHT problem with the Dirichlet-Neumann coupling

at the interface. He derived a stability constraint in terms of time-step, mesh spacing, and

material coefficients for each subdomain when the Crank-Nicolson scheme is used for tempo-

ral integration. For the same Dirichlet-Neumann interface coupling, Kazemi-Kamyab [60, 61]

also studied the stability of a high-order accurate loosely coupled implicit-explicit (IMEX)

Runge-Kutta scheme and a strongly coupled explicit first-stage singly diagonally implicit

Runge-Kutta (ESDIRK) scheme for the time-dependent CHT problem with various mate-
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rial coefficients. He showed that the IMEX scheme converges faster than the Crank-Nicolson

scheme for time-accurate solutions, and the ESDIRK scheme is more efficient than the IMEX

scheme in terms of computational efficiency.

For CHT problems involving complex geometry, Costa [18] proposed a high-order ac-

curate finite volume method that uses the Dirichlet-Neumann and Neumann-Neumann in-

terface treatments for a two-dimensional steady-state model problem with discontinuous

thermal coefficients. Li [65] proposed a new lattice Boltzmann equation method based on

a Dirichlet-Neumann interface treatment. The new scheme is proved to be second-order

accurate for both steady and unsteady advection-diffusion equations with a planar interface.

More work on the lattice Boltzmann model is investigated by Yue [96] for solving general

CHT problems and by Esfahani [31] for problems involving incompressible flows.

Other researchers have studied monolithic methods for CHT problems. Pan, Li and

Choi [81], for example, proposed a monolithic approach to solve a time-dependent CHT prob-

lem involving both convection and conduction and the thermal interaction at the interface.

The globally coupled system is discretized spatially using a second-order accurate finite dif-

ference formula and integrated in time using a Crank-Nicolson scheme. The method is shown

to be stable and second-order accurate for a two-dimensional model problem. A comparison

between a monolithic solver and a partitioned solver for problems involving fluid-structure

interaction is studied by [19].

For CHT-AI problems involving advection through the interfaces, Roe [84] extended

the work of Giles [43] to investigate the stability of a coupled fluid-structure interaction

problem with a moving interface. He showed that with the usual interface jump condi-

tions, the stability for the coupled scheme depends on both the interface velocities and the

relative heat capacity of each sub-domain. He also showed that a smaller time step must

be taken when domains have larger interface velocities for the Dirichlet-Neumann iteration

to be stable. The analysis follows a Godunov–Ryabenkii [45] normal mode approach for

the advection-diffusion equation, which was also studied by Sousa [92] for linear parabolic

equations. Lindstrom [67] analyzed a weakly coupled one-dimensional CHT problem involv-

ing heat transfer between a fluid and solid, with the interface conditions derived from the

energy method. Kutluay [63] considered different explicit finite difference approximations

to solve the classic one-dimensional melting ice problem. He formulated the problem using

an interface-fixed coordinate system. Such a procedure generates more accurate numerical
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results in terms of the temperature distribution than treating the moving interface directly

using a variable space grid method (VSG). In a VSG method, the total number of gird

points is kept fixed, and the mesh spacing would change at each time step so that the loca-

tion of the moving boundary on the mesh space always has the same grid index. Zhao [98]

also investigated the numerical stability of a moving interface problem in fluid-structure

interaction with Dirichlet-Robin interface coupling through a Goudonov-Ryabenkii normal

mode analysis. The results prove that for a given velocity, the coupling coefficients in the

Dirichlet-Robin conditions can be chosen so that the resulting scheme is stable and accurate.

A subclass of CHT problems is the domain-decomposition problem, where the ma-

terial coefficients are the same across the interface. Many numerical schemes have been

developed to solve these types of problems specifically [90, 14]. For example, Achdou [2] pro-

posed a Robin-Robin algorithm to solve the advection-diffusion equation on a partitioned

domain. Roux [86] developed a Dirichlet-Robin condition and a Robin-Robin condition

for the domain-decomposition problem and showed that they have better stability prop-

erties than the D-N iteration. He indicated that the optimal coupling parameters for the

Robin conditions are generally hard to compute, but can be obtained by some approxima-

tion methods. Another commonly used approach is the classical Schwarz method, which

involves splitting the domain into sub-domains and solving the problem on each sub-domain

separately. The results are then combined to form the general solution of a boundary-value

problem [95]. Gander [33] presented a new type of interface coupling conditions for a model

two-domain domain-decomposition problem. The new method, called the optimized Schwarz

(OS) method, employs a domain overlap and two coupling parameters, and it was shown to

converge uniformly faster than the classical Schwarz method. The convergence factor of the

new scheme can be derived by seeking solutions to the Fourier transformed system to obtain

a function in terms of the domain parameters and transformed frequencies. The performance

of the method can be further improved by solving an optimization problem based on the

convergence factor to obtain optimal coupling parameters that minimize the convergence

factor over all frequencies. For schemes without overlap, Gander [37] studied a new type of

optimized Schwarz method for Helmholtz problems. He presented new types of transmission

conditions where the optimal parameters are chosen such that the convergence of the scheme

is optimized. Dubois [21] investigated optimized Schwarz methods with Robin transmission

conditions for both overlapping and non-overlapping domain-decomposition problems with
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advection-diffusion equations. He found that the new schemes are less sensitive to mesh

spacing than traditional Robin conditions. Japhet [56] presented a new Schwarz-like method

that uses a Dirichlet to Neumann mappings in the interface condition. The new method

is shown to converge faster than the classical Schwarz method for solving domain decom-

position problems. Other methods that extended the Schwarz-like algorithm for domain

decomposition problems are studied in [20, 40, 71].

Another well-known technique to solve the domain-decomposition problem is the wave-

form relaxation method, which is an iterative method based on a domain partitioning, with

coupling terms replaced by solutions from the previous iteration. Gander [35], based on the

work of Lelarasmee [64], extended the waveform relaxation method to include a Schwarz-like

iteration [38], and proposed new transmission conditions so that the overlapping Schwarz

waveform relaxation algorithm is stable and converges faster than classic Schwarz waveform

relaxation algorithm. Martin [73] also studied the convergence of the Schwarz waveform re-

laxation algorithm for a two-dimensional advection-diffusion equation. The resulting scheme

is very efficient when using optimal coupling parameters that are chosen based on the mini-

mization of the convergence rate. Mandal [72] presented a new waveform relaxation algorithm

based on the Dirichlet-Neumann coupling on a one-dimensional model problem consisting of

heat equations. Other works on waveform relaxation algorithms are studied in [12].

The challenge remains to extend the Schwarz-like approach to general CHT problems.

Including a domain overlap in the domain-decomposition problem provides an important

grid overlapping parameter in the stability analysis, which can be used to improve the con-

vergence rate of the resulting scheme. But for problems with discontinuous coefficients,

the idea of including a domain overlap becomes less obvious. Gander [34], for example,

investigated the non-overlapping optimized Schwarz method for a steady-state two-domain

diffusion problem with different material properties. Optimal coupling parameters for the

corresponding schemes can be determined by analyzing the convergence factor of the Fourier

transformed system, and the resulting scheme is very effective in solving problems with dis-

continuous coefficients. Hoang [54] proposed an implicit time-stepping method that uses

the optimized Schwarz waveform relaxation (OSWR) algorithm with Robin transmission

conditions at the interface to solve advection-diffusion equations. The convergence of the

algorithm only weakly depends on mesh spacing, and the scheme is able to solve the problem

with a jump in thermal coefficients. Blayo [15] proposed an optimized Schwarz waveform
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relaxation algorithm for solving advection-diffusion equations with discontinuous material

coefficients. A non-overlapping Schwarz waveform relaxation method was also investigated

by Gander [36] to solve a one-dimensional advection-diffusion-reaction equation. Other ex-

tensions of Schwarz like methods to problems involving discontinuous parameters are inves-

tigated in [11, 39, 42, 55, 69, 70].

Of particular interest for the work in this thesis is the Robin interface condition for

CHT problems developed by Meng [75]. This interface condition involves a weighted com-

bination of a generalized Dirichlet operator and a generalized Neumann operator, and it

incorporates a domain overlap. The new condition combines the idea of overlapping opti-

mized Schwarz methods together with Robin coupling conditions that have been developed

in recent papers [3, 4, 5, 6, 7, 8, 9, 89]. A simplified two-dimensional model problem involving

just the heat equation is formed, and the new scheme, called CHAMP, is able to include an

effective domain overlap via suitable Taylor expansions of the temperature and heat flux in

each subdomain at a distance equal to the overlap width about the interface. The CHAMP

scheme was implemented using second-order accurate finite difference approximations, and

it was shown to be accurate in space and time using just one sub-time-step iteration for

a wide range of thermal coefficients. It was also proved to converge uniformly faster than

traditional D-N schemes. For the case when the material coefficients are the same, CHAMP

is shown to perform better than the optimized Schwarz scheme with one grid-cell overlap,

and it behaves as well as the OS scheme with doubled overlap width. For harder problems

that need large time steps or very fine grids, the CHAMP scheme may require additional

sub-iterations for the scheme to be stable, and for a majority of problems, two sub-iterations

are sufficient.

The primary goal of the current work is to extend and analyze the previously developed

second-order accurate CHAMP scheme to higher-order and also extend to advection-diffusion

equations. As a motivating example, consider a sublimation process whereby a solid material

undergoes a phase change directly to a gas, e.g., conversion of solid carbon dioxide (i.e., dry

ice) into CO2 gas at atmospheric temperatures and pressures. While the full Stefan problem

would involve incompressible fluid flow, solid mechanics, moving interfaces, heat transfer,

etc., the present study focuses specifically on the coupled heat transfer portion of the problem.

The conversion of material from solid to gas along the front implies that at any point on

the interface, the solid and gas velocities do not necessarily match. Therefore, spatially
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dependent divergence-free velocity fields in either domain are considered. Finally, because the

interface evolves slowly, it is appropriate to consider the interface geometry as fixed in time,

and for convenience, all further discussion will be with respect to this fixed reference frame.

Such a scenario is depicted schematically in Figure 1.3, which illustrates a geometrically

complex interface separating solid and gas phases, each with its own divergence-free velocity

field.

n̂

u1

u2

gas
Ω2

solid
Ω1

interface
I1,2

Figure 1.3: A schematic diagram for a phase change problem.

This thesis is organized as follows. In Chapter 2, a higher-order accurate CHAMP

scheme for the diffusion equation is derived and analyzed. A simplified model problem is

presented, and the interface stability analysis is carried out. The convergence of the model

problem using an un-iterated CHAMP time-stepping scheme across all domains is also inves-

tigated. The accuracy of the CHAMP scheme is verified by computing numerical solutions

to problems on various domains with different thermal properties. In Chapter 3, the method

is extended to a two-dimensional model problem involving advection-diffusion equations.

Analysis of sub-time-step iterations is given for arbitrary pth-order accurate CHAMP con-

ditions, and an iteration convergence factor is derived to determining the optimal weighting

parameters. Numerical approximations for the simulation of CHT problems are presented

to verify the accuracy and stability of the un-iterated CHAMP time-stepping scheme. Some

concluding remarks are given in Chapter 4.



CHAPTER 2

HIGH-ORDER ACCURATE PARTITIONED SCHEMES FOR

CONJUGATE HEAT TRANSFER WITH DIFFUSION

EQUATIONS

2.1 A Brief Introduction

In this chapter, a high-order accurate partitioned scheme, called CHAMP scheme,

for solving conjugate heat transfer problems with diffusion equations is developed. The

methodology discussed in this chapter is an extension to the previous work on second-order

accurate CHAMP schemes [75]. The concept is generalized from a second-order accurate

method, first to fourth-order, then to an arbitrarily pth-order accurate method.

The remainder of this chapter is organized as follows. In Section 2.2, the model problem

and the governing equations are described. In Section 2.3, a detailed derivation to the fourth-

order accurate CHAMP conditions is given, followed by a generalization to derive a pth-order

accurate condition. In Section 2.4 the complete conjugate heat transfer solver for the model

problem is introduced, with a brief discussion on the implementation of the CHAMP schemes.

In Section 2.6.1, the convergence of the CHAMP sub-time step iteration is analyzed. In

Section 2.6.2 the stability of the un-iterated CHAMP time-stepping scheme is studied, and

a detailed analysis of the accuracy of the fourth-order accurate un-iterated CHAMP time-

stepping scheme is presented in Section 2.6.3. In Section 2.7 the method is applied to general

mapped domains. In Section 2.8, an adaptive CHAMP algorithm is proposed. Results from

numerical simulations are presented in Section 2.9 and some concluding remarks are given

in Section 2.10.

2.2 Governing Equations and Model Problem Specification

Consider a physical domain, denoted by Ω, that is partitioned into N subdomains

Ωm,m = 1, 2, 3, ..., N , each consisting of a different material. Let T (x, t) denote the temper-

ature for x 2 Ω and for time t 2 [0, t�nal], and let ρ(x), C(x) and K(x) denote the density,

specific heat at constant pressure and heat conductivity, respectively. Define Tm(x, t) to be

the temperature in each subdomain Ωm, and let ρm, Cm and Km be the properties of the

material in Ωm all assumed to be constant. The corresponding thermal diffusivity in Ωm

11
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is constant and given by Dm = Km/(ρmCm). The interface between domains m1 and m2

is denoted by Im1,m2 , with m1,m2 = 1, 2, ..., N , m1 < m2. An example of the problem

configuration is depicted in Figure 2.1, where the physical domain Ω is divided into four

sub-regions, each with their own thermal parameters.


2
K2,D2


3
K3,D3


4
K4,D4


1
K1,D1

I1,2

I1,3

I1,4

Schematic Diagram

Figure 2.1: A schematic diagram for a sample conjugate heat transfer problem.
The entire domain consists of four sub-regions, one rectangle with
material properties (K1,D1) and three disks with material
properties (K2,D2), (K3,D3) and (K4,D4) respectively. The interfaces
between various domains are labeled with I1,2, I1,3, I1,4.

The temperature T (x, t) is assumed to be governed by the heat (diffusion) equation

ρC∂tT = r � (KrT ), x 2 Ω, t 2 [0, t�nal], (2.1)

where ∂t denotes a partial derivative with respect to time, and with spatial derivatives

similarly defined. Initial conditions and boundary conditions are taken to be

T (x, 0) = T IC(x), x 2 Ω, (2.2a)

a(x, t)T + b(x, t)n � rT = h(x, t), x 2 ∂Ω, t 2 [0, t�nal], (2.2b)

where T IC, a, b and h are given functions and where n is the outward unit normal on the

boundary ∂Ω. The matching conditions involving continuity of temperature and heat flux
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at a generic interface I between two materials are given by

[T ]I = 0, x 2 I, (2.3a)

[Kn � rT ]I = 0, x 2 I, (2.3b)

where [f(x, t)]I denotes the jump in a function f across I and n is defined to be the unit

normal pointing outward from the domain with the higher index.

The conjugate heat transfer (CHT) problem given by (2.1)–(2.3b) is solved numerically

using a partitioned scheme. In general, the temperature in each subdomain is solved inde-

pendently using a method of lines approach together with an implicit time-stepping method.

The subdomain solvers are coupled at interfaces using discrete approximations to the original

matching conditions. These coupling conditions are the basis of the CHAMP approach, and

they are derived later in Section 2.3.

•

•(0,2π)

(0,0)

y

x

I ΩR : TR,DR,KRΩL : TL,DL,KL

Figure 2.2: Simplified model problem geometry. Domains are labeled with
ΩL,ΩR, and are assumed to be semi-infinite in x.

To study the accuracy and the stability of the partitioned scheme, a model CHT

problem is considered for an infinite strip, Ω = f(x, y) j � 1 < x < 1, 0 < y < 2πg.
The strip consists of two material subdomains, denoted by ΩL and ΩR, on either side of an

interface I located at x = 0 as shown in Figure 2.2. Solutions are assumed to be 2π-periodic

in the y-direction, and T (x, y, t) decays to zero as x ! �1. For this configuration, the

system to be analyzed is

∂tTm = Dm∆Tm, for (x, y) 2 Ωm, (2.4a)

[T ]I = 0, for y 2 (0, 2π), (2.4b)

[K∂xT ]I = 0, for y 2 (0, 2π), (2.4c)

T (x, y, t)! 0, for x! �1, (2.4d)

Tm(x, 0) = T IC
m (x), for (x, y) 2 Ωm, (2.4e)
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where m = L and R indicate the left and right domain, respectively, and the thermal

properties Dm and Km are constant in each subdomain (as mentioned previously). The

ratios of thermal conductivities and diffusivities are defined as

KLR

def
=
KL
KR

, DLR

def
=
DL
DR

, (2.5)

and these non-dimensional parameters are used later in the derivation and analysis of the

CHAMP coupling conditions.

2.3 Derivation of the CHAMP Interface Conditions

In this section, the CHAMP interface conditions are derived for the model CHT prob-

lem described in (2.4), where the domain consists of two adjacent rectangles with a planar

interface located at x = 0. In order to motivate the derivation of the CHAMP conditions,

a brief discussion on the optimized Schwarz approach for a domain decomposition problem

is given. A derivation of 4th-order accurate CHAMP interface conditions is given next, fol-

lowed by a general approach to obtain a pth-order accurate method. For a 4th-order accurate

scheme, explicit forms for the CHAMP operators can be expressed compactly and these form

are presented below.

2.3.1 A Brief Review on Optimized Schwarz Algorithm for Domain Decompo-

sition Problems

Let us first consider the heat equation defined on a domain with uniform material

properties. A numerical approach for the approximate solution of the temperature can be

considered in which the heat equation is advanced in time using an implicit time-stepping

scheme. The system of equations implied by the implicit time-stepping scheme can be solved

at each time step using a Schwarz approach for domain decomposition. Such an approach

involves partitioning the domain into a set of subdomains, often with an overlap, and then

solving the system of equations on each subdomain separately using matching conditions

at the boundaries with adjacent subdomains (as well as any physical boundary conditions).

Typically, the approach involves an iteration of the solvers on each subdomain until the

solutions on all subdomains converge to the solution of the equations implied by the implicit

time-stepping scheme for the full domain. A key aspect of this approach is the rate of
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convergence of the iteration, and an optimized Schwarz approach uses matching conditions

that give the fastest rate of convergence.

The optimized Schwarz approach proposed by Gander [33] employs matching conditions

involving a weighted combination of a Dirichlet condition and a Neumann condition. In the

context of the model problem in (2.4), assuming equal material properties in the left and

right subdomains, the matching conditions are

∂xT
(j)
L (h, y) + SLT

(j)
L (h, y) = ∂xT

(j�1)
R (h, y) + SLT

(j�1)
R (h, y), (2.6a)

∂xT
(j)
R (0, y)� SRT

(j)
R (0, y) = ∂xT

(j)
L (0, y)� SRT

(j)
L (0, y). (2.6b)

Here, T
(j)
L and T

(j)
R are jth iterates of the temperatures in the left and right subdomain,

respectively, and h measures the overlap between the two subdomains. This overlap, which

often corresponds to a grid spacing, is introduced here for the purpose of speeding up the

convergence of the optimized Schwarz approach. The weightings between the Dirichlet and

Neumann terms in (2.6a) are given by SL and SR. Optimal weights are chosen by an analysis

of the iteration in Fourier space, becoming pseudo differential operators in physical space,

see [33].

The derivation of the CHAMP interface conditions leverages several key ideas from the

optimized Schwarz approach for domain decomposition encapsulated in (2.6a). A nonzero

overlap is key for the convergence of the optimized Schwarz approach. For a CHT problem,

however, the material properties can jump at the interface and so no physical overlap is avail-

able. Nevertheless, it is possible to construct an effective overlap into the CHAMP interface

conditions using suitable Taylor series expansions of the solution at a distance h from the

interface as is described below. Another key idea is combining Dirichlet and Neumann con-

ditions in the matching conditions, and this is done in CHAMP by combining generalized

Dirichlet and Neumann operators obtained from the Taylor expansions and compatibility

conditions. Finally, an optimal choice is needed for weights SL and SR and this done in

CHAMP by solving a min-max problem. Details are given in the next sections.

2.3.2 CHAMP Conditions for a 4th-Order Accurate Scheme

A detailed derivation of the 4th-order accurate CHAMP interface conditions for the

CHT model problem in (2.4) is given in this section. As discussed in Section 2.3.1, the
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CHAMP condition uses a Taylor series approach to build in an effect of domain overlap

following the optimized Schwarz algorithm for domain decomposition problems. Starting

with the temperature TR in the right domain at a distance hR from the interface, a Taylor

series expansion is performed about the interface x = 0 to get

TR(hR, y) = TR + hR∂xTR +
h2

R

2
∂2
xTR +

h3
R

6
∂3
xTR +

h4
R

24
∂4
xTR +O(h5

R), (2.7)

where the terms on the right-hand side are evaluated at x = 0. The time t is fixed and omitted

from the argument of TR for notational convenience. The expansion is truncated at ∂4
xTR, and

all of the higher-order terms in (2.7) will be dropped. The choice of this truncation is justified

later in Section 2.6.3. Terms involving TR and its derivatives on the right-hand side of (2.7)

are now replaced by ones only involving TL and its derivatives using the interface conditions

and the heat equations. The first two terms can be replaced directly using the primary

interface conditions (2.4b) and (2.4c). To replace the term involving second derivatives,

an interface compatibility condition is derived by taking the time derivative of (2.4b) and

using (2.4a) to yield

[D∆T ]I = 0. (2.8)

Since the continuity of temperature (2.4b) applies for all y, we can take two derivatives with

respect to y to give

[∂2
yT ]I = 0. (2.9)

The conditions in (2.8) and (2.9) give

∂2
xTR =

(
DLR∂

2
x + (DLR � 1)∂2

y

)
TL = LDLR

TL, (2.10)

where

LDLR

def
= DLR∂

2
x + (DLR � 1)∂2

y . (2.11)
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To replace the term involving a third derivative, take the time derivative of (2.4c) and

use (2.4a) to give

[K∂xD∆T ]I = 0. (2.12)

Since the continuity of heat flux in (2.4c) holds for all y, it follows that

[K∂x∂2
yT ]I = 0. (2.13)

Now solve for ∂3
xTR yields

∂3
xTR =

(
DLRKLR∂

3
x + (DLRKLR �KLR) ∂x∂

2
y

)
TL = KLRLDLR

(∂xTL) . (2.14)

To replace the term in (2.7) involving ∂4
xTR, equation (2.4b) is differentiated twice with

respect to time to yield

[
D2∆2T

]
I =

[
D2
(
∂4
xT + 2∂2

x∂
2
yT + ∂4

yT
)]
I = 0. (2.15)

The y-derivatives of TR can be expressed as

∂2
xTR = LDLR

TL ) ∂2
x∂

2
yTR = LDLR

∂2
yTL, (2.16)

and

[T ]I = 0 ) [∂4
yT ]I = 0, (2.17)

which gives

∂4
xTR =

(
D2

LR∂
4
x + (2D2

LR � 2DLR)∂
2
x∂

2
y + (D2

LR � 2DLR � 1)∂4
y

)
TL = (LDLR

)2 TL. (2.18)

Substituting (2.10), (2.14), (2.18) and the primary interface conditions into (2.7) gives the

operator

DLR[TL]
def
=

(
1 +KLRhR∂x +

h2
R

2
LDLR

+
h3

R

6
KLRLDLR

∂x +
h4

R

24
L2
DLR

)
TL, (2.19)
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with DLR = DL

DR
, and KLR = KL

KR
as before. The operator DLR[TL] in (2.19) can be interpreted

as a generalized Dirichlet condition for the left domain.

A similar approach is used to derive a Neumann operator for the left domain. For this

case, the starting point is a Taylor series expansion of ∂xTR(hR, y) about the interface at

x = 0 which gives

∂xTR(hR, y) = ∂xTR(0, y) + hR∂
2
xTR(0, y) +

h2
R

2
∂3
xTR(0, y) +

h3
R

6
∂4
x +O(h4

R). (2.20)

where the terms on the right-hand side are evaluated at x = 0 as before. Terms involving

TR and its derivatives on the right-hand side of (2.20) are replaced with terms involving TL

and its derivatives following similar steps as before to give

NLR[TL]
def
=

(
KLR∂x + hR LDLR

+
h2

R

2
KLRLDLR

∂x +
h3

R

6
L2
DLR

)
TL. (2.21)

The operator NLR[TL] defines a generalized Neumann condition for the left domain.

A differential operator, SL, is used to combine the generalized Dirichlet operator (2.19)

and the Neumann operator (2.21) together. This operator SL is a scalar function in Fourier

space, and it provides a weighted combination of the generalized Dirichlet and Neumann

conditions. A more detailed discussion on how to determine the value of SL is given in

Section 2.6.1. The new 4th-order accurate CHAMP interface conditions for the left domain

is expressed as

(NLR + SLDLR) [TL(0, y)] = (∂x + SL)TR(hR, y). (2.22)

Generalized Dirichlet and Neumann conditions for the right domain can be derived in

a similar manner by taking Taylor series expansions of TL and ∂xTL at a distance hL to the

interface, which gives

DLRTR
def
=

(
1�KRLhL∂x +

h2
L

2
LDRL

� h3
L

6
KRLLDRL

∂x +
h4

L

24
L2
DRL

)
TR, (2.23a)

NLRTR
def
=

(
KRL∂x � hL LDRL

+
h2

L

2
KRLLDRL

∂x �
h3

L

6
L2
DRL

)
TR, (2.23b)



19

where

KRL

def
=
KR
KL

, DRL

def
=
DR
DL

, (2.24)

are reciprocals of the ratios KLR and DLR defined previously. Combing these two conditions

together using the coupling parameter SR gives the 4th-order accurate CHAMP interface

condition for the right domain as

(NRL � SRDRL) [TR(0, y)] = (∂x � SR)TL(hL, y). (2.25)

The complete 4th-order accurate CHAMP conditions are summarized in the following theo-

rem:

Theorem 1 The 4th-order accurate CHAMP conditions for the heat equations in (2.4a) with

matching conditions in (2.4b) and (2.4c) are

(NLR + SLDLR) [TL(0, y)] = (∂x + SL)TR(hR, y), (2.26a)

(NRL � SRDRL) [TR(0, y)] = (∂x � SR)TL(hL, y), (2.26b)

where the operators DLR, NLR, DRL and NRL are defined by (2.19), (2.21), (2.23a) and (2.23b),

respectively.

2.3.3 CHAMP Condition for a pth-Order Accurate Scheme

The general approach to derive CHAMP interface conditions for a pth-order accurate

scheme follows by extension of the derivations of the 2nd-order accurate conditions in [75] and

the 4th-order accurate conditions above. The first step involves suitable Taylor expansions

of TR(hR, y) and ∂xTR(hR, y) about the interface x = 0. For a pth-order accurate scheme the

following expansions are used

TR(hR, y) =

p∑
`=0

h`R
`!
∂`xTR(0, y) +O(hp+1

R ), (2.27a)

∂xTR(hR, y) =

p�1∑
`=0

h`R
`!
∂`+1
x TR(0, y) +O(hpR). (2.27b)
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Note that one less term is retained in the expansion for ∂xTR(hR, y) following the previous

derivations. As before, the goal is to replace terms involving x-derivatives of TR on the

right-hand sides of (2.27) with ones involving the x and y-derivatives of TL. To start this

process the interface matching conditions in (2.4b) and (2.4c) are used to give the relations

TR(0, y) = TL(0, y)
def
= L0 TL(0, y), (2.28a)

∂xTR(0, y) = KLR∂xTL(0, y)
def
= L1 TL(0, y), (2.28b)

where the differential operators L0 = I and L1 = KLR∂x are introduced. Compatibility con-

ditions are used to obtain expressions for higher x-derivatives of TR at x = 0. Taking q time

derivatives of the matching conditions in (2.4b) and (2.4c), and then using the heat equa-

tions to replace time derivatives with spatial derivatives leads to the compatibility interface

conditions,

[Dq∆qT ]I = 0, q = 0, 1, 2, 3, . . . , (2.29a)

[KDq ∂x∆qT ]I = 0, q = 0, 1, 2, 3, . . . . (2.29b)

Using (2.29a) with q = 1, for example, leads to an expression for the second x-derivative of

TR on the interface,

∂2
xTR(hR, y) = DLR∆TL(0, y)� ∂2

yL0TL(0, y)
def
= L2 TL(0, y), (2.30)

where the use of y-derivatives of (2.28a) was made. Using (2.29) leads to conditions for an

arbitrary x-derivative of TR on the interface,

∂2q
x TR(0, y) =

[
DqLR∆

q �
q�1∑
`=0

(
q

`

)
∂2(q�`)
y L2`

]
TL(0, y)

def
= L2q TL(0, y), (2.31a)

∂2q+1
x TR(0, y) =

[
KLRDqLR∆

q∂x �
q�1∑
`=0

(
q

`

)
∂2(q�`)
y L2`+1

]
TL(0, y)

def
= L2q+1 TL(0, y), (2.31b)

for q = 0, 1, 2, . . .. Here, the operators L` are defined recursively and give ∂`xTR(hR, y) =

L`TL(0, y), ` = 0, 1, 2, . . .. Each operator L` can be written in terms of powers of ∂x and ∂y,
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and the notation L`[∂x, ∂y] is used to expose this dependence. For example,

L0[∂x, ∂y] = I, (2.32a)

L1[∂x, ∂y] = KLR∂x, (2.32b)

L2[∂x, ∂y] = DLR(∂
2
x + ∂2

y)� ∂2
y , (2.32c)

L3[∂x, ∂y] = KLRDLR∂x(∂
2
x + ∂2

y)�KLR∂
2
y∂x, (2.32d)

L4[∂x, ∂y] = D2
LR(∂

2
x + ∂2

y)
2 � ∂4

y � 2∂2
y(DLR(∂

2
x + ∂2

y)� ∂2
y). (2.32e)

The CHAMP Dirichlet and Neumann operators can now be defined using (2.31) in the Taylor

expansions (2.27). The result is summarized in the following Theorem.

Theorem 2 The Dirichlet and Neumann operators for the pth-order accurate CHAMP con-

ditions for the heat equations in (2.4a) with matching conditions in (2.4b) and (2.4c) are

D
(p)
LR[∂x, ∂y]

def
=

p∑
`=0

h`R
`!
L`[∂x, ∂y], (2.33a)

N
(p)
LR[∂x, ∂y]

def
=

p�1∑
`=0

h`R
`!
L`+1[∂x, ∂y], (2.33b)

where the operators L`[∂x, ∂y] are defined by (2.31). Here the notation L`[∂x, ∂y] indicates
that L` is a differential operator which depends on the powers of ∂x and ∂y.

Note that pth-order accurate CHAMP conditions are given by the conditions in (2.26) with

the operators DLR and NLR replaced by the corresponding ones in (2.33), and with similar

conditions replacing the operators DRL and NRL.

2.4 Partitioned Algorithms Using the CHAMP Conditions

The partitioned algorithms using the CHAMP conditions for the model problem intro-

duced in Section 2.2 is described in this section. The model problem is solved numerically on

a uniform grid with equal grid spacing and matched grid lines on either side of the interface.

The numerical domain consists of two adjacent rectangles and a vertical interface located

at x = 0. To present the CHAMP time-stepping algorithm, the spatial coordinates are left

continuous, but the solutions in each subdomain are stepped discretely in time. The overall
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algorithm is given in Algorithm 1. Solution are time-stepped in an implicit manner using a

backward differentiation formula (BDF), which at pth-order accuracy takes the form

p∑
`=0

α`T
n+1�`
m = β0Hm(T

n+1
m ), (2.34)

for known constants α` and β0 depending on the order p. Table 2.1 provides values for α` and

β0 for p = 2, 4, 6; values for other orders of accuracy can be found in [1]. Here T nm denotes

the approximate solution at time tn = n∆t and

Hm
def
= Dm∆, (2.35)

denotes the diffusion operator.

Table 2.1: Values of α` and β0 for BDF schemes of order p = 2, 4, 6.

p β0 α0 α1 α2 α3 α4 α4 α6

2 2
3

1 �4
3

4 12
25

1 �48
25

36
25

�16
25

3
25

6 60
147

1 �360
147

450
147

�400
147

225
147

� 72
147

10
147

The semi-discrete solution T 0
m is initialized using the initial condition. The superscript

without the parenthesis indicate the time level, so that T 0
m is the semi-discrete solution set

equal to T IC
m at t = 0. At each time-step for t 2 [0, t�nal], a linear combination of the dis-

crete temperature values at past time steps in the BDF scheme are defined in Fm(x) for

each subdomain. To initialize the CHAMP iteration, an initial guess for the temperature

on the right domain is needed, and here a pth-order accurate extrapolation formula is used

to obtain a value for the temperature from past time values. This initial value is denoted

by T
(0)
R , where the superscript with the parenthesis now indicates the number of iterations.

With this initial value, the CHAMP conditions are then applied iteratively for each subdo-

main. Using the temperature information from the other subdomain, the CHAMP condition

and the boundary conditions are applied to the current domain, and an implicit solve is

performed to get an updated solution. The other subdomain will use this updated solution

to apply the CHAMP condition and the boundary conditions, and another implicit solve is
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Algorithm 1: CHAMP partitioned conjugate heat transfer solver for heat equa-
tions.

1: DiffusionSolver(Ω, t�nal)
2: t = 0, n = 0;
3: T 0

m(x) = T IC
m (x), x 2 Ωm, m = L,R; . Initial conditions

4: Evaluate past time values as needed by BDF schemes.
5: // Time stepping loop
6: while t < t�nal do
7: Fm(x) = �

∑p
`=1 α`T

n�`
m (x), x 2 Ωm, m = L,R; . Assign RHS for BDF scheme

8: T
(0)
R =

∑p+1
i=1

(
p+1
i

)
(�1)i+1 T n+1�i

R ; . Extrapolate in time for initial guess
9: for j = 1, � � � , Nsi do . Sub-time-step iterations

10: // Solve for T
(j)
L given T

(j�1)
R

11: T
(j)
L � β0∆tDL∆T

(j)
L = FL, x 2 ΩL;

12:
(
NLR + SLDLR

)
T

(j)
L (x) =

(
∂n + SL

)
T

(j�1)
R (x+ hR ), x 2 I; . CHAMP

13: BL(T
(j)
L ) = g(x, t+∆t), x 2 ∂ΩL; . Physical BCs.

14: // Solve for T
(j)
R given T

(j)
L

15: T
(j)
R � β0∆tDR∆T

(j)
R = FR, x 2 ΩR;

16:
(
NRL + SRDRL

)
T

(j)
R (x) =

(
∂n + SR

)
T

(j)
L (x+ hL ), x 2 I ; . CHAMP

17: BR(T
(j)
R ) = g(x, t+∆t), x 2 ∂ΩR; . Physical BCs.

18: error(j) = max
I

{∣∣T (j)
L � T

(j)
R

∣∣}; . Error in iteration

19: If
∣∣error(j) � error(j�1)

∣∣ < tol then break; . Converged
20: end for
21: T n+1

m = T
(j)
m , m = L,R; . Solution at new time

22: t = t+∆t, n = n+ 1;
23: end while

performed. The collection of these steps, starting with the for loop, completes an iteration

of the CHAMP scheme for a particular time step.

To satisfy the matching conditions in (2.4b) and (2.4c), the CHAMP conditions are

iterated at each time-step inside the for loop. The loop stops when the temperatures match

at the interface. The residual of the CHAMP interface conditions at the jth iteration is

defined to be

Res(j) = max
x2I

{∣∣T (j)
L � T

(j)
R

∣∣} , (2.36)

where the maximum norm over the interface is taken. The convergence rate of the CHAMP

iteration is measured by an amplification factor AcI given by

AcI =
Res(j)

Res(j�1)
, (2.37)
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where j = 1, .., Nsi denotes the iteration number. For the iteration to converge, the maximum

iteration number Nsi is required to satisfy the condition

jRes(Nsi) � Res(Nsi�1)j < tol. (2.38)

where tol is taken to be 10�13.

2.5 Application of the CHAMP Conditions on a Spatial Grid

This section discusses the application of the CHAMP conditions on a spatial grid.

Ghost points are used to facilitate the discretization of a high-order accurate scheme near

the boundaries and the interface. A spatially 4th-order accurate scheme is considered as a

representative example, and various approaches are presented to specify the ghost points.

In particular, two different methods are introduced to specify values at ghost points near

the interface for the CHAMP scheme. Numerical experiments show that both methods give

accurate and stable results, and the major difference between the two schemes comes from

the implementation, which will be discussed next.

� � • � �•

� � • � �•
�
�

�
�

�
�

�
�

� � •

� � •
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� �•

�
�

�
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�
�

�
�

x = 0 x = 1x = �1

DL,KL

DR,KR

Figure 2.3: A sample computational grid for a 4th-order accurate scheme with
two ghost points at each domain.

For a 4th-order accurate scheme, two ghost cells are requried at each boundary and
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interface for both the left and right domains. A computational grid for this case is depicted

in Fig 2.3. The first ghost point can be solved using a high-order extrapolation formula in

space. For the second ghost point at far left and far right boundaries in the x direction, a

compatibility boundary condition is derived using the governing equations and the original

boundary conditions. Taking a time derivative of the original boundary conditions and then

substituting in the governing equations gives a new equation to solve for the first ghost value.

These conditions are

∂tTmj∂
 = Dm
(
∂2
x + ∂2

y

)
Tmj∂
 = 0. (2.39)

Equation (2.39) is discretized using a second order centered difference formula.

For ghost points in the y direction, periodic boundary conditions are applied. For the

first ghost points at the interface, the CHAMP interface conditions are discretized using a

4th-order accurate centered difference method. There are several choices to fill in the equation

for the second ghost cells at the interface, and here two possible approaches are presented.

The first method derives the compatibility boundary conditions based from the second-

order accurate CHAMP interface conditions, which gives two more equations to be applied

at the second ghost points. Differentiating the second-order accurate CHAMP interface

conditions with respect to t gives

LHS =
(
N

(2)
LR + SLD

(2)
LR

)
[∂tT

(j)
L (x)] =

(
N

(2)
LR + SLD

(2)
LR

)(
DL∆T (j)

L (x)
)
, x 2 I, (2.40a)

RHS = (∂x + SL) ∂tT
(j�1)
R (x+ hR) = (∂x + SL)

(
DR∆T (j�1)

R (x+ hR)
)
, x 2 I, (2.40b)

where N
(2)
LR,D

(2)
LR are the second-order accurate CHAMP operators, given by

D
(2)
LR = TL(x) +KLRhR∂xTL(x) +

h2
R

2
L2TL(x), x 2 I, (2.41a)

N
(2)
LR = KLR∂xTL(x) + hRL2TL(x), x 2 I, (2.41b)

and L2 is defined in (2.32). Detailed derivations can be found in Section 2.3.3. Equa-

tion (2.40a) and (2.40b) provides two equations to be applied at the second ghost point at

the interface for the left domain. Similar expression can be obtained for the right domain,

and details are omitted here.



26

The second method evaluates the RHS of the CHAMP condition at a distance 2hm,m =

L,R to the left and right of the interface to obtain two different equations for the second

ghost cells. This is given by

(
N

(4)
LR + SLD

(4)
LR

)
[T

(j)
L (x)] = (∂x + SL)T

(j�1)
R (x+ 2hR), x 2 I, (2.42a)(

N
(4)
RL � SRD

(4)
RL

)
[T

(j)
R (x)] = (∂x � SR)T

(j�1)
L (x� 2hL), x 2 I, (2.42b)

where N
(4)
LR,D

(4)
LR,N

(4)
RL,D

(4)
RL are the 4th-order CHAMP operator defined in Section 2.3.3. No-

tice that the LHS of these equations remain the same as the original CHAMP conditions,

only the RHS are evaluated at different grid points. Unlike the first method where a new

set of operators needs to be derived, this method uses the same CHAMP operators as the

original CHAMP conditions, which saves some time in terms of the derivation.

2.6 Analysis of the CHAMP Schemes

In this section, the pth-order accurate CHAMP scheme as described in Algorithm 1 for

the CHT model problem in (2.4) is studied and analyzed. The convergence of the CHAMP

iteration for a given time-step is studied first in Section 2.6.1, followed by an analysis of the

complete time-stepping scheme in Section 2.6.2. Finally in Section 2.6.3 the accuracy of a

fourth-order accurate CHAMP scheme is verified using a modified equation approach.

2.6.1 Model Problem Analysis of the CHAMP Iteration

In this section, the CHAMP scheme is analyzed by considering the iteration described

in Algorithm 1 in isolation. At each time-step, the CHAMP condition is applied iteratively

at the interface. For the model problem described in Section 2.2 consisting of two rectangles

that meet at a vertical interface at x = 0, the convergence factor of the CHAMP sub-time-

step iteration is now derived and studied.

Start by expanding the solution in a Fourier series in y,

Tm(x, t) =
1∑

k=�1

T̂m(x, k, t) e
�iky, (2.43)
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so that the CHT model problem in (2.4) becomes

∂tT̂L = Dm(∂2
x � k2)T̂L, x 2 (�1, 0), (2.44a)

∂tT̂R = Dm(∂2
x � k2)T̂R, x 2 (0,+1), (2.44b)[
T̂
]
x=0

= 0, (2.44c)[
K∂xT̂ ]x=0 = 0, (2.44d)

kT̂m(�, k, t)k2 <1, (2.44e)

T̂m(x, 0) = T̂ IC
m (x). (2.44f)

Discretize in time using the BDF scheme in (2.34) and use the CHAMP interface conditions

to give

[
I �∆tβ0

(
DL(∂

2
x � k2)

)]
T̂ n+1

L = �
p∑
j=1

αjT̂
n�j
L

def
= F n

L , x 2 (�1, 0), (2.45a)

[
I �∆tβ0

(
DR(∂

2
x � k2)

)]
T̂ n+1

R = �
p∑
j=1

αjT̂
n�j
R

def
= F n

R, x 2 (0,+1), (2.45b)(
NLR[∂x] + SLDLR[∂x]

)
T̂ n+1

L (0) =
(
+ ∂x + SL

)
T̂ n+1

R (+h), (2.45c)(
NRL[∂x] + SRDRL[∂x]

)
T̂ n+1

R (0) =
(
� ∂x + SR

)
T̂ n+1

L (�h), (2.45d)

kT̂ n+1
m k2 <1, (2.45e)

T̂ 0
m(x) = T̂ IC

m (x), (2.45f)

where NLR[∂x], DLR[∂x], NRL[∂x] and DRL[∂x] are the linearized and Fourier transformed

CHAMP Dirichlet and Neumann operators. It is assumed that hL = hR = h.

Let T̂
(j)
m � T̂ n+1

m denote the jth iterate in a fixed-point iteration of (2.45) to compute
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T̂ n+1
L and T̂ n+1

R . This fixed-point iteration is given by

[
I �∆tβ0

(
DL(∂

2
x � k2)

)]
T̂

(j)
L = F n

L , x 2 (�1, 0), (2.46a)(
NLR[∂x] + SLDLR[∂x]

)
T̂

(j)
L (0) =

(
+ ∂x + SL

)
T̂

(j�1)
R (+h), (2.46b)

kT̂ (j)
L k2 <1, (2.46c)[

I �∆tβ0

(
DR(∂

2
x � k2)

)]
T̂

(j)
R = F n

R, x 2 (0,+1), (2.46d)(
NRL[∂x] + SRDRL[∂x]

)
T̂

(j)
R (0) =

(
� ∂x + SR

)
T̂

(j)
L (�h), (2.46e)

kT̂ (j)
R k2 <1, (2.46f)

with an initial value for T̂
(0)
R obtained by extrapolation in time. The errors Ê

(j)
m = T̂

(j)
m �T̂ n+1

m ,

m = L,R satisfy the homogeneous equations in (2.46) with F n
m = 0. Therefore, from now

on in this section, F n
m = 0 is taken in (2.46) and T̂

(j)
m is interpreted as the error in the jth

iterate.

For the problem described in (2.46), a pth-order accurate spatial approximations is used

to discretize the CHAMP Dirichlet and Neumann operators, with the order of accuracy in

time left open. The general solution of (2.46) (with zero forcing) subject to the far-field

boundary conditions is given as

T̂
(j)
L (x, k) = cLAj eξL x, (2.47a)

T̂
(j)
R (x, k) = cRAj e�ξR x, (2.47b)

with

ξm
def
=

√
1

β0Dm∆t
+ k2, (2.48)

where cL and cR are constants and A is the amplification factor for the CHAMP sub-time

iteration. Substituting (2.47a) and (2.47b) into the CHAMP interface conditions (2.46b)

and (2.46e) gives

(
NLR[ξL] + SLDLR[ξL]

)
cLAj =

(
� ξR + SL

)
cRAj�1 e�ξRh, (2.49)(

NRL[ξR] + SRDRL[ξR]
)
cRAj =

(
� ξL + SR

)
cLAj e�ξLh. (2.50)



29

This is a system of two homogeneous equations for the two unknowns cL and cR. For

nontrivial solutions the determinant of the corresponding 2 � 2 coefficient matrix must be

zero. This leads to the following result.

Theorem 3 (CHAMP iteration, diffusion equation) The iteration amplification fac-

tor when using pth-order accurate spatial approximations to the CHAMP interface conditions

for the diffusion equation is

ACI =
(�ξR + SL) e

�ξRh(
N

(p)
RL[ξR] + SRD

(p)
RL[ξR]

) (�ξL + SR) e
�ξLh(

N
(p)
LR[ξL] + SLD

(p)
LR[ξL]

) . (2.51)

For example, here are the forms of the symbols of the Dirichlet and Neumann operators for

orders of accuracy two, four and six,

D
(2)
LR[ξL] = 1 +KLRzL +

z2
R

2
, (2.52a)

hN
(2)
LR[ξL] = KLRzL + z2

R, (2.52b)

D
(4)
LR[ξL] = 1 +KLRzL +

1

2
z2
R +

1

6
KLRzL z

2
R +

1

24
z4
R, (2.52c)

hN
(4)
LR[ξL] = KLRzL + z2

R +
1

2
KLRzL z

2
R +

1

6
z4
R, (2.52d)

D
(6)
LR[ξL] = 1 +KLRzL +

1

2
z2
R +

1

6
KLRzL z

2
R +

1

24
z4
R +

1

120
KLRzL z

4
R +

1

720
z6
R, (2.52e)

hN
(6)
LR[ξL] = KLRzL + z2

R +
1

2
KLRzL z

2
R +

1

6
z4
R +

1

24
KLRzL z

4
R +

1

120
z6
R, (2.52f)

where

zm
def
= ξmh, m = L,R. (2.53)

Note that all of the terms in D
(p)
LR[ξL] and N

(p)
LR[ξL] are positive which will be important for the

convergence of the iteration. In (2.51), if SL = ξR or SR = ξL, then ACI = 0 and the iteration

converges in one step, regardless of the material properties, grid size and the time step. This

is the optimal result, but SL,SR are operators in the Fourier space, and to implement the

CHAMP scheme one would need to transform them back to real space. Since ξL and ξR

contains square root functions, it will result in a global operator. In practice, local operators
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are always preferred, and for simplicity here SL,SR are chosen to be scaled constants, i.e.

SL =
pL

h
, SR =

pR

h
(2.54)

for constants pL and pR (independent of the mesh spacing h). The amplification factor ACI

can be written in a non-dimensional form by introducing

pL

def
= hSL, pR

def
= hSR, κ

def
= kh, λDL

def
=

∆tDL

h2
, λDR

def
=

∆tDR

h2
, (2.55)

(note that λDR = λDL/DLR) which implies

zL =

√
1

β0

1

λDL

+ κ2, zR =

√
1

β0

1

λDR

+ κ2, (2.56)

and then ACI = ACI(KLR,DLR, λDL, κ, pL, pR) is given by

ACI(KLR,DLR, . . .) =
(�zR + pL) e

�zR(
hN

(p)
RL[zR] + pRD

(p)
RL[zR]

) (�zL + pR) e
�zL(

hN
(p)
LR[zL] + pLD

(p)
LR[zL]

) . (2.57)

In a similiar manner to [75], it can be shown that parameters pL and pR always exist such that

jACIj < 1 and the iteration converges. In particular it is straightforward to show that jACIj <
1 when pL = pR = 0, i.e. when the Neumann condition in CHAMP is used alone. Similarly,

jACIj < 1 when the Dirichlet operator is used alone. Therefore the iteration converges when

using either the pure Dirichlet or pure Neumann CHAMP interface conditions.

To find pL and pR that minimize the magnitude of the amplification factor ACI for all

wavenumbers κ, the following min-max problem must be solved,

A�CI = min
pL�0, pR�0

[
max

κmin�κ�κmax

jACIj
]
, (2.58)

where kmin and kmax are bounds on the frequency range, [κmin, κmax] = [�π, π]. The optimal

values for pL and pR can be found by precomputing terms in the expression for ACI that

depend on κ but do not depend on pL and pR. A minimization algorithm such as fminsearch

from Matlab [74] can then be used to find pL and pR.

Figure 2.4 compares the convergence rates for the CHAMP iteration to those for op-

timized Schwartz (OS) for a domain decomposition problem where the material parameters
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Figure 2.4: Comparison of the CHAMP iteration convergence rate to
Optimized Schwarz for the problem with equal material parameters
and different overlap width.

are the same in the two subdomains, i.e. KLR = 1, DLR = 1. Here λDL = 106 is chosen (which

corresponds to a very large explicit time step). Results are shown for orders of accuracy

p = 2, 4, 6. Optimized Schwarz results are given for domain overlaps of L = 0, L = h and

L = 2h. For each case, optimized values of the coupling parameters are chosen. As expected,

the OS results improve with increasing overlap. The CHAMP results, which are similar for

all orders of accuracy, are very close to the OS results with L = 2h. These results show

that the CHAMP algorithm incorporates an effective overlap, and this applies even for CHT

problems where the material properties are not equal across the interface between adjacent

subdomains.

Figure 2.5 shows ACI versus κ using the optimal pL and pR for various values λDL. As

seen in the graph, the curves ACI(κ) have three extrema, two maxima and one minimum,

for all orders of accuracy shown. The curves compress near κ = 0 as λDL increases due to

the exponential terms in (2.51). Note that when using the optimal values pL and pR, the

magnitudes of the three extrema of A�CI are equal. Also note that the shapes of the curves

are very similar for all orders of accuracy.

Table 2.2 gives some values forA�CI and the corresponding values for pL and pR obtained

using the optimization procedure described above. Figure 2.6 shows graphs of A�CI versus

KLR and DLR for different cases of λDL = 106. Also shown are the optimal values of pL and

pR obtained for each case. The plot on the top left shows the iteration amplification factor
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Figure 2.5: CHAMP iteration: A versus κ = kh for selected optimal pL and pR

for orders 2, 4, and 6 (h = 10�3).

A�CI as a function of KLR ranging from 10�2 to 102, with the order of accuracy increasing

from 2 to 6. The curve for the amplification factor is symmetric about the line KLR = 1, and

is also maximal there. The plots on the bottom left show the behavior of A�CI as DLR varies

from 10�2 to 102, also with increasing orders of accuracy. As DLR increases, A�CI decreases

slowly at first, and after passing DLR = 1 it starts to decrease rapidly.
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Table 2.2: CHAMP iteration: A�CI and corresponding optimal pL and pR for a
4th-order accurate CHAMP conditions with various choices of
material parameters KLR = KL

KR
,DLR = DL

DR
, λDL = �tDL

h2 .

CHAMP Iteration

λDL DLR KLR pL pR A�CI
1.00e+06 1.00e+00 1.00e-02 8.18e-02 2.42e-03 6.49e-03

1.00e+06 1.00e+00 4.64e-02 7.79e-02 2.45e-03 2.93e-02

1.00e+06 1.00e+00 2.15e-01 6.38e-02 2.60e-03 1.20e-01

1.00e+06 1.00e+00 1.00e+00 3.87e-02 2.91e-03 3.11e-01

1.00e+06 1.00e+00 4.64e+00 2.60e-03 6.38e-02 1.20e-01

1.00e+06 1.00e+00 2.15e+01 2.44e-03 7.79e-02 2.94e-02

1.00e+06 1.00e+00 1.00e+02 2.42e-03 8.19e-02 6.49e-03

λDL DLR KLR pL pR A�CI
2.00e+07 1.00e+00 1.00e+00 2.73e-02 7.42e-04 3.84e-01

1.00e+07 1.00e+00 1.00e+00 2.84e-02 1.04e-03 3.75e-01

5.00e+06 1.00e+00 1.00e+00 3.03e-02 1.43e-03 3.62e-01

2.50e+06 1.00e+00 1.00e+00 3.29e-02 1.96e-03 3.44e-01

1.25e+06 1.00e+00 1.00e+00 3.70e-02 2.65e-03 3.20e-01

6.25e+05 1.00e+00 1.00e+00 4.34e-02 3.52e-03 2.89e-01

3.12e+05 1.00e+00 1.00e+00 5.20e-02 4.64e-03 2.55e-01

λDL DLR KLR pL pR A�CI
1.00e+06 1.00e-02 1.00e+00 3.45e-02 2.30e-03 3.34e-01

1.00e+06 4.64e-02 1.00e+00 3.50e-02 2.39e-03 3.31e-01

1.00e+06 2.15e-01 1.00e+00 3.61e-02 2.56e-03 3.25e-01

1.00e+06 1.00e+00 1.00e+00 3.87e-02 2.91e-03 3.11e-01

1.00e+06 4.64e+00 1.00e+00 4.87e-03 5.24e-02 2.53e-01

1.00e+06 2.15e+01 1.00e+00 9.15e-03 6.79e-02 2.02e-01

1.00e+06 1.00e+02 1.00e+00 1.78e-02 9.46e-02 1.44e-01

2.6.2 Analysis of the Un-Iterated CHAMP Time-Stepping Scheme

The time-stepping scheme incorporating the CHAMP interface conditions was given in

Algorithm 1. In general, Nsi iterations of the CHAMP conditions are used at each time step.

Since each iteration requires the solution of a linear system associated with the BDF implicit

time-stepping scheme for each subdomain, it is desirable to use as few iterations as possible.
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Figure 2.6: CHAMP iteration: A�CI and corresponding optimal pL and pR for
orders 2, 4, and 6 (h = 10�3) with various choices of material
parameters KLR = KL

KR
,DLR = DL

DR
, λDL = �tDL

h2 .

In fact, it is possible to use just one iteration, i.e. Nsi = 1, for many CHT simulations, and

this scheme is called the un-iterated CHAMP time-stepping scheme. This section is devoted

to an analysis of this scheme.

A sample un-iterated time-stepping algorithm is given in Algorithm 2. After Fourier
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Algorithm 2: Un-iterated CHAMP time-stepping algorithm.

1: t = 0, n = 0;
2: T 0

m(x) = T IC
m (x), x 2 Ωm, m = L,R; . Initial conditions

3: Evaluate past time values as needed by BDF schemes.
4: // Time stepping loop
5: for t = 1, � � � , tfinal do
6: Fm(x) = �

∑p
j=1 αjT

n+1�j
m (x), x 2 Ωm, m = L,R; . Assign RHS for BDF

scheme
7: T

(0)
R =

∑p+1
i=1

(
p+1
i

)
(�1)i+1 T n+1�i

R ; . Extrapolate in time for initial guess

8: // Solve for T n+1
L given T

(0)
R :

9: T n+1
L � β0∆tDL∆T

n+2
L = FL, x 2 ΩL;

10:

(
NLR + SLDLR

)
T n+1

L (x) =
(
∂n + SL

)
T

(0)
R (x+ hR nLR), x 2 I; . CHAMP

11: BL(T
n+1
L ) = g(x, t+∆t), x 2 ∂ΩL; . Physical BCs.

12: // Solve for T n+1
R given T n+1

L :
13: T n+1

R � β0∆tDR∆T
n+1
R = FR, x 2 ΩR;

14:

(
NRL + SRDRL

)
T n+1

R (x) =
(
∂n + SR

)
T n+1

L (x+ hL nRL), x 2 I ; . CHAMP

15: BR(T
n+1
R ) = g(x, t+∆t), x 2 ∂ΩR; . Physical BCs.

16: t = t+∆t, n = n+ 1;
17: end for

transfoming the equations, the time-step update to determine T̂ n+1
L and T̂ n+1

R is given by

T̂
(0)
R = extrapolate(T̂ nR , T̂

n�1
R , . . .) (2.59a)[

I �∆tβ0

(
DL(∂

2
x � k2)

)]
T̂ n+1

L = F n
L , x 2 (�1, 0), (2.59b)(

N̂LR + SLD̂LR

)
T̂ n+1

L (0) =
(
+ ∂x + SL

)
T̂

(0)
R (+h), (2.59c)

kT̂ n+1
L k2 <1, (2.59d)[

I �∆tβ0

(
DR(∂

2
x � k2)

)]
T̂ n+1

R = F n
R, x 2 (0,1), (2.59e)(

N̂RL + SRD̂RL

)
T̂ n+1

R (0) =
(
� ∂x + SR

)
T̂ n+1

L (�h), (2.59f)

kT̂ n+1
R k2 <1, (2.59g)

with an initial guess for T̂R(0) obtained by extrapolation to (p+ 1)-order in time,

T̂
(0)
R = extrapolate(T̂ nR , T̂

n�1
R , . . .) =

p+1∑
`=1

(
p+ 1

`

)
(�1)`+1 T̂ n+1�`

R . (2.60)

A BDF scheme is used to discretize the equations in time, with the formula given in (2.34).
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The parameters for the fourth-order accurate BDF scheme can be found in Table 2.1.

With the Assumption that the IVP for each heat equation on an infinite or on a periodic

domain is stable, a GKS normal mode analysis is carried out to study the stability of the

time step given in (2.59). One looks for normal mode solutions in each domain of the form

T̂ nL = An eξLx, T̂ nR = An e�ξRx, (2.61)

where A is the amplification factor of the time-stepping scheme. (Note that A must be

the same for both subdomains in order to satisfy the interface conditions.) Substitution

of the normal mode ansatz into (2.59b) or (2.59e) gives the characteristic equations the

characteristic equations

p∑
µ=0

αµA
p�µ = β0∆tDm

(
ξ2
m � k2

)
Ap, m = L,R, (2.62)

which results in two possible roots for both ξL, and ξR given by

ξm = �

√
1

β0∆tDL

∑p
µ=1 αµA

p�µ

Ap
+ k2, m = L,R. (2.63)

The scheme is stable provided that there are no nontrivial solutions to the homogeneous

equations in (2.59) with jAj > 1. As is usual with GKS analysis, provided the Cauchy

problem for the heat equation is stable, then unstable modes that grow in time with jAj > 1

will decay in space with the corresponding ξ having Re(ξ) 6= 0. This result is encompassed

in the following lemma. The proof is given in A.

Lemma 1 If Re(ξm) = 0 then jAj � 1. Furthermore jAj = 1 only when ξm = 0 and k = 0,

in which case A = 1 is a simple root. Thus solutions with jAj > 1 will have Re(ξm) 6= 0.

Lemma 1 shows that all solutions to (2.59) corresponding to pure imaginary values of

ξm are stable. Therefore our analysis can be reduced to the situation when ξm has a nonzero

real part. For this case one solution ξm from (2.63) has a positive real part and the other

has a negative real part. To satisfy the far-field boundary conditions in (2.59d) and (2.59g)

only one of the two roots in (2.63) is retained for each domain, leading to the solutions of
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the form

T̂ nL = cLA
neξLx, T̂ nR = cRA

ne�ξRx, (2.64)

where the principal branch of the square root in (2.63) is asssumed so that the real part of

ξm is nonnegative.

Substituting the solution in (2.64) into the CHAMP interface conditions (2.33), and

using the extrapolation formula (2.60) yields

cLAn+1
(
N

(p)
LR[ξL, k] + SLD

(p)
LR[ξL, k]

)
= cR

{ p+1∑
`=1

(
p+ 1

`

)
(�1)`+1An+1�`

}
(�ξR + SL) e

�ξRh,
(2.65a)

cRAn+1
(
N

(p)
RL[�ξR, k) + SRD

(p)
RL[�ξR, k]

)
= cLAn+1(�ξL + SR) e

ξLh. (2.65b)

Here, D
(p)
LR[∂x, ∂y] and N

(p)
LR[∂x, ∂y] denote the pth-order CHAMP Dirichlet and Neumann

operators as functions of ∂x and ∂y, respectively, and Fourier transforming in y replaces

∂2
y in these operators with �k2. The dependence on k is noted as D

(p)
LR[∂x, k], for example.

The conditions in (2.65) define two equations for two unknowns cL and cR. For non-trivial

solutions the determinant of the corresponding matrix must equal to zero which implies

A
(
N

(p)
LR[ξL, k] + SLD

(p)
LR[ξL, k]

)(
N

(p)
RL[�ξR, k] + SRD

(p)
RL[�ξR, k]

)
= (�ξL + SR) e

ξLh (�ξR + SL) e
�ξRh

{ p+1∑
`=1

(
p+ 1

`

)
(�1)`+1A�`

} (2.66)

This leads to the following result.

Theorem 4 The pth-order accurate un-iterated CHAMP time-stepping scheme is stable pro-

vided there are no solutions A with jAj > 1 to G(A) = 0 where

G(A)
def
=

Ap+1∑p+1
`=1

(
p+1
`

)
(�1)`+1Ap�`

� (�ξL + SR) e
ξLh(

N
(p)
LR[ξL, k] + SLD

(p)
LR[ξL, k]

) (�ξR + SL) e
�ξRh(

N
(p)
RL[�ξR, k] + SRD

(p)
RL[�ξR, k]

) , (2.67)
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Here, ξL(A) and ξR(A) are given by

ξm(A) =

√
1

β0∆tDL

∑p
µ=0 αµA

p�µ

Ap
+ k2, m = L,R, (2.68)

with Re(ξm) > 0. This must be true for all kh 2 [�π, π].

The function G(A) defined above also depends parametrically on the non-dimensional pa-

rameters given previously in (2.55), which implies values for zL and zR now given by

zL =

√
1

β0

1

λDL

∑p
µ=0 αµA

p�µ

Ap
+ κ2, zR =

√
1

β0

1

λDR

∑p
µ=0 αµA

p�µ

Ap
+ κ2, (2.69)

and then G(A) = G(A,KLR,DLR, λDL, κ, pL, pR, zL, zR) can be expressed as

G(A) =
Ap+1∑p+1

`=1

(
p+1
`

)
(�1)`+1Ap�`

� (�zL + pL) e
zL(

N
(p)
LR[zL] + pLD

(p)
LR[zL]

) (�zR + pL) e
�zR(

N
(p)
RL[�zR] + pRD

(p)
RL[�zR]

) . (2.70)

Based on (2.70), the optimal parameters SL = pLh and SR = pRh can be determined such

that the scheme is stable for each choice of the material parameters. Thus a min-max

problem needs to be solved, which is given by

A�CT

def
= min

pL�0, pR�0

[
max

κmin�κ�κmax

{
jAj : G(A, κ, pL, pR) = 0

}]
. (2.71)

The function G(A) in (2.67) is a transcendental function of A due to the terms involving

the exponential of ξmh. To simplify the process of finding roots in (2.71) these exponential

terms are replaced by a Taylor series approximation. It is found that a linear approximation

given by

e�zm � 1� zm. (2.72)

is sufficient. Once the optimal parameters are found, one can double check that, with these

parameters, the original G(A) satisfies the stability condition through an application of the

argument principle [75].
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With the Taylor series approximations, (2.70) can be written as

G̃(A) =
(
Ap+1

) (
N

(p)
LR[zL] + pLD

(p)
LR[zL]

)(
N

(p)
RL[�zR] + pRD

(p)
RL[�zR]

)
�

(
p+1∑
`=1

(
p+ 1

`

)
(�1)`+1Ap�`

)(
(�zL + pL) e

zL
)(

(�zR + pL) e
�zR
)

def
= 0,

(2.73)

which results in a polynomial involving A, zL and zR. Also, rewrite zm,m = L,R as

hL(A)
def
= z2

L =
1

β0

1

λDL

∑p
µ=0 αµA

p�µ

Ap
+ κ2, (2.74a)

hR(A)
def
= z2

R =
1

β0

1

λDR

∑p
µ=0 αµA

p�µ

Ap
+ κ2. (2.74b)

Equations (2.73), (2.74a) and (2.74b) form a polynomial system involving A, zL and zR. To

simplify the problem, this polynomial system is transformed into a single polynomial so that

only one unknown, A, is involved. The steps involved in this transformation are given in

Algorithm 3 for a 2nd-order scheme. Briefly, equation (2.73) can be used to solve for zL in

terms of A and zR. Squaring both sides of the equation and using (2.74a) to remove the zL

dependency gives a polynomial in A and zR. Following a similar approach, zR can be solved

in terms of A and (2.74b) is used to remove the zR dependency. The final polynomial formed

only contains a single unknown variable A, and can be solved using some polynomial solvers.

The entire optimization problem can then be evaluated using a minimization algorithm such

as fminsearch from Matlab[74] to find pL and pR.
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Algorithm 3: Transforming polynomial system to a single high-degree polyno-
mial.
Step 1) Expand G(A) and squaring zL, zR:

G̃(A) = f(A) + g1(A)zL + g2(A)zR + g3(A)zLzR � 0
z2
L = hL(A)
z2
R = hR(A)

Step 2) Using G(A), solve for zL in terms of A and zR
zL = G(A)�f(A)�g2(A)zR

g1(A)+g3(A)zR

Step 3) Squaring both sides to get rid of zL

z2
L = hL(A) = (G(A)�f(A)�g2(A)zR

g1(A)+g3(A)zR
)2 =

Ĝ(A)+ĝ1(A)zR+ĝ2(A)z2
R

f̂1(A)+f̂2(A)zR+f̂3(A)z2
R

Step 4) Substitute in z2
R

hL(A) =
Ĝ(A)+ĝ1(A)zR+ĝ2(A)hR(A)

f̂1(A)+f̂2(A)zR+f̂3(A)hR(A)

Step 5) Solve for zR
zR = G̃0(A).

Step 6) Square both sides and get rid of z2
R

hR(A) = G̃0(A)2 = G(A).
All dependence on zL and zR have been removed.

Figure 2.7 shows graphs for A�CT versus KLR, DLR and λDL for a 4th-order CHAMP

scheme. Corresponding optimal values of pL and pR are also presented. The plot on top left

shows the time-stepping amplification factor A�CT as a function of KLR, with λDL and DLR

fixed. Similar to Figure 2.6, the curve is symmetric about KLR = 1, and as KLR changes

from 10�2 to 102, A�CT first increases until reaches the maxima at KLR = 1, then decreases.

The maximal value of A�CT for λDL = 103 is about 0.9 which is still below 1, so it is possible

to increase the time step further and still have a stable scheme. The middle plot at left

shows how A�CI changes as DLR varies from 10�2 to 102. The time-stepping amplification

factor decreases as DLR increases, so for DLR large, the scheme can generally run with larger

time step. The plot on the bottom left shows the time-stepping amplification factor A�CT as a

function of λDL, with KLR = 1 and DLR = 1. For this hard case, the scheme is still stable with

λDL = 103.5. So with the optimal parameters chosen, even for case with large time-steps, the

un-iterated CHAMP time-stepping scheme is stable for a wide range of material parameters.
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Figure 2.7: CHAMP time-stepping: A�CT and corresponding optimal pL and pR

for a 4th-order accurate schemes with various choices of material
parameters KLR = KL
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,DLR = DL

DR
, λDL = �tDL

h2 .
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2.6.3 Accuracy of the Un-iterated CHAMP Time-stepping Scheme

In this section, the accuracy of the un-iterated CHAMP time-stepping scheme is an-

alyzed. The main task is to verify the order of accuracy for an un-iterated time-stepping

scheme when a pth-order accurate CHAMP condition is applied at the interface. As part

of this analysis, the order of the time-extrapolation formula to initialize the CHAMP iter-

ation at each time step is shown to be at least p + 1. Questions related to the accuracy of

the truncated Taylor series expansions in the derivation of the CHAMP operators are also

addressed in the analysis.

To give a concrete presentation, the case of a fourth-order accurate BDF scheme and

CHAMP conditions (p = 4) is chosen. To further simplify the analysis a one-dimensional

CHT problem with a bounded domain x 2 [�1, 1] is considered, given by

∂tTm �Dm∂2
xTm = fm(x, t), for x 2 Ωm, t > 0, (2.75a)[

T
]
I = 0, for t > 0, (2.75b)[

K∂xT
]
I = 0, for t > 0, (2.75c)

TL(�1, t) = 0, TR(1, t) = 0, for t > 0, (2.75d)

Tm(x, 0) = T ICm (x), for x 2 Ωm, (2.75e)

for m = L,R. Here, ΩL = [�1, 0] and ΩR = [0, 1] with the interface located at x = 0 as

before. The error between the discrete approximation of (2.75) and the continuous problem

is determined using a modified equation approach assuming fm(x, t) and T
IC
m (x) are smooth

functions. The temporal domain is discretized with a fixed time-step ∆t, and the spatial

domain is discretized uniformly with grid spacing h. Fourth-order central divided difference

formulas are used for spatial discretization, and the discrete solution is denoted by T̂ nm,j,m =

L,R, which approximates the exact solution Tm(xj, t
n) at time tn = n∆t and position xj = jh

for a grid defined by j = �N,�N + 1, ..., 0, 1, ..., N , where j = 0 denotes the interface.

Some standard difference formulas for discretizing the equations in space are provided
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below,

D+ûj
def
=
ûj+1 � ûj

h
, D�ûj

def
=
ûj � ûj�1

h
, D0ûj

def
=
ûj+1 � ûj�1

2h
, (2.76a)

D̂0ûj
def
=

[
D0 �

h2

6
(D0D+D�)

]
ûj, (2.76b)

D̂+D̂�ûj
def
=

[
D+D�

∆x2

12
(D+D�)

2

]
ûj, (2.76c)

where D̂0 and D̂+D̂� denote fourth-order accurate difference approximations and ûj is a

discrete solution that approximates u(xj). Representing the discrete CHAMP Dirichlet and

Neumann operators by D̃ and Ñ, respectively, the discrete error in the associated CHAMP

operators for the left domain, for example, are given by

DLR � D̃LR = KLRh
(
∂x � D̂0

)
+
h2

2
DLR

(
∂2
x � D̂+D̂�

)
+
h3

6
KLRDLR

(
∂3
x �D0(D+D�)

)
+
h4

24
D2

LR

(
∂4
x � (D+D�)

2
)
= O(h5),

(2.77a)

NLR � ÑLR = KLR

(
∂x � D̂0

)
+ hDLR

(
∂2
xD̂+D̂�

)
+
h2

2
KLRDLR

(
∂3
x �D0D+D�

)
+
h3

6
D2

LR

(
∂4
x � (D+D�)

2
)
= O(h4),

(2.77b)

where the standard truncation error formulas are used. The coupling parameter SL and SR

are assumed to be positive constants, and with a typical choice of ∆t = O(h), it is reasonable
to assume

Sm = O(h�p), 0 � p � 1, m = L,R (2.78)

An accurate initial temperature is needed from the solution in the right domain to initialize

the CHAMP iteration starting in the left domain at each time step. One approach to do

this is to use a time extrapolation formula of order q. For fourth-order, consider formulas

for q = 4, 5, which are given by

T̂ (q)
guess(T̂

n+1
R,j ) =

{
4T̂ nR,j � 6T̂ n�1

R,j + 4T̂ n�2
R,j � T̂

n�3
R,j , for q = 4,

5T̂ nR,j � 10T̂ n�1
R,j + 10T̂ n�2

R,j � 5T̂ n�3
R,j + T̂ n�4

R,j , for q = 5.
(2.79)

Using the discrete solutions to (2.75), the fully discrete un-iterated CHAMP time-stepping
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scheme can be expressed as,

∑4
`=1 α`T̂

n�`
m

β0∆t
�Dm(D̂+D̂�)T̂

n+1
m,j = fn+2

m,j , for n � 0, (2.80a)

(ÑLR + SLD̃LR)T̂
n+1
L,0 � (D̂0 + SL)T

(q)
guess(T̂

n+1
R,0 ) = 0, for n � 0, (2.80b)

(ÑRL � SRD̃RL)T̂
n+1
R,0 � (D̂0 � SR)T̂

n+1
L,�1 = 0, for n � 0, (2.80c)

T̂ n+1
L,�N = 0, T̂ n+1

R,N = 0, for n � 0, (2.80d)

T̂ 0
m,j = T ICm (xj), j 2 Ω̃m,h. (2.80e)

Note that Ω̃m,h is used to denote the computational grid that also includes the ghost points.

Assuming all past time values are correctly determined, and fm is zero at the interface. The

modified-equation CHT problem corresponding to the discretization in (2.80), to the leading

order, is given by

∂tT̃m �Dm∂2
xT̃m = τ (4), (2.81a)

(NLR + SLDLR)T̃L(0, t)� (∂x + SL)T̃R(h, t) = τ (4) + SLτ
(5,q), (2.81b)

(NRL � SRDRL)T̃R(0, t)� (∂x � SR)T̃L(�h, t) = τ (4) + SRτ
(5), (2.81c)

T̃L(�1, t) = 0, T̃R(1, t) = 0, (2.81d)

T̃m(x, 0) = T ICm (x), (2.81e)

where Dν,µ and Nν,µ, ν, µ = L,R are the original CHAMP operators. The truncation error

terms, generically denoted by τ , are given by

τ (4) = O(h4 +∆t4) = O(h4), (2.82a)

τ (5) = O(h5), (2.82b)

τ (5,q) = O(h5 +∆tq) = O(h5 + hq). (2.82c)

A key step here is to rearrange the CHAMP interface conditions (2.81b)–(2.81c) using a
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Taylor series expansion for T̃R(h, t) and T̃L(�h, t) about x = 0, which gives

(NLR + SLDLR)T̃L(0, t)� (∂x + SL)T̃R(h, t)

= SLT̃L(0, t) +KLR(1 + SLh)∂xT̃L(0, t) + hDLR(1 + SL
h2

2
)∂2
xT̃L(0, t)

+
h2

2
KLRDLR(1 + SL

h

3
)∂3
xT̃L(0, t) +

h3

6
D2

LR(1 + SL
h

4
)∂4
xT̃L(0, t)

�SLT̃R(0, t)� (1 + SLh)∂xT̃R(0, t)� h(1 + SL
h

2
)∂2
xT̃R(0, t)

�h
2

2
(1 + SL

h

3
)∂3
xT̃R(0, t)�

h3

6
(1 + SL

h

4
)∂4
xT̃R(0, t) = τ (4) + SLτ

(5,q).

(2.83)

Using the definition

KLR =
KL
KR

, DLR =
DL
DR

, (2.84)

the LHS of (2.83) can be expressed as

SL[T̃ ]I +
1 + SLh

KR
[σ̃]I + h(1 + SL

h

2
)
1

DR
∂t[T̃ ]I

+
h2

2
(1 + SL

h

3
)

1

DRKR
∂t[σ̃]I +

h3

6
(1 + SL

h

4
)
1

D2
R

∂2
t [T̃ ]I = τ (4) + SLτ

(5,q),

(2.85a)

SR[T̃ ]I �
1 + SRh

KL
[σ̃]I + h(1 + SR

h

2
)
1

DL
∂t[T̃ ]I

�h
2

2
(1 + SR

h

3
)

1

DLKL
∂t[σ̃]I +

h3

6
(1 + SR

h

4
)
1

D2
L

∂2
t [T̃ ]I = τ (4) + SRτ

(5),

(2.85b)

where [.]I denotes the jump at the interface, T̃ denotes the temperature, and σ̃ denotes the

heat flux. Let

am =
1 + SLh

KR
, bm =

1 + SL
h
2

DR
, cm =

1 + SL
h
3

KRDR
, dm =

1 + SL
h
4

D2
R

. (2.86)

Since SL,SR = O(h�p), for 0 � p � 1, it follows that (am, bm, cm, dm), m = L,R, are all

O(1). Then (2.85a) and (2.85b) can be written as

SL[T̃ ]I + aL[σ̃]I + hbL∂t[T̃ ]I +
h2

2
cL∂t[σ̃]I +

h3

6
dL∂

2
t [T̃ ]I = τ (4) + SLτ

(5,q), (2.87a)

SR[T̃ ]I � aR[σ̃]I + hbR∂t[T̃ ]I �
h2

2
cR∂t[σ̃]I +

h3

6
dR∂

2
t [T̃ ]I = τ (4) + SRτ

(5). (2.87b)
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Let

Y =


y1

y2

y3

 , y1 = [T̃ ]I , y2 = ∂t[T̃ ]I , y3 = [σ̃]I . (2.88)

Then the above equations can be written as a system of first order ODEs,
1 0 0

0 h3

6
dL

h2

2
cL

0 h3

6
dR �h2

2
cR

 ∂tY +


0 �1 0

SL hbL aL

SR hbR �aR

Y =


0

τ 4 + SLτ
(5,q)

τ 4 + SRτ
(5)

 . (2.89)

Rearranging the equation gives

∂tY = AY + b, (2.90)

where

A = �


0 �1 0

6 cR SL + 6 cL SR

h3 (cL dR + cR dL)

6 cR bL + 6 cL bR
h2 (cL dR + cR dL)

6 cR aL � 6 cL aR
h3 (cL dR + cR dL)

2 dR SL � 2 dL SR

h2 (cL dR + cR dL)

2 dR bL � 2 dL bR
h (cL dR + cR dL)

2 dR aL + 2 dL aR
h2 (cL dR + cR dL)


, (2.91a)

b =



0

6 cL τ
(4) + 6 cR τ

(5 ,q)

h3 (cL dR + cR dL)

�2 dL τ (4) + 2 dR τ
(5)

h2 (cL dR + cR dL)


. (2.91b)

The solution to (2.90) is

Y (t) = Y (0)e�At +

� t

o

e�A(t�τ)b(τ)dτ (2.92)
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Since A is non-singular,

� t

0

eAtdt = A�1(eAt � I). (2.93)

Apply integration by part twice to the solution (2.92) gives

Y (t) =
(
Y (0)� A�1b(0) + (A�1)2b00(0)

)
e�At + A�1b(t)

�(A�1)2b00(t) + (A�1)2

� t

0

e�A(t�τ)b00(τ)dτ.
(2.94)

Note that A has three distinct eigenvalues λ1, λ2, λ3 and λi = O(h�(1+ 1
2
p), h�2)� 1. Define

λ̂i to be the eigenvalues of A�1. Then λ̂i are also distinct, with λ̂i = O(h2, h2+ 1
2
p)� 1. If t

is greater than a small time t0 = max
(
λ̂i

)
, then the exponential term e�At is small so that

(2.94) gives the estimate

Y (t) = A�1b(t) =


(SRτ

5 + τ 4)aL + aR(SLτ
5,q + τ 4)

SLaR + SRaL

0

(�τ 5 + τ 5,q)SRSL � τ 4SL + τ 4SR
SLaR + SRaL

 , (2.95)

which gives

[T̃ ]I =
(SRτ

5 + τ 4)aL + aR(SLτ
5,q + τ 4)

SLaR + SRaL
, (2.96a)

[σ̃]I =
(�τ 5 + τ 5,q)SRSL � τ 4SL + τ 4SR

SLaR + SRaL
. (2.96b)

Assuming SL = O(h�p),SR = O(h�p), then the jump in the heat flux [σ̃]I given in (2.96) is

O(h4 +∆t4) provided

τ (5,q)h�p = O(h4 +∆t4), (2.97)

which require

5� p � 4, q � p � 4. (2.98)
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If 0 < p � 1 then q = 5. Also notice that from (2.96), the jump in temperature is given by

[T̃ ]I = τ (4+p) = O(h4+p), 0 � p � 1. (2.99)

Thus for p = 1, this jump would be fifth-order accurate. Following a similar truncation error

analysis and energy estimate in [75], one concludes that the CHAMP scheme is fourth-order

accurate provided a fifth-order accurate time-extrapolation is used for (2.80b), with p > 0

and Sm = O(h�p), 0 � p � 1.

2.7 CHAMP Interface Conditions for a Curvilinear Grid

This section considers a discretization of the CHT problem given in (2.4a)–(2.4e) for

a two-dimensional domain consisting of two subdomains, each represented by a curvilinear

grid. A curvilinear grid is defined by a smooth mapping function x = Gg(r) from a parameter

space r = (r1, r2) to physical space x = (x1, x2). The governing equations, the boundary

conditions and the interface conditions are transformed from physical space to parameter

space using the chain rule to convert x-derivatives to r-derivatives. For example, ∂xiT (x) is

expressed as

∂T (x)

∂xi
=
∂rk
∂xi

∂T (r)

∂rk
, (2.100)

where the summation convention is used. The Laplacian operators in curvilinear coordinates

is written as

∆r,m =
∑
i,j

Amij (r
m)∂rmi ∂rmj +

∑
i

cmi (r
m) ∂rmi , (2.101)

where

Amij =
∑
k

(∂xkr
m
i )(∂xkr

m
j ), (2.102a)

cmi =
∑
k

∂xk∂xkr
m
i . (2.102b)

The normal derivative for a subdomain m is denoted by ∂n,m. For deriving the CHAMP

conditions for the left domain, the normal nL is pointing outward from the left domain, and
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is written as

∂n,m = nL � rx,m =
∑
i

Bm
i (r

m)∂rmi , m = L,R, (2.103)

where

Bm
i = (nL � rx,m)r

n
i =

∑
k

1

jjrx,mrLi jj
∂rLi
∂xk

∂rmi
∂xk

, m = L,R. (2.104)

The grid spacings in parameter space are ∆rL and ∆rR, and rL and rR are used to indicate

a point at the interface for the left and right subdomain, respectively. To simplify the

presentation the interface is assumed to be located at rL1 = 1 for the left subdomain and

rR1 = 0 for the right subdomain. To derive the CHAMP interface conditions on curvilinear

grids, one starts from the derivation of the general Dirichlet condition for the left domain

using a Taylor expansion of the solution on the right domain at an overlap distance of ∆rR1

to get

TR(∆r
R
1 , r2) =

p∑
`=0

(
∆R
r1

)`
`!

∂`r1TR(0, r2) +O(
(
∆rR1

)p+1
), (2.105a)

∂r1TR(∆r
R
1 , r2) =

p�1∑
`=0

(
∆R
r1

)`
`!

∂`+1
r1

TR(0, r2) +O(
(
∆rR1

)p
), (2.105b)

where one less term is kept in the expansion for ∂r1TR(∆r
R
1 , r2). Terms involving TR(r) and

its derivatives on the RHS of the above expansions are replaced by terms involving TL(r)

and its derivatives using the interface conditions and the governing equation. The form for

∂r1TR is derived directly from the flux interface conditions, given by

KR∂n,RTR(rR) = KL∂n,LTL(rL), (rL, rR) 2 Ir. (2.106)

Rearranging the equation yields

BR
1 ∂r1TR =

KL
KR

(
BL

2 ∂r2 �BR
2 ∂r2

)
TL

def
= Q(1)

R TL. (2.107)

This gives an expression for the r1-derivative of TR in terms of derivatives TL. To derive an

expression for ∂2
r1
TR, the governing equation and the temperature jump condition are used
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to derive an interface compatibility conditions,

[D∆T ]I = 0, (2.108)

which gives

∂2
r1
TR =

1

AR11

(
β∆L �

cR1
BR

1

Q(1)
R � c

R
2 ∂r2 � AR22∂

2
r2
� 2AR12∂r2

(
1

BR
1

Q(1)
R

))
TL,

def
=

1

(BR
1 )

2Q
(2)
R TL.

(2.109)

The third order derivative term can be obtained by deriving an interface compatibility con-

dition using the governing equation and flux interface condition to get

[K (B1∂r1 +B2∂r2) (D∆T )]I = 0, (2.110)

and the fourth-order derivative term can be obtained by differentiating the temperature

jump condition twice with respect to t to get

[D∆(D∆T )]I = 0. (2.111)

The detailed calculation for the higher order derivative terms are omitted here, and deriva-

tives ∂3
r1
TR and ∂4

r1
TR are defined symbolically as Q(3)

R ,Q(4)
R , i.e.

∂3
r1
TR

def
=

1

(BR
1 )

3Q
(3)
R , ∂4

r1
TR

def
=

1

(BR
1 )

4Q
(4)
R . (2.112)

These derivatives can then be substituted back into the Taylor expansions of TR(∆r
R
1 , r2) to

get the generalized Dirichlet operator for the left domain,

TR(∆r
R
1 , r2) = Dc

LR +O(hp+1), (2.113)

with

Dc
LR

def
=

(
1 +

p∑
`=1

1

`!

(
∆R
r1

)`
(BR

1 )
`
Q(`)
R

)
TR. (2.114)
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Similarly, the generalized Neumann operator can be obtained by substituting those deriva-

tives back into the Taylor expansion of ∂r1TR(∆r
R
1 , r2) to get

∂r1TR(∆r
R
1 , r2) =

p�1∑
`=1

1

(`� 1)!

(
∆R
r1

)`�1

(BR
1 )

`
Q(`)
R TR. (2.115)

Multiply the above equation by BR
1 to match the formula with the Cartesian case, one

obtains the generalized Neumann operator for the left domain

Nc
LR

def
=

p∑
`=1

1

(`� 1)!

(
∆R
r1

)`�1

(BR
1 )

`�1
Q(`)
R TR. (2.116)

Operators for the right domain are derived analogously, with a Taylor expansion about the

solution on the left domain at a distance ∆rL1 to the interface. The Dirichlet and Neumann

operators become

Dc
RL

def
=

(
1 +

p∑
`=1

1

`!

(
�∆L

r1

)`
(BL

1 )
`
Q(`)
L

)
TL, (2.117a)

Nc
RL

def
=

p∑
`=1

1

(`� 1)!

(
�∆L

r1

)`�1

(BL
1 )

`�1
Q(`)
L TL. (2.117b)

Following a similar approach used for the case of a Cartesian grid, the generalized Dirichlet

and Neumann conditions are then combined using the weighting operators ScL and ScR to give

the new CHAMP interface conditions for the mapped domain. The results are summarized

in the following theorem.

Theorem 5 The pth-order accurate CHAMP interface conditions on curvilinear grids are

(Nc
LR + ScLD

c
LR) [TL(0, r2)] =

(
BR

1 ∂x + ScL
)
TR(+∆rR1 , r2), (2.118a)

(Nc
RL � ScRD

c
RL) [TR(0, r2)] =

(
BL

1 ∂x � ScR
)
TL(�∆rL1 , r2), (2.118b)

where the operators Nc
LR,D

c
LR,N

c
RL,D

c
RL are given in (2.114), (2.116), (2.117a) and (2.117b),

respectively.
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2.8 An Adaptive Variable Sub-Iteration Algorithm for the

CHAMP Scheme

The analysis in Section 2.6 shows that the amplification factor of the CHAMP scheme

depends on λDL, which is a parameter related to a dimensionless time-step. For a diffusive

problem using an explicit time-stepping scheme, the natural scaling of the time-step is in

terms of the diffusivity and the mesh spacing squared so that the magnitude of λDL is of

order 1. For an implicit calculation on a fine grid, one would like to take ∆t proportional

to ∆x, and this effective λDL which is measuring an explicit time-step, can become large.

As λDL gets larger, the convergence of the CHAMP scheme slows down, and the residual

in the CHAMP interface condition tends to increase over time. So the focus here is to

study the convergence of the CHAMP time-stepping scheme for the case when λDL is large,

and consider a modification to the original algorithm to pick the number of sub-time-step

iterations adaptively.

The original CHAMP scheme, given in Algorithm 1, specifies a fixed upper bound for

the number of sub-iterations at each time step. The CHAMP conditions are iterated at each

step until the residual in the interface condition involving the continuity of temperature

reaches some tolerance or the upper bound given by Nsi is reached. Based on this process, a

modified adaptive CHAMP algorithm is proposed to include an additional adaptive checking

at each iteration with a stopping criterion. The number of sub-iteration Nsi is now chosen

adaptively based on a measure of the convergence of the CHAMP conditions and a chosen

tolerance at each time step. The new algorithm is given in Algorithm 4, with two main

changes: the for loop that does the sub-time-step iteration is now replaced by a while loop

in line 7, and an if statement is added in line 26 to the iteration to adaptively control the

number of sub-iterations.

At each time-step, the CHAMP iteration is initialized as before. At iteration j, the new

solutions after one implicit solve for each sub-domain are denoted by T
(j)
m , with m = L,R.

These solutions are used to calculate the residual of the CHAMP conditions at the interface.

The final CHAMP residual, ResCH, is determined by taking the maximum over Resm, where

ResL and ResR denote the CHAMP residuals in each sub-domain. If this maximum residual is

smaller than the tolerance, then the iteration stops, and the solutions at the new time-step are

updated. If, on the other hand, the maximum residual is greater than the tolerance, another

sub-iteration is performed, and the process continues until the residuals of the interface
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Algorithm 4: CHAMP adaptive conjugate heat transfer solver.

1: AdaptiveDiffusionSolver(Ω, t�nal)
2: t = 0, n = 0;
3: T 0

m(x) = T IC
m (x), x 2 Ωm, m = L,R; . Initial conditions

4: Evaluate past time values as needed by BDF schemes.
5: // Time stepping loop
6: Nsi = 0; . Initialize counting
7: while t < t�nal do
8: Fm(x) = �

∑p
`=1 α`T

n�`
m (x), x 2 Ωm, m = L,R; . Assign RHS for BDF scheme

9: T
(0)
R =

∑p+1
i=1

(
p+1
i

)
(�1)i+1 T n+1�i

R ; . Extrapolate in time for initial guess

10: while
∣∣error(j) � error(j�1)

∣∣ > tol do . Sub-time-step iterations

11: // Solve for T
(j)
L given T

(j�1)
R

12: T
(j)
L � β0∆tDL∆T

(j)
L = FL, x 2 ΩL;

13:
(
NLR + SLDLR

)
T

(j)
L (x) =

(
∂n + SL

)
T

(j�1)
R (x+ hR ), x 2 I; . CHAMP

14: BL(T
(j)
L ) = g(x, t+∆t),x 2 ∂ΩL; . Physical BCs.

15: // Solve for T
(j)
R given T

(j)
L

16: T
(j)
R � β0∆tDR∆T

(j)
R = FR, x 2 ΩR;

17:
(
NRL + SRDRL

)
T

(j)
R (x) =

(
∂n + SR

)
T

(j)
L (x+ hL ), x 2 I ; . CHAMP

18: BR(T
(j)
R ) = g(x, t+∆t)x 2 ∂ΩR; . Physical BCs.

19: // Calculate error in iteration
20: error(j) = max

m=L,R

{
kT (j)

m � T (j�1)
m kI

}
; . Error in iteration *CHECK*

21: // Calculate CHAMP residual

22: ResL = k
(
NLR + SLDLR

)
T

(j)
L (x)�

(
∂n + SL

)
T

(j)
R (x+ hR )k, x 2 I;

23: ResR = k
(
NRL + SRDRL

)
T

(j)
R (x)�

(
∂n + SR

)
T

(j)
L (x+ hL )k, x 2 I ;

24: ResCH = max
(
ResL,ResR

)
; . CHAMP residual

25: Nsi = Nsi + 1; . Count
26: If ResCH < tolCH then break; . Stopping criterion
27: end while
28: T n+1

m = T
(j)
m , m = L,R; . Solution at new time

29: t = t+∆t, n = n+ 1;
30: end while

conditions becomes sufficiently small. Notice that the CHAMP residual may need to be

non-dimensionalized in line 26 by the norm of the solution.

There are possible advantages and disadvantages of the present adaptive algorithm. A

possible disadvantage is that a choice must be made for the tolerance of the CHAMP residual.

However, as it will be shown later in Section 2.9.4, the convergence of the CHAMP scheme

does not depend strongly on this tolerance. In addition, as more sub-iterations are taken

at each time-step, the CHAMP scheme becomes less sensitive to the choice of the weighting
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parameters pL and pR, and this could be considered an advantage. For a large value of λDL,

a value for Nsi greater than 1, perhaps equal to 2 or 3, is required in the original CHAMP

scheme, especially at higher order accuracy. By picking Nsi adaptively, the new algorithm is

possibly more efficient if smaller values of Nsi can be used at some time steps over the full

time integration of the scheme. Detailed results are presented in Section 2.9.4.

2.9 Numerical Results

Computational results are now presented to verify the accuracy and stability of a

4th-order accurate un-iterated CHAMP time-stepping scheme. In Section 2.9.1, the fourth-

order spatial accuracy of the CHAMP scheme is demonstrated by comparing the numerical

solution to the exact solution of two steady-state problems. In Section 2.9.2, the temporal

and spatial accuracy of the CHAMP scheme is verified by computing numerical solutions

to some time-dependent CHT problems where the exact solution is known. The analytical

solution of problems on a double-rectangle domain is derived in Section 2.9.2.1, and the exact

solution to problems of a double-annulus geometry is derived in Section 2.9.2.2. Numerical

simulations are performed using various thermal coefficients on computational grids with

increasing resolutions. In Section 2.9.3, the accuracy of the CHAMP scheme is verified

using the method of manufactured solutions to problems with different geometries. A large

time-step study for a steady-state problem using the adaptive CHAMP algorithm is given

in Section 2.9.4, and finally, in Section 2.9.5, the un-iterated CHAMP time-stepping scheme

is implemented on a multi-domain problem using the overlapping composite grids.

2.9.1 Numerical Results for Two Steady State Problems

Solutions of two steady state CHT problems can be used to verify the spatial accuracy

of the un-iterated CHAMP scheme. The geometry of the first problem is illustrated in

Figure 2.8. The domain contains two adjacent squares with a vertical interface at x = xI .

Dirichlet boundary conditions are chosen at x = xa and x = xb, and periodic boundary

conditions are applied in the y-direction. Assuming boundary data given by TL(xa) = TLxa

and TR(xb) = TRxb , the steady state solution of this problem is

TL(x) =
xI � x
xI � xa

TLxa +
x� xa
xI � xa

TI , TR(x) =
xb � x
xb � xI

TI +
x� xI
xb � xI

TRxb , (2.119)
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where

TI =
TRxb

1 +KRL

+
TLxa
KLR + 1

. (2.120)

The steady state solution can be obtained via a long-time integration of the CHT problem

assuming initial conditions given by

TL(x, y, 0) = TR(x, y, 0) =
1

2
(TLxa + TRxb). (2.121)

Notice that the solution depends only on x. Computations are performed using a Cartesian

grid for the domain defined by xa = �1, xI = 0, xb = 1, ya = 0 and yb = 1. The material

parameters are chosen to be DL = 1, DR = 10, KL = 10 and KR = 1, while the boundary

values are taken to be TRxb = 1 and TLxa = 5. The scheme is run using ∆t = 3.1e�4 to

a sufficiently large final time, i.e. t�nal = 10, so that the solution can be considered at

steady state. Since the exact solution is linear in x and the CHAMP scheme is fourth-

order accurate, the numerical error is expected to be within round-off error. The actual

computation shows that the maximum error for the computed solution is 1.07e�12 which

agrees with this expectation.

ya

yb

xa xI xb

TL = TL
xa

TR = TR
xb
L 
R

Figure 2.8: Computational domain for the square-square geometry.

The second problem involves two concentric annuli with an inner radius at ra, an outer

radius at rb, and an interface at a radius rI 2 (ra, rb). A sample grid for the domain is

depicted in Figure 2.9. Boundary conditions are given as

TL(ra) = TLra , TR(rb) = TRrb . (2.122)
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For this setup, the steady state solution is given by

TL(r) =
ln (rI/r)

ln (rI/ra)
TLra +

ln (r/ra)

ln (rI/ra)
TI , TR(r) =

ln (r/rI)

ln (rb/rI)
TRrb +

ln (rb/r)

ln (rb/rI)
TI , (2.123)

where

TI =
TRrb

1 +KLR

ln (rb/rI)
ln (rI/ra)

+
TLra

1 +KRL

ln (rI/ra)
ln (rb/rI)

. (2.124)

As before, the steady state solution can be reached through a long-time integration of the

CHT problem assuming initial conditions given by

TL(r, θ, 0) = TR(r, θ, 0) =
1

2
(TLra + TRrb ). (2.125)

The computations for this second problem are performed using a curvilinear grid for

the domain with ra = 0.2, rI = 0.4 and rb = 0.6. The curvilinear grid is defined by a

double-annulus mapping function given by

x = Gda(r) =

(α + βr1

)
cos
(
ωr2

)
(
α + βr1

)
sin
(
ωr2

)
 , (2.126)

where α, β and ω are constants and r 2 [0, 1]2. The grid for the calculation of TL uses

α = β = 0.2 and ω = 2π, while the grid for the calculation of TR uses α = 0.4, β = 0.2

and ω = 2π. The material parameters are chosen to be DL = 1, DR = 10, KL = 10 and

KR = 1. The temperatures at the boundaries are taken to be TLra = 5 and TRrb = 1. A grid

for the double annulus domain, denoted by G(j)
da for a resolution factor j, consists of two

Cartesian grids in the computational space r = (r1, r2) with mesh spacings h
(j)
r1 = 1/(10 j)

and h
(j)
r2 = 1/(10 j) in the mapped space corresponding to the radial and circumferential

directions in physical space, respectively. The maximum error is computed at t�nal = 10 and

the results are presented in Table 2.3. Since the steady state solution is no longer linear

in r, the error is not expected to be at round-off. The rate of convergence is expected to

be approximately equal to 4 as a fourth-order accurate scheme is implemented. Results in

Table 2.3 shows that as the mesh spacing decreases by a factor of 2, the error decreases

approximately by a factor of 16, which indicates a fourth-order convergence rate.
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L 
RrarIrb TL = TL
ra

TR = TR
rb

Figure 2.9: Physical domain for the annulus-annulus geometry.

Table 2.3: A convergence study for a annulus-annulus domain at t�nal = 0.5
using the steady state solution.

Annulus Geometry

DLR = 0.1, KLR = 10, t�nal = 0.5.

j hr1 max error ratio rate

2 5.00e�02 1.251e�06
4 2.50e�02 7.555e�08 16.55 4.05

8 1.25e�02 4.646e�09 16.26 4.02

2.9.2 Verification with Exact Solutions for Time Dependent Problems

In this section, exact time-dependent solutions are used to verify both the temporal and

spatial accuracy of the un-iterated CHAMP scheme. Computational results are compared to

the exact solution derived from the model problem, and a grid refinement study is performed

to verify the convergence rate for the CHAMP schemes. Numerical simulations for a problem

on a double-rectangle domain are presented in Section 2.9.2.1, while the results for a problem

on a double-annulus domain are presented in Section 2.9.2.2.

2.9.2.1 Adjacent Rectangles

Exact solutions of a CHT problem for a region consisting of two adjacent rectangles

with a planar interface located at x = 0 is computed first. Let the left domain be the

rectangle ΩL = [xa, 0]� [ya, yb] and the right domain be the rectangle ΩR = [0, xb]� [ya, yb].
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The CHT problem is given by

∂tTm = Dm∆Tm, for x 2 Ωm, m = L,R, (2.127a)

[T ]I = 0, for y 2 [ya, yb], x = 0, (2.127b)

[K(∂xT )]I = 0, for y 2 [ya, yb], x = 0, (2.127c)

TL(xa, y, t) = 0, TR(xb, y, t) = 0, for y 2 [ya, yb], (2.127d)

Tm(x, y, 0) = T IC
m (x, y), for x 2 Ωm, m = L,R, (2.127e)

where m = L,R indicates the left or right domain. Separable solutions of the form

Tm(x, y, t) = e�s
2t T̂m(x) sin(ky), m = L,R, (2.128)

can be found, where s is an eigenvalue and k is chosen such that k(yb � ya) = 2πν for an

integer ν. Solutions to T̂m(x) that satisfy the Dirichlet boundary conditions at x = xa and

x = xb are given as

T̂L(x) = AL sin(rL(x� xa)), T̂R(x) = AR sin(rR(x� xb)), (2.129)

where rm is defined as

rm =

√
s2

Dm
� k2, m = L,R, (2.130)

and AL and AR are constants. Substituting the solutions in (2.129) into the matching

conditions at the interface leads to a homogeneous system in terms of the constants AL and

AR and the eigenvalue s, given by sin
(
rLxa

)
� sin

(
rRxb

)
KLrL cos

(
rLxa

)
�KRrR cos

(
rRxb

)

AL
AR

 =

0
0

 . (2.131)
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Non-trivial solutions exist if the coefficient matrix in (2.131) is singular, which leads to the

determinant condition given by

KL

√
s2

DL
� k2 tan

xb
√

s2

DR
� k2

�KR
√

s2

DR
� k2 tan

xa
√

s2

DL
� k2

 = 0, (2.132)

which is a transcendental equation that defines s for a given choice for the integer ν. There is

an infinite set of eigenvalues s for each ν that defines the wave number k in the y direction,

and for the purpose of this test the smallest eigenvalue is picked. Once the eigenvalue

satisfying (2.132) is found, nontrivial values for AL and AR that lie in the nullspace of the

homogeneous system (2.131) can be computed. For the purpose of numerical calculations,

two such solutions are picked and whose parameters are given in Table 2.4. Notice that here

AL is normalized to equal to 1 with AR scaled accordingly. For Case 1, the root rR is pure

imaginary, which gives an imaginary value for AR. The final combined solution would still

be real.

Table 2.4: Selected eigenvalues s and coefficients AL, AR for two selected cases
on a double-rectangle domain.

Adjacent Rectangles

Case 1: DL = 1, KL = 10, DR = 10, KR = 1.

ν s AL AR

1 1.143 1 �9.463i
Case 2: DL = 1, KL = 1, DR = 1, KR = 1.

ν s AL AR

1 1.118 1 �1.000

Computations are performed on a grid defined by xa = �π, xI = 0, xb = π, ya = 0,

yb = 2π, and is denoted by G(j)
dr with a target mesh spacing approximately equals to ∆s(j) =

π/(10j) in both the x and y directions. The resolution factor j is chosen to be j = 2, 4, 8. A

sample grid is provided in the left of Figure 2.10. The material parameters are chosen to be

DL = 1, DR = 10, KL = 10, KR = 1 with ν = 1 for the Case 1, and DL = 1, DR = 1, KL = 1,

KR = 1 with ν = 1 for Case 2. The scheme is run to a final time t�nal = 5 with ∆t chosen

to be proportional to the grid spacing ∆s. Only one sub-iteration is performed at each time
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step, and values for pL and pR are picked by solving the optimization problem described in

Section 2.6.2. The exact solution provides the initial data and the information needed to

start the muilti-step scheme (BDF4 in this case). Results of a grid refinement study are

presented in Table 2.5, where the maximum error at t�nal = 5 and the estimated convergence

rate for each domain are computed. One can see that the error decreases by a factor of 16

as the mesh spacing decreases by a factor of 2, indicating fourth-order accurate convergence

of the un-iterated CHAMP scheme. Contour plots of the solution and corresponding error

for Case 1 on the finest grid at t�nal = 5 are shown in Figure 2.10. The error jumps at the

interface, as expected, but is smooth in each sub-domain.

Table 2.5: A convergence study for the double-rectangle problem using the
time-dependent exact solution with selected thermal parameters.

Adjacent Rectangles

Case 1: ν = 1, DL = 1, KL = 10, DR = 10, KR = 1, t�nal = 5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 1.57e�02 6.33e+00 1.581e�07 1.558e�07
4 7.85e�02 1.27e+01 8.256e�09 19.15 4.26 8.089e�09 19.26 4.27

8 3.93e�02 2.55e+01 4.873e�10 16.94 4.08 4.760e�10 16.99 4.09

Case 2: ν = 1, DL = 1, KL = 1, DR = 1, KR = 1, t�nal = 5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 1.57e�02 6.33e+00 6.453e�08 7.766e�08
4 7.85e�02 1.27e+01 4.005e�09 16.11 4.01 4.332e�09 17.92 4.16

8 3.93e�02 2.55e+01 2.744e�10 14.60 3.87 2.779e�10 15.59 3.96

2.9.2.2 Concentric Annuli

In this section, numerical simulations are performed on a double-annulus domain to

provide a second verification of both the temporal and spatial accuracy of the un-iterated

CHAMP time-stepping scheme. The exact solution to the model problem is derived first,

followed by a grid refinement study to verify the convergence rate for the CHAMP scheme.

Let the inner domain be the annulus ΩL =
{
r 2

[
ra, rI

]
, θ 2

[
0, 2π

]}
, and the

outer domain be the annulus ΩR =
{
r 2

[
rI , ra

]
, θ 2

[
0, 2π

]}
. For this configuration, the
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T at t = 5

-5.0e-05 5.0e-05

T -err at t = 5

0.0 4.8e-10

Figure 2.10: Numerical results for the double-rectangle problem. Left: a
sample computational grid for a double-rectangle geometry.
Middle: CHAMP4 solution for Case 1 at t�nal = 5 on grid G(8)

dr .
Right: error for Case 1 at t�nal = 5 on the same grid.

governing equations and the interface conditions are given by

∂tTm = Dm
(
1

r
∂r (r∂rTm) +

1

r2
∂2
θTm

)
, for r 2 Ωm, m = L,R (2.133a)

TL(ra, θ, t) = 0, TR(rb, θ, t) = 0, for θ 2 (0, 2π), (2.133b)

[T ]I = 0, for θ 2 (0, 2π), (2.133c)

[K∂rT ]I = 0, for θ 2 (0, 2π), (2.133d)

Tm(r, θ, 0) = T IC
m (r, θ), for x 2 Ωm, m = L,R, (2.133e)

where m = L,R indicates the inner or outer annulus. Separable solutions in each annular

domain, satisfying the homogeneous Dirichlet conditions at r = ra and r = rb, take the form

TL(r, θ, t) = CLe
�s2tQL(r) sin(νθ), ra < r < rI , (2.134a)

TR(r, θ, t) = CRe
�s2tQR(r) sin(νθ), rI < r < rb, (2.134b)

for ν = 0, 1, 2, . . ., where

QL(r) = Jν(βLr)Yν(βLra)� Jν(βLra)Yν(βLr), (2.135a)

QR(r) = Jν(βRr)Yν(βRrb)� Jν(βRrb)Yν(βRr). (2.135b)
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Here, CL and CR are constants, Jν and Yν are Bessel functions of the first and second kind,

respectively, and βm is given by

βm
def
=

sp
Dm

, m = L,R. (2.136)

Imposing the interface conditions at r = rI leads to a homogeneous linear system whose

coefficient matrix must be singular for non-trivial solutions to exist. This leads determinant

conditions R(s) = 0 given by

R(s) def
=
√
DLRQ

0
R(rI)QL(rI)�KLRQ

0
L(rI)QR(rI) = 0. (2.137)

For each ν = 0, 1, 2, . . . there are infinitely set of eigenvalues s. For given ν an eigenvalue s

satisfying (2.137) is picked, and the coefficients in (2.134) are taken as

CL = γQR(rI), CR = γQL(rI), (2.138)

for some scaling γ. Table 2.6 gives selected eigenvalues and the corresponding coefficients of

the exact solution for three choices of thermal parameters. Here CL is normalized to equal

to 1, with other coefficients scaled accordingly.

Table 2.6: Selected eigenvalues s and coefficients for three selected cases on a
double-annulus domain.

Concentric Annuli

Case 1: DL = 0.75, KL = 0.5, DR = 1, KR = 1.

ν s γ CL CR

0 1.516 12.649 2.148 �3.120
Case 2: DL = 1, KL = 1, DR = 1, KR = 1.

ν s γ CL CR

1 1.636 �18.922 �3.077 5.587

Case 3: DL = 1, KL = 10, DR = 10, KR = 1.

ν s γ CL CR

2 1.893 -5.474 �1.484 1.787

Numerical simulation are performed on an annulus-annulus domain using an un-iterated
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CHAMP time-stepping scheme. The inner radius is chosen to be ra = 1 and the outer ra-

dius is chosen to be rb = 3, with the interface located at rI = 2. The double annulus

grid is denoted by G(j)
da , with resolution factor j, j = 1, 2, 4, and a target mesh spacing

∆s(j) = 1/(5j) in both the circumferential and the radial directions. The mapping function

is given in (2.126), with parameters chosen to be α = 1, β = 2, ω = 2π for the left grid and

α = 3, β = 2, ω = 2π for the right grid. A sample grid for the double-annulus configuration

is given in the left of Figure 2.11. Again the exact solution is used for the initial data, along

with the past temperature values to start up the multi-step scheme. The scheme is run to a

final time t�nal = 0.5, and the maximum error between the numerical solution and the exact

solution is computed at t�nal. Table 2.7 provides results of a grid refinement study using

various choices of material parameters. Only one sub-iteration is performed at each time

step, and computational results show that the error decreases by a factor of 16 when the

mesh spacing decreases by a factor of 2, indicating a fourth-order convergence rate for all

the cases tested. Solution and error contours for Case 3 using the finest grid G(4)
da are plotted

at t�nal in Figure 2.11.

T at t = 0.5

-7.0e-03 7.0e-03

T -err at t = 0.5

0.0 4.5e-10

Figure 2.11: Numerical results for the double-annulus problem. Left: a sample
computational grid for a double-annulus geometry. Middle:
CHAMP4 solution for Case 3 at t�nal = 0.5 on grid G(4)

dr . Right:
error for Case 3 at t�nal = 0.5 on the same grid.

2.9.3 Verification Using Manufactured Solutions on Various Geometries

In this section, the accuracy of the un-iterated CHAMP scheme is verified by numerical

simulations performed on various geometries. In particular, computations are performed on
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Table 2.7: A convergence study for the double-annulus problem using the
time-dependent exact solution with selected thermal parameters.

Concentric Annuli

Case 1: ν = 0, DL = 0.75, KL = 0.5, DR = 1, KR = 1, t�nal = 0.5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 2.00e�01 7.50e�01 1.076e�07 4.599e�08
2 1.00e�01 1.50e+00 5.725e�09 18.79 4.23 3.033e�09 15.17 3.92

4 5.00e�02 3.00e+00 3.375e�10 16.96 4.08 2.041e�10 14.85 3.89

Case 2: ν = 1, DL = 1, KL = 1, DR = 1, KR = 1, t�nal = 0.5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 2.00e�01 1.00e+00 1.695e�07 1.499e�07
2 1.00e�01 2.00e+00 1.035e�089 16.38 4.03 9.726e�09 15.41 3.95

4 5.00e�02 4.00e+00 6.617e�10 15.64 3.97 6.390e�10 15.22 3.93

Case 3: ν = 2, DL = 1, KL = 10, DR = 10, KR = 1, t�nal = 0.5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 2.00e�01 1.00e+00 1.280e�07 1.463e�07
2 1.00e�01 2.00e+00 7.412e�09 17.27 4.11 8.074e�09 18.12 4.18

4 5.00e�02 4.00e+00 4.436e�10 16.71 4.06 4.657e�10 17.34 4.12

curvilinear grids that are non-orthogonal. The grids introduced in Section 2.9.2.1 and 2.9.2.2

that involves rectangle or annulus are orthogonal everywhere, namely the grid lines intersect

with each other at a 90-degree angle. This has the effect of eliminating certain terms in

the governing equation and interface conditions. For example, the coefficient of the cross

derivative terms Am12 and Am21 in (2.101) are zero for orthogonal grids, and Bm
12 in (2.103)

used for the normal derivative in the interface conditions also vanishes. Here the focus is on

more complicated geometry so that some or all of the coefficients in the governing equations

appear in the simulation. Two simple geometries involving rotated squares and sheared

squares are presented in Section 2.9.3.1, and more complicated wavy-domain geometries are

presented in Sections 2.9.3.3 and 2.9.3.4.

To verify the accuracy of the CHAMP scheme, the method of manufactured solutions

is used. In this method, an exact solution is constructed by adding forcing functions to

the governing equations and boundary/interface conditions so that the constructed solution

satisfies the forced equations exactly. The error in the discrete solution can be calculated by
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subtracting the numerical approximation from the constructed solutions. The trigonometric

manufactured solutions used in this section are given by

Tm = am sin(fm,xx+ φm,x) sin(fm,yy + φm,y) sin(fm,tt), m = L,R, (2.139)

for a set of constants fam, fm,x, φm,x, fm,y, φm,y, fm,tg to be chosen later. The boundary

conditions are chosen to be of Dirichlet type at all domain boundaries. Notice that the

values for the CHAMP interface parameters pL and pR used in this section are determined by

solving the optimization problem described in Section 2.6.2 with thermal properties adjusted

based on the problem solved. Note that the values found are not globally optimal as the

analysis does not apply exactly for the case of mapped grids. It of interest, then, to test

the un-iterated CHAMP scheme with the approximate values for pL and pR for various

material parameters. Numerical results presented in this section show good agreement with

the theory.

2.9.3.1 Rotated Squares

The first example considers two adjacent rotated squares. The manufactured solution

for this example is given in (2.139) with constants listed in Table 2.8. The mapping function

for the problem domain is given as

x = Gdr,r

(
r
)
=

cos(θ0

)(
r1 + β0

)
� sin

(
θ0

)
r2

sin
(
θ0

)(
r1 + β0

)
+cos

(
θ0

)
r2

 , (2.140)

where θ0 is the angle of rotation, β0 is a constant and (r1, r2) are the coordinates in the

computational domain. The grid based on this mapping is denoted by G(j)
dr,r with j = 2, 4, 8

being a resolution factor. The left plot in Figure 2.12 presents a sample grid with θ0 = π/4,

β0 = 1 for the left domain, and θ0 = π/4, β0 = 0 for the right domain. Numerical simulations

are carried out on grids with different resolutions for selected material parameters to a final

time t�nal = 0.2 using both second-order accurate and fourth-order accurate CHAMP time-

stepping schemes. Contour plots of the solution and error at t�nal are given in Figure 2.12

for a representative case with DL = 1, DR = 1, KL = 1 and KR = 1.

Figure 2.13 shows the errors as a function of ∆s in log-log plots for various cases, and

the slopes for each curve agree with their reference lines for second or fourth-order accuracy.
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Table 2.8: Constants in manufactured solutions used for rotated-square
geometry.

aL fL,x fL,y φL,x φL,y fL,t aR fR,x fR,y φR,x φR,y fR,t

0.9 0.5 1.5 1.3 0.8 1 1.1 0.7 1.2 0.2 1.6 1

Table 2.9 lists the computed the maximum errors in the discrete solution at t = t�nal and

the corresponding estimated convergence rates for different grid resolutions. Note that as

the mesh spacing decreases by a factor of 2, the error at t�nal decreases by a factor of 4 or

16, in agreement with the design accuracy of the CHAMP2 and CHAMP4 schemes.

T at t�nal = 0.2

-0.04 0.16

T -err at t�nal = 0.2

0 1.25e-11

Figure 2.12: Rotated-square results. Left: a sample grid for a rotated-square
geometry. Middle: CHAMP4 solution at t�nal = 0.2 for Case 1 on
grid G(8). Right: error at t�nal = 0.2 for Case 1 on the same grid.

2.9.3.2 Sheared Squares

The second example consider two adjacent sheared squares as shown, for example, in

Figure 2.14. The mapping function depicting for this problem is

x = Gdr,s(r) =

 r1 + β0 + α0r2

r2

 , (2.141)

where α0, β0 are constants to be determined. Here α0 is chosen to be 1, with β0 = 1 for

the left domain and β0 = 0 for the right domain. The grid for this mapping is G(j)
dr,s with
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Table 2.9: A convergence study for the un-iterated CHAMP scheme on a
rotated-square domain using the trigonometric manufactured
solution with various choices of material parameters.

Rotated Squares

Case 1: DL = 1, DR = 1, KL = 1, KR = 1, t�nal = 0.2, max-iteration = 1.

CHAMP2 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 6.529e�06 3.327e�06
4 2.50e�02 4.00e+00 1.407e�06 4.64 2.21 4.840e�07 6.87 2.78

8 1.25e�02 8.00e+00 3.305e�07 4.26 2.09 7.671e�08 6.31 2.66

CHAMP4 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 2.808e�09 3.246e�09
4 2.50e�02 4.00e+00 1.915e�10 14.67 3.87 1.361e�10 23.85 4.58

8 1.25e�02 8.00e+00 1.248e�11 15.34 3.94 6.334e�12 21.49 4.43

Case 2: DL = 0.5, DR = 10.3, KL = 7.6, KR = 0.2, t�nal = 0.2, max-iteration = 1.

CHAMP2 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.00e+00 1.897e�05 1.471e�05
4 2.50e�02 2.00e+00 4.754e�06 3.99 2.00 4.225e�06 3.48 1.80

8 1.25e�02 4.00e+00 1.189e�06 4.00 2.00 1.123e�07 3.76 1.91

CHAMP4 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.00e+00 8.538e�09 1.043e�08
4 2.50e�02 2.00e+00 5.479e�10 15.58 3.96 6.103e�10 17.09 4.10

8 1.25e�02 4.00e+00 3.454e�11 15.86 3.99 3.65e�11 16.70 4.06

resolution factor j chosen to be j = 2, 4, 8. Parameters for the manufactured solution is

given in Table 2.10. Simulations are performed for two sets of material parameters given by

DL = 1, DR = 1, KL = 1 and KR = 1 for Case 1 and DL = 1, DR = 10, KL = 10 and

KR = 1 for Case 2. Both cases are run to a final time t�nal = 0.2. The maximum errors

at t�nal for each grid resolution and the corresponding convergence rates are presented in

Table 2.11. The ratio between the computed errors for nearby resolutions are approximately

equal to 16, which indicates a fourth-order convergence rate. Contour plots of the solution
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Figure 2.13: Convergence plots for rotated-square geometry. Left: max-norm
errors for Case 1 at t�nal = 0.2 using CHAMP2 and CHAMP4
schemes. Right: max-norm errors for Case 2 at t�nal = 0.2 using
CHAMP2 and CHAMP4 schemes.

and error at t�nal for Case 1 are shown in Figure 2.14. Convergence plots showing errors

as a function of mesh spacing ∆s are presented in Figure 2.15. Again the slopes for each

curve agrees with their reference lines, which confirms second-order accuracy for CHAMP2

or fourth-order accuracy for CHAMP4.

T at t = 0.2

-0.03 0.07

T -err at t = 0.2

0 2.1e-10

Figure 2.14: Sheared-square results. Left: a sample grid for a stretched-square
geometry. Middle: CHAMP4 solution at t�nal = 0.2 for Case 1 on
grid G(8). Right: error at t�nal = 0.2 for Case 1 on the same grid.
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Table 2.10: Constants in manufactured solutions used for sheared-square
geometry.

aL fL,x fL,y φL,x φL,y fL,t aR fR,x fR,y φR,x φR,y fR,t

0.5 1.4 0.1 1.7 1.1 0.8 0.6 1.6 0.2 0.5 0.6 0.8

Figure 2.15: Convergence plots for sheared-square geometry. Left: max-norm
errors for Case 1 at t�nal = 0.2 using CHAMP2 and CHAMP4
schemes. Right: max-norm errors for Case 2 at t�nal = 0.2 using
CHAMP2 and CHAMP4 schemes.

2.9.3.3 Wavy Geometry with Orthogonal Grid at the Interface

The next problem geometry is a wavy domain consisting of curved boundaries defined

by cosine functions. The mapping function is given as

x = Gdw,c

(
r
)
= (1� r2)Ctop

(
r1

)
+r2Cbot

(
r1

)
(2.142)

where

Ctop(r1) =

 r1 + b1

a1 cos
(
δ0π
(
r1 + b1

))
�a1

 , (2.143a)

Cbot(r1) =

 2
(
r1 + b1

)
a2 cos

(
δ0π
(
r1 + b1

))
+1� a2,

 . (2.143b)

The mapping involves constants a1, a2, b1 and δ0 as yet to be specified. Note that the grid

lines at the interface are still orthogonal to each other for this particular mapping function. A

sample curvilinear grid is illustrated in the left plot of Figure 2.16, with a1 = 0.1, a2 = 0.1,
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Table 2.11: A convergence study for the un-iterated CHAMP scheme on a
stretched-square domain using the trigonometric manufactured
solution with various choices of material parameters.

Stretched Squares

Case 1: DL = 1, DR = 1, KL = 1, KR = 1, t�nal = 0.2, max-iteration = 1.

CHAMP2 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 3.022e�05 2.938e�05
4 2.50e�02 4.00e+00 7.570e�06 3.99 2.00 7.570e�06 3.94 1.98

8 1.25e�02 8.00e+00 1.893e�06 4.00 2.00 1.879e�06 3.97 1.99

CHAMP4 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 3.491e�08 4.138e�08
4 2.50e�02 4.00e+00 2.214e�09 15.77 3.98 2.581e�09 16.03 4.00

8 1.25e�02 8.00e+00 1.392e�10 15.90 3.99 1.611e�10 16.01 4.00

Case 2: DL = 1, DR = 10, KL = 10, KR = 1, t�nal = 0.2, max-iteration = 1.

CHAMP2 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 3.292e�05 3.393e�05
4 2.50e�02 4.00e+00 8.183e�06 4.02 2.01 8.549e�06 3.97 1.99

8 1.25e�02 8.00e+00 2.038e�06 4.01 2.01 2.144e�06 3.99 2.00

CHAMP4 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 4.817e�08 4.707e�07
4 2.50e�02 4.00e+00 2.948e�09 16.34 4.03 2.995e�09 15.72 3.97

8 1.25e�02 8.00e+00 1.820e�10 16.20 4.02 2.029e�10 14.76 3.88

b1 = 1, δ0 = 1 for the left domain and a1 = 0.1, a2 = 0.1, b1 = 0, δ0 = 1 for the right

domain. The grid based on this mapping is denoted by G(j)
dw,c with the resolution factor j

chosen to be j = 2, 4, 8. Parameters in manufactured solutions are given in Table 2.12. The

CHAMP schemes are tested with various material parameters, and the results are presented

in Table 2.13. Convergence plots for different cases are presented in Figure 2.17. Contours of

the solution and the corresponding max-norm error for the case DL = 1, DR = 10, KL = 10,

KR = 1 at t�nal = 2 are plotted in Figure 2.16. The grid refinement study shows that the
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Table 2.12: Constants in manufactured solutions used for wiggled geometry.

aL fL,x fL,y φL,x φL,y fL,t aR fR,x fR,y φR,x φR,y fR,t

0.9 0.5 0.1 0 0 0.8 0.8 0.6 0.2 0 0 0.8

CHAMP2 and CHAMP4 schemes, both using one sub-iteration, are stable and accurate for

given choices of material parameters.

T at t = 0.2

-0.01 0.02

T -err at t = 0.2

0 1.05e-09

Figure 2.16: Curvilinear-grid results. Left: a sample grid for a wiggled-cos
geometry. Middle: CHAMP4 solution at t�nal = 0.2 for Case 2 on
grid G(8). Right: error at t�nal = 0.2 for Case 2 on the same grid.

Figure 2.17: Convergence plots for wiggled-cos geometry. Left: max-norm
errors for Case 1 at t�nal = 0.2 using CHAMP2 and CHAMP4
schemes. Right: max-norm errors for Case 2 at t�nal = 0.2 using
CHAMP2 and CHAMP4 schemes.
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Table 2.13: A convergence study for the un-iterated CHAMP scheme on a
wiggled-cos domain using the trigonometric manufactured solution
with various choices of material parameters.

Wiggled Cos

Case 1: DL = 1, DR = 1, KL = 1, KR = 1, t�nal = 0.2, max-iteration = 1.

CHAMP2 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 8.273e�07 1.806e�06
4 2.50e�02 4.00e+00 2.133e�07 3.88 1.96 4.575e�07 3.95 1.98

8 1.25e�02 8.00e+00 5.421e�08 3.93 1.98 1.151e�07 3.97 1.99

CHAMP4 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 5.845e�09 8.421e�09
4 2.50e�02 4.00e+00 2.715e�10 21.53 4.43 5.249e�10 16.04 4.00

8 1.25e�02 8.00e+00 1.661e�11 16.35 4.03 3.268e�11 16.06 4.01

Case 2: DL = 0.7, DR = 2.9, KL = 0.8, KR = 1.6, t�nal = 0.2, max-iteration = 1.

CHAMP2 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.40e+00 1.112e�06 2.735e�06
4 2.50e�02 2.80e+00 4.077e�07 2.73 1.45 6.210e�07 4.40 2.14

8 1.25e�02 5.60e+00 1.186e�07 3.44 1.78 1.478e�07 4.20 2.07

CHAMP4 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.40e+00 1.381e�07 2.893e�07
4 2.50e�02 2.80e+00 1.209e�08 11.42 3.51 1.713e�08 16.89 4.08

8 1.25e�02 5.60e+00 8.606e�10 14.04 3.81 1.021e�09 16.78 4.07

2.9.3.4 Wavy Geometry with Non-Orthogonal Grid at the Interface

The last example in this section considers a completely non-orthogonal grid, with the

curved boundaries in the domain defined by sine functions. The mapping function for this

case is given by

x = Gdw,s

(
r
)
= (1� r2)Ctop

(
r1

)
+r2Cbot

(
r1

)
(2.144)
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with r = [r1, r2]
T and

Ctop =

x1 =
(
r1 + b1

)
x2 = a1 sin

(
δ0π
(
r1 + b1

))
�a1

, (2.145a)

Cbot =

x1 = 2
(
r1 + b1

)
x2 = a2 sin

(
2δ0π

(
r1 + b1

))
+1� a2

, (2.145b)

and a1, a2, b1 and δ0 are constants to be determined. The grid corresponding to this particular

mapping function is denoted by G(j)
dw,s, with j = 2, 4, 8 as before. A sample curvilinear grid

is illustrated in Figure 2.18, with the parameters chosen to be a1 = 0.1, a2 = 0.1, b1 = 1,

δ0 = 1 for the left domain and a1 = 0.1, a2 = 0.1, b1 = 0, δ0 = 1 for the right domain.

Manufactured solutions given in (2.139) are used with parameters chosen in Table 2.12. The

un-iterated CHAMP scheme is tested with two choices of material parameters. Solutions

and error at t�nal = 0.2 for a selected case are plotted in Figure 2.18. The max-error and the

convergence rate are computed at t�nal are listed in Table 2.14, and the results of the grid

convergence studies are presented in Figure 2.19. The results again show second-order and

fourth-order convergence for the CHAMP2 and CHAMP4 schemes, respectively.

T at t = 0.2

-0.01 0.02

T -err at t = 0.2

0 4.3e-10

Figure 2.18: Curvilinear-grid results. Left: a sample grid for a wiggled-sin
geometry. Middle: CHAMP4 solution at t�nal = 0.2 for Case 1 on
grid G(8). Right: error at t�nal = 0.2 for Case 1 on the same grid.
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Figure 2.19: Convergence plots for wiggled-sin geometry. Left: max-norm
errors for Case 1 at t�nal = 0.2 using CHAMP2 and CHAMP4
schemes. Right: max-norm errors for Case 2 at t�nal = 0.2 using
CHAMP2 and CHAMP4 schemes.

2.9.4 Large Time-Step Study for Adaptive CHAMP Algorithm

In this section, the CHAMP scheme is tested for a time-dependent CHT problem when

a large λDL is selected. The primary interest is to investigate the number of sub-iterations

needed for the CHAMP scheme when a large time-step is taken. As an illustrating example,

Table 2.15 provides results from a grid refinement study for a time-dependent CHT problem

on a domain consisting of two curved domains. The mapping function is given in (2.142)

and (2.143) with the material parameters chosen to be a1 = 0.1, a2 = 0.1, b1 = 1, δ0 = 1

for the left domain and a1 = 0.1, a2 = 0.1, b1 = 0, δ0 = 1 for the right domain. The

manufactured solution used here is a simple trigonometric function given by

T (x, y, t) = sin(x) sin(y) sin(t), (2.146)

for both the left and right domain. The scheme is run with either one or no sub-iterations,

and the maximal error at t�nal = 10 is calculated. When λDL is small, the un-iterated

CHAMP time-stepping scheme is stable and fourth-order accurate for the chosen parameters.

However, when λDL gets larger, the scheme becomes less accurate and the solution eventually

blows up. By taking another sub-iteration at each time-step, the discrete errors in the

solution settle down and the CHAMP scheme, with one sub-iteration, remains stable and

fourth-order accurate to t�nal.

An adaptive algorithm was introduced in Section 2.8, and it is of interest to test this

algorithm for a time-dependent version of the problem considered in Section 2.9.1 when a
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Table 2.14: A convergence study for the un-iterated CHAMP scheme on a
wiggled-sin domain using the trigonometric manufactured solution
with various choices of material parameters.

Wiggled Sin

Case 1: DL = 1, DR = 1, KL = 1, KR = 1, t�nal = 0.2, max-iteration = 1.

CHAMP2 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 4.549e�06 4.971e�06
4 2.50e�02 4.00e+00 1.150e�06 3.96 1.98 1.239e�06 4.01 2.00

8 1.25e�02 8.00e+00 2.876e�07 4.00 2.00 3.095e�07 4.00 2.00

CHAMP4 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 9.352e�08 1.053e�07
4 2.50e�02 4.00e+00 5.976e�09 15.65 3.97 6.748e�09 15.60 3.96

8 1.25e�02 8.00e+00 3.779e�10 15.81 3.98 4.297e�10 15.70 3.97

Case 2: DL = 0.7, DR = 2.9, KL = 0.8, KR = 1.6, t�nal = 0.2, max-iteration = 1.

CHAMP2 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.40e+00 4.126e�06 5.380e�06
4 2.50e�02 2.80e+00 1.045e�06 3.95 1.98 1.341e�06 4.01 2.00

8 1.25e�02 5.60e+00 2.614e�07 4.00 2.00 3.352e�07 4.00 2.00

CHAMP4 results

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.40e+00 2.262e�07 9.198e�07
4 2.50e�02 2.80e+00 1.146e�08 19.75 4.30 3.912e�08 23.51 4.56

8 1.25e�02 5.60e+00 3.848e�10 29.77 4.90 1.276e�09 3.066 4.94

large λDL is taken. A constant initial state is given in (2.121), with the boundary data chosen

to be TLxa = 0.6 and TRxb = 5.8. The scheme is run using different values of λDL and for a

fixed number of time steps, taken to be 100. This number is sufficient for the solution to

be considered at steady state. Different tolerances are picked for the stopping criterion in

the adaptive algorithm, and the average number of sub-iterations taken is determined after

reaching the final time step. The optimal weighting parameters for each case is determined

by solving the optimization problem described in Section 2.6.2. Plots of λDL as a function
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Table 2.15: A convergence study for the CHAMP scheme on a curvilinear
domain using one or two sub-iterations.

Cosine

CHAMP4 results: DL = 1, DR = 10, KL = 10, KR = 1, t�nal = 10.

Un-iterated, max-iteration = 1 max-iteration = 2.

j ∆s λDL max error ratio rate max error ratio rate

1 1.00e�01 5.00e+02 4.253e�04 1.397e�04
2 5.00e�02 1.00e+03 2.472e�05 17.21 4.10 9.521e�06 14.67 3.87

4 2.50e�02 2.00e+03 unstable - - 5.887e�07 16.17 4.02

of the average number of sub-iterations are presented in the left plot of Figure 2.20 for both

the second-order and fourth-order adaptive CHAMP scheme. Note that since the schemes

are run with a fixed number of time-steps, the final time is smaller when λDL is smaller. The

average number of sub-iterations for small λDL would be close to 1 if the scheme is allowed to

run longer. Also notice that as the tolerance decreases, the average number of sub-iterations

for different λDL increases. Since the adaptive algorithm is based on how well the residuals of

the interface conditions match at each iteration, when the tolerance in the adaptive scheme

becomes stricter, more sub-iterations are required to meet the stopping criterion.

Another observation is that, even for λDL of magnitude 1e+8, the fourth-order accurate

CHAMP scheme only requires approximately 1.8 sub-iterations for the scheme to converge to

a tolerance less than 1e�7. This means that without the adaptive algorithm, for large λDL,

one can pick Nsi = 2 at each time-step to get a stable results for the fourth-order accurate

CHAMP scheme. The resulting curve also shows that the fourth-order CHAMP scheme is

more sensitive to the size of the time-step than the second order scheme. The right figure of

Figure 2.20 presents plots of optimal weighting parameters pL and pR as a function of λDL.

Both values decreases as λDL gets larger, which agrees with the theory.

Note that the results here have considered one problem, and they may not necessarily

carry over to other more complicated cases. Nevertheless, the results here give some good

insight about the capability of the CHAMP scheme, and the adaptive algorithm will be used

in the next section.
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Figure 2.20: Adaptive CHAMP algorithm. Left: average number of
sub-iterations as a function of λDL for different CHAMP tolerance.
Right: optimal weighting parameters pL and pR for different λDL.

2.9.5 Four-Disks-in-a-Square Geometry

The un-iterated CHAMP time-stepping algorithm described in Section 2.4 is imple-

mented here on a multi-domain CHT problem, with a geometry configuration consisting of

four solid disks embedded in a square. As illustrated in the left of Figure 2.21, the four-

disk geometry consists of five subdomains, which are denoted by Ωm, m = 1, 2, 3, 4, 5. The

interfaces between various sub-domains are labeled as I1,5, I2,5, I3,5 and I4,5, respectively.

The composite grid for this geometry, denoted by G(j)
d , consist of a total of thirteen compo-
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nent grids, each with grid spacing chosen to approximately equal ∆s(j) = 1/(40j). A large

background Cartesian grid covers the region [�1.5, 1.5]2 exterior to the disks, while smaller

Cartesian grids cover the interior of each disk. The disks have a radius of rc = 0.4, and the

centers of the disks are separated by a distance of 1.2. Annular grids lie adjacent to the

inside and outside of the four circular interfaces. A coarse version of the composite grid used

here is presented in the middle of Figure 2.21, and an enlarged view of the component grids

is shown in the right of Figure 2.21.

Table 2.16: Material coefficients and coupling parameters used for the
four-disks-in-a-box problem.

Four disks in a box.

domain D K pL pR

disk 
1 1.4 0.2 1.37e-01 1.79e-01

disk 
2 1.5 0.1 8.12e-02 3.13e-01

disk 
3 1.2 0.4 7.20e-02 3.29e-01

disk 
4 1.3 0.3 5.34e-02 3.73e-01

outer square 
5 1.0 0.5

The exact solution used in the problem is the trigonometric manufactured solution,

given by

Tm = cos(fxx) cos(fyy) cos(ftt), (2.147)

with fx = fy = ft = 2π for m = 1, 2, 3, 4, 5. The material coefficients and the coupling

parameters pL, pR used for each subdomain are given in Table 2.16. Solutions are computed

using ∆t = 0.01 to a final time t�nal = 0.5 using the second and fourth-order accurate

schemes, and the un-iterated CHAMP time-stepping algorithm is implemented. Here the

optimal weighting parameters are chosen using the methods described in Section 2.6.2. The

maximum error at each grid resolution and the estimated convergence rate computed at t�nal

are shown in Table 2.17. A contour plot of solution at t�nal = 0.5 is presented in the middle

of Figure 2.22, with the plot on the right showing the error at t�nal = 0.5. The maximum

error as a function of grid spacing ∆s in a log-log plot is shown in the left of Figure 2.22,

and the slope of the curves agree with the second or fourth-order reference lines.
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Schematic Diagram

Figure 2.21: Four disks in a box. Left: a schematic diagram showing five
sub-domains. Middle: a sample overset grid used for the
calculations. Right: amplified grid showing different components
of the overset grid.

T at t = 0.5

-1.0 1.0

T -err at t = 0.5

-3.0e-7 4.0e-7

Figure 2.22: Four disks in a box results. Left: max-norm errors at t�nal = 0.5
using CHAMP2 and CHAMP4 scheme. Middle: CHAMP4
solution at t�nal = 0.5 on grid G(4). Right: error at t�nal = 0.5 on the
same grid.

2.10 Conclusions

A high-order accurate partitioned algorithm for solving coupled conjugate heat trans-

fer problems with the diffusion equation is developed. A simplified model problem involving

two rectangular sub-domain with a vertical interface is constructed. The governing equations

are the diffusion equation with the usual interface matching conditions involving continuity

of temperature and heat flux, together with the boundary and initial conditions. The new

CHAMP interface condition is considered to be of mixed type, with a weighted combination

of a generalized Dirichlet condition and a generalized Neumann condition. These conditions

are derived based on a Taylor series expansion of the temperature and heat flux in each
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Table 2.17: A convergence study for a multi-domain problem using the
adaptive CHAMP algorithm.

Four disks in a box.

CHAMP2 results CHAMP4 results

j ∆s max error ratio rate max error ratio rate

1 2.50e�02 3.85e�03 3.16e�04
2 1.25e�02 7.32e�04 5.26 2.29 1.47e�05 21.50 4.64

4 6.25e�03 1.81e�04 4.04 2.01 7.54e�07 19.50 4.42

8 3.13e�03 4.36e�06 4.15 2.04 4.09e�08 18.44 4.29

subdomain, and an effective domain overlap is included by expanding the solution at a dis-

tance equal to the overlap width about the interface. Additional compatibility conditions

are derived using the original interface conditions and governing equations. These condi-

tions, together with the usual matching conditions are used to replace terms in the Taylor

series expansion to form the CHAMP Dirichlet and Neumann operator. These operators

are combined together using the weighting parameters to form the new CHAMP conditions.

Detailed analysis are given to show the convergence of the CHAMP sub-time step iterations,

and the exact form of the iteration amplification factor is also provided. The weighting

parameters can be determined by solving a min-max problem derived from the iteration

amplification factor following the optimized Schwarz approach. When no sub-iteration is

taken, the so-called un-iterated time-stepping scheme is proved to be stable and accurate

with a pth-order accurate CHAMP condition. For the case when a large time step is taken,

a new adaptive variable sub-iteration CHAMP algorithm is developed, where the number of

sub-iteration is chosen based on a measure of the convergence of the CHAMP conditions at

each time step. For solution that reaches steady state, the fourth-order accurate adaptive

algorithm only require approximately two sub-iterations for very large time-steps. Finally,

spatial and temporal accuracy of the un-iterated time-stepping scheme is verified by numer-

ical simulations to problems with different material coefficients on various geometries. The

new algorithm is proved to be stable and accurate without sub-time step iteration for a wide

range of material parameters.



CHAPTER 3

HIGH-ORDER ACCURATE PARTITIONED SCHEMES FOR

CONJUGATE HEAT TRANSFER WITH

ADVECTION-DIFFUSION EQUATIONS

3.1 A Brief Introduction

In this chapter, a high-order accurate partitioned scheme for solving conjugate heat

transfer problems with advection-diffusion equations is developed. The derivation of the

CHAMP coupling conditions follows similar lines of logic to the presentation in [75], al-

though with significant modifications necessitated by the inclusion of the advection terms

and extension to higher order.

The remainder of this chapter is organized as follows. In Section 3.2 the model problem

and governing equations are introduced. In Section 3.3 a general approach to derive a pth-

order accurate CHAMP condition is presented. A brief description of the interface discretiza-

tion and a complete CHT algorithm for the model problem are given in Section 3.4. In Section

3.5.1 the CHAMP sub-time step iteration is analyzed according to the Godunov–Ryabenkii

theory normal-mode analysis. A sufficient condition for the second-order accurate CHAMP

iteration to converge is derived in Section 3.5.2. In Section 3.5.3, the stability of the un-

iterated CHAMP time-stepping scheme is studied. In Section 3.6 the method is applied to

curvilinear domains. Results from numerical simulations are presented in Section 3.7 and

some concluding remarks are given in Section 3.8.

3.2 Governing Equations and Model Problem

Consider the solution to a CHT problem on a physical domain Ω which is a disjoint

union of sub-domains Ωm for m = 1, 2, . . . , Nm, each representing a region occupied by a

given material. An example is depicted in Figure 3.1. The initial-boundary-value-problem

81
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K4,D4
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I1,2

I1,3
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Schematic Diagram

Figure 3.1: An example of a conjugate heat transfer problem. The entire
domain consists of four sub-regions, one large disk with material
properties (K1,D1) and three smaller disks with material properties
(K2,D2), (K3,D3) and (K4,D4) respectively. The interfaces between
various domains are labeled with I1,2, I1,3, I1,4.

for the temperature T = T (x, t) is

∂t(ρCT ) +r � (ρCT u) = r � (KrT ) + f(x, t), x 2 Ω, (3.1a)

B T = g(x, t), x 2 ∂Ω, (3.1b)

[T ]I = 0, x 2 I, (3.1c)[(
K∂nT � ρCT n � u

)]
I
= 0, x 2 I, (3.1d)

T (x, 0) = T IC(x), x 2 Ω, (3.1e)

where ρ = ρ(x) is the density, C = C(x) is the specify heat at constant pressure, K = K(x)
is the thermal conductivity, and u = u(x, t) is the advection velocity. Equations (3.1c) and

(3.1d) denote the interface matching conditions where n denotes the unit normal that points

in the direction from domain m1 to domain m2, and ∂n = n � r denotes the normal deriva-

tive. The operator B in (3.1b) is the boundary condition operator on physical boundaries

(e.g. Dirichlet, Neumann or Robin), while T IC(x) is the initial condition. Equation (3.1d)

is derived from the conservation form of the advection-diffusion equation, which includes an

additional advective heat flux term to ensure the total heat flux is conserved at the inter-

face. Note that the heat equation in (3.1a) includes a forcing function (a given heat source)
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denoted by f(x, t). It is also possible to include forcing functions in the interface matching

conditions, as needed, for a chosen heat flow model, but such source terms have not been

considered here1.

For the purposes of this thesis, ρ, C and K are taken to be constants in each sub-

domain Ωm. Furthermore r � u = 0 is assumed on each sub-domain as the primary interest

is in applications involving incompressible flows. Letting Tm and um denote the temperature

and velocity restricted to domain Ωm, then Tm satisfies the advection-diffusion equation

∂tTm + um � rTm = Dm∆T + f(x, t), x 2 Ωm, (3.2)

where

Dm
def
=
Km
ρmCm

, (3.3)

is the thermal diffusivity.

The CHT problem (3.1) is solved using a partitioned scheme in which the temperature

is updated sequentially in each sub-domain using an implicit time-stepping method that is

restricted to the sub-domain (see Algorithm 7). Implicit BDF schemes are used, which, at

pth-order accuracy, take the form

p∑
j=0

αjT
n+1�j
m = β0Wm(T

n+1
m ), (3.4)

where T nm denotes the approximate solution at time tn and

Wm
def
= Dm∆� um � r, (3.5)

denotes the advection-diffusion operator. Constants αj and β0 for p = 2, 4, 6 are given in

Table 2.1; values for other orders of accuracy can be found in [1]. The partitioned scheme

requires interface and boundary conditions; the form of these interface conditions is our

primary concern. In general, for the scheme to be stable and accurate, sub-iterations may

be required to update the solution at each time-step. Let T
(j)
m denote the jth iterate for

1Forcing functions are included later to for the purpose of constructing exact solutions to verify the
accuracy of numerical schemes for the system using the method of manufactured solutions.
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T n+1
m , j = 0, 1, 2, . . .. As derived in Section 3.3, the pth-order accurate CHAMP interface

condition between the active domain m = L and m = R takes the form of a optimized

Schwarz condition, involving a generalized Neumann operator NLR and generalized Dirichlet

operator DLR,(
NLR + SLDLR

)
T

(j)
L (x) =

(
� ∂n,R + SL

)
T

(j�1)
R (x� hR nR), x 2 ILR. (3.6)

Here NLR and DLR are differential operators of order p, SL is a differential operator that

provides a weighted combination of NLR and DLR, ∂n,R is the normal derivative to the

interface in the direction of the outward normal, nR, to the right domain, and hR represents

the grid spacing on domain R, normal to the interface ILR. One key ingredient of the

CHAMP conditions, indicated in (3.6), is the evaluation of the RHS at a distance hR from

the interface, thus introducing an effective overlap into the interface conditions; non-zero

overlaps are well known to improve the convergence of Schwarz iterations.

3.3 Derivation of the CHAMP Operators for a pth-Order Accu-

rate Scheme

In this section, the general form of the CHAMP interface conditions is derived for the

model problem given in (3.1). Consider the solution of the IBVP (3.1) on a domain consisting

of two adjacent rectangles with a material interface at x = 0. The CHAMP Dirichlet and

Neumann operators for the advection-diffusion equation are defined in a similar fashion to

those for the diffusion equation derived in Section 2.3.3 Define uD to be the velocity scaled

by the thermal diffusivity,

uDm = [uDm, v
D
m]

def
=

um
Dm

, m = L,R, (3.7)

and write the advection-diffusion equation in terms of the operator Hm and uDm,

∂tTm = HmTm
def
= Dm

(
∆� (uDm � r)

)
Tm. (3.8)
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The compatibility interface conditions are based on time-derivatives of the basic interface

conditions (3.1c) and (3.1d),

[∂qt T ]I = 0, (3.9a)[
∂qt
(
K(∂xT � uDT )

)]
I
= 0, (3.9b)

which leads to the following compatibility interface conditions

[Hq T ]I = 0, q = 0, 1, 2, . . . , (3.10a)[
K
{
∂xHqT �

q∑
j=0

(
q

j

)
(∂jtu

D)Hq�j
}
T

]
I

= 0, q = 0, 1, 2, . . . . (3.10b)

As for the case of the diffusion equation, (3.10) is used to define x-derivatives of TR on the

interface in terms of x and y-derivatives of TL,

∂jxTR(0, y) = Lad
j TL(0, y). (3.11)

For example, Lad
j for j = 0, 1, 2, 3 are

Lad
0

def
= I, (3.12a)

Lad
1

def
= (�KLRu

D
L + uDR) I +KLR∂x, (3.12b)

Lad
2

def
= (�KLRu

D
Lu
D
R + (uDR)

2) I + (�DLRu
D
L +KLRu

D
R)∂x

+(�DLRv
D
L + vDR) ∂y +DLR ∂

2
x + (DLR � 1) ∂2

y ,
(3.12c)

Lad
3

def
= c3,I + c3,x ∂x + c3,y ∂y + c3,xx ∂

2
x + c3,yy∂

2
y

+c3,xy ∂x∂y + c3,xxx ∂
3
x + c3,xyy ∂x∂

2
y ,

(3.12d)
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where

c3,I = ∂2
yu
D
LKLR + ∂xu

D
Ru
D
R + vDR∂yu

D
R � (uDR)

2uDLKLR � vDR∂yuDLKLR

�∂xuDRuDLKLR + (uDR)
3 + (�KLR∂tu

D
L + ∂tu

D
R)/DR � ∂2

yu
D
R,

(3.13a)

c3,x = DLRKLR(u
D
L )

2 �DLRKLR∂xu
D
L � 2DLRu

D
Lu
D
R +KLR(u

D
R)

2 +KLR∂xu
D
R, (3.13b)

c3,y = DLRKLRu
D
Lv
D
L �DLRKLR∂xv

D
L � 2DLRu

D
Rv
D
L

�KLRu
D
Lv
D
R + 2KLR∂yu

D
L + 2uDRv

D
R � 2∂yu

D
R + ∂xv

D
R ,

(3.13c)

c3,xx = �2DLRKLRu
D
L + 2DLRu

D
R, (3.13d)

c3,xy = �DLRKLRv
D
L +KLRv

D
R , (3.13e)

c3,yy = �DLRKLRu
D
L + 2DLRu

D
R +KLRu

D
L � 2uDR, (3.13f)

c3,xxx = DLRKLR, (3.13g)

c3,xyy = DLRKLR �KLR. (3.13h)

The expressions for larger j are computed with a symbolic algebra package such as Maple.

A sample algorithm for deriving a 4th-order accurate CHAMP condition is provided in

Algorithms 5 and 6. The CHAMP Dirichlet and Neumann operators for the advection-

diffusion equation are defined using the operators Lad
j in the Taylor expansions (2.27). This

result is summarized in the following Theorem.

Theorem 6 The CHAMP Dirichlet and Neumann operators for the advection-diffusion

equation for a pth-order accurate scheme are

D
ad,(p)
LR TL(0)

def
=

p∑
j=0

hjR
j!
Lad
j TL(0), (3.14a)

N
ad,(p)
LR TL(0)

def
=

p�1∑
j=0

hjR
j!
Lad
j+1TL(0), (3.14b)

where the operators Lad
j are constructed from the compatibility interface conditions (3.10)

following the procedure outlined above. The expressions for Lad
j , j = 0, 1, 2, 3 are given

in (3.12).
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Algorithm 5: A sample MAPLE code that defines x-derivatives of TR for
advection-diffusion equations.

a l i a s (TL = TL(x , y ) ) : a l i a s (TR = TR(x , y ) ) :

a l i a s (uL = uL(x , y ) ) : a l i a s (uR = uR(x , y ) ) :

# Def ine Operators

HL := w −> ( d i f f (w, x$2)+ d i f f (w, y$2))−uL∗ d i f f (w, x)−vL∗ d i f f (w, y ) :

HR := w −> ( d i f f (w, x$2)+ d i f f (w, y$2))−uR∗ d i f f (w, x)−vR∗ d i f f (w, y ) :

# Primary temperature i n t e r f a c e cond i t i on

TempIC := TL−TR:

TR x [ 0 ] := so l v e (TempIC=0,TR) :

# Primary f l ux i n t e r f a c e cond i t i on

f luxIC := KLR∗ d i f f (TL, x ) − uL∗KLR∗TL − d i f f (TR, x ) + uR∗TR:

TR x [ 1 ] := so l v e ( f luxIC=0, d i f f (TR, x ) ) :

# F i r s t temperature c ompa t i b i l i t y cond i t i on

TempIC t := DLR∗HL(TL) − HR(TR) :

TR x [ 2 ] := so l v e (TempIC t=0, d i f f (TR, x$2 ) ) :

# F i r s t f l u x compa t i b i l i t y cond i t i on

f l ux IC t := subs ( [TL= DLR∗HL(TL) ,TR=HR(TR) ] , f luxIC ) :

TR x [ 3 ] := so l v e ( f l u x IC t =0, d i f f (TR, x$3 ) ) :

# Second temperature c ompa t i b i l i t y cond i t i on

TempIC tt := subs ( [TL= DLR∗HL(TL) ,TR=HR(TR) ] , TempIC t ) :

TR x [ 4 ] := so l v e (TempIC tt=0, d i f f (TR, x$4 ) ) :
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Algorithm 6: A sample MAPLE code that forms the fourth-order accurate
CHAMP conditions for advection-diffusion equations.

DLCHAMP:=0: DRCHAMP:=0: NLCHAMP:=0: NRCHAMP:=0:

f o r i from 0 by 1 to 4 do

f o r j from i by −1 to 0 do

TR x [ i ] := subs ( [ d i f f (TR, [ y$ j ])= d i f f (TL , [ y$ j ] ) ,

d i f f (TR, [ x$ j −1])=TR x [ j −1 ] ] , TR x [ i ] ) :

TL x [ i ] := subs ( [ d i f f (TL , [ y$ j ])= d i f f (TR, [ y$ j ] ) ,

d i f f (TL , [ x$ j −1])=TL x [ j −1 ] ] , TL x [ i ] ) :

end do :

DLCHAMP += hRˆ i /( i ! ) ∗TR x [ i ] :

DRCHAMP += (−hL)ˆ i /( i ! ) ∗TL x [ i ] :

i f not i=0 then

NLCHAMP += (hR)ˆ( i −1)/(( i −1) !)∗TR x [ i ] :

NRCHAMP += (−hL)ˆ( i −1)/(( i −1) !)∗TL x [ i ] :

end i f :

end do :

CHAMP Left := NLCHAMP + SL∗DLCHAMP:

CHAMP Right := NRCHAMP − SR∗DRCHAMP:

3.4 The Partitioned Conjugate Heat Transfer Algorithm Using

CHAMP Conditions

As is typical in a partitioned approach, the solvers used to evolve the temperature in

each domain are decoupled from all other domains. To complete a time step an approximate

numerical interface conditions is applied, and the temperature in each domain is then pro-

visionally advanced in time. Satisfaction of the interface matching conditions (3.1c)–(3.1d)

is then ensured using an iterative technique, where each iteration involves a time update of

the temperature in each domain.

Algorithm 7 presents the basic partitioned CHT solver for a problem with two do-

mains. On each domain the discrete approximation to the temperature, Tm,i � T (xi, t
n),
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Algorithm 7: CHAMP partitioned conjugate heat transfer solver for advection-
diffusion equations.

1: AdvectionDiffusionSolver(Ω, tfinal)
2: t = 0, n = 0;
3: T 0

m(x) = T IC
k (x), x 2 Ωk, k = L,R; . Initial conditions

4: Evaluate past time values as needed by BDF schemes.
5: // Time stepping loop
6: while t < tfinal do
7: Fk(x) = �

∑p
j=1 αjT

n�j
m (x), x 2 Ωk, k = L,R; . Assign RHS for BDF scheme

8: T
(0)
R =

∑p+1
i=1

(
p+1
i

)
(�1)i+1 T n+1�i

R ; . Extrapolate in time for initial guess
9: for j = 1, � � � , Nsi do . Sub-time-step iterations

10: // Solve for T
(j)
L given T

(j�1)
R :

11: T
(j)
L � β0∆t

(
DL∆+ uL � r

)
T

(j)
L = FL,x 2 ΩL;

12:
(
NLR + SLDLR

)
T

(j)
L (x) =

(
∂n + SL

)
T

(j�1)
R (x+ hR nLR), x 2 I; . CHAMP

13: BL(T
(j)
L ) = g(x, t+∆t),x 2 ∂ΩL; . Physical BCs.

14: // Solve for T
(j)
R given T

(j)
L :

15: T
(j)
R � β0∆t

(
DR∆+ uR � r

)
T

(j)
R = FR,x 2 ΩR;

16:
(
NRL + SRDRL

)
T

(j)
R (x) =

(
∂n + SR

)
T

(j)
L (x+ hL nRL), x 2 I ; . CHAMP

17: BR(T
(j)
R ) = g(x, t+∆t)x 2 ∂ΩR; . Physical BCs.

18: error(j) = max
I

{∣∣T (j)
L � T

(j)
R

∣∣}; . Error in iteration

19: If
∣∣error(j) � error(j�1)

∣∣ < tol then break; . Converged
20: end for
21: T n+1

k = T
(j)
k , k = L,R; . Solution at new time

22: t = t+∆t, n = n+ 1;
23: end while

is advanced in time using a backward differentiation formula (BDF) given in (3.4), with

W defined in (3.5). The superscript in Tm without the parenthesis indicate the time level,

and the superscript with the parenthesis indicates the number of sub-iterations. Solutions

are initialized at t = 0 using the initial condition. At each time-step, Fm(x) is defined to

be a linear combination of the discrete temperature values at past time steps in the BDF

scheme for each subdomain. To initialize the CHAMP iteration, an initial guess T
(0)
R for

the temperature in the right domain is needed. Here a pth-order accurate extrapolation

formula is used to obtain a temperature value for the right domain from past time values.

The solution is then advanced in a segregated fashion with sub-time-step iterations used as
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needed. Physical boundary conditions are approximated to pth-order accuracy,

Bph T n+1
m,i = g(xi, t

n+1), (3.15)

together with appropriate numerical boundary conditions.

•

•(0,2π)

(0,0)

y

x

I ΩR : TR,DR,KR

uR, ρR, CR

ΩL : TL,DL,KL

uL, ρL, CL

Figure 3.2: The geometry for the model problems. The solution is assumed to
be 2π-periodic in the y-direction.

3.5 Analysis of the CHAMP Schemes

In this section, the CHAMP scheme is analyzed by considering a model problem con-

sisting of two rectangular domains that meet at a vertical interface located at x = 0. The

geometry of the model problem is shown in Figure 3.2. The problem arises by considering a

general curved interface, as shown in Figure 1.3, and looking at a small region about some

point on the interface, choosing coordinates that are normal and tangential to the interface

and retaining the most important terms. The result is a problem involving a semi-infinite

domain on the left, ΩL = (�1, 0)� [0, 2π], adjacent to a semi-infinite domain on the right,

ΩR = (�1, 0) � [0, 2π]. The problem is taken to be periodic in the y-direction and the

solution with an initial condition of compact support is assumed to have bounded L2-norm.

The resulting IBVP is then

∂tTm + (uc � r)Tm = Dm∆Tm, x 2 Ωm, (3.16a)

[T ]I = 0, y 2 (0, 2π), (3.16b)

[K∂xT � uc ρC T ]I = 0, y 2 (0, 2π), (3.16c)

Tm(x, y + 2π, t) = Tm(x, y, t), x 2 Ωm, (3.16d)

kTmk2 <1, (3.16e)

Tm(x, 0) = T IC
m (x), x 2 Ωm, (3.16f)
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where m = L,R indicates the left or right sub-domain, and the velocity uc = (uc, vc) is

constant. Expanding the solution in a Fourier series in y

Tm(x, t) =
1∑

k=�1

T̂m(x, k, t) e
�iky, (3.17)

gives a one-dimensional CHT problem, which is parameterized by the wave number k in the

y-direction,

∂tT̂L + (uc∂x � ikvc)T̂L = Dm(∂2
x � k2)T̂L, x 2 (�1, 0), (3.18a)

∂tT̂R + (uc∂x � ikvc)T̂R = Dm(∂2
x � k2)T̂R, x 2 (0,1), (3.18b)[

T̂
]
x=0

= 0, (3.18c)[
K∂xT̂ � uc ρC T̂

]
x=0

= 0, (3.18d)

kT̂m(�, k, t)k2 <1, (3.18e)

T̂m(x, 0) = T̂ IC
m (x). (3.18f)

Temporal discretization uses the BDF scheme given in (3.4), withW denoting the advection

diffusion operator defined in (3.5). Replacing the standard interface jump conditions with

the equivalent CHAMP interface conditions leads to the IBVP CHT problem

[
I �∆tβ0

(
DL(∂

2
x � k2)� (uc∂x � ikvc)

)]
T̂ n+1

L = �
p∑
j=1

αjT̂
n�j
L

def
= F n

L , (3.19a)

[
I �∆tβ0

(
DR(∂

2
x � k2)� (uc∂x � ikvc)

)]
T̂ n+1

R = �
p∑
j=1

αjT̂
n�j
R

def
= F n

R, (3.19b)(
NLR[∂x, ik] + SLDLR[∂x, ik]

)
T̂ n+1

L (0) =
(
+ ∂x + SL

)
T̂ n+1

R (+h), (3.19c)(
NRL[∂x, ik] + SRDRL[∂x, ik]

)
T̂ n+1

R (0) =
(
� ∂x + SR

)
T̂ n+1

L (�h), (3.19d)

kT̂ n+1
m k2 <1, (3.19e)

T̂ 0
m(x) = T̂ IC

m (x), (3.19f)

where NLR[∂x, ik], DLR[∂x, ik], NRL[∂x, ik] and DRL[∂x, ik] are the linearized and Fourier

transforms of the CHAMP Dirichlet and Neumann operators formed by replacing ∂y with

ik and u by uc.
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Equation (3.19) is solved in a partitioned fashion following Algorithm 7. This involves a

potential sub-time-step iteration, whose convergence is studied in Section 3.5.1. The analysis

of the un-iterated time-stepping scheme is then studied in Section 3.5.3.

3.5.1 Model Problem Analysis of the CHAMP Iteration

The analysis of the CHAMP sub-time-step iteration for the advection-diffusion problem

is now considered. In Section 2.6.1, the iteration was found to converge for all physically

relevant values of the parameters for the diffusion-only case. For the advection-diffusion

problem, the velocity at the interface needs to satisfy certain conditions in order for the

iteration to converge. Derivation of the convergence factor for a pnd-order accurate scheme is

presented first, followed by a detailed analysis of a 2nd-order accurate scheme to show these

conditions.

Let T̂
(j)
m � T̂ n+1

m denote the jth iterate in the fixed-point iteration to compute T̂ n+1
L

and T̂ n+1
R in (3.19). The fixed-point iteration is given by

[
I �∆tβ0

(
DL(∂

2
x � k2)� (uc∂x + ikvc)

)]
T̂

(j)
L = F n

L , x 2 (�1, 0), (3.20a)(
NLR[∂x, ik] + SLDLR[∂x, ik]

)
T̂

(j)
L (0) =

(
+ ∂x + SL

)
T̂

(j�1)
R (+h), (3.20b)

kT̂ (j)
L k2 <1, (3.20c)[

I �∆tβ0

(
DR(∂

2
x � k2)� (uc∂x + ikvc)

)]
T̂

(j)
R = F n

R, x 2 (0,1), (3.20d)(
NRL[∂x, ik] + SRDRL[∂x, ik]

)
T̂

(j)
R (0) =

(
� ∂x + SR

)
T̂

(j)
L (�h), (3.20e)

kT̂ (j)
R k2 <1, (3.20f)

with an initial guess for T̂
(0)
R obtained by extrapolating the past temperature values in time.

The errors Ê
(j)
m = T̂

(j)
m � T̂ n+1

m , m = L,R satisfy the same equations with F n
m = 0. Therefore,

T̂
(j)
m is now interpreted as an error with F n

m taken to be zero in (3.20).

The spatial approximations used to discretize the CHAMP Dirichlet and Neumann

operators are taken to be pth-order accurate, while the order of accuracy in time is left open.

The general solution of (3.20) subject to the far-field boundary conditions (and with F n
m = 0)
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is given as

T̂
(j)
L (x, k) = cLAj eξL x, (3.21a)

T̂
(j)
R (x, k) = cRAj e�ξR x, (3.21b)

where

ξL
def
= +

ũDL
2

+

√
1

β0DL∆t
+ k2 +

(ũDL )
2

4
+ ikṽDL , (3.22a)

ξR
def
= � ũ

D
R

2
+

√
1

β0DR∆t
+ k2 +

(ũDR)
2

4
+ ikṽDR , (3.22b)

with ũDL , ṽ
D
L , ũ

D
R and ṽDR given by

ũDm
def
=

ucm
Dm

, ṽDm
def
=

vcm
Dm

, m = L,R, (3.23)

and the root ξm chosen such that Re(ξm) > 0. Substituting (3.21) into the CHAMP interface

equations leads to an equation for the iteration amplification factor A which is summarized

in the following theorem.

Theorem 7 (CHAMP iteration, advection-diffusion) The iteration amplification fac-

tor when using pth-order accurate spatial approximations to the CHAMP interface conditions

for the advection-diffusion equations is

ACI =
(�ξR + SL) e

�ξRh(
N

(p)
RL[ξR, ik] + SRD

(p)
RL[ξR, ik]

) (�ξL + SR) e
�ξLh(

N
(p)
LR[ξL, ik] + SLD

(p)
LR[ξL, ik]

) , (3.24)

where the Dirichlet and Neumann operators D
(p)
RL, N

(p)
RL, etc., are given in (3.14) and where

ξL and ξR are defined in (3.22).

The formula (3.24) for A can be written in non-dimensional form using

pL

def
= hSL, pR

def
= hSR, zm

def
= ξm h, κ

def
= k h, ûDm

def
= ũDm h, v̂Dm

def
= ṽDm h, (3.25)
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and

zL
def
= +

ûDL
2

+

√
1

β0λDL

+ κ2 +
(ûDL )

2

4
+ iκ (v̂DL ) , (3.26a)

zR
def
= � û

D
R

2
+

√
1

β0λDR

+ κ2 +
(ûDR)

2

4
+ iκ (v̂DR) . (3.26b)

Note that the velocities in (3.26) are scaled by h, and so (ûDm, v̂
D
m) ! 0 as h ! 0. The

implication of this is that the convergence of the CHAMP iteration for the advection-diffusion

model approaches that of the diffusion-only model as the grid is refined. At second-order

accuracy, for example, the symbols of the Dirichlet and Neumann operators are

D
(2)
RL =

1

2
z2
LDLR + (KLR �

1

2
ûDLDLR +

1

2
KLRû

D
R)zL + (�1

2
DLR +

1

2
)κ2

+(�1

2
i v̂DLDLR +

1

2
i v̂DR)κ+ 1� ûDLKLR + ûDR +

1

2
(�KLRû

D
L + ûDR)û

D
R,

(3.27a)

hN
(2)
RL = z2

LDLR + (�DLRû
D
L +KLRû

D
R +KLR)zL + (�DLR + 1)κ2 + ûDR

+(�i v̂DLDLR + i v̂DR)κ� ûDLKLR + (�KLRû
D
L + ûDR)û

D
R.

(3.27b)

Optimal values for the parameters pL and pR can be found in the same way as described for

the diffusion equation in Section 2.6.1.

Figures 3.3 and 3.4 shows the behavior of A�CI and the corresponding optimal (pL, pR) of

the CHAMP iteration for the advection-diffusion model for various choices of the velocities.

For the case with no advection, the A�CI curve is symmetric about KLR = 1, and also

attains the maximum there (see Figure 2.6), so the hardest problem corresponds to the

case when there is no jump in the material parameters across the interface. For the case

[ûDL , v̂
D
L ] = [0.7, 0], [ûDR, v̂

D
R ] = [0.1, 0] the maximum in the curves shifts slightly to the right,

while for [ûDL , v̂
D
L ] = [�0.5, .1], [ûDR, v̂DR ] = [�0.1, 0.1] there is a slight shift to the left. Figure 3.4

shows more results for the advection-diffusion amplification factor A�CI for different values of

the time-stepping parameter λDL. All of the curves are slightly shifted toward right, and as

λDL increases, the curve becomes flatter, and the largest value A�CI achieved also increases.

For all of the cases presented, the value for A�CI with advection is smaller than the case with

no advection.
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Figure 3.3: CHAMP iteration for advection-diffusion: A�CI and corresponding
optimal pL and pR for orders 2 and 4 (h = 10�3) with various choices
of material parameters KLR = KL

KR
,DLR = DL

DR
, λDL = �tDL

h2 .

3.5.2 Constraints on Velocities for the CHAMP Conditions

In this section, a detailed analysis is presented to investigate the convergence of the

CHAMP iteration for the case p = 2. The 2nd-order accurate CHAMP operators are given

in (3.27). If ûDm and v̂Dm are zero, then the iteration amplification factor reduces to the one

for the diffusion equation, and it has been shown that there always exists parameters pL and

pR such that ACI < 1 and the iteration converges [75]. When ûDm and v̂Dm are not zero, using

the relation

DLRz
2
L � κ2(DLR � 1)�DLRû

D
LzL = z2

R + ûDRzR, (3.28a)

DRLz
2
R � κ2 (DRL � 1) +DRLû

D
LzR = z2

L � ûDLzL, (3.28b)
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Figure 3.4: CHAMP iteration for advection-diffusion: A�CI and corresponding
optimal pL and pR for orders 2 and 4 (h = 10�2) for various choices of
material parameters KLR = KL

KR
,DLR = DL

DR
, λDL = �tDL

h2 . Here λDL are

chosen to be 106, 104 and 103.
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the iteration amplification factor ACI for the case p = 2 can be written as

ACI =
(�zR + pL) e

�zR (�zL + pR) e
�zL

(MzL,zR,û
D
L ,û
D
R ,KLR

)(NzL,zR,ûDL ,ûDR ,KLR
)
, (3.29)

where

MzL,zR,... = KLRzL (1 + ûDR) + (ûDR �KLRû
D
L ) (1 + ûDR) + zR (û

D
R + zR)

+ŜL

(
1 +KLRzL

(
1 +

1

2
ûDR

)
+ (ûDR �KLRû

D
L )

(
1 +

1

2
ûDR

)
+

1

2
zR (û

D
R + zR)

)
,

(3.30a)

NzL,zR,... = KRLzR (1� ûDL ) + (ûDL � 1) (ûDL �KRLû
D
R) + zL (zL � ûDL )

+ŜR

(
1 +KRLzR

(
1� 1

2
ûDL

)
+ (ûDL �KRLû

D
R)

(
1

2
ûDL � 1

)
+

1

2
zL (zL � ûDL )

)
.

(3.30b)

The CHAMP condition can be separated into a pure Dirichlet portion and a pure Neumann

portion. The Neumann portion, for example can be obtained by setting both pL = pR = 0,

to get

NLRT
(j)
L (x) = ∂n,LT

(j�1)
R (x+ hR nL), x 2 ILR, (3.31a)

NLRT
(j)
R (x) = ∂n,LT

(j)
L (x� hL nL), x 2 ILR, (3.31b)

and the remaining Dirichlet portion has the form

DLRT
(j)
L (x) = T

(j�1)
R (x+ hR nL), x 2 ILR, (3.32a)

DLRT
(j)
R (x) = T

(j)
L (x� hL nL), x 2 ILR. (3.32b)

The corresponding amplification factors are denoted as A(2),D
CI and A(2),N

CI respectively. For

the Dirichlet portion, the numerator of A(2),D
CI is denoted by N

(
A(2),D

CI

)
and expressed as

N
(
A(2),D

CI

)
= e�zR�zL . (3.33)

Since zL, zR are chosen so that they always have a positive real part, the magnitude of

N
(
A(2),D

CI

)
is always less than or equal to 1, i.e.

∣∣N(A(2),D
CI

) ∣∣ = ∣∣e�zR�zL∣∣ � 1. (3.34)



98

The denominator of A(2),D
CI is denoted by D

(
A(2),D

CI

)
and has the form

D
(
A(2),D

CI

)def
=
(
1 +KLRzL

(
1 +

1

2
ûDR
)
+
(
ûDR �KLRû

D
L

)(
1 +

1

2
ûDR
)
+
1

2
zR
(
ûDR + zR

))
�
(
1 +KRLzR

(
1� 1

2
ûDL
)
+
(
ûDL �KRLû

D
R

)(1
2
ûDL � 1

)
+
1

2
zL
(
zL � ûDL

)) (3.35)

For the CHAMP schemes containing only the Dirichlet portion to converge, the magnitude

of the iteration amplification factor must be less than 1, i.e.

∣∣A(2),D
CI

∣∣ < 1, (3.36)

which requires

∣∣D(A(2),D
CI

) ∣∣ > 1. (3.37)

Since ûDm,m = L,R are velocities scaled by grid spacing h, it is reasonable to assume their

magnitudes are small. Under such assumption, the condition in (3.37) holds when ûDm,

m = L,R, satisfies

ûDL �KLRû
D
R < 0. (3.38)

The inequality in (3.38) poses a constraint on the scaled velocities ûDm, m = L,R. Changing

back to dimensional quantities gives

uL
DL
�KLR

uR
DR

< 0, (3.39a)

which can be simplified to

(CR � CL)uR > 0, (3.39b)

where Cm, m = L,R are the specific heats of the materials. Equation (3.39b) shows that the

convergence of the sub-time step iteration depends on the relative sizes of the heat capacity

and velocities. The condition in (3.38) provides a sufficient condition for the CHAMP iter-

ation to converge for the case involving only the Dirichlet portion. Similar results can be
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obtained by analyzing the iteration amplification factor corresponding to the pure Neumann

portion, both the details are suppressed here.

3.5.3 Analysis of the Un-iterated CHAMP Time-stepping Scheme

In this section, the stability of the un-iterated CHAMP time-stepping scheme for the

model problem in (3.19) is analyzed. At each time step, the CHAMP scheme requires

iterations so that the interface matching conditions in (3.1c)–(3.1d) can be satisfied. Each

iteration involves an implicit solve of the temperature in each subdomain, and as a result,

it is desirable to formulate a scheme that uses as few iterations as possible. For the case

when no sub-iterations are taken, the CHAMP time-stepping scheme becomes the so-called

the un-iterated CHAMP time-stepping scheme (as indicated before). The analysis in this

section aims to show that the CHAMP scheme, with no sub-time step iteration, is stable for

a wide range of material properties.

Algorithm 8: Un-iterated CHAMP time-stepping algorithm for advection-
diffusion equation.

1: t = 0, n = 0;
2: T 0

m(x) = T IC
m (x), x 2 Ωm, m = L,R; . Initial conditions

3: Evaluate past time values as needed by BDF schemes.
4: // Time stepping loop
5: for t = 1, � � � , tfinal do
6: Fm(x) = �

∑p
`=1 α`T

n+1�`
m (x), x 2 Ωm, m = L,R; . Assign RHS for BDF

scheme
7: T

(0)
R =

∑p+1
i=1

(
p+1
i

)
(�1)i+1 T n+1�i

R ; . Extrapolate in time for initial guess

8: // Solve for T n+1
L given T

(0)
R :

9: T n+1
L � β0∆t

(
DL∆+ uL � r

)
T n+1

L = FL,x 2 ΩL;

10:
(
NLR + SLDLR

)
T n+1

L (x) =
(
∂n + SL

)
T

(0)
R (x+ hR nLR), x 2 I; . CHAMP

11: BL(T
n+1
L ) = g(x, t+∆t),x 2 ∂ΩL; . Physical BCs.

12: // Solve for T n+1
R given T n+1

L :
13: T n+1

R � β0∆t
(
DR∆+ uR � r

)
T n+1

R = FR,x 2 ΩR;
14:

(
NRL + SRDRL

)
T n+1

R (x) =
(
∂n + SR

)
T n+1

L (x+ hL nRL), x 2 I ; . CHAMP
15: BR(T

n+1
R ) = g(x, t+∆t)x 2 ∂ΩR; . Physical BCs.

16: t = t+∆t, n = n+ 1;
17: end for
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The time-step update to determine T̂ n+1
L and T̂ n+1

R is given by

T̂
(0)
R = extrapolate(T̂ nR , T̂

n�1
R , . . .), (3.40a)[

I �∆tβ0

(
DL(∂

2
x � k2)� (ucL∂x � ikvcL)

)]
T̂ n+1

L = F n
L , x 2 (�1, 0), (3.40b)(

N̂LR + SLD̂LR

)
T̂ n+1

L (0) =
(
+ ∂x + SL

)
T̂

(0)
R (+h), (3.40c)

kT̂ n+1
L k2 <1, (3.40d)[

I �∆tβ0

(
DR(∂

2
x � k2)� (ucR∂x � ikvcR)

)]
T̂ n+1

R = F n
R, x 2 (0,1), (3.40e)(

N̂RL + SRD̂RL

)
T̂ n+1

R (0) =
(
� ∂x + SR

)
T̂ n+1

L (�h), (3.40f)

kT̂ n+1
R k2 <1, (3.40g)

with an initial guess for T̂R(0) obtained by extrapolation in time with (p+ 1)-order extrap-

olation formula

T̂
(0)
R = extrapolate(T̂ nR , T̂

n�1
R , . . .) =

p+1∑
`=1

(
p+ 1

`

)
(�1)`+1 T̂ n+1�`

R . (3.41)

and a BDF scheme in time. A sample algorithm is given in Algorithm 8. The analysis

follows similar steps to those for the diffusion equation derived in Section 2.6.2. A GKS

normal mode analysis is carried out with the assumption that the IVP is stable, and the

normal mode solutions in each domain has the form

T̂ nL = An eξLx, T̂ nR = An e�ξRx, (3.42)

where A is the time-stepping amplification factor for both domains. Substitute the solution

ansatz into (3.40b) gives the characteristic polynomial

ξ2
m +

ucm
Dm

ξm +

(
ikvcm
Dm

� k2 � 1

∆tDm

∑p
µ=0 αµA

p�µ

β0

)
= 0. (3.43)
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Two possible roots for ξL and ξR are expressed as

ξL = +
ucL
2DL

�

√(
ucL
2DL

)2

+
1

∆tDL

∑p
µ=0 αµA

p�µ

β0

+ k2 � ikvcL
DL

, (3.44a)

ξR = � ucR
2DR

�

√(
ucR
2DR

)2

+
1

∆tDR

∑p
µ=0 αµA

p�µ

β0

+ k2 � ikvcR
DR

. (3.44b)

The scheme is stable provided that there are no nontrivial solutions to the homogeneous

equations (3.40a)–(3.40g) with jAj > 1. For nonzero ucm and vcm, values for ξm are always

complex, and solutions of ξm contain one root with a positive real part and the other root

with a negative real part. Satisfaction of the far-field boundary conditions in (3.40g) removes

one of the two roots in (3.44), which leads to the following solutions

T̂ nL = cLA
neξLx, T̂ nR = cRA

ne�ξRx, (3.45)

where the principal branch of the square root in (3.44) is chosen to have a positive real part

of ξm.

The same notation for D
(p)
LR[∂x, ∂y] and N

(p)
LR[∂x, ∂y] is used to denote the pth-order

CHAMP Dirichlet and Neumann operators. The Fourier transformed CHAMP operators

can be written as D
(p)
LR[∂x, ik], N

(p)
LR[∂x, ik], where the y-derivatives have been replaced by

multiples of ik.

Substituting the solution in (3.45) into the CHAMP interface conditions and using the

extrapolation formula (3.41) yields

cLAn+1
(
N

(p)
LR[ξL, ik] + SLD

(p)
LR[ξL, ik]

)
= cR

{ p+1∑
`=1

(
p+ 1

`

)
(�1)`+1 An+1�`

}
(�ξR + SL) e

�ξRh,
(3.46a)

cRAn+1
(
N

(p)
RL[�ξR, ik) + SRD

(p)
RL[�ξR, ik]

)
= cLAn+1(�ξL + SR) e

ξLh. (3.46b)

Equations (3.46) give two equations for two unknowns cL and cR. Non-trivial solutions exist
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only if the determinant of the corresponding matrix equation is zero. This implies

A
(
N

(p)
LR[ξL, ik] + SLD

(p)
LR[ξL, ik]

)(
N

(p)
RL[�ξR, ik] + SRD

(p)
RL[�ξR, ik]

)
= (�ξL + SR) e

ξLh (�ξR + SL) e
�ξRh

{ p+1∑
`=1

(
p+ 1

`

)
(�1)`+1 A�`

}
,

(3.47)

which leads to the following result.

Theorem 8 The pth-order accurate un-iterated CHAMP time-stepping scheme for the advection-

diffusion equation is stable provided there are no solutions to G(A) = 0 with jAj > 1, where

G(A)
def
=

Ap+1∑p+1
`=1

(
p+1
`

)
(�1)`+1Ap�`

� (�ξL + SR) e
ξLh(

N
(p)
LR[ξL, ik] + SLD

(p)
LR[ξL, ik]

) (�ξR + SL) e
�ξRh(

N
(p)
RL[�ξR, ik] + SRD

(p)
RL[�ξR, ik]

) , (3.48)

where ξL(A) and ξR(A) are defined by (3.44) with Re(ξm) > 0. This must be true for all

kh 2 [�π, π].

Using the same non-dimensional parameters defined in (3.25), zL and zR are now given by

zL
def
= +

ûDL
2

+

√
1

∆tDL

∑p
µ=0 αµA

p�µ

β0

+ κ2 +
(ûDL )

2

4
+ iκ (v̂DL ) , (3.49a)

zR
def
= � û

D
R

2
+

√
1

∆tDR

∑p
µ=0 αµA

p�µ

β0

+ κ2 +
(ûDR)

2

4
+ iκ (v̂DR) . (3.49b)

which yields a non-dimensional G(A) = G(A;KLR,DLR, λDL, κ, pL, pR, zL, zR, û
D
L , û

D
R, v̂

D
L , v̂

D
R)

given by

G(A) =
Ap+1∑p+1

`=1

(
p+1
`

)
(�1)`+1Ap�`

� (�zL + pL) e
zL(

N
(p)
LR[zL] + pLD

(p)
LR[zL]

) (�zR + pL) e
�zR(

N
(p)
RL[�zR] + pRD

(p)
RL[�zR]

) . (3.50)

The detailed expressions of G(A) for the time-stepping amplification factor can be computed

using a symbolic algebra package such as Maple. A sample algorithm for computing A for a

second-order accurate CHAMP scheme is provided in Algorithm 9.
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Algorithm 9: A sample MAPLE code that computes G(A) for the time-stepping
amplification factor of the advection-diffusion equation.

# CHAMP Left and CHAMP Right are pre−computed CHAMP cond i t i on s .

J:=Complex ( 0 , 1 ) :

# Four i e r trans form the CHAMP cond i t i on s

CHAMP Left Fourier := subs ( [ hR=1, d i f f (UL, r2)=−J∗kappa ,

d i f f (UL, r2$2)=−kappa ˆ2 ,

d i f f ( d i f f (UL, r1 ) , r2)=−J∗kappa∗ d i f f (UL, r1 ) ] , CHAMP Left ) :

CHAMP Right Fourier := subs ( [ hL=1, d i f f (UR, r2)=−J∗kappa ,

d i f f (UR, r2$2)=−kappa ˆ2 ,

d i f f ( d i f f (UR, r1 ) , r2)=−J∗kappa∗ d i f f (UR, r1 ) ] , CHAMP Right ) :

# Subs t i tu t e in s o l u t i o n ansatz

CHAMP Left s:= subs ( [UL=1, d i f f (UL, r1)=zL , d i f f (UL, r1$2)=zL ˆ2 ] ,

CHAMPLeftL ) :

CHAMP Right s:= subs ( [UR=1, d i f f (UR, r1)=−zR , d i f f (UR, r1$2)=zRˆ2 ] ,

CHAMPRightL ) :

A Denomitor :=CHAMPRightLF∗CHAMPLeftLF :

A Numerator :=(zL−pR)∗(1−zR)∗(−zR+pL)∗(1−zL )

G A:=Aˆ3/(3∗Aˆ2−3∗A+1)−A Denomitor/A Numerator :

3.6 The CHAMP Interface Conditions on Curvilinear Grids

In this section, how the governing equations and interface conditions are implemented

on a curvilinear grid is described. To solve problems on complex geometry, one can make

use of overset grids [17]. Overset grids consist of a set of overlapping structure grids. Each

component grid may be Cartesian or curvilinear. A curvilinear grid is defined by a smooth
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mapping

x = G(r), (3.51)

from the parameter space r 2 [0, 1]nd to physical space x.

The governing equations are first transformed to the parameter-space coordinates r us-

ing the mapping method which uses of the chain rule to convert x-derivatives to r-derivatives.

For example, using the summation convention,

∂T (x)

∂xi
=
∂rk
∂xi

∂T (r)

∂rk
, (3.52)

∂2T (x)

∂xi∂xj
=
∂rk
∂xi

∂rl
∂xj

∂2T (r)

∂rk∂rl
+
( ∂

∂xj

∂rj
∂xi

)∂T (r)
∂rj

. (3.53)

In curvilinear coordinates the Laplacian operator is written as

∆r,m =
∑
i,j

cmij (r
m) ∂rmi ∂rmj +

∑
i

cmi (r
m) ∂rmi , (3.54)

where

cmij =
∑
k

(∂xkr
m
i )(∂xkr

m
j ), (3.55a)

cmi =
∑
k

∂xk∂xkr
m
i . (3.55b)

Discrete approximations to these equations are formed using centred finite differences in

parameter space.

Now consider deriving the CHAMP Dirichlet and Neumann operators on curvilinear

grids defined by the mappings, x = Gm(r
m), m = L,R. The the normal derivative on side

m, denoted by ∂n,m, (here the normal nL is used from the left-side since the primary focus

is on deriving the CHAMP condition for the left side) is written as

∂n,m = nL � rx,m =
∑
i

bmi (r
m) ∂rmi , m = L,R, (3.56a)
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where

bmi
def
= (nL � rx,m) r

m
i =

∑
k

nL,k
∂rmi
∂xk

, m = L,R. (3.56b)

The pth-order accurate CHAMP interface conditions on curvilinear grids are written as

(
N

c,(p)
LR + SLD

c,(p)
LR

)
T

(j)
L (rL) =

(
� ∂n,R + SL

)
T

(j�1)
R (rR �∆rR), (rL, rR) 2 Ir , (3.57)

where rL is a point in parameter space on the left interface, rR is the corresponding point

on the right interface and ∆rR is the grid spacing in parameter space on the right grid. The

sign for rR � ∆rR in (3.57) is chosen so that the point is the first grid line inside the grid.

Note that SL should be non-negative for well-posedness. To simplify the following discussion

let us assume that the interface on the right grid occurs at rR1 = 0 (left side) or rR1 = 1 (right

side). To ease notation let

hR

def
= �∆rR1 . (3.58)

As for the Cartesian case, TR(hR, r
R
2 ) and ∂rR1 TR(hR, r

R
2 ) are expanded in Taylor series about

points on the interface at rR1 = 0,

TR(hR, r
R

2 ) =

p∑
j=0

hjR
j!
∂j
rR1
TR(0, r

R

2 ) +O(hp+1
R ), (3.59a)

∂xTR(hR, r
R

2 ) =

p�1∑
j=0

hjR
j!
∂j+1

rR1
TR(0, r

R

2 ) +O(hpR). (3.59b)

Expressions for the rR1 -derivatives of TR on the interface are derived in terms of derivatives

of TL on the interface. These derivatives will be denoted by the differential operators Lcj,

∂j
rR1
TR(r

R)
def
= Lcj TL(r

L), j = 0, 1, 2, . . . , (rL, rR) 2 Ir. (3.60)

From the continuity of temperature on the interface we have that Lc0 is just the identity,

Lc0 = I. (3.61)
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To derive an expression for Lc1 we start from the jump condition on the heat flux

KR (∂n,R � nL � uDL )TR(r
R) = KL (∂n,L � nL � uDR)TL(r

L), (rL, rR) 2 Ir, (3.62)

which upon re-arrangement gives an expression for the r1-derivative of TR on the interface

in terms of derivatives of TL,

∂rR1 TR(r
R) =

1

bR1

{
KLR ∂n,L + nL � (uDL �KLR u

D
R)�

∑
i 6=1

bRi ∂rRi

}
TL(r

L)

def
= Lc1 TL(r

L), (rL, rR) 2 Ir.

(3.63)

To derive an expression for ∂2
rR1
TR on the interface, the compatibility jump condition (3.10a)

with q = 1 is used,

DR(∆r,R � uDR � rx,R)TR(r
R) = DL(∆r,L � uDL � rx,L)TL(r

L), (rL, rR) 2 Ir, (3.64)

which can be re-arranged to give

cR11 ∂
2
rR1
TR(r

R) = DLR(∆r,L � uDL � rx,L)TL(r
L) + uDR � rx,RTR(r

R)

�
∑

i,j 6=f1,1g

cRij ∂rRi ∂rRj TR(r
R) �

∑
i

cRi ∂rRi TR(r
R).

(3.65)

Terms involving TR on the right-side of (3.65) are now replaced with terms involving TL,

making use of Lc0 and Lc1. The advection term on the right, for example, can be re-written

as

(uDR � rx,R)TR(r
R) = dR

1∂rR1 TR(r
R) + dR

2∂rR2 TR(r
R)

= dR

1Lc1TL(r
L) + dR

2∂rR2 TL(r
L), (rL, rR) 2 Ir,

(3.66)

where

dR

i
def
=
∑
k

uDR,k
∂rRi
∂xk

. (3.67)
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Some further manipulations leads to an expression for ∂2
rR1
TR on the interface

∂2
rR1
TR(r

R) =
1

cR11

{
DLR(∆r,L � uDL � rx,L) + dR

1Lc1 + dR

1∂rR2

�
(
cR12 + cR21

)
∂rR2 L

c
1 � cR22 ∂rR2 ∂rR2

� cR1Lc1 � cR2 ∂rR2
}
TL(r

L),

def
= Lc2 TL(r

L), (rL, rR) 2 Ir.

(3.68)

This process can be continued to find Lcj, j = 3, 4, . . ..

To define the pth-order accurate CHAMP interface conditions, one starts from the

expression for the mixed derivative of TR(r
R �∆rR)

(
� ∂n,R + SL

)
TR(r

R �∆rR) =
(
� bR1 (rR) ∂rR1 � b

R

2 (r
R) ∂rR2 + SL

)
TR(r

R �∆rR), (3.69)

where bRi are the coefficients associated with the normal derivative (3.56). Substituting the

Taylor series (3.59) into (3.69) gives an expression involving derivatives of TR on the interface.

These derivatives of TR are converted into derivatives of TL using the operators Lcj and this

leads to(
� ∂n,R + SL

)
TR(r

R �∆rR) =
(
� bR1 (rR)N

r,(p)
LR

� bR2 (rR)
{
(∂rR2 D

r,(p)
LR ) +D

r,(p)
LR ∂rR2

}
+ SLD

r,(p)
LR

)
TL(r

L),
(3.70)

where the parameter space Dirichlet and Neumann-like operators are defined by

D
r,(p)
LR TL(r

L)
def
=

p∑
`=0

h`R
`!
Lc` TL(r

L), (rL, rR) 2 Ir, (3.71a)

N
r,(p)
LR TL(r

L)
def
=

p�1∑
`=0

h`R
`!
Lc`+1 TL(r

L) (rL, rR) 2 Ir. (3.71b)
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Note that the following relationship has been used

∂rR2 TR(r
R �∆rR) = ∂rR2 D

r,(p)
LR TL(r

L),

= ∂rR2

p∑
`=0

h`R
`!
Lc`(rR2 )TL(r

L),

=

p∑
`=0

h`R
`!
∂rR2 (L

c
`(r

R

2 ))TL(r
L) + Lc`(rR2 )∂rR2 TL(r

L),

=
{
(∂rR2 D

r,(p)
LR ) +D

r,(p)
LR ∂rR2

}
TL(r

L).

(3.72)

These results are summarized in the following Theorem.

Theorem 9 The pth-order accurate CHAMP interface condition for the diffusion equation

on curvilinear grids is

(
N

c,(p)
LR + SLD

c,(p)
LR

)
TL(r

L) =
(
� ∂n,R + SL

)
TR(r

R �∆rR), (rL, rR) 2 Ir, (3.73a)

with

D
c,(p)
LR TL(r

L)
def
=

p∑
`=0

(�∆rR1 )`

`!
Lc` TL(r

L), (3.74a)

N
c,(p)
LR TL(r

L)
def
=

p�1∑
`=0

(�∆rR1 )`

`!

(
� bR1 (rR)Lc`+1 � bR2 (rR) ∂rR2 L

c
`

)
TL(r

L), (3.74b)

where the operators Lc` are constructed from the compatibility interface conditions (3.10)

following the procedure outlined above, and where bRi are the coefficients associated with the

normal derivative (3.56). The choice of sign in �∆rR1 depends on whether the interface

occurs at rR1 = 0 (plus) or rR1 = 1 (minus).

3.7 Numerical Results

In this section, computational results are presented to verify the accuracy and stability

of the CHAMP time-stepping schemes. The results presented in this section are solved using

either a second-order or fourth-order accurate CHAMP scheme. Both spatial and temporal

discretization are done to second or fourth-order on a uniform grid, and the implicit BDF2 or

BDF4 scheme is chosen to discretize the solution in time, with difference formulae chosen to
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match the order of accuracy of the spatial discretization of the governing equations. Centered

finite differences are used in the approximations of all terms in the governing equations and

the CHAMP interface conditions since the problems considered here are assumed to be

diffusion dominated2. In Section 3.7.1, numerical solutions of the time dependent CHT

problems with domains consisting of two adjacent rectangles and two concentric annuli are

presented to verify the fourth-order spatial and temporal accuracy of the un-iterated CHAMP

time-scheme. An exact solution can be worked out for the problem involving two adjacent

rectangles, and this is done in Section 3.7.1.1. For problem involving two concentric annuli,

an exact solution is not known for the case when the advective velocities are non-zero, and so a

semi-analytical solution is used as discussed in Section 3.7.1.2. In Section 3.7.2 computations

are performed for problems involving more complicated geometries. A rotated square-square

geometry and a stretched square-square geometry are presented in Sections 3.7.2.1 and 3.7.2.2

to verify the accuracy of the CHAMP scheme using the method of manufactured solutions.

In Sections 3.7.2.3 and 3.7.2.4, simulations are performed on curvilinear domains with more

complex mapping functions.

3.7.1 Verification with Exact Solutions for Time Dependent Problems

In this section, the spatial and temporal accuracy of a fourth-order accurate un-iterated

CHAMP time-stepping scheme is verified using exact solutions of time dependent CHT

problems with advection-diffusion equations. Computations are first performed on a double-

square domain in Section 3.7.1.1 and then on a double-annulus domain in Section 3.7.1.2,

with various material parameters and advection velocities chosen to demonstrate the stability

properties of the CHAMP scheme.

3.7.1.1 Adjacent Rectangles

Consider the exact solution to the time-dependent CHT problem for a region consisting

of two adjacent rectangles. The left and right domains are denoted as ΩL = [xa, 0]� [ya, yb]

2Upwind di�erences can also be considered for the advection terms, as needed, for advection-dominated
problems, but such problems are not considered in this thesis.
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and ΩR = [0, xb]� [ya, yb] respectively. The time dependent CHT problem is given by

∂tTm + um ∂xTm + vm ∂yTm = Dm∆Tm, for x 2 Ωm, m = L,R, (3.75a)

[T ]I = 0, for y 2 [ya, yb], x = 0, (3.75b)

[K(∂xT �
1

D
uT )]I = 0, for y 2 [ya, yb], x = 0, (3.75c)

TL(xa, y, t) = 0, TR(xb, y, t) = 0, for y 2 [ya, yb], (3.75d)

Tm(x, y, 0) = T IC
m (x, y), for x 2 Ωm, m = L,R, (3.75e)

where m = L,R indicates the left or right domain and the velocity in each domain, um =

[um, vm]
T , is assumed to be constant. Solutions are assumed to be periodic in y. An exact

solution can be found of the form

Tm(x, y, t) = e�s
2t T̂ (x) eiky, m = L,R, (3.76)

where s is an eigenvalue and k is chosen so that k(yb� ya) = 2πµ for an integer µ. Solutions

for T̂m take the form

T̂m = Ame
r+
mx +Bme

r�mx (3.77)

where r�m is defined as

r�m =
um
2Dm

�

√
u2
m

4D2
m

+ k2 +
s2

Dm
� ikvm
Dm

, m = L,R. (3.78)

and Am and Bm are chosen so that the boundary and interface conditions are satisfied.

Substituting the solution ansatz into the boundary conditions and matching conditions at

the interface leads to a homogeneous system in terms of the constants AL, BL, AR, BR and
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the eigenvalue s, given by



1 1 �1 �1

KLr+
L � uL

KL

DL
KLr�L � uL

KL

DL
�KRr+

R + uR
KR

DR
�KRr�R + uR

KR

DR

e�r
+
Lxa e�r

�
L xa 0 0

0 0 er
+
Rxb er

�
Rxb


A = 0, (3.79)

with

A =



AL

BL

AR

BR


. (3.80)

Non-trivial solutions exist if the determinant of the coefficient matrix in (3.79) is zero, and

this leads to a determinant condition for s. For a given µ that defines the wave number k

in the y direction, there is an infinite set of real roots s. Once the eigenvalues are found,

nontrivial values for the coefficients AL, BL, AR and BR can be found in the nullspace

of the (singular) coefficient matrix. For solutions that are complex, only the real part or

the imaginary part are used for the exact solution. Table 3.1 gives selected eigenvalues

and corresponding coefficients for some choices of the materials parameters. Here AL is

normalized to equal to 1, with other coefficients scaled accordingly.

Table 3.1: Selected eigenvalues s and coefficients for two selected cases on
double-rectangle domain.

Adjacent Rectangles

Case 1: DL = 1, KL = 10, DR = 10, KR = 1, uL = [1, 2]T , uR = [3, 4]T .

ν s AL BL AR BR

1 1.325� 0.759i 1 �0.587 + 0.023i 0.129 + 0.055i �0.934� 0.186i

Case 2: DL = 1, KL = 1, DR = 1, KR = 1, uL = [1, 1]T , uR = [1, 1]T .

ν s AL BL AR BR

0 0.707 1 �0.540 + 0.842i �0.416� 0.909i �0.540 + 0.842i
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Computations are performed on a domain defined by xa = �π, xI = 0, xb = π, ya = 0

and yb = 2π. The grids used for this domain are two Cartesian grids with a target grid-

spacing chosen to be approximately ∆s(j) = π/(15 j) for a resolution factor j, j = 1, 2, 4.

The grid is denoted by G(j)
dr . A sample rectangular grid is given in the left of Figure 3.5.

Table 3.2 presents a grid refinement study for selected material parameters and advection

velocities using both the second-order and fourth-order accurate un-iterated CHAMP time-

stepping scheme. The initial data to this problem is obtained form the exact solutions, along

with the past temperature values required by the multi-step schemes. The coefficients and

the eigenvalues for the exact solutions used here are given in Table 3.1. The scheme is run

with ∆t � ∆s to a final time t�nal = 5. Contour plots of the solution and corresponding

error at t�nal = 5 using the fourth-order CHAMP scheme for Case 1 in Table 3.2 are shown

in the middle and right of Figure 3.5. For the CHAMP2 case, the error decreases by a factor

of 4 as the grid size decreases by a factor of 2, indicating a 2nd-order convergence rate of

the tested scheme. For the CHAMP4 case, the error decreases by a factor of 16 as the mesh

spacing decreases by a factor of 2, which indicates a 4th-order convergence rate.

T at t = 5

-2e-04 2e-04

T -err at t = 5

0.0 8.0e-8

Figure 3.5: Double-rectangle results. Left: a sample grid for the
double-rectangle geometry. Middle: BDF4 solution at t�nal = 5 for
Case 1 on grid G(4). Right: error at t�nal = 5 on grid G(4) for the same
case.

3.7.1.2 Concentric Annuli

In this section, the accuracy of the CHAMP scheme is verified for time-dependent CHT

problems on a domain consisting of two concentric annuli. The exact analytical solution to
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Table 3.2: A convergence study for the double-rectangle problem using the
time-dependent exact solution with selected thermal parameters.

Adjacent Rectangles

Case 1: ν = 1, DL = 1, KL = 10, DR = 10, KR = 1, uL = [1, 2]T , uR = [3, 4]T .

CHAMP2 results: t�nal = 5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 2.09e�01 4.77e+00 2.228e�04 2.251e�04
2 1.01e�01 9.87e+00 4.333e�05 5.14 2.36 4.355e�05 5.17 2.37

4 5.07e�02 1.97e+01 9.323e�06 4.65 2.22 9.346e�06 4.66 2.22

CHAMP4 results: t�nal = 5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 2.09e�01 4.77e+00 3.049e�05 3.087e�05
2 1.01e�01 9.87e+00 1.477e�06 20.64 4.37 1.489e�06 20.73 4.37

4 5.07e�02 1.97e+01 7.872e�08 18.76 4.23 7.906e�08 18.84 4.24

Case 2: ν = 0, DL = 1, KL = 1, DR = 1, KR = 1, uL = [1, 1]T , uR = [1, 1]T .

CHAMP2 results: t�nal = 5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 2.09e�01 4.77e+00 1.322e�05 9.143e�06
2 1.01e�01 9.87e+00 3.203e�06 4.13 2.05 2.582e�06 3.54 1.82

4 5.07e�02 1.97e+01 7.946e�07 4.03 2.01 6.939e�07 3.72 1.90

CHAMP4 results: t�nal = 5, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 2.09e�01 4.77e+00 3.765e�07 7.024e�07
2 1.01e�01 9.87e+00 2.04e�08 18.37 4.20 3.435e�08 20.45 4.35

4 5.07e�02 1.97e+01 1.238e�09 16.55 4.05 1.978e�09 17.37 4.12

this problem is unavailable, and instead a semi-exact solution is derived.

For the double-annulus problem, the initial boundary value problem in polar coordi-
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nates for the advection diffusion equation is

∂tTm + urm∂rTm +
uθm
r
∂θTm = Dm

(
1

r
(r∂rTm)r +

1

r2
∂2
θTm

)
, x 2 Ωm, (3.81a)

[T ]I = 0, θ 2 [0, 2π), (3.81b)[
K∂rT � ur

K
D
T

]
I
= 0, θ 2 [0, 2π), (3.81c)

TL(ra, θ, t) = 0, TR(rb, θ, t) = 0, θ 2 [0, 2π), (3.81d)

Tm(r, θ, 0) = T IC
m (r, θ), x 2 Ωm, (3.81e)

where m = L,R and urm, u
θ
m are the radial and circumferential components of the velocity,

u = urmr̂ + uθmθ̂. Provided urm = urm(r) and u
θ
m = uθm(r) are functions of r alone, separable

solutions can be found of the form

Tm(r, θ, t) = e�s
2t φm(r) e

iνθ, (3.82)

where ν is an integer, s is an eigenvalue and φm(r) is an eigenfunction. Substituting the

anstaz (3.82) into (3.81) leads to a one-dimensional eigenvalue problem for s and φm(r),

given by

r2∂rrφm +

(
r � r2urm

Dm

)
∂rφm +

(
�ν2 +

iνruθm
Dm

)
φm = � s

Dm
r2φm. (3.83)

This eigenvalue problem is solved using a finite difference approximation with sufficient

accuracy to be considered as an exact solution. Table (3.3) provides some values for the

eigenvalues s for different material parameters for the domain with ra = 1, rI = 2 and

rb = 3.

Simulations are run using both the second-order and fourth-order accurate un-iterated

CHAMP scheme on a double-annulus domain defined by ra = 1, rb = 3, rI = 2. The

mapping function is given in (2.126), and the grid for the calculation of TL uses α = 1,

β = 2 and ω = 2π, while the grid for the calculation of TR uses α = 3, β = 2, and

ω = 2π. The grid for this particular mapping function is denoted by G(j)
da , with resolution

factor j, j = 1, 2, 4. A target mesh spacing ∆s(j) = 1/(10 j) is chosen in both the radial and

circumferential direction. A sample double-annulus domain is given in the left of Figure 3.6.
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Table 3.3: Selected eigenvalues sν of the exact solutions for three selected cases
on double-annulus domain.

Concentric Annului

Case 1: DL = 1, KL = 10, DR = 10, KR = 1.

uL = [1, 2] ,uR = [3, 4].

ν s

2 1.694� 0.693i

Case 2: DL = 1, KL = 10, DR = 10, KR = 1.

uL = [0.1, 0.2], uR = [0.3, 0.4].

ν s

2 1.859� 0.0639i

T at t = 2

-4e-05 4e-05

T -err at t = 2

0.0 2.5e-9

Figure 3.6: Double-annulus results. Left: a sample grid for the double-annulus
geometry. Middle: BDF4 solution at t�nal = 2 for Case 2 on grid
G(4). Right: error at t�nal = 2 on grid G(4) for the same case.

Different thermal coefficients and advection velocities are chosen and the scheme is tested

with just one sub-iteration at each time step. Maximum error and the estimated convergence

rate at t�nal = 2 are shown in Table 3.4. Solution and error contours at t�nal for Case 2 in

Table 3.4 using the fourth-order accurate CHAMP scheme are presented in the middle and

right of Figure 3.6. For all the case tested, the ratio between errors in nearby resolutions are

approximately equal to 16 or 4, which indicates a fourth-order or second-order convergence

rate.
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Table 3.4: A convergence study for the double-annulus problem using the
time-dependent exact solution with selected thermal parameters.

Concentric Annuli

Case 1: ν = 2, DL = 1, KL = 10, DR = 10, KR = 1, uL = [1, 2]T , uR = [3, 4]T .

CHAMP2 results: t�nal = 2, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 1.00e�01 1.00e+01 1.068e�04 1.096e�04
2 5.00e�02 2.00e+01 2.226e�05 4.80 2.26 2.252e�05 4.87 2.28

4 2.50e�02 4.00e+01 5.161e�06 4.31 2.11 5.191e�06 4.34 2.12

CHAMP4 results: t�nal = 2, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 1.00e�01 1.00e+01 7.565e�06 7.758e�06
2 5.00e�02 2.00e+01 3.646e�07 20.75 4.37 3.697e�07 20.98 4.39

4 2.50e�02 4.00e+01 2.006e�08 18.17 4.18 2.021e�08 18.29 4.19

Case 2: ν = 2, DL = 1, KL = 10, DR = 10, KR = 1, uL = [0.1, 0.2]T , uR = [0.3, 0.4]T .

CHAMP2 results: t�nal = 2, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 1.00e�01 1.00e+01 1.131e�05 e�05
2 5.00e�02 2.00e+01 2.503e�06 4.52 2.18 2.519e�06 4.56 2.19

4 2.50e�02 4.00e+01 5.879e�07 4.26 2.09 5.892e�07 4.27 2.10

CHAMP4 results: t�nal = 2, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

1 1.00e�01 1.00e+01 1.049e�06 1.077e�06
2 5.00e�02 2.00e+01 4.751e�08 22.08 4.46 4.799e�08 22.44 4.49

4 2.50e�02 4.00e+01 2.549e�09 18.64 4.22 2.557e�09 18.77 4.23

3.7.2 Verification Using Manufactured Solutions on Various Geometries

In this section, the accuracy of the un-iterated CHAMP scheme is verified using the

method of manufactured solutions. The manufactured solutions used have the form

Tm = am sin(fm,xx+ φm,x) sin(fm,yy + φm,y) sin(fm,tt), (3.84)

where ffm,x, φm,x, fm,y, φm,y and fm,tg are constants chosen later. Computations are per-

formed for various domain geometries using Cartesian grids and curvilinear grids, some of
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which being non-orthogonal. The calculations assume Dirichlet boundary conditions on

all boundaries. Sections 3.7.2.1 and 3.7.2.2 present computational results for the CHAMP

scheme on domains consisting of two squares that are either rotated or sheared. Problems

with curvilinear domains are considered in Sections 3.7.2.3 and 3.7.2.4.

3.7.2.1 Rotated Squares

The first geometry considers the same configuration described in Section 2.9.3.1, where

the domain consists of two adjacent squares that are both rotated about the bottom left

corner. The mapping function for this configuration was given in (2.140). The grid for

this particular mapping function is denoted by G(j)
dr,r with a resolution factor j given by

j = 2, 4, 8. A sample grid is presented in the left of Figure 3.7 with the parameters chosen

to be θ0 = 3π/4, β0 = 1 for the left grid and θ0 = 3π/4, β0 = 0 for the right grid.

Table 3.5: Constants in manufactured solutions used for rotated-square
geometry.

aL fL,x fL,y φL,x φL,y fL,t aR fR,x fR,y φR,x φR,y fR,t

0.8 1.2 0.3 1.2 1.1 0.6 0.6 1.5 1.7 0.4 0.8 0.6

Numerical simulations are performed using different thermal coefficients and advec-

tion velocities, and solutions are run to a final time t�nal = 0.1 using both the second-order

accurate and fourth-order accurate un-iterated CHAMP schemes. Parameters in the man-

ufactured solutions are presented in Table 3.5. The maximum error in the discrete solution

and the estimated convergence rate at t�nal for different grid resolutions are given in Ta-

ble 3.6. The solution and error contours at t�nal for Case 1 computed using the fourth-order

accurate CHAMP scheme on the finest grid are shown in Figure 3.7. Convergence plots

showing errors as a function of mesh spacing ∆s are presented in Figure 3.8. The slopes

for each curve agrees with their reference lines, which indicates second-order accuracy for

CHAMP2 and fourth-order accuracy for CHAMP4.

3.7.2.2 Sheared Squares

The second geometry considers a domain involving two adjacent squares that are both

sheared in the same direction. The mapping function for this geometry was given in (2.141),

where α0 determines the displacement of the points in a fixed direction, β0 is a constant and
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T at t�nal = 0.1

-0.03 0.04

T -err at t�nal = 0.1

0 3.0e-12

Figure 3.7: Rotated-square results. Left: a sample grid for a rotated-square
geometry. Middle: BDF4 solution at t�nal = 0.1 for Case 1 on grid
G(8). Right: error at t�nal = 2 on grid G(8) for the same case.

Figure 3.8: Convergence plots for rotated-square geometry. Left: max-norm
errors as a function of mesh spacing for Case 1 at t�nal = 0.1. Right:
max-norm errors as a function of mesh spacing for Case 2 at
t�nal = 0.1.

r =
[
r1, r2

]T
are the coordinates in the computational domain. The physical grid is denoted

by G(j)
dr,s with resolution factor j chosen to be j = 2, 4, 8. A coarse version of the grid used

in the computation is presented in Figure 3.9 with parameters chosen to be α0 = �1 and

β0 = 1 for the left grid and α0 = �1 and β0 = 0 for the right grid. Parameters in the

manufactured solutions are given in Table 3.7.

Numerical simulations are performed using both the second-order and fourth-order

accurate un-iterated CHAMP schemes for different material parameters and advection ve-

locities. The maximum error in the discrete solution and corresponding convergence rates for
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Table 3.6: A convergence study for the un-iterated CHAMP scheme on a
rotated-square domain using the trigonometric manufactured
solution with various choices of material parameters.

Rotated Squares

Case 1: DL = 1, DR = 1, KL = 1, KR = 1, uL = [1, 1]T , uR = [1, 1]T .

CHAMP2 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 4.169ee�07 1.277e�06
4 2.50e�02 4.00e+00 1.476e�07 2.82 1.50 2.675e�07 4.77 2.25

8 1.25e�02 8.00e+00 4.476e�08 3.30 1.72 5.998e�08 4.46 2.16

CHAMP4 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 9.773e�10 8.505e�10
4 2.50e�02 4.00e+00 5.128e�11 19.06 4.25 5.078e�11 16.75 4.07

8 1.25e�02 8.00e+00 2.917e�12 17.58 4.14 3.099e�12 16.38 4.03

Case 2: DL = 0.9, DR = 9.6, KL = 7.3, KR = 0.5, uL = [0.2, 0.4]T , uR = [0.8, 0.7]T .

CHAMP2 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.80e+00 9.844ee�07 1.302e�06
4 2.50e�02 3.60e+00 2.427e�07 4.06 2.02 3.387e�07 3.84 1.94

8 1.25e�02 7.20e+00 5.911e�08 4.11 2.04 8.826e�08 3.84 1.94

CHAMP4 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.80e+00 4.162e�10 9.235e�09
4 2.50e�02 3.60e+00 1.698e�11 24.51 4.62 3.566e�10 25.90 4.69

8 1.25e�02 7.20e+00 7.291e�13 23.29 4.54 1.218e�11 29.26 4.87

different grid resolutions are computed at t�nal = 0.1 and listed in Table 3.8. Contour plots

of the solution and error for Case 1 are presented in the middle and right plots of Figure 3.9.

The convergence plots in Figure 3.10 confirm second-order or fourth-order convergence rates

of the two CHAMP schemes for all of the cases tested.
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Table 3.7: Constants in manufactured solutions used for sheared-square
geometry.

aL fL,x fL,y φL,x φL,y fL,t aR fR,x fR,y φR,x φR,y fR,t

0.5 1.4 0.1 1.7 1.1 0.8 0.6 1.6 0.2 0.5 0.6 0.8

T at t = 0.1

-7.0e-03 2.3e-02

T -err at t = 0.1

0 1.1e-12

Figure 3.9: Stretched-square results. Left: a sample grid for a stretched-square
geometry. Middle: BDF4 solution at t�nal = 0.1 on grid G(8) for Case
1. Right: error at t�nal = 0.1 on grid G(8) for the same case.

3.7.2.3 Wavy Geometry with Orthogonal Grid at Interface

The next example considers a curvilinear domain consisting of curved boundaries de-

fined by cosine functions. For this mapping the grid lines at the interface are orthogonal

locally, but not orthogonal elsewhere. The mapping function is given as

x = Gdw,c

(
r
)
= (1� r2)Ctop(r1) + r2Cbot(r1), (3.85)

where r =
[
r1, r2

]T
are the coordinates in the computational space, and the boundary

functions Ctop(r1) and Cbot(r1) were given previously in (2.143). A sample curvilinear grid

with a1 = 1, a2 = 1, b1 = 1 and δ0 = 1 for the left sub-domain and a1 = 1, a2 = 1, b1 = 0 and

δ0 = 1 for the right sub-domain is illustrated in Figure 3.11. For this setup, the curvilinear

grid is denoted by G(j)
dw,c with the resolution factor j chosen to be j = 2, 4, 8. Parameters in

the manufactured solutions are given in Table 3.9.

Different thermal coefficients and advection velocities are chosen to test both the

second-order and fourth-order accurate un-iterated CHAMP time-stepping scheme, and the
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Figure 3.10: Convergence plots for stretched-square geometry. Left: max-norm
errors as a function of mesh spacing for Case 1 at t�nal = 0.1.
Right: max-norm errors as a function of mesh spacing for Case 2
at t�nal = 0.1.

maximal error in the discrete solutions at t�nal = 0.1 are given in Table 3.10. The solution

and error contours at t�nal for Case 2 on the finest grid are plotted in Figure 3.11. Figure 3.12

plots the max-norm error as a function of mesh spacing for various cases presented in Ta-

ble 3.9. The grid refinement study shows that the CHAMP scheme, with no sub-iterations,

is stable and second or fourth-order accurate for the given choices of the parameters

T at t = 0.1

-0.02 0.03

T -err at t = 0.1

0 9.3e-10

Figure 3.11: Wiggled domain results. Left: a sample grid for a wiggled
geometry. Middle: BDF4 solution at t�nal = 0.1 on grid G(8) for
Case 2. Right: error at t�nal = 0.1 on grid G(8) for the same case.
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Table 3.8: A convergence study for the un-iterated CHAMP scheme on a
stretched-square domain using the trigonometric manufactured
solution with various choices of material parameters.

Stretched Squares

Case 1: DL = 1, DR = 1, KL = 1, KR = 1, uL = [1, 1]T , uR = [1, 1]T .

CHAMP2 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 4.032ee�07 5.262e�06
4 2.50e�02 4.00e+00 1.086e�07 3.71 1.89 1.188e�07 4.43 2.15

8 1.25e�02 8.00e+00 2.831e�08 3.84 1.94 2.852e�08 4.17 2.06

CHAMP4 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 2.974e�10 2.506e�10
4 2.50e�02 4.00e+00 1.779e�11 16.72 4.06 1.629e�11 15.39 3.94

8 1.25e�02 8.00e+00 1.097e�12 16.22 4.02 1.044e�12 15.60 3.96

Case 2: DL = 0.9, DR = 9.6, KL = 7.3, KR = 0.5, uL = [0.2, 0.4]T , uR = [0.8, 0.7]T .

CHAMP2 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.80e+00 3.354ee�07 9.664e�07
4 2.50e�02 3.60e+00 8.200e�08 4.09 2.03 1.488e�07 6.49 2.70

8 1.25e�02 7.20e+00 2.034e�08 4.03 2.01 3.719e�08 4.00 2.00

CHAMP4 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.80e+00 5.332e�10 9.874e�09
4 2.50e�02 3.60e+00 3.577e�11 14.91 3.90 3.956e�10 24.96 4.64

8 1.25e�02 7.20e+00 2.546e�12 14.05 3.81 1.441e�11 27.45 4.78

3.7.2.4 Wavy Geometry with Non-Orthogonal Grid at Interface

The last example considers a completely non-orthogonal grid consisting of domains

with boundary curves defined by sine functions. The mapping function for this case is given

by

x = Gdw,s

(
r
)
= (1� r2)Ctop(r1) + r2Cbot(r1) (3.86)
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Table 3.9: Constants in manufactured solutions used for wiggled geometry.

aL fL,x fL,y φL,x φL,y fL,t aR fR,x fR,y φR,x φR,y fR,t

0.9 0.7 0 0 0.5 0.8 0.8 0.4 0 0 0.5 0.8

Figure 3.12: Convergence plots for a wiggled geometry. Left: max-norm errors
as a function of mesh spacing for Case 1 at t�nal = 0.1. Right:
max-norm errors as a function of mesh spacing for Case 2 at
t�nal = 0.1.

where the boundary functionsCtop(r1) andCbot(r1) are given in (2.145a). The grid presented

in Figure 3.13 with a1 = 0.2, a2 = 0.3, b1 = 1 and δ0 = 1 for the left sub-domain and a1 = 0.2,

a2 = 0.3, b1 = 0 and δ0 = 1 for the right sub-domain is a coarse version of the grid used

in the computation. The curvilinear grid for this particular mapping function is denoted by

G(j)
dw,s with j = 2, 4, 8.

Parameters for the manufactured solution are given in Table 3.9. Both the second-

order and fourth-order accurate un-iterated CHAMP schemes are tested for problems with

various thermal parameters and advection velocities, and the schemes are run to a final

time t�nal = 0.1. Maximal discrete errors and the convergence rates are computed at t�nal

and given in Table 3.11, and the results confirm second-order and fourth-order convergence.

The solution and error contours at t�nal for Case 1 using the fourth-order accurate CHAMP

scheme on the finest grid are plotted in Figure 3.13. The results show that the fourth-order

accurate CHAMP scheme converges faster and gives much smaller errors than the second-

order accurate CHAMP when same number of gird points are used in the computation.
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Table 3.10: A convergence study for the un-iterated CHAMP scheme on a
wiggled domain defined by the cos function using the trigonometric
manufactured solution with various choices of material parameters.

Cosine Curve

Case 1: DL = 1, DR = 1, KL = 1, KR = 1, uL = [1, 1]T , uR = [1, 1]T .

CHAMP2 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 2.355ee�05 7.953e�06
4 2.50e�02 4.00e+00 4.277e�06 5.51 2.46 1.211e�06 6.57 2.72

8 1.25e�02 8.00e+00 8.193e�07 5.22 2.38 3.597e�07 3.37 1.75

CHAMP4 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 1.770e�07 1.020e�07
4 2.50e�02 4.00e+00 1.194e�08 14.82 3.89 4.363e�09 23.37 4.55

8 1.25e�02 8.00e+00 7.650e�10 15.61 3.96 2.125e�10 20.53 4.36

Case 2: DL = 0.9, DR = 9.6, KL = 7.3, KR = 0.5, uL = [0.2, 0.4]T , uR = [0.8, 0.7]T .

CHAMP2 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.80e+00 5.521ee�05 1.800e�05
4 2.50e�02 3.60e+00 1.375e�05 4.02 2.01 8.803e�06 2.04 1.03

8 1.25e�02 7.20e+00 3.420e�06 4.02 2.01 2.792e�06 3.15 1.66

CHAMP4 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.80e+00 1.815e�07 3.632e�07
4 2.50e�02 3.60e+00 1.196e�08 15.17 3.92 1.752e�08 20.73 4.37

8 1.25e�02 7.20e+00 7.685e�10 15.57 3.96 9.402e�10 18.64 4.22

3.8 Conclulsions

A high-order accurate partitioned algorithm for solving coupled conjugate heat trans-

fer problems with advection diffusion equation is developed. Analysis are presented for a

simplified model problem consists of two rectangular domains with a planer interface located

at x = 0. The interface conditions are the usual temperature continuity equations, together

with a flux interface condition that involves additional advective terms. The CHAMP con-

ditions for the advection-diffusion equation are derived similarly as those for the diffusion
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T at t = 0.1

-0.03 0.02

T -err at t = 0.1

0 1.7e-09

Figure 3.13: Wiggled domain results. Left: a sample grid for a wiggled
geometry. Middle: BDF4 solution at t�nal = 0.1 on grid G(8) for
Case 1. Right: error at t�nal = 0.1 on grid G(8) for the same case.

Figure 3.14: Convergence plots for a wiggled geometry. Left: max-norm errors
as a function of mesh spacing for Case 1 at t�nal = 0.1. Right:
max-norm errors as a function of mesh spacing for Case 2 at
t�nal = 0.1.

equations, in which a Taylor series expansion is used to derive a generalized Dirichlet op-

erator and a generalized Neumann operator using the matching conditions and additional

compatibility conditions. These operators are combined together using the weighting oper-

ators following the optimized Schwarz approach to form the complete CHAMP conditions.

The coupling parameters are determined by solving an optimization problem based on the

iteration amplification, and some sample values for the optimal choices are given to show

the effects of different material coefficients. The CHAMP iteration is found to converge for

all material parameters provided that the velocities in each sub-domain satisfy certain jump
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Table 3.11: A convergence study for the un-iterated CHAMP scheme on a
wiggled domain defined by the sin function using the trigonometric
manufactured solution with various choices of material parameters.

Sine Curve

Case 1: DL = 1, DR = 1, KL = 1, KR = 1, uL = [1, 1]T , uR = [1, 1]T .

CHAMP2 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 1.927ee�05 6.140e�06
4 2.50e�02 4.00e+00 4.890e�06 3.94 1.98 1.536e�06 4.00 2.00

8 1.25e�02 8.00e+00 1.225e�06 3.99 2.00 4.038e�07 3.80 1.93

CHAMP4 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 2.00e+00 4.140e�07 1.663e�07
4 2.50e�02 4.00e+00 2.664e�08 15.54 3.96 9.615e�09 17.30 4.11

8 1.25e�02 8.00e+00 1.679e�09 15.86 3.99 6.045e�10 15.90 3.99

Case 2: DL = 0.9, DR = 9.6, KL = 7.3, KR = 0.5, uL = [0.2, 0.4]T , uR = [0.8, 0.7]T .

CHAMP2 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.80e+00 1.820ee�05 9.003e�06
4 2.50e�02 3.60e+00 4.617e�06 3.94 1.98 2.640e�06 3.41 1.77

8 1.25e�02 7.20e+00 1.156e�06 3.99 2.00 6.838e�07 3.86 1.95

CHAMP4 results: t�nal = 0.1, max-iteration = 1.

j ∆s λDL max error left ratio rate max error right ratio rate

2 5.00e�02 1.80e+00 4.458e�07 3.441e�07
4 2.50e�02 3.60e+00 2.866e�08 15.55 3.96 1.952e�08 17.63 4.14

8 1.25e�02 7.20e+00 1.806e�09 15.87 3.99 1.181e�09 16.52 4.05

conditions. A complete time-stepping algorithm is given, and a detailed analysis is carried

out for the case where no sub-iteration is taken at each time-step. The CHAMP scheme

was shown to be fourth order accurate in space and time using the method of manufactures

solutions. Numerical results on different computational domains suggests that the CHAMP

scheme is stable and accurate with just one implicit solve in each domain for a wide range

of CHT problems.



CHAPTER 4

CONCLUSIONS AND FUTURE WORK

In this thesis, a high-order accurate partitioned algorithm for solving conjugate heat transfer

problems is developed and analyzed. The new method, called the CHAMP scheme, consists

of a weighted combination of a generalized Dirichlet condition and a generalized Neumann

condition, which are derived based on Taylor series expansions of the temperature and heat

flux in each sub-domain at a distance equal to the overlap width about the interface. The

CHAMP condition is first analyzed as a fixed point iteration for a particular time step,

where the interface conditions are applied for each domain sequentially with a fixed number

of iterations, usually determined by the residual of the temperature at the interface. A nor-

mal mode analysis is carried out to determine the convergence factor for the inner-iteration

loop, which provides an objective function that can be used to choose the optimal weights

in the CHAMP conditions. If the advective terms are turned off, then the CHAMP iteration

for the diffusion equation is guaranteed to converge for any choice of material parameters,

regardless of the grid spacing or the time step. With advective terms turned on, the conver-

gence of the iteration depends on the relative size of the heat capacity in each sub-domain.

Computation shows that for both cases, the iteration converges rapidly when the optimal

weighting parameters are chosen.

Performing sub-iterations could be time-consuming and costly. Thus one generally

wants to do as few iterations as possible. Analysis of the un-iterated CHAMP scheme shows

that, when using an implicit time-stepping method, the CHAMP scheme, with just one

implicit solve for the solution in each sub-domain, is stable and accurate for a wide range of

material properties. A detailed discussion is given to verify the order of accuracy of a fourth-

order accurate un-iterated CHAMP scheme. In addition, it can also be proved that for the

un-iterated time-stepping scheme to be pth-order accurate, a p + 1 extrapolation formula

must be used at each time step to initialize the CHAMP iterations. The analysis also explains

why the Taylor series expansion for deriving the CHAMP conditions is truncated at certain

orders.

The CHAMP conditions are also derived for general curvilinear domains. The gov-

erning equations and the interface conditions in Cartesian coordinates are first transformed

into the parameter space coordinates using the chain rule. The CHAMP Dirichlet and Neu-
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mann operators are derived similarly using Taylor series expansion about the points on the

interface. The general forms of the CHAMP operators are given at the end.

Based on the observations from the iteration and time-stepping analysis, an adaptive

CHAMP algorithm is proposed to leverage the difficulties of the un-iterated scheme when a

large time step is taken during the implementation. The new algorithm chooses the number

of sub-iterations adaptively based on a measure of the convergence of the CHAMP conditions

and a chosen tolerance at each time step and was proven to be stable and accurate when a

large time step is taken for given problems.

The accuracy of a fourth-order accurate CHAMP scheme is verified first by comput-

ing numerical solutions to some CHT problems where the exact solution is known. Two

steady-state problems with a double-square domain and a double-annulus domain are con-

structed to verify the spatial accuracy of the CHAMP scheme. A time-dependent CHT

problem on a double-rectangle domain is presented next, and the numerical solutions show

good agreement with the analytical solutions. Another time-dependent CHT problem on

an annulus-annulus domain is also presented. For the case where the advective terms are

non-zero, the exact solution is unavailable, and a numerical ’exact solution’ is derived using

an eigenvalue solver. This exact solution is then used in computations to provide error and

convergence analysis. Finally, the method of manufactured solution is used to check the

accuracy of the CHAMP scheme. The scheme was shown to be fourth-order accurate in

space and time using the method of manufactured solutions when applied to domains with

different geometries. In particular, a curvilinear domain with non-orthogonal coordinates at

the interface is presented. Results from numerical simulations show good agreement with

the theory and analysis.

Current work focuses on the CHAMP condition for advection-diffusion equations and

is restricted to a simple two-dimensional model problem with a uniform grid and equal grid

spacing. In practice, one can have non-uniform grids for each sub-domain so that the grid

lines do not necessarily match on either side of the interface. One can also have disparate

time scales for solutions in each sub-domain. In addition, the CHAMP scheme could be

applied to problems involving more complex physical situations. For example, one may

extend CHAMP to general numerical solvers for problems involving the interaction between

incompressible flow and rigid solids, heated solids, etc., or to problems for which one material

is in thermal contact with two (or more) materials so that all three (or more) materials can
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meet at points on the interface. Finally, one may consider deriving CHAMP for problems

involving a moving interface, which is common in phase change problems. These topics could

be explored in the future.
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APPENDIX A

PROOF OF LEMMA 1

In this appendix, Lemma 1 in section 2.6.2 is proved for the case where p = 4. The form of

ξm for a 4th-order accurate scheme is given as

ξm = �

√
1

Dm∆t
25A4 � 48A3 + 36A2 � 16A+ 3

12A4
+ k2, m = L,R. (A.1)

The complete Lemma 1 is reproduced below.

Lemma 1. Consider ξm and A satisfying (A.1). If ξm is pure imaginary, then jAj � 1.

Furthermore jAj = 1 only when ξm = 0 and k = 0, in which case A = 1 is a simple root.

Proof. Let ξm be pure imaginary, i.e. ξm = iα, α 2 R. Equation (A.1) can be written as a

polynomial of degree two in A,

�α2 =
1

Dm∆t
25A4 � 48A3 + 36A2 � 16A+ 3

12A4
+ k2,

25A4 � 48A3 + 36A2 � 16A+ 3 =
(
(�α2 � k2)Dm∆t

)
12A4,

(25� c)A4 � 48A3 + 36A2 � 16A+ 3 = 0,

with

c = �12(α2 + k2)Dm∆t.

It follows that c � 0 and c = 0 iff α = k = 0, in which case A = 1 or A = 1
3
or A � 0.27�0.49i.

Otherwise if c < 0 then we want to show jAj < 1. One can use the theory of Schur and von

Neumann polynomials.

Let

φ4(A) = (25� c)A4 � 48A3 + 36A2 � 16A+ 3. (A.2)

To show jAj < 1 for c < 0, it is equivalent of showing the polynomial (A.2) is a simple

von Neumann polynomial. We make repeated use of the definition of simple von Neumann
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polynomials, which gives

φ�4(A) = (25� c)� 48A+ 36A2 � 16A3 + 3A4,

) jφ�4(0)j = (25� c)2, jφ4(0)j = 32.

To satisfy condition for a simple von Neumann polynomial, one must have

9 < (25� c)2.

This is satisfied for c < 0. One then looks for polynomials of degree p� 1,

φ3(A) =
φ�4(0)φ4(z)� φ4(0)φ

�
4(z)

z
,

=
(
(25� c)2 � 9

)
A3 + (48(c� 24))A2 + (36(25� c)� 108)A+ (16(c� 25) + 144) ,

which leads to

φ�3(A) =
(
(25� c)2 � 9

)
+ (48(c� 24)) + (36(25� c)� 108)A2 + (16(c� 25) + 144)A3,

and one must have

jφ3(0)j < jφ�3(0)j ) (16(c� 25) + 144)2 <
(
(25� c)2 � 9

)2
,

) c > 33 +
p
217 or c < 33�

p
217.

This is also satisfied for c < 0. Next we look at polynomials of degree p� 2,

φ2(A) =
φ�3(0)φ3(z)� φ3(0)φ

�
3(z)

z
,

=
(
c2 � 66c+ 872

) (
c2 � 34c+ 360

)
A2 + 48(c� 22)(c2 � 40c+ 480)A

� 12
(
3c3 � 152c2 + 2588c� 16080

)
,

and

φ2(0) = �12
(
3c3 � 152c2 + 2588c� 16080

)
,

φ�2(0) =
(
c2 � 66c+ 872

) (
c2 � 34c+ 360

)
.
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This yields

jφ2(0)j < jφ�2(0)j,

) c > 84.04 or c < 12.22 or 22 < c < 28,

which is also satisfied for c < 0. Finally one has

φ1(A) =
φ�2(0)φ2(z)� φ2(0)φ

�
2(z)

z
,

= (c� 22)(c3 � 114c2 + 2792c� 23040)(c� 28)(c3 � 36c2 + 644c� 4320)A

+ 48(c� 22)(c2 � 40c+ 480)(c� 28)(c3 � 36c2 + 644c� 4320),

and

φ1(0) = 48(c� 22)(c2 � 40c+ 480)(c� 28)(c3 � 36c2 + 644c� 4320),

φ�1(0) = (c� 22)(c3 � 114c2 + 2792c� 23040)(c� 28)(c3 � 36c2 + 644c� 4320),

which yields

jφ1(0)j < jφ�1(0)j,

) c > 128 or c < 0 or 33�
p
217 < c < 33 +

p
217.

This is also satisfied for c < 0. Thus φ4(A) is shown to be a simple Von Neumann polynomial,

so all its roots jAj must be less than 1. The proof is completed.



APPENDIX B

DERIVATION OF THE INTERFACE PROJECTION

In section 2.4, a formula for computing the convergence rate of the CHAMP iteration is

introduced based on a residual calculation. The residual of the temperature and the heat

flux at the interface, however, do not necessarily converge to zero at each time step for the

CHAMP scheme, as the CHAMP scheme does not solve the original jump condition exactly.

If the scheme is un-iterated, the difference between the temperature of the interface could

be substantial. Therefore a projection might be needed to make sure the temperature is

continuous across the interface. In this section, a formula for projection is derived based on

the one-dimensional similarity solutions for the coupled heat equations. The one-dimensional

heat equation on a single domain is given by

Tt = DTxx, (B.1)

where D is the constant thermal diffusivity of that domain, and T is the simply the temper-

ature. The transformation

x =
m

τα
, t =

n

τβ
, T =

H

τ γ
, (B.2)

is introduced here and the PDE is invariant under the transformation (B.2) given that

β � γ = 2α� γ, (i.e. β = 2α). One can then look for solution of the form

T (x, t) = tγ/βf (η) for η =
x

tα/β
=

xp
t
, (B.3)

and the PDE (B.1) becomes

γ

β
f(η)� 1

2
ηf 0(η)�Df 00(η) = 0, (B.4)

i.e. the PDE has been reduced to a variable-coefficient ODE.

Now consider 1-D coupled heat equations consists of a left and right domain with x = 0 to
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be the interface, the problem becomes

TL,t = DLTL,xx, TR,t = DRTR,xx, (B.5)

where Dm is the constant thermal diffusitivies for the left and right domain. The boundary

and interface conditions are given by

jTL(x, t)j <1 as x! �1, jTR(x, t)j <1 as x!1, (B.6a)

TL(0, t) = TR(0, t), KL∂xTL(0, t) = KR∂xTR(0, t), (B.6b)

with initial conditions

TL(x, 0) = uL, TR(x, 0) = uR. (B.7)

Using the same transformation (B.2) with aL, aR, bL, bR, cL, cR to be the constants on left

and right domains respectively, equation (B.5) can be reduced to two ODEs,

qLfL(η)�
1

2
ηf 0L(η)�DLf 00L(η) = 0, (B.8a)

qRfR(η)�
1

2
ηf 0R(η)�DRf 00R(η) = 0, (B.8b)

where qL = cL
bL
, qR = cR

bR
, η = xp

t
and

TL(x, t) = tqLfL(η) (B.9a)

TR(x, t) = tqRfR(η) (B.9b)

Substitute solutions (B.9a) into interface conditions (B.6a) yields

tqLfL(0) = tqRfR(0), KLtqL�
1
2f 0L(0) = KRtqR�

1
2f 0R(0). (B.10)

Since fL(0), fR(0) are both constants, one must have

qL = qR. (B.11)
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Substitute solutions (B.9a) into the initial conditions (B.7) gives

(t)qLjt=0fL(�1) = uL, (t)qR jt=0fR(1) = uR. (B.12)

Since uL, uR are both constants, the above equations hold only if

qL = qR = 0, (B.13)

which gives

fL(�1) = uL, fR(1) = uR. (B.14)

Then the ODEs become

1

2
ηf 0L(η) +DLf 00L(η) = 0, (B.15a)

1

2
ηf 0R(η) +DRf 00R(η) = 0, (B.15b)

which can be integrated twice to get the general solutions to this problem,

fL(η) = C1(DLπ)1/2erf

(
ηp
4DL

)
+ C2, (B.16)

fR(η) = C3(DRπ)1/2erf

(
ηp
4DR

)
+ C4. (B.17)

Substitute into the interface conditions at η = 0 gives

c2 = c4, (B.18)

KLC1 = KRC3. (B.19)

Using the initial condition (B.14), one obtains

�C1(DLπ)1/2 + C2 = uL, (B.20)

C3(DRπ)1/2 + C4 = uR. (B.21)

Solving for C1, C2, C3, C4 yields
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C1 =
(uR � uL)

p
πDL

(
KL

KR

p
DRp
DL

+ 1
) , (B.22a)

C2 = uL +
(uR � uL)
KL

KR

p
DRp
DL

+ 1
= C4, (B.22b)

C3 =
(uR � uL)

p
πDL

(p
DRp
DL

+ KR

KL

) . (B.22c)

At interface x = 0, η = 0 and fL = fR = c2. This gives

fL(0) = fR(0) = uL +
(uR � uL)
KL

KR

p
DRp
DL

+ 1
=
uLKL

p
DR + uRKR

p
DL

KL
p
DR +KR

p
DL

(B.23a)

which determines the weights for the left and right solutions at the interface. This formula

can be applied at each time-step to make sure the temperature matches at the interface.



APPENDIX C

A POWER-METHOD-LIKE APPROACH FOR COMPUTING

COMPLEX AMPLIFICATION FACTORS

To verify the theory for the CHAMP iteration and time-stepping method, one wants to

solve the problem numerically and estimate the largest amplification factor. When the

amplification factorA is a real number, the traditional power method can be used to estimate

A using two successive iterates. However, when the amplification factor A is a complex

number, but the numerical solution is real valued, a modified approach to compute A is

needed and this approach is described here.

Consider a sequence of real-valued numerical solutions un 2 RN that arise from some

algorithm (such as a BDF scheme) involving real matrices, Bj 2 RN�N ,

un+1 =

q∑
j=0

Bju
n�j. (C.1)

Here N denotes the total number of grid points, for example. Mode solutions take the form

un = Anw, (C.2)

where A and w are eigenvalues and eigenvectors of the polynomial eigenvalue problem,

[
An+1I �

q∑
j=0

An�jBj

]
w = 0. (C.3)

Suppose one wishes to find the eigenvalue A with largest modulus. Furthermore suppose

that A is complex with non-zero real and imaginary parts. In terms of the real vectors un

the mode solution can be written as the real part3 of Anw

un =
1

2
(Anw + Ānw̄). (C.4)

3To make un always be the real part and not, say the imaginary part, one can scale w by the appropriate
complex scalar.
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It follows from (C.4) that un+1 is a linear combination of un and un�1.

un+1 = a1u
n + a2u

n�1, (C.5)

for some aj 2 R independent of n. To see this, substitute (C.4) into (C.5) to find that (C.5)

is true provided A satisfies the quadratic equation

A2 = a1A+ a2. (C.6)

If A has non-zero real and imaginary parts then this last condition uniquely determines a1

and a2. Conversely, if one knows aj then one can find A (and Ā). Therefore, to find A one

can equivalently find a1 and a2.

Consider, then, finding approximations to aj given a three consecutive vectors in the

sequence un. This can be written as

Un+1 = UnA, (C.7)

where Un 2 RN�2 and A 2 R2�2 are given by

Un =

[
un
∣∣∣un�1

]
, A =

a1 1

a2 0

 . (C.8)

Note that the eigenvalues of A are A and Ā. If N = 2, so that Un was a square 2�2 matrix,

then one could solve (C.7) for A = (Un)�1Un+1 and compute A. If N > 2 let

Un = QRn, (C.9)

Un+1 = QRn+1, (C.10)

denote the reduced QR factorizations of Un and Un+1 where Q 2 RN�2 and Rn 2 R2�2. Note

that the same Q has been used for both factorizations, which follows from (C.5). Now (C.7)

becomes

QRn+1 = QRnA. (C.11)
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This is an over-determined set of equations for A. To estimate A we can perform a Galerkin

projection by multiplying by Q�,

Q�QRn+1 = Q�QRnA. (C.12)

Since Q�Q = I2�2 the result can be solved for A,

A = (Rn)�1Rn+1 = (Rn)�1Q�Un+1. (C.13)

The eigenvalues of A then form our approximations for A and Ā.

Summary. To estimate the complex amplification factor A (that is largest in magnitude)

from three iterates un+1, un and un�1, first compute the reduced QR factorization of the

matrix Un

Un =

[
un
∣∣∣un�1

]
= QRn. (C.14)

Secondly form the matrix A 2 R2�2 from

A = (Rn)�1Q�Un+1. (C.15)

The eigenvalues of A are estimates for A and Ā.
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